ﻣﺟﻠﺔ اﺑن اﻟﻬﯾﺛم ﻟﻠﻌﻠوم اﻟﺻرﻓﺔ واﻟﺗطﺑﯾﻘﯾﺔ

اﻟﻣﺟﻠد 2011 ( 2) 24

اﻟﻣﺟﻣوﻋﺎت  -  -ﺷﺑﻪ اﻟﻣﻧﺗظﻣﺔ اﻟﻣﻐﻠﻘﺔ
ﻧﺎدﯾﺔ ﻓﺎﺋق ﻣﺣﻣد

ﻗﺳم اﻟرﯾﺎﺿﯾﺎت ،ﻛﻠﯾﺔ اﻟﺗرﺑﯾﺔ  -اﺑن اﻟﻬﯾﺛم ،ﺟﺎﻣﻌﺔ ﺑﻐداد

اﺳﺗﻠم اﻟﺑﺣث ﻓﻲ ، 23 :ﺣزﯾران2010 ،

ﻗﺑل اﻟﺑﺣث ﻓﻲ  ،27 :اﯾﻠول 2010 ،

اﻟﺧﻼﺻﺔ
ﻟﻘـ ــد ﻗﻣ ﻧ ــﺎ ﻓ ــﻲ ﻫ ــذا اﻟﺑﺣ ــث ﺑﺗﻘ ـ ــدﯾم ود ارﺳـــﺔ ﻧ ــوع ﺟدﯾ ــد ﻣ ــن اﻟﻣﺟﻣوﻋ ـ ــﺎت اﻟﻣﻐﻠﻘـــﺔ ﻓ ــﻲ اﻟﻔﺿ ــﺎءات اﻟﺗﺑوﻟوﺟﯾـــﺔ ﯾـ ــدﻋﻰ
ﺑﺎﻟﻣﺟﻣوﻋﺎت  -  -ﺷﺑﻪ اﻟﻣﻧﺗظﻣﺔ اﻟﻣﻐﻠﻘﺔ ،اذ ان ﻫذا اﻟﻧوع ﻣن اﻟﻣﺟﻣوﻋـﺎت اﻟﻣﻐﻠﻘـﺔ ﺗﺣـوي ﻣﺟﻣوﻋـﺎت ﺷـﺑﻪ ﻣﻐﻠﻘـﺔ -  -
وﺗﻛـون ﻣﺣﺗـواﻩ ﻓـﻲ اﻟﻣﺟﻣوﻋـﺎت ﻗﺑـل ﺷـﺑﻪ اﻟﻣﻐﻠﻘـﺔ  .وﻛﻣـﺎ ﻗـدﻣﻧﺎ ودرﺳـﻧﺎ ﻧوﻋـﺎ ﺟدﯾـدا ﻣـن اﻟـدوال اﻟﻣﺳـﺗﻣرة واﻟﻣﺗـرددة ﺗـدﻋﻰ داﻟـﺔ
ﻣن اﻟﻧﻣط  -  -ﺷﺑﻪ اﻟﻣﻧﺗظﻣﺔ اﻟﻣﺳﺗﻣرة وداﻟﺔ ﻣن اﻟـﻧﻣط  -  -ﺷـﺑﻪ اﻟﻣﻧﺗظﻣـﺔ اﻟﻣﺗـرددة  .ﻛ ﻣـﺎ وﺟـدﻧﺎ ان اﻻﺳـﺗﻣ اررﯾﺔ ﻣـن

اﻟﻧﻣط  -  -ﺷﺑﻪ اﻟﻣﻧﺗظﻣﺔ ﺗﻛون واﻗﻌﺔ ﺗﻣﺎﻣﺎً ﺑﯾن اﻻﺳﺗﻣ اررﯾﺔ ﻣن اﻟﻧﻣط ﺷﺑﻪ  -  -واﻻﺳﺗ ﻣ اررﯾﺔ ﻣن اﻟﻧﻣط ﻗﺑل اﻟﺷﺑﻪ.

اﻟﻛﻠﻣﺎت اﻟﻣﻔﺗﺎﺣﯾﺔ  :اﻟﻣﺟﻣوﻋﺔ ﻣن اﻟﻧﻣط  - -ﺷﺑﻪ اﻟﻣﻧﺗظﻣﺔ اﻟﻣﻐﻠﻘﺔ  ،اﻟداﻟﺔ ﻣـن اﻟـﻧﻣط  - -ﺷـﺑﻪ اﻟﻣﻧﺗظ ﻣـﺔ اﻟﻣﺳـﺗﻣرة ،
اﻟداﻟﺔ ﻣن اﻟﻧﻣط  - -ﺷﺑﻪ اﻟﻣﻧﺗظﻣﺔ اﻟﻣﺗرددة.
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Abstract
In this paper, a new class of sets, namely - semi-regular closed sets is introduced and
studied for topological sp aces. This class p roperly contains the class of semi--closed sets and
is property contained in the class of pre-semi-closed sets. Also, we introduce and study srcontinuity and sr-irresoleteness. We showed that sr-continuity falls strictly in between
semi-- continuity and pre-semi-continuity.
Key words: - semi-regular closed set, - semi-regular continuous, - semi-regular
irresolute.

Introduction
Najasted [1] and Levine [2] introduced -open sets and generalized closed sets, Kummar
introduced -generalized regular closed set and pre-semi closed set, see [3] and [4]. Alot of
work was done in the field of generalized closed sets. In this paper we employ a new
technique to obtain a new class of sets, called -semi-regular closed sets. This class is
obtained by semi--closed set and regular open set. It is shown that the class of -semiregular closed sets p roperly contains the class of semi--closed sets and is properly contained
in the class of p re-semi-closed sets. We also introduce and study two classes of maps, namely,
-semi-regular continuity and -semi-regular irresoluteness, -semi-regular continuity falls
strictly in between semi--continuity and pre-semi-continuity.
1- Preliminaries
Throughout this paper (X,) and (Y,') represent non-empty topological sp aces. For a
subset A of a sp ace (X,), cl(A) and int(A) represent the closure of A and the interior of A
respectively.
1.1 Definition:
A subset A of a sp ace (X,) is called
(1) an -open set [1], [5] if A  int(cl(int(A))) and -closed if cl(int(cl(A)))  A.
(2) a semi--open set [6], [7] if A  cl(int(cl(int(A)))) and semi--closed if
int(cl(int(cl(A))))  A.
(3) a semi-preopen set [8], [9] if A  cl(int(cl(A))) and semi-preclosed if int(cl(int(A)))  A.
(4) a regular open set [10], [11] if A = int(cl(A)) and regular closed if A = cl(int(A)).
(5) a generalized closed set (briefly g-closed) [2], [12] if cl(A)  U whenever A  U and U is
open in (X,). The complement of a g-closed set is called a g-open set.
(6) an -generalized closed set (briefly g-closed) [13] if  cl(A)  U whenever A  U and
U is op en in (X,).
(7) a generalized -closed set (briefly g-closed) [14] if cl(A)  U whenever A  U and U
is -open in (X,).
(8) a generalized *-closed set (briefly g*-closed) [14] if cl(A)  int(U) whenever A  U
and U is -open in (X,).

IBN AL- HAITHAM J. FOR PURE & APPL. S CI.

VOL.24 (2) 2011

(9) an **-generalized closed set (briefly **g-closed) [14] if  cl(A)  int(cl(U)) whenever
A  U and U is op en in (X,).
(10) a generalized **-closed set (briefly g**-closed) [14] if cl(A)  int(cl(U)) whenever
A  U and U is -open in (X,).
(11) a regular generalized closed set (briefly rg-closed) [15] if cl(A)  U whenever A  U
and U is regular open in (X,).
(12) an -generalized regular closed set (briefly gr-closed) [3] if cl(A)  U whenever
A  U and U is regular open in (X,).
(13) a generalized semi-preclosed set (briefly gsp -closed ) [16] if sp cl(A)  U whenever
A  U and U is op en in (X,).
(14) a pre-semi-closed set [4] if sp cl(A)  U whenever A  U and U is g-open in (X,).
The semi--closure (resp. -closure, semi-pre-closure) of A in (X,) is the intersection of
all semi--closed (resp. -closure, semi-pre-closure) sets of (X,) that contain A and is
denoted by Scl(A) (resp . cl(A), spcl(A)).
1.2 Proposition:
(1) Every -closed set is semi--closed set, not conversely, [6].
(2) Every closed set is -closed set, so it is semi--closed set, not conversely, [6].
(3) Every closed (resp. -closed, g-closed, g-closed) set is an gr-closed set, [3].
(4) Every g*-closed (resp. **g-closed, g**-closed set is an gr-closed set, [3].
(5) Every pre-semi-closed set ia gsp -closed set [4].
(6) Every semi--closed set is semi-pre-closed set
(the proof follows directly from the definitions).
1.3 Remark: [6]
Let X be a top ological sp ace, A and B be two subsets of X, then
(1) A is semi--closed set if and only if A = Scl(A).
(2) A  Scl(A)  cl(A)  cl(A).
(3) Scl(A)  Scl(B), whenever A  B.
1.4 Definition:
A function f:(X,)  (Y,') is said to be:
(1) semi--continuous [6], [7] if f – 1(V) is a semi--closed set in (X,) for every closed set V
of (Y,').
–1
(2) g-continuous [17] if f (V) is a g-closed set in (X,) for every closed set V of (Y,').
–1
(3) g-continuous [18] if f (V) is an g-closed set in (X,) for every closed set V of (Y,').
–1
(4) g -continuous [14] if f (V) is a g-closed set in (X,) for every closed set V of (Y,').
–1
(5) gr-continuous [3] if f (V) is an gr-closed set in (X,) for every closed set V of (Y,').
(6) pre-semi-continuous [4] if f – 1(V) is a pre-semi-closed set in (X,) for every closed set V
of (Y,').
(7) gsp -continuous [16] if f – 1(V) is a gsp -closed set in (X,) for every closed set V of (Y,').
(8) semi--irresolute [6] if f – 1(V) is a semi--closed set in (X,) for every semi--closed set
V of (Y,').
(9) gr-irresolute [3] if f – 1(V) is an gr-closed set in (X,) for every gr-closed set V of
(Y,').
–1
(10) regular irresolute [19] if f (V) is a regular open set in (X,) for every regular open set V
of (Y,').
(11) semi-*-closed [6] if f (U) is a semi--closed set in (Y,') for every semi--closed set U
in (X,).
1.5 Proposition:
(1) Every g-continuous map is gr-continuous map [3].
(2) Every g-continuous (resp .g-continuous) map is an gr-continuous map [3].
(3) Every pre-semi-continuous map is gsp -continuous map [4].
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(4) Every gr-irresolut map is gr-continuous map [3].
(5) Every continuous and open map is semi--irresolute map [20].
2-  -S emi-Regular Closed S ets
In this section we introduce the class of -semi-regular closed sets and study some of it's
basic properties.
2.1 Definition:
A subset A of (X,) is called -semi-regular closed set (briefly sr-closed) if Scl(A)U
whenever A  U and U is regular open in (X,).
SRC(X) denotes the collection of all sr-closed subset of (X,)
2.2.Proposition:
Every semi--closed set is an sr-closed set.
Proof: Let A be a semi--closed set, let U be a regular open set of (X,) such that A  U.
Since Scl(A) = A for any semi--closed set (by part 1 of remark 1.3), then Scl(A)  U.
Therefore A is also an sr-closed set.
The following example shows that the converse of the above proposition is not true in
general.
2.3 Example:
Let X={a,b,c} and ={X,,{a},{c},{a,c}}. Let A={a,c}, X is the only regular open set
containing A. It is clear A is an sr-closed set. But A is not semi--closed set since
Scl({a,c}) = X  {a,c}.
Thus the class of sr-closed set p roperly contains the class of semi--closed sets.
2.4 Proposition:
Every gr-closed set is an sr-closed set.
Proof: Let A be an gr-closed set, let U be a regular open set of (X,) such that A  U. Since
A is gr-closed set and Scl(A)  cl(A) (by part (2) of remark 1.3), then Scl(A)  U.
Therefore A is also an sr-closed set.
The following example shows that the sr-closed set need not to be an gr-closed set.
2.5 Example:
Let X={a,b,c} and ={X,,{a},{b},{a,b}}. Let A={b}, let {b} is the regular open set
containing A. Trivially A is an sr-closed set since Scl(A)={b}  {b}. But A is not grclosed set since cl(A)={b,c}  {b}.
2.6 Corollary:
Every closed (resp. -closed, g-closed, g-closed) set is an sr-closed set.
Proof: Since every gr-closed set is an sr-closed set, then in vitue of proposition 1.2 part (2)
the proof is over.
The following example shows that the reveres implications in the above corollary are not
true in general.
2.7 Example:
Let X,  and A be as in example 2.3. A is neither closed (since cl(A) = X  A) nor
-closed (since cl(A) = X  A) and also it is neither g-closed (since A={a,c}  {a,c}
whenever {a,c}  , but cl(A) = X  {a,c}) nor g-closed (since A={a,c}  {a,c} whenever
{a,c}  O(X), but cl(A) = X  {a,c}).
2.8 Corollary:
Every g*-closed (resp. **g-closed, g**-closed) set is an sr-closed set.
Proof: Since every gr-closed set is an sr-closed set, part (4) of proposition 1.2 is
applicable.
The following example shows that an sr-closed set needs not to be a g*-closed set.

IBN AL- HAITHAM J. FOR PURE & APPL. S CI.

VOL.24 (2) 2011

2.9 Example:
Let X= and  = U, let A=(a,b) is sr-closed set but not a g*-closed set, since (a,b) 
(a,b) and (a,b) is -open set in ( ,U), but cl(A) = [a,b]  (a,b).
2.10 Proposition:
Every r-g- closed is an sr-closed set.
Proof: Let A be a regular generalized closed set of (X,). Let U be a regular open set of (X,)
such that A  U. Then cl(A)  U since A is r-g closed set. Since every closed set is semi-closed set, then Scl  cl(A) (part 2 of remark 1.3). Thus Scl(A)  U, therefore A is an srclosed set.
The converse of above proposition is not always true as the following example shows.
2.11 Example:
Let X and  be as in example 2.3, let A={c} and U={c} is regular open set containing A.
It is clear A is an sr-closed set since Scl(A) = {c}  {c}. But is not r-g closed set since
cl(A) = {b,c}  {c}.
2.12 Proposition:
Every g-closed set is an sr-closed set
Proof: Let A be an g-closed set, let U be a regular open set of (X,) such that A  U. Since
A is g-closed and every regular open set is an open set, then cl(A)  U. But Scl(A)  
cl(A) since every -closed set is semi--closed set. Therefore A is also an sr-closed set.
The converse in the above proposition is not true as it can be seen from the following
example.
2.13 Example:
In example 2.3 cl(A) = X  {a,c}. Thus A is not g-closed set, but it is sr-closed set.
2.14 Proposition:
Let A be an sr-closed set of (X,). Then Scl(A)-A does contain any non-empty regular
closed set.
Proof: Let F be any regular closed set of (X,) such that F  Scl(A) – A. Then F  X – A
implies that A  X – F. Since A is sr-closed and X – F is a regular open set of (X,), then
Scl(A)  X – F, so F  X - Scl(A). Therefore F  Scl(A)  (X – Scl(A)) = . Hence
Scl(A) – A does not contain any non-empty regular closed set.
2.15 Proposition:
Every sr-closed set is a pre-semi-closed set.
Proof: Let A be an sr-closed set of (X,), let U be a regular open set of (X,) such that
A  U. Then Scl(A)  U since A is sr-closed set. Since every semi--closed set is semipre-closed set (by part 6 of proposition 1.2), then sp cl(A)  Scl(A) and every regular open
set is g-open set. Thus A is pre-semi-closed set. Thus the class of sr-closed set properly
contained in the class of p re-semi-closed sets.
2.16 Corollary:
Every sr-closed set is gsp -closed set.
Proof: Follows the above proposition and part (5) of p roposition 1.2.
2.17 Corollary:
Every gr-closed set is pre-semi-closed set.
Proof: Follows from the fact every gr-closed set is sr-closed and proposition 2.15.
2.18 Proposition:
If A is regular open and sr-closed set then A is semi--closed set.
Proof: It is clear.
2.19 Proposition:
Let A be an sr-closed subset of (X,). If B  X such that A  B  Scl(A), then B is
sr-closed set.
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Proof: Let U be a regular open set of (X,) such that B  U. Then A  U, since A is srclosed set, Scl(A)  U. Now, Scl(B)  Scl(Scl(A)) = Scl(A)  U. Therefore B is also an
sr-closed set.
Fig. (1) shows the relations among the different types of weakly closed sets that were
studied in this section.
3-  -S emi Regular Continuous Maps and  -S emi-Regular-Irresolute Maps
3.1 Definition:
A function f:(X,)  (Y,') is called an -semi-regular continuous map (briefly sr–1
continuous if f (V) is an sr-closed set of (X,) for every closed set V of (Y,').
3.2 Proposition:
Every semi--continuous map is sr-continuous.
Proof: Follows from proposition 2.2.
We show that the class of sr-continuous maps properly contains the class of grcontinuous maps.
3.3 Proposition:
Let f:(X,)  (Y,') be an gr-continuous map. Then f is an sr-continuous map.
–1
Proof: Let V be a closed set of (Y,'). Since f is an gr-continuous map, then f (V) is an
gr-closed set of (X,). By proposition 2.4 f – 1(V) is an sr-closed set of (X,). Thus f is an
sr-continuous map.
The implications in proposition 3.3 is not reversible. Follows from the following
example.
3.4 Example:
Let X = {a,b,c} = Y,  = {X,,{a},{b},{a,b}} and ' = {Y,,{a,c}}. Define
–1
f:(X,)  (Y,') by f(a) = c, f(b) = b and f(c) = a, {b} is a closed set of (Y,') but f ({b}) =
{b} is not gr-closed set of (X,). So f is not gr-continuous map. However f is an srcontinuous map.
3.5 Corollary:
Every g-continuous map is sr-continuous.
Proof: Follow from part (1) of p roposition 1.5 and proposition 3.3.
The converse of the above corollary is not true in general as we see in the following
example.
3.6 Example:
Let X, Y,  and the definition of f as in example 3.4, let ' = {Y,,{a},{b,c}}. f is not g–1
continuous map since {b,c} is a closed set of (Y,') but f ({b,c}) = {a,b} is not g-closed set
of (X,). However f is an sr-continuous map.
3.7 Corollary:
Every g-continuous (resp . g-continuous) is an sr-continuous.
Proof: Follows from part (2) of p roposition 1.5 and proposition 3.3.
The converse of the above corollary is not true in general as we see in the following
example.
3.8 Example:
See example 3.4 f is sr-continuous map but not g-continuous map.
3.9 Corollary:
Every gr-irresolute map is an sr-continuous.
Proof: Necessity follows from part (4) of p roposition 1.5 and proposition 3.3.
The converse of the above corollary is not true in general as we see in the following
example
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3.10 Example:
Let X = {a,b,c} = Y,  = {X,,{a},{b},{a,b}} and '=I. Define f:X  Y by f(a) = c,
f(b) = b and f(c) = a, {b} is an sr-closed set of (Y,') but f – 1({b}) = {b} is not gr-closed set
of (X,). So f is not gr-irresolute map. However f is an sr-continuous map.
3.11 Theorem:
Let f:(X,)  (Y,') be an sr-continuous map. Then f is a pre-semi-continuous map.
– 1
Proof : Let V be a closed set of (Y,'). Since f is sr-continuous map, then f (V) is an
–1
sr-closed set of (X,). By proposition (2.15) f (V) is a pre-semi-closed set of (X,). Thus f
is a pre-semi-continuous map.
3.12 Corollary:
Every sr-continuous map is gsp -continuous.
Proof: Follows from the above proposition and part (3) of p roposition 1.5.
3.13 Definition:
A function f:(X,)  (Y,') is called an -semi-regular irresolute (briefly sr–1
irresolute) if f (V) is an sr-closed set of (X,) for every sr- closed set of (Y,').
3.14 Proposition:
Let f:(X,)  (Y,') be an sr-irresolute map. Then f is an sr-continuous map.
Proof: Let V be a closed set of (Y,'). By corollary 2.6 V is an sr-closed set of (Y,'). Since f
–1
is an sr-irresolute map, f (V) is an sr-closed set of (X,). Therefore f is an sr-continuous
map.
Thus the class of sr-continuous maps property continuous the class of
sr-irresolute map.
3.15 Corollary:
Every sr-irresolute map is a pre-semi-continuous.
Proof: Follows from the above proposition and proposition 3.11.
3.16 Corollary:
Every sr-irresolute is a gsp - continuous.
Proof: Follows from proposition 3.14 and corollary 3.12.
3.17 Theorem:
Let f:(X,)  (Y,') be a regular irresolute and semi--irresolute map. Then f is srirresolute map.
Proof: Let A be an sr-closed set of (Y,'), then there exists a regular open set U of Y such
–1
that Scl(A)  U whenever A  U. By taking the inverse image we get f (Scl(A)) 
f – 1(U). Since f is regular irresolute map, then f – 1(U) is regular open subset of X. Since f is
– 1
semi--irresolute map, then f (Scl(A)) is semi--closed subset of X. This implies
– 1
– 1
– 1
(Scl(A)))= f (Scl(A)) (by part (1) of remark 1.3), then Sclf
(A) 
Scl(f
–1
–1
–1
–1
Scl( f (Scl(A)). Thus Sclf (A)  f (U). Therefore f (A) is sr-closed set in X.
Therefore f is sr-irresolute map.
3.18 Corollary:
Every continuous, op en and regular irresolute map is sr-irresolute.
Proof: It is clear by part (5) of p roposition 1.5 and the above theorem.
3.19 Definition:
Let f:(X,)  (Y,') be a function, then f is said to be:
(1)-semi-regular closed (briefly sr-closed) if f(A) is an sr-closed set of (Y,') for every
closed set A of (X,).
(2) *-semi-regular closed (briefly *sr-closed) if f(A) is an sr-closed set of (Y,') for every
sr-closed set A of (X,).
3.20 Remark:
It is clear that every closed function is -semi-closed function, but the converse is not
true in general as the following example shows:
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3.21 Example:
Let X={a,b,c,d},  = {X,,{a},{b},{a,b},{a,b,c}}. Define f:(X,)  (X,) by f(a) = a,
f(b) = b, f(c) = f(d) = d we observe f is -semi-regular closed function which is not closed
function since {a,c,d} is closed set in X, but f({a,c,d}) = {a,d} is not closed set in X. Hence f
is -semi-regular closed function, which is not closed function.
Finally, we prove the following theorem.
3.22 Theorem:
Let f:(X,)  (Y,') be a regular irresolute and semi-*-closed map. Then f is
*-semi-regular closed map.
Proof: Let A be an sr-closed set of (X,), let U be a regular open set of (Y,') such that
–1
f(A)  U. Since f is regular irresolute, then f (U) is a regular open set of (X,). Since
A  f – 1(U) and A is an sr-closed, then Scl(A)  f – 1(U). This implies f(Scl(A))  U.
Since f is semi-*-closed map, then f(Scl(A)) = Scl (f(Scl(A))). So Scl(f(A)) 
Scl(f(Scl(A))) = f(Scl(A)))  U. Therefore f(A) is an sr-closed set of (Y,').
3.23 Corollary:
Let f:(X,)  (Y,') be a regular irresolute and semi-*-closed map. Then f(A) is a
pre-semi-closed set of (Y,') for every sr-closed set of (X,).
Proof: It is clear.
Fig. (2) explains the relationships among the different types of weakly continuous
function.
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Fig. (1) the relations among the different types of weakly closed sets
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Fig. (2) the relationships among the different types of weakly continuous function.

