ﻣﺟﻠﺔ اﺑن اﻟﻬﯾﺛم ﻟﻠﻌﻠوم اﻟﺻرﻓﺔ واﻟﺗطﺑﯾﻘﯾﺔ

اﻟﻣﺟﻠد 2011 (2) 24

اﻟﻣﻘﺎﺳﺎت اﻟﺟزﺋﯾﺔ ﺷﺑﻪ اﻻوﻟﯾﺔ اﻟﺗﺎﻣﺔ
واﻟﻣﻘﺎﺳﺎت ﺷﺑﻪ اﻻوﻟﯾﺔ اﻟﺗﺎﻣﺔ
اﻧﻌﺎم ﻣﺣﻣد ﻋﻠﻲ ﻫﺎدي و ﺑﺛﯾﻧﺔ ﻧﺟﺎد ﺷﻬﺎب

ﻗﺳم اﻟرﯾﺎﺿﯾﺎت ،ﻛﻠﯾﺔ اﻟﺗرﺑﯾﺔ  -اﺑن اﻟﻬﯾﺛم ،ﺟﺎﻣﻌﺔ ﺑﻐداد

اﺳﺗﻠم اﻟﺑﺣث ﻓﻲ  ،23 :اب2010 ،

ﻗﺑل اﻟﺑﺣث ﻓﻲ  ،9 :ﺗﺷرﯾن اﻟﺛﺎﻧﻲ2010،

اﻟﺧﻼﺻﺔ
ﻟﺗﻛن  Rﺣﻠﻘﺔ اﺑداﻟﯾﺔ ذا ﻋﻧﺻر ﻣﺣﺎﯾد وﻟﯾﻛن  Mﻣﻘﺎﺳﺎً اﺣﺎدﯾﺎً  .ﻓﻲ ﻫذا اﻟﺑﺣـث درﺳـﻧﺎ ﻣﻔﻬـوﻣﻲ اﻟﻣﻘﺎﺳـﺎت اﻟﺟزﺋﯾـﺔ
ﺷﺑﻪ اﻻوﻟﯾﺔ اﻟﺗﺎﻣﺔ واﻟﻣﻘﺎﺳﺎت ﺷﺑﻪ اﻻوﻟﯾﺔ اﻟﺗﺎﻣﺔ إذ ﯾﻘﺎل ﻋن اﻟﻣﻘﺎس اﻟﺟزﺋـﻲ اﻟﻔﻌﻠـﻲ اﻟﻣﺗﻐ ﯾـر اﻟﺗـﺎم  Wاﻧـﻪ ﻣﻘـﺎس ﺟزﺋـﻲ ﺷـﺑﻪ

اوﻟﻲ ﺗﺎم اذا ﻛﺎن  XXWﻟﻛل  Xﻣﻘﺎس ﺟزﺋﻲ ﻣﺗﻐﯾر ﺗﺎم ﯾـؤدي اﻟـﻰ ان  XWوﯾﺳـﻣﻰ  Mﻣﻘﺎﺳـﺎً ﺷـﺑﻪ اوﻟـﻲ ﺗـﺎم اذا
ﻛـﺎن اﻟﻣﻘــﺎس اﻟﺟزﺋـﻲ ) (0ﻣﻘــﺎس ﺷـﺑﻪ اوﻟــﻲ ﺗـﺎم  .اﻋطﯾﻧــﺎ اﻟﺧ ـواص اﻻﺳﺎﺳـﯾﺔ ﻟﻬــذﯾن اﻟﻣﻔﻬـوﻣﯾن وﻛــذﻟك درﺳـﻧﺎ اﻟﻌﻼﻗــﺎت ﺑــﯾن
اﻟﻣﻘﺎﺳﺎت اﻟﺟزﺋﯾﺔ ﺷﺑﻪ اﻻوﻟﯾﺔ اﻟﺗﺎﻣﺔ )اﻟﻣﻘﺎﺳﺎت ﺷﺑﻪ اﻻوﻟﯾﺔ اﻟﺗﺎﻣﺔ ( ﻣﻊ اﻧواع اﺧـرى ﻣـن اﻟﻣﻘﺎﺳـﺎت اﻟﺟزﺋﯾـﺔ )اﻟﻣﻘﺎﺳـﺎت ( ذات
اﻟﻌﻼﻗﺔ ﻣﻌﻬﻣﺎ.
اﻟﻛﻠﻣــﺎت اﻟﻣﻔﺗﺎﺣﯾــﺔ :اﻟﻣﻘﺎﺳــﺎت اﻟﺟزﺋﯾــﺔ ﺷــﺑﻪ اﻻوﻟﯾــﺔ اﻟﺗﺎﻣــﺔ  -اﻟﻣﻘﺎﺳ ــﺎت ﺷــﺑﻪ اﻻوﻟﯾــﺔ اﻟﺗﺎ ﻣــﺔ اﻟﻣﻘﺎﺳــﺎت اﻟﺟزﺋﯾــﺔ ﻣــن اﻟ ــﻧﻣط
 invarianاﻟﺗﺎﻣﺔ  -اﻟﻣﻘﺎﺳﺎت اﻻوﻟﯾﺔ اﻟﺗﺎﻣﺔ
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Abstract
Let R be a commutative ring with unity and let M be a unitary R-module. In this paper
we study fully semiprime submodules and fully semiprime modules, where a proper fully
invariant R-submodule W of M is called fully semiprime in M if whenever XXW for all
fully invariant R-submodule X of M , implies XW.
M is called fully semiprime if (0) is a fully semiprime submodule of M . We give basic
properties of these concepts. Also we study the relationships between fully semiprime
submodules (modules) and other related submodules (modules) respectively.
Key words: Fully semiprime submodule, fully semiprime modules, fully invariant
submodule, fully prime modules.

Introduction
J.Abuihlail in [1], suggested the definition of fully semiprime submodule and fully
semiprime module as projects, where a proper fully invarianr R-module W  M is fully


semiprime in M , if whenever XXW for all fully invariant R-submodules XM , it follows
that XW.
An R-module M is called fully semiprime if whenever XX=0 for all fully invariant Rsubmodule X of M , it follows that X=0; that is M is a fully semiprime module if 0  M is fully


semiprime.
Also for R-submodules X, Y  M , the internal product XY is defined by
{f(X):fHom(M ,Y)}.
Notice that, if YM is fully invariant, then XYM is also fully invariant, and if XM
is fully invariant, then XY XY.
The internal product of submodules of a given module over an associative not
necessarily commutative ring was first introduced by Bican et.al, [2] to present the notion of
prime modules. The definition is modified in [3], where arbitrary submodules are replaced by
fully invariant ones. To avoid any possible confusion, such modules are referred to as fully
prime modules, where a proper fully invariant submodule W  M is fully prime, if whenever


XYW, for all fully invariant R-submodule XM , YM , it follows that XW or YW. An
R-module is called fully prime if (0)  M is a fully prime submodule; that is whenever


XY=(0) for all fully invariant R-submodules XM , YM , it follows that X=(0) or Y=(0).
In this paper we give a comprehensive study of the concepts fully semiprime submodules
and fully semiprime modules, where this paper consists of two sections. In section one, we
give the basic properties of fully semiprime submodules and fully semiprime modules.
Section two is devoted to study the relationships between fully semiprime modules and other
modules such as uniform module, chained module, Z-regular module, quasi-Dedekind
module, multiplication module and retractable module.
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Next throughout this paper, R is commutative ring with unity and M be a unitary R-module.
1- Fully S emiprime S ubmodules and Fully S emiprime Modules-Basic Results
In this section we study the concepts of fully semiprime submodules and fully semiprime
modules which are introduced in [1] as projects. The concepts are generalizations of fully
prime submodules and fully prime modules which are studied in [3].
We give characterizations about theses concepts and establishe some basic properties
about them.
We begin with the following definition.
1.1 Definition, [2]:
Let K, L be two fully invariant submodules of R-module M . Then
KL={f(K): f:M L}
A proper submodule N of an R-module M is called invariant if for each f End(M) ,
R

f(N)N. M is called fully invariant if every submodule of M is invariant, see [4].
Invariant submodule is called fully invariant submodule by some authors, see [3,p.14].
1.2 Definition, [3]:
A fully invariant submodule N of an R-module M is called fully prime if for all fully
invariant submodules K and L of M such that KLN, implies KN or LN.
Now, we give the following concept.
1.3 Definition, [1]:
A fully invariant submodule N of an R-module M is called fully semiprime if for all fully
invariant submodules K of M such that KKN, implies KN.
We call M fully prime (fully semiprime) module if (0) is fully prime (fully semiprime)
submodule, see [1].
Recall that:An R-module M is said to be a prime module if annRM =annRN for every nonzero submodule N of M , where annRM ={rR:rx=0 for each xM }, see [5].
An R-module M is called semiprime if and only if annRN is a semiprime ideal of R for
each non-zero R-submodule N of M , see [6].
Next, we give some remarks and examples.
1.4 Note:
Consider R as a left R-module, let I, J be two ideals of R. Then IJ=IJ, since every ideal
of R is a fully invariant R-submodule. Thus I is a fully semiprime ideal if and only if I is a
semiprime ideal.
1.5 Remarks and Examples:
1. Let N be a submodule of an R-module M . If N is a fully prime submodule, then N is a fully
semiprime submodule.
2. If an R-module M is fully prime module, then M is prime module.
3. A submodule N of an R-module M is semiprime, if N is fully semiprime submodule.
2
proof: Suppose that rR, xM such that r xN. Let K=<rx>, K is a fully invariant
submodule, then KK={f(K): f:M K= <rx>}.
2
Now, f(K)=f<rx>=r<f(x)><r x>N. Thus KKN, implies KN, so rxN.
4. If an R-module M is a fully semiprime module, then M is a semiprime module.
5. Z 6 as a Z-module is fully semiprime, since for all submodule N, N(0), then NN(0).
Thus Z 6 is a semiprime Z-module. But it is not a fully prime because it is not prime.
6. Z 4 as a Z-module is not semiprime module, since annZZ 4=4Z is not a semiprime ideal of Z.
Hence Z 4 is not fully semiprime.
7. 6Z as a Z-submodule of Z is semiprime, so it is fully semiprime.
8. Let R be an integral domain and K be the quotient field of R. Then K is an R-module and
the zero R-submodule of K is the only semiprime in K. That is (0) is the only fully
semiprime submodule in K, because if  N<K, N(0), N is fully semiprime submodule,
then N is semiprime, which is a contradiction.
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9. Z p as a Z-module has no fully semiprime submodule.
10.
The homomorphic image of a fully semiprime module need not fully semiprime
module, for example: Z as a Z-module is a fully prime. Then Z is fully semiprime. Now,
let :ZZ/(4) Z 4. Z 4 as a Z-module is not a fully semiprime.
Now, we have the following proposition.
1.6 Proposition:
If N is fully semiprime R-submodule of M , then [N : K] is a semiprime ideal of R for all
R

N  K.


proof: We have N is fully semiprime submodule, then N is semiprime submodule (by
remarks and examples (1.4),3). Then it is easy to show that [N : K] is semiprime ideal for all
R

KN.
The following result is a consequence of proposition (1.6).
1.7 Corollary:
If N is a fully semiprime submodule of an R-module M , then [N : M ] is a semiprime
R

ideal.
The following result is a characterization of fully semiprime submodule, but first the
following lemma is needed.
1.8 Lemma:
Let K be a fully invariant submodule of an R-module M . Then I(KK)IKIK for every
ideal I of R.
proof: IKIK={f(IK):f:M IK}
= I{f(K):f:MIKK}
Since KK=={g(K):g:MK}. It follows that IKIK  I(KK)
1.9 Proposition:
Let N be a submodule of an R-module M . Then N is a fully semiprime submodule if and only
if [N : I] is a fully semiprime submodule of M for every ideal I of R.
M

proof: () sup pose that N is a fully semiprime submodule of M , let K be a fully invariant
submodule of M such that KK[N : I], implies I(KK)N, then by lemma (1.8), IKIK N,
M

but N is a fully semiprime submodule. Thus IKN. Therefore K[N : I]. Hence [N : I] is a
M

M

fully semiprime submodule.
The converse follows by taking I=R, because [N : R]=N.
M

Next, we have the following proposition.
1.10 Proposition:
Let N be a fully invariant submodule of M . If N is a fully semiprime submodule, then
M /N is fully semiprime module.
proof: Let K/N be a fully invariant submodule of M /N such that K/NK/N=N=OM/N. Then K
is a fully invariant submodules of M , with K  KN [3, corollary (1.1.21)]. Hence KN
M

K
 OM / N .
N
The converse of proposition (1.10) holds under the condition M is self projective.
1.11 Proposition:
Let M be a self projective module and let N be a fully invariant submodule of M . If M /N
is fully semiprime, then N is a fully semiprime submodule in M .
(since N is a fully semiprime submodule). That is
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proof: Let K be a fully invariant submodule of N such that KKN. Then K'=

KN
is a
N

M
[3, lemma (1.1.20)(ii)] and K'  K'=0. Hence K'=0, that is
M/N
N
K+NN and so KN. Thus N is a fully invariant semiprime submodule.

fully invariant submodule of

As an application of proposition (1.10) we give the following corollary.
1.12 Corollary:
Let :M M ' be an epimorphisim. If ker  is a fully semiprime submodule, then M '
is a fully semiprime module.
proof: Since  is an epimorphisim, then M /ker  M '. But ker is a fully semiprime
submodule, so by proposition (1.10), M/ker is a fully semiprime module. This completes the
proof.
Before we give the next result, we introduce the following lemma.
1.13 Lemma:
Let :MM ' be an isomorphism, where M , M ' be two R-modules, let K be a fully
invariant submodule of M . Then (KK)(K)(K).
proof: (KK) = ({f(K):f:M K})
= {f(K):f:MK}
= {( f)(K):f:MK}.
-1
- 1
But  :M'M is an isomorphism and KM , so there exists K'M ' such that  (K')=K;
that is (K)=K'. Hence (KK)={ f - 1(K'):f:MK}.
-1
 1
f

But M ' 
 M 
 K 
   , hence ( f  ):M'K'=(K). Hence
(KK)={ f - 1(K'):  f  - 1:M'(K)=K'}.
Now (K)(K)=K'K'={h(K'):h:M 'K'=(K)}. It follows that (KK)(K)(K).
However, we get the following proposition.
1.14 Proposition:
If M and M ' are two isomorphic R-modules, then M ' is fully semiprime module if and
only if M is fully semiprime module.
proof: Let :MM ',  is an isomorphism, and let L be a fully invariant submodule of M '
- 1
such that LL=0. To prove L=0. Let K= (L), that is (K)=L. Then
LL=(K)(K)(KK) (by lemma (1.13). But (K)(K)=0 (since LL=0), implies
(KK)=0. Since  is one to one, we have KK=0 and since M is fully semiprime, we get
K=0. This implies (K)=(0)=0. Therefore L=(0) and hence M' is a fully semiprime module.
1.15 Proposition:
Let N and K be two fully semiprime submodules of an R-module M . Then NK is a
fully semiprime submodule of M.
proof: Let L be a fully invariant submodule of M such that LLNK. But NKK and
NKN. LLK and LLN. Thus LK and LN (since K and L are fully semiprime).
Therefore LNK. Hence NK is a fully semiprime submodule of M.
By using the mathematical induction, we obtain the following result.
1.16 Corollary:
The intersection of a finite collection of fully semiprime submodules of an R-module is a
fully semiprime submodule.
1.17 Proposition:
Let M be an R-module. Then M is fully semiprime module if and only if for all mM ,
(m)(m)=(0), implies m=0.
proof: () It is clear.
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To prove the other side, let NN=(0). Suppose N(0), so there exists mN, m(0) such that
(m)N, implies (m)(m)NN=(0). Then (m)(m)=(0). Hence m=0, which is a contradiction.
Thus N=0 and this completes the proof.
For our next proposition, the following lemma is needed.
1.18 Lemma:
If M 1, M 2 are two R-modules and N1, N2 are two fully invariant submodules of M 1 and
M 2 respectively, then (N1N1)(N2N2)(N1N2)  (N1N2).
proof: (N1N1)(N2N2) = {(f(N 1),g(N2)): f:M 1N1, g:M 2N2}. For any
f:M 1N1, g:M 2N2, define h: M 1M 2  N1N2 by h(x,y)=(f(x),g(y)) for all (x,y)
M 1M 2. It is clear that h is well defined homomorphism. Now, h(N 1N2)=(f(N 1),g(N2)). But
(N1N2)  (N1N2)={(N1N2):: M 1M 2 N1N2}.It follows that h(N1N2)=

(f(N1),g(N2))
be
in
(N1N2)

(N1N2).
Thus
we
have
(N1N1)(N2N2)(N1N2)(N1N2).
1.19 Proposition:
Let M 1, M 2 be two R-modules and M=M 1M 2 such that annM 1+annM 2=R. If N 1 and N2
are fully semiprime R-submodules of M 1 and M 2 respectively, then N1N2 is also fully
semiprime.
proof: to prove N1N2 is fully semiprime, let N be a fully invariant submodule of M such
that NNN1N2. But N=KL for some KM 1, LM 2, by [4,theorem (4.2),ch.1]. Then
(KL) KLN1N2. Thus by lemma (1.15), we get (KK)  (LL)  N1N2 so KKN1,
LLN2. But N1 and N2 are fully semiprime, then KN1, LN2. Thus KLN1N2 and
hence N1N2 is fully semiprime.
The converse of proposition (1.16) holds if (N1N2)  (N1N2)= (N 1N1)(N2N2).
1.20 Proposition:
Let M 1, M 2 be two R-modules, let (N1N2)  (N1N2)= (N1N1)(N2N2) for each
N1M 1, N2M 2. Then N1N2 is fully semiprime implies, N1 and N2 are fully semiprime.
proof: Let KM 1, LM 2 such that KKN1 and LLN2. Hence (KK)(LL)N1N2. It
follows that (KL)(KL)N1N2. Since N1N2 is fully semiprime, KLN1N2. Hence
KN1 and LN2. Thus K and L are fully semiprime.
1.21 Proposition:
Let M 1, M 2 be two R-modules such that annM 1+annM 2=R. Then M 1M 2 is fully
semiprime module if and only if M 1 and M 2 are fully semiprime modules.
proof: Let N be a fully invariant submodule of M 1M 2.If NN=0, to prove N=0. Since
N= N1N2 [4,theorem (2.4)], then NN=(N1N2)  (N1N2). By lemma (1.15).
(N1N1)(N2N2)(N1N2)  (N1N2)=(0)(0). Then (N1N1)(N2N2)=(0)(0), implies
N1N1=(0) and N2N2=(0). Therefore N1=(0) and N2=(0) (because M 1, M 2 are fully
semiprime). Thus N1N2=(0)(0) and hence M is fully semiprime.
Conversely, sup pose that M 1M 2 is a fully semiprime module, let N1 be a fully invariant
submodule of M 1 such that N 1N1=(0). We can show that there is one to one corresp ondence
between N1N1 and (N1(0))(N1(0)) as follows. For any f:M 1N1, f(N1) N1N1, f can
be extended to f : M 1M 2 N1(0) by f (m1,m2)=(f(m1),0) for all (m1,m2) M 1M 2 it is
clear that f (N1(0))=f(N 1)(0), hence if f(N1)=0, then f (N1(0))=(0).
Similarly, if g: M 1M 2 N1(0), g(N1(0))(N1(0))(N1(0)), then we define
g :M 1N1 by g (m1)=g(m1,0),  mM 1, hence g (N1)=g(N1(0)) and so g (N1) N1N1.
Thus N1N1=0  (N1(0))(N1(0))=0. It follows that (N1(0))(N1(0))=0, and hence
N1(0)=0. Thus N 1=0.
Similarly if N2 is an invariant submodule of M 2 such that, N 2N2=0, implies N2=(0) and
hence M 2 is fully semiprime.
Next, we prove the following.
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1.22 Proposition:
Let M =M 1M 2 be a direct sum of two R-modules M 1 and M 2 such that
annM 1+annM 2=R. If L1 is a fully semiprime submodule of M 1. Then L1M 2 is a fully
semiprime submodule of M.
proof: Let N be a fully invariant submodule of M = M 1M 2 such that NNLM 2. By
[4,theorem (4.2),ch.1], there exists N 1M 1, N2M 2 such that N=N 1N2. Hence
(N1N2)  (N1N2)L1M 2. But (N1N1)(N2N2)(N1N2)  (N1N2) by lemma (1.15).
Therefore (N1N1)(N2N2)L1M 2. It is clear that N1N1L1, but L1 is fully semiprime
submodule, then N1L1. Thus N1N2L1M 2. Therefore L1M 2 is fully semiprime
submodule of M .
2- The Relationships Between Fully S emiprime Modules and Certain Types of
Modules
In this section, we establishe some relationships between fully semiprime submodules
and some type of modules.
Recall that an R-module M is said to be uniform module if every non-zero submodule of
M is essential see [7], where a submodule N of an R-module M is essential provided that
NK0 for every non-zero submodule K of M , see [7].
Hence, we have the following proposition.
2.1 Proposition:
Let M be a uniform R-module. Then M is a fully semiprime module if and only if M is a
fully prime module.
proof: Suppose that M is a fully semiprime R-module, let K, L be two fully invariant
submodules of M such that KL=(0). Assume that K(0), L(0). Then KL(0) (since M is
uniform). On the other hand KLK, KLL. Also, note that K, L are fully invariant,
implies KL is fully invariant. Then (KL)(KL)KL=(0). Thus (KL)(KL)(0).
But M is fully semiprime so KL=(0) which is a contradiction. Thus either K=(0) or L=(0).
Then M is fully prime.
The converse is obvious.
The following results are consequences of proposition (2.1), but first we need to recall
the following definition.
An R-module M is said to be chained module if and only if every non-empty set of
submodule of M is ordered by inclusion, [8].
Hence, we have the following consequence of (2.1).
2.2 Corollary:
Let M be a chained R-module. Then M is fully semiprime if and only if M is fully prime.
proof: It is known that every chained R-module M is uniform, then the result follows from
proposition (2.1).
An R-module M is called quasi-Dedekind if every submodule N of M is quasi-invertible
[9,definition (1.1), ch.2], where a submodule N of M is called quasi-invertible if
Hom(M /N,M )=0 [9,definition (1.1),ch.1].
2.3 Corollary:
If M is a uniform fully semiprime R-module, then M is a quasi-Dedekind R-module.
proof: From proposition (2.1) and remark (1.4), we get M is a prime module. Thus by
[6,theorem (3.11),ch.3], M is quasi-Dedekind.
As an application of corollary (2.3), we give the following example.
2.4 Example:
Z as a Z-module is uniform and fully prime module, also it is quasi-Dedekind.
Recall that an R-module M is called Z-regular if and only if each cyclic submodule of M
is projective direct summand of M . Equivalently if for each aM , fM *=Hom(M,R) such
that a=f(a)a, [10].
By using this concept, we give the following proposition.
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2.5 Proposition:
If M is a Z-regular R-module, then M is fully semiprime module.
proof: Let K be a fully invariant submodule of M such that KK=(0). Suppose K0. Then
there exists xK, x0. Since M is Z-regular, then there exists f:MR such that x=f(x)x.
f
g
 R 
 K , so g f:MK such
Define g:RK by g(r)=rx for each rR. Then M 
that (g f)(x)=g(f(x))=f(x)x0. Thus 0g f and hence KK0 which is a contradiction. Thus
K=0.
Now, we have the following proposition.
2.6 Proposition:
Let I be an ideal of R. Then the following statements are equivalent:
1. I is a fully semiprime submodule in R.
2. I is a semiprime submodule of R.
3. R/I is a semiprime ring.
2
proof: 12, let J be an ideal of R such that J I. Then JJI (by note (1.4)). Thus JI, by
(1).
2
21, let JJI. Then J I (by note (1.4)) implies JI.
23, it is obvious.
2.7 Notes, [11]:
1. For any R-module M and for any ideals I, J of R. Then (IM)(JM )(IJ)M . And the reverse
inclusion is also easily established provided M is self generator, that is Trac(M ,JM )=JM .
2. The multiplication modules over commutative ring are self generator whose submodules
are fully invariant.
Recall that an R-module M is called multiplication if for every submodule N of M , there
exists an ideal I of R such that N=IM , equivalently for every submodule N of M ,
N=[N : M ]M , [7].
R

2.9 Corollary:
Let M be a multiplication R-module. Then (IM)(JM )=(IJ)M .
2.10 Proposition:
Let M be a faithful multiplication R-module M. Then M is fully semiprime if and only if
R is semiprime ring.
2
proof: Let I be a proper ideal of R such that I =0, let N=IM , N is a fully invariant submodule
of M . Then NN=I2M =0 by corollary (2.9), so NN=0. But M is fully semiprime, implies
N=0 and so IM =0. Then Iann(M)=0, since M is faithful. Thus I=0.
Conversely, let N be a fully invariant submodule and NN=0, since, N=IM for some ideal I of
2
2
2
R. Implies that NN=I M , so I M =0. Thus I ann(M)=0. Therefore I=0 (since R is
semiprime), and hence N=IM =(0).
Now, we have the following proposition.
2.11 Proposition:
Let M be a multiplication R-module with annR(M ) is semiprime. Then M is fully
semiprime module.
proof: Let N be a fully invariant submodule of M such that NN=0. But N=IM for some ideal
2
I of M , since M is multiplication module. Hence IM IM =0 which implies that I M =0. Thus
I2annR(M ) and hence IannR(M ).Then IM=0. Therefore N=(0). This completes the proof.
The following is an immediate consequence of proposition (2.11).
2.12 Corollary:
Let M be a multiplication R-module. Then M is a semiprime R-module if and only if
annR(M ) is semiprime ideal.
proof: Assume that M is semiprime R-module. Then (0) is a semiprime submodule, so
(O:M )=annR(M ) is semiprime ideal.
Conversely, let annR(M ) be a semiprime ideal. Then by proposition (2.11), we get M is fully
semiprime and hence M is semiprime by remarks (1.4), see [4].
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By proposition (2.11), we have the following.
2.13 Corollary:
Let M be a faithful multiplication R-module. The following are equivalent:
1. M is fully semiprime.
2. R is semiprime ring.
3. M is semiprime module.
proof: 12 it is obvious.
23 R is semiprime ring  (0) is semiprime ideal  annR(M ) is semiprime ideal  M is
semiprime module (by proposition (2.11)).
An R-module M is called coprime if for every proper submodule N of M ,
annR(M )=annR(M /N), [2].
Recall that an R-module M is called a scalar module if for all fEndR(M );f0, there
exists rR, r0 such that f(m)=rm, see [12].
By using these concepts, we can prove the following.
2.14 Proposition:
Let M be a coprime scalar and fully semiprime R-module. Then M is simple.
proof: Assume that N be a proper R-submodule of M , let f:MN. Then there exists rR
such that f(m)=rm for all mM (since M is a scalar module). Therefore f(m)=rm  N, implies
r[N : M ]. But M is a coprime module, so annRM =[N : M ]. Thus rannRM . Then rM=0. Thus
R

R

f(N)=rN=0. Hence {f(N):f:M N}=0. Then NN=0 and since N is a fully semiprime, we
get N=0.
Recall that an R-module M is called retractable if Hom(M ,N)0, for every non-zero
submodule N of M , see [13].
Now, we state and prove the following result.
2.15 Theorem:
Let M be an R-module, if M is fully semiprime, then M is retractable and the converse is
true if EndR(M ) is semiprime.
proof: Assume that M is fully semiprime and let N be a submodule of M , N0. Assume M is
not retractable, that is Hom(M,N)=0, then NN=0 and so N=0 which is a contradiction. Hence
M is retractable.
Conversely, if M is retractable and EndR(M ) is semiprime , let N be a fully invariant
submodule of M such that NN=0. Suppose N0. Since M is retractable, then there exists
f:MN, f0. But 0= NN={f(N):f:M N}=0, hence f(N)=0. Then for any mM , f
2
2
(m)=f(f(m))=0. Then f =0 and hence f=0 which is a contradiction. Thus N=0. Therefore M
is a fully semiprime R-module.
We end this section by the following corollary.
2.16 Corollary:
Let M be a finitely generated multiplication R-module. The following are equivalent:
1. M is retractable and EndR(M ) is semiprime.
2. M is fully semiprime.
3. M is semiprime.
4. annR(M ) is semiprime.
proof: It is obvious.
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