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Abstract:

The aim of this paper is to prove a theorem on the Riesz means of expansions with
respect to Riesz bases, which extends the previous results of [1] and [2] on the Schrédinger
operator and the ordinary differential operator of 4-th order to the operator of order 2m by
using the eigen functions of the ordinary differential operator.

S ome Symbols that used in the paper:
" " the uniform norm.

<,> the inner product in L
oG the set of all boundary elements of G.
0 the dual function of u.
1. Introduction
The theory of non-self adjoint differential operators has great importance in several

applications, many mathematicians worked on the equiconvergence theorem for this op erators
like Ilin, Jod, Komornik and Tahir for the Schrédinger operator see [3], [4] and for Laguerre
functions see [5].

By using the method and results of this papers, we shall prove un equiconvergence
theorem for the ordinary differential operator of order 2m.

Let G < R be an arbitrary finite open interval q(x) eLl(G) an arbitaray complex function

and consider the operator Lu,:=u® +q(x)u,, where me [J .

Given a complex number A, the function u_ ;:G——>C, u _ ;=0 is called an eigenfunction
of order — 1 of the operator L with the eigenvalue A. A function u,..G—>C, u #0
(r=0,1,...) is said to be an eigenfunction of order r of the operator L with the eigenvalue A if u,
together with its derivative is absolutely continuous on every compact subinterval of G and if
for almost all xeG the equation Lu.(x)=Au.(x) —u, _ ;(x) holds, where u, _ ;(X) is an

eigenfunction of order (r — 1) with the same A.
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Let us now give a Riesz bases (ur(x))cLz(G) of the operator L. Let A, (resp.0,) denote the

eigenvalue (resp. the order) of u, and assume that the following conditions are satisfied:

sup 0,<o0 (1)

iy

In case 0, >0,

am—Lu=u, ...(2)
Suppose the biorthogonal sy stem (v,) of the system (u,) have the property
2
Y AV, <V < .0
r 1
Now, consider the Riesz mean of the biorthogonal series
pz
ol (f,x):= > <f,v, >u x)(1-25)° ..(4)
X #

(feLl(G), xe@G, >0, 0 <s <1/2), where (v,) is the dual system of (u,), i.e., (Vr)CLz(G) and
<V, U>=0y.

Given any compact interval KcG, denote by R an arbitrary number from the interval
(0,dist(K,0G)), where dist(K,0G)=inf{d(a,b), VacK,bedG}.

Now fix xeK arbitrary and define W; :G——R by

a(s)u > T, L (ult if |t|<R,
W;(t)z{ O " T2 e < )
otherwise
where a(s):=2°(2m) " *T(s+1).
Moreover, for any function feLl(G), x* ReG define
x+R
Si(f.x) = [ Wa (D(y—f(y)dy ..(6)
x—R
Denote by 0°(x,y,u) the spectral function of the Riesz means (i.e.)
— p2
0 (x,y, 1) = D u, (v, (1= %) (1)
P H
where xy € G.

Introduce the operation Dy :Ll(G) —R

D, [f]:= Ri j f(R)dR ...(8)

0 Ry
2

where Ry€(0,dist(K,0G)).
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2. Main Results

Here we will prove the following theorem

2.1 Theorem:

Given any compact interval KcG, for all 0<s<1/2, u>0 and f\ eLl(G) the estimate
o, (f,x)=S,(f,x) =0 ...(9)
Holds uniformly on the compact interval KcG.

For the proof of this theorem we shall choose the 2m-th roots p,; (i=1,2,...,2m) of A,
such that

Re p;; =2 Re pyp>...2 Re > 0= Re iy 1= .2 Re py o

and put . = B, o=Re Yy, vi= | Im Wy B

Now, we have from ([3])

0(x) 0,(x-t)+0,(x+t) 0,(x-2R)+0,(x+2R) ... 0 (x—-m)+10,(x+m)
1 2chw, 1 t 2ch2o,u R 2chmo,u R
D=| 1 2ch o, ut 2ch2w,p x 2chmo,u R
1 2ch o, pt 2ch2m p R 2chmew, u R

By expanding this determinant according to the first row with the definition of U, we get the

following equation
[ur(X - t) +ur(X+t) - 2ur(X) ch “rt]d(uraR):
x+mR
> 4 RD[u, (x+kR) +u,(x—kR) + f D4Rt [x =PRSS ---(10)
" e
where
Zd(/‘ Rt)z pShwlu(kZIilIX by o R)Z%N L if k= ¢]

a)sha),u(kR |x 1)

D(uR,t,)x =¢ )= zgmd L1, R, t)z Jift<g-¢[<2
%ﬂd (4R, t)Z“’Shw‘r’nﬁR k-<b Jf (-DR< k= ¢] <R3 <]
We want to prjove the following estrlmate
0°(x,y, ) = Wi(ly—xp=0(D) (1)
By using equation (10), we count the Fourier coefficients of the function Wi (y —x)

with respect to the system (u,):
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R
<u,.Dy Wi >=Dy [ Wi (D[, (x —t)+u, (x+t)]dt
0

R
=D, [Wi(on2uchpt+ ¥ SR 0 R) b, (x— kR +
0

0<k<m d(ﬂr aR)

k#1
1 x+mR

(s, R) xImR

D(/Jr R, t, |X B ;l)Q(g)dg]dt
Then

<u,,.D, Wy >=D, jWS(t) -2u,(x)ch g tdt+D, jWS(t) Z %{u (x+kR)+u, (x—kR)}dt+

k¢1

x+mR

e R)j D(4,. R, t|x —¢PQ(¢)dSdt .(12)

j Wi (0
Now, we want to find 0°(x,y,un) — W§(|y—x| ), by using the definition of 0°(x,y,u) and the

£ 2
relations Wi (t)= Zvr(y) <u,D, Wy >-O()x™ and .[W}i(t)cos pdt =(1 —p—rz)s, see
: ! o yz

T

([11,[2]). We have the following

O'y.w) = Wi (ly=xl)=0W)u™ + 3 u.(9v. (v (1—ﬂ - 2V (< u. Dy Wi >

T

0y — Wi (ly=xD=001) 4 + X u, (), () Dy, [Wa (t) cos p,tdt -

sz (Y)u, (X)Dy, j W (t)ch g tdt — zv (y)DRojW (t)MZm%{ur(H kR) +

k=1

x+mR

d(x,,R) | Du Rt -¢prdgdt ..13)

o R o
By using the interval transformation I I+I we have
0 0

u (x=KR)}dt= 30V, (), [ Wi (05

0° (x,y, 1) — WR(|y x|) oy +Zu (x)v (y)D IWR(t)cos ptdt +

D, ij(t)(cosprt 2chy, t)dt] - Zv(y)DROJWR(t)Z M{u (x +kR) +u, (x —kR)}dt —

0<k<m d( R)
2., I W, (1) d(ﬂr,R)ij DRt ~¢PQICd

Now, we want to find the estimates of the integrals in the right hand side, so we will
denote to this integrals by Ajy,...,A4 respectively.

Firstly, we know from [1]
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c(Ry,9)

A< s 20
Al 1+| - o

R
|A, |= Dy, IW;(t)(cosprt —2ch s t)dt
0

By the relations in [4]

1 1
1 OStsﬂ ¢l |t OStS—l
H, r
|cos p,t|< and |cht|<
pit 1 ot
e t>— ce t>—
e | s |
We have the following inequality
1
Hy
|cos p.t —2¢h g t| < .
ce’ t>—
4]
Then
L
<o | ] o ] s o]
A<D, | [ We | +cle |odt+ [ c[ws ®)|erdt
12, Tiviofasclufoas fepviol
bl
<cyu’c, max t* +¢, max t*" +ce” max t”
OStSI— OStSI— I—StSR
el e 2
Since R<R,, we get
|A, [ cou | c max +c,e” max
OStSm lZIStSR
<co S [eRS + ¢, e R %]
<c(Ry, )™ p™
K d (u.,R,t)
A =Dy, [We () 3 22y (x+kR)+u, (x— kR)jdt
! 0 Oskkslm d(ﬂr, R)
By using the following inequality in [4]
G ROF etz w (14
d(u,R)

and
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Re t—2R .
ce A 72 ifk=2
d R,t ) _ R .
l(d(ﬂr’ R’ ) S mll’l(l, |/rlrt)| CeRelur,m—l[ Re(ﬂr,m—k+1+ﬂr,m—k+2 +"'+1Ur,mfZ +ll'lr,mfl) lf 2 < k <m
(/Ur’ ) ceReyrvm,](t—ZR)—Re(,un]ﬂzn2+...+/1|.vm,2)s ifk=m

where Q(u.,R)=e" ™" #n)® and | d(u,,R) [ =Q(1,,R).

Hence

d
R 1__S o d ) R,
S R T T Dol e
] d R,
ja(s)|y| Js+1_(ﬂ(t)) > ‘a((ﬁ R)t) dt+

k#1

dk (/’lraRa t) dt
d(4,R)

2

0<k<m
k#1

f s
[ a@uf
1
bl

UNVG)

3 1
s r° ’ < 5 S —s+1 2 pPrt -s
IW (> —d) t| <c(s)|uf max t! +3c(s)u’ e”' max t
0<k<m 0<t <o —<t<R

k=l '”fl

3 L.
=c(s)|u” max t™" + 3c(s)u? e max t

0<t <omm —<t<R

[#]

From (14), (15)

3 1
<c(s)u*(u? max t™" +3u%er max t %)

0<t < o —<t< R

] ]
3 L

<c(s)u (2R +3u2e MR )

3 1
=c(s) Ry (1R +3p2e”™)
<c(R,,s) pu e”Re
Then
INERTr ]

” (ky)

...(15)



IHIPAS
IBN AL- HAITHAM J. FOR PURE & APPL. SCI. VOL23 (2) 2010

To find the estimate of A,

A= Dy Wiz R):IRD(M,RJJX—§|)Q(§)d§dt
A= D, j| W% Olll j (i R L~ £ PR fdcde

x+mR

<0, [ of el

x-mR

1-2m

min{l, Iurt|}e"fR |Q(é’)|dé’dt

From [5].
By using the argument in [6],

x+2s

1l <e(lull i, Ho o)

x—-2s

We have

R
AL <Dy, [[Wa Ot min L et the™ (o )+ Il )t
0

L
bl

=clu "l ke, )| Do ] Va1t D I|W<t>|dt

0<tS o _<1<R

] bl

A< @] (e, + I ILw(KnR){luI max 1+ max ¢ }

3 1
<c '(S),u‘SePrR ("ur "L“"(KmR) +"ﬁ,r "L”(KmR)){quBSH + :quas:|

<c '(Roas)luiseern ("ur ILx(KmR) + "1:lr "Lw(KnR) )

Now, from (3) and ([7],lemma (3)) and Cauchy-Schwartz inequality we obtain the

following estimates

>V @l = 0Me (=1.2)

> M OAl=0M k" (3.4)
From this we obtain

0°(xy ) — Wi (ly=x))=0()x ..(16)
Proof of the Theorem (2.1)

Consider the operator

L, (f,x)=p’[o,(f,x)=S; (f,x)]
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From LI(G) into C(K)) for any compact KcG we know that

v
o(£,0= 3 < f,v, >u, (x)(1-Loy
orfeu H

S, (f,x) =) <f,v,><u, Wy >

Then
O'Z(f, X)— S;(f,x) =<1,0°—-W; >= Z< f,v. ><u 0 —W; >

By using Cauchy-Schwartz inequality and the previous result in (16), we obtain
L., <M

IC(K)
For any fixed KcG. Further there exists HCLI(G) s.t. ﬁZLl(G) and the relation

L, (h,x)—0 holds uniformly in x on the K for any heH. Hence the result follows by the

Banach-Steinhaus theorem.
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