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Abstract 
          In this study, we derived the estimation for Reliability of the Exponential 

distribution based on the Bayesian approach. In the Bayesian approach, the 

parameter of the Exponential distribution is assumed to be random variable .We  

derived  posterior distribution the parameter of the Exponential distribution 

under four types priors distributions for the scale parameter of the Exponential 

distribution is: Inverse Chi-square distribution, Inverted Gamma distribution, 

improper distribution, Non-informative distribution. And the estimators for 

Reliability is obtained using the two proposed loss function in this study which 

is based on the natural logarithm for Reliability function .We used simulation 

technique, to compare the resultant estimators in terms of their mean squared 

errors (MSE).Several cases assumed for the parameter of the exponential 

distribution for data generating of different samples sizes (small, medium, and 

large). The results were obtained by using simulation technique, Programs 

written using MATLAB-R2008a program were used. In general, we obtained a 

good estimations of  reliability of the Exponential distribution under the second 

proposed loss function according to the smallest values of mean squared errors 

(MSE) for all samples sizes (n) comparative to the estimated values for MSE 

under the first proposed loss function. 
Key words: The Exponential, Bayes method, the prior distributions:  Inverse Chi-square 

distribution , Inverted   Gamma distribution, improper distribution, non-informative 

distribution,   mean squared errors (MSE). 
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Introduction 
    The exponential distribution is one of the most important distributions in life-testing and 

reliability studies. Inference procedures for the exponential distribution and applications in the 

context of life-testing and reliability have been discussed by many authors. We mention some 

of them in a brief manner: Chiou (1993) [1] proposed two empirical Bayes shrinkage 

estimators for the reliability of the exponential distribution and study their properties. Under 

the uniform prior distribution and the inverted gamma prior distribution these estimators are 

developed and compared with a preliminary test estimator with a shrinkage estimator in terms 

of mean squared error. Baklizi (2003) [2] investigated the advantages of incorporating prior 

information in the reliability function through the shrinkage estimators. His work is an effort 

to coin unified shrinkage estimators of reliability function for five lifetime distributions 

commonly used to model lifetime data by biologists, physicists, engineers and statisticians for 

living and non-living entities. Sarhan (2003) [3] exploits past experiments to approximate a 

prior information (prior density) into the model, in estimating reliability function and 

parameter of exponential distribution, by using bayesian approach. Balakrishnan, Lin and  

Chan( 2005) [4] made a comparison of these two prediction intervals based on the expected 

width of the prediction interval, as well as by means of the probability of the width of one 

being smaller than the other. Friesl and Hurt (2007) [5] gave some basic ideas of both the 

construction and investigation of the properties of the Bayesian estimates of certain 

parametric functions of the exponential distribution under the model of random censorship 

assuming the Koziol–Green model. Various prior distributions are investigated and the 

corresponding estimates are derived.Liu and Ren (2013)  [6] studied the empirical Bayes 

estimation of the parameter of the exponential distribution. In the empirical Bayes procedure, 

they employ the non-parameter polynomial density estimator to the estimation of the 

unknown marginal probability density function, instead of estimating the unknown prior 

probability density function of the parameter. They Empirical derived bayes estimators for the 

parameter of the exponential distribution under squared error and LINEX loss functions. So in 

this paper, we try to find best estimation for Reliability function ( R(t) ) of exponential distribution 

which it means the probability of surviving at least till age t. According to the smallest value 

of Mean Square Errors (MSE) were calculated to compare bayes estimators under  four  types 

of prior distributions to  get  bayes  estimation :Inverse Chi-square distribution , Inverted 

Gamma distribution, Improper distribution ,Non-informative distribution when the Bayesian 

estimation is based on two proposed loss functions .Several cases from exponential 

distribution for data generating ,for different sample sizes (small, medium, and large).The 

results were obtained  by using  simulation  technique, Programs written using MATLAB-

R2008a program were used. 

 

Exponential Distribution 
   We consider t1, t2, …, tn is a random sample of n independent observations from an 

Exponential distribution having the probability density function (pdf) define as [7]: 

) 1 (  ...                                                                                 0      t,     )
θ

texp(-  1-θ   ) θ ; t f(              

where θ  > 0 is mean, standard deviation, and scale parameter of the distribution, θ  is a 

survival parameter in the sense that if a random variable t is the duration of time that a given 

biological or mechanical system  manages to survive, and  t ~ Exp( θ ) then the expected 

duration of survival of the system is θ units of  time .So the cumulative (distribution) 

function is 

http://en.wikipedia.org/wiki/Probability_density_function
http://en.wikipedia.org/wiki/Mean
http://en.wikipedia.org/wiki/Standard_deviation
http://en.wikipedia.org/wiki/Scale_parameter
http://en.wikipedia.org/wiki/Random_variable
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) 2 (  ...                                                                      0      t  ,     )
θ

texp(-  -1 f(u)du   ) t F(
0


t

 

Also, the Reliability function is 

) 3 (  ...                                                                                )
θ

texp(- f(u)du   ) t F(-1R(t) 


t

     

 Where R(t)  is probability of surviving at least till age t .And F (t) is the cumulative 

distribution function. 

 

Bayes Estimation Method  
    In this section, we used several methods to estimate Reliability function( R(t) ).Let 

) t, ... ,t, t(t n21 be a random sample of size n with probability density function given in 

equation (1) and likelihood function from the Exponential pdf given in (1) will be as 

follows[7]: 

) 4 ( ...                                                                        
θ

t
exp(-  n-θ  ) θ ; t f(

n
 θ)\tL(

i

n
1i

1i

 )







 

In this paper the posterior distributions for the unknown parameter θ are derived using the 

following four types of priors, and then get bayes estimation  [7]: 

1. Inverse Chi-square distribution[8].  

2. Inverted Gamma distribution[9]. 

3. Improper distribution. 

4. Non-informative distribution. 

1- The posterior distribution using different priors 
It is assumed that θ  follows four types of prior distributions with pdf as given in table below: 

The four types of prior distributions ( ) θ P( ) with pdf forθ . 

Prior distribution ) θ P(  

θ ~Inverse Chi-square( v ) 0θ  for    v,   )
2θ

1 
exp(-   θ  

2

1 
 ) θ P(

1
2

v
-

2

v
     α 



 

θ ~Inverted Gamma( β α, ) 

 
0θ  β, α,for         )

θ

β 
exp(-  

1)(α-
θ  

Γα

αβ 
  ) θ P(      α 


 

θ ~Improper( ba, ) 

 
 - 




a  and                                                

 0θ  b,for        )
θ

b 
exp(-  

1)(a-
θ   ) θ P(    α

 

θ ~Non-informative( c ) 

 
0  c θ,for          

θ

1
     ) θ P(

c
 α   

Then the posterior distribution of given data ) nt, ... ,t, t(t 21 is: 

) 5 ...(                                                      
)dθ θ P(   θ)\tL(

θ

) θ P(   θ)\tL(
    t) \θ P(                               


      

Substituting the equation (4) and for each  ) θ P( as shown in the table above in equation (5), 
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we get the posterior distributions for the unknown parameter θ are derived using the following 

four types of priors ( for more details see Appendix-A). 

 

 

The posterior distributions ( t) \θ P( ) for the unknown parameter 

 (θ) are derived using the following four types of priors. 

Prior distn. The posterior distribution ( t) \θ P( ) 

Inverse Chi-

square 

pdf with ) )
2

1
t ( β ), 

2
(nα ( Gamma Inverted~t)) \θ (P i

n
1i(new)(new)1  

v

0θ    v,,n                                                                            

))
2

1
t(

θ

1
exp(-θ  

 )
2

v
Γ(n 

) 
2

1

i
tn

1i
( 

 t) \(θP i

n
1i1  

1])
2
v[(n-

)
2
v

(n







 
 





 

Inverted 

Gamma 

 

pdf with ) β)t ( β α),(nα ( Gamma Inverted~t)) \θ (P i

n
1i(new)(new)2  

 

0θ α, β, n,                                                                                          

  α)Γ(n 

β))
i

tn
i

(
θ

1
exp(-  

1]α)[(n-
θ  )β

i
tn

i
( 

  t) \(θP
11

)α(n

2





 


 




 

Improper 

 

pdf with ) b)t ( β a),(nα ( Gamma Inverted~t)) \θ (P i

n
1i(new)(new)3  

 





 


 




a  and   0θ  b,  n,                                              

   a)Γ(n 

b))
i

xn
i

(
θ

1
exp(-  

1]a)[(n-
θ  )b

i
xn

i
( 

  x) \(θP
11

)a(n

3

- 

 

Non-

informative 

 

pdf with ) )t ( β ),1c(nα ( Gamma Inverted~t)) \θ (P i

n
1i(new)(new)4  

 

 0θ  ,  c n,                                                                           

 
    1)-cΓ(n 

)
i

tn
iθ

1
exp(-  

1]1)-c[(n-
θ  )

i
tn

i
( 

   t) \θ (P
11

)1-c(n

4





 


 




 

 

2- Bayes' Estimators 
     Bayes' estimators for Reliability function (R= R(t) ), was considered with four different 

priors and under two loss functions proposed: 

1. The first proposed loss function   2

1 lnR)  - Rln  (R)  , R  (L
^^

 . 

2. The second proposed loss function    
lnR

lnR)  - lnR  (
R)  , R  (L

2

2

^
^

 . 

Where 
^

R  an estimator for is R , was considered with different four priors, and under two 

loss functions proposed. The following is the derivation of these estimators: 

- The first proposed loss function 
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   To obtain the Bayes' estimator, we minimize the posterior expected loss given by:  

) 6 (  ...                                                                                                 ) lnR  - Rln  (R)  , R  (L 2

1

^^



       

 After simplified steps, we get Bayes estimator of R(t)  denoted by ) t (R 
pro.1(i)

^

for the above 

prior as follows 

7) (  ...                                                                                     dθ t) \θ P( R(t)ln exp ) t (R 
0

pro.1(i)

^






 

So, the following results are the derivations of these estimators under the first proposed loss 

function with different four priors (for more details see Appendix-B). 

The estimators ( ) t (R 
pro.1(i)

^

) under the squared error loss function with different four priors. 

Prior distribution ) dθ t) \θ P( R(t)ln exp( ) t (R 
0

pro.1(i)

^




  

Inverse Chi-square  0v&n ,   ] 
0.5)t(  (v/2)Γ(n

 1)(v/2)Γ(nt  
exp[  ) t (R 

i

n
1i

pro.1(1)

^









 

Inverted Gamma 

 
0 α, βn,   ,  ]

β)t( ) αΓ(n  

1)αΓ(nt   
exp[ ) t (R 

i

n
1i

pro.1(2)

^










 

 

Improper 

 

0 a, bn,    , ]
b)t( )  aΓ(n 

 ) 1 aΓ(n t   -
exp[ ) t (R 

i

n

1i

pro.1(3)

^









 

 

Non-informative 

 

0 cn, ,       ]
t)( 1-cn(

) cn(t   
exp[ ) t (R 

)i

n
1i

pro.1(4)

^









 

Where ) Γ(. is a gamma function. 

-The second proposed loss function 
   To obtain the Bayes' estimator, we minimize the posterior expected loss given by:  

) 8 (  ...                                                                                               
lnR

lnR)  - lnR  (
R)  , R  (L

2

2

^
^

        

 After simplified steps, we get Bayes estimator of R(t)  denoted by ) t (R 
pro2(i)

^

for the above 

prior as follows 

9) (  ...                                                                            ) 

 dθ t) \θ P(
R(t)ln 

1

1
exp( ) t (R 1-

0

pro.2(i)

^






 

So, the following results are the derivations of these estimators under the second proposed 

loss function with different four priors (for more details see Appendix- C). 
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The estimators ( ) t (R 
pro.2(i)

^

 ) under the squared error loss function with different four priors.  

Prior distribution 
1-

0

pro.2(i)

^

) dθ t) \θ P( 
R(t)ln 

1
exp( ) t (R 



  

Inverse Chi-square  0v&n  ,    1-)  

 )
2

(nt     

)1
2

(n) 
2

1

i
tn

1i
(

exp( ) t (R 
pro.2(1)

^









v
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Inverted Gamma 

 0 α, βn, , 1-)
α)Γ(nt   

 β)
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i

1)(-αΓ(n

exp(  ) t (R 
1

pro.2(2)

^




 

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Improper 

 
      0 a, bn,    , )

 a)Γ(nt    

 b)t1)(-aΓ(n
exp( ) t (R 1-

n
1i

pro.2(3)

^
i








 

 

Non-informative 

 
0 cn,      ,   )

2)cn(t   

2)cn()t(
exp( ) t (R 1-

n
1i

pro.2(4)

^
i








 

Where ) Γ(. is a gamma function, 

 

Simulation Study  
    In this study, we have generated random samples from Exponential distribution and 

compared the performance of Bayes estimators based on them. So we have considered several 

steps to perform simulation study as follows:    

1. We have chosen sample size n = 30, 60, 90 and 120 to represent small, moderate and 

large sample size. 

2. We generated data from Exponential distribution for the scale parameter; we have 

considered randomly several values for the parameter of Exponential distribution

2.5 , 1.5  , 1  , 0.5θ  . 

3. We choose the values for the  parameters of the prior distributions that give the 

appropriate estimation for Reliability function ( R(t)), as shown belows:  

 We used two values for the parameter of the Inverse Chi-square distribution (v= 4) as 

prior distribution forθ . 

 We used two values for the parameters of the Inverted Gamma distribution 

(5,2)) β,  α (   as prior distribution forθ . 

 We used two values for the parameters of the improper distribution (9,3) ) b,  a (  as 

prior distribution forθ . 

 We used randomly three values for the function of the non-informative prior 

distribution c =1. 
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4. The number of replication used was ( 1000L  ) for each sample size (n). 

5. The true ) t R(  is computed according to the formula (3) with 2.5 , 1.5  , 1  , 0.5θ   and the 

true t is 3.5 , 2.5  , 1.5  , 0.5t  . 

6. We obtained estimators for Reliability function ( R(t) ), the estimators in the table in 

section  (3.2.1), it means the estimators ) t (R 
pro.1(i)

^

under the first proposed loss function   

with four different priors .And the estimators in the table in section (3.2.2) , it means the 

estimators ) t (R 
pro2(i)

^

under the second proposed loss function   with different four  

priors.  

The simulation program was written by using MATLAB-R2008a program. After the 

Reliability function ( R(t) ), was estimated, Mean Square Errors (MSE) was calculated to 

compare between the bayes estimators,  So we have the following criterion: 

...(10)                                                                               )) t R(- ) t ( R (
L

1
) ) t ( R MSE(

2
    ^^

L

1000

1L




   

    See appendix-D, for the   programs algorithm. The results of the simulation study are 

summarized and tabulated in tables (1 to 4) see appendix-E.In each row of tables (1 to 4) ,we  

have  four  estimated values for R(t) ) t (R 
pro.1(i)

^

, with MSE for all sample size (n) and values 

(v, ( α ,β ), (a , b), c ) respectively.  

Also the results of the simulation study are summarized and tabulated in tables (5 to 8) see 

appendix-E . In  each  row of tables (5 to 8) ,we  have  four  estimated values for R(t)

) t (R 
pro.2(i)

^

with MSE for all sample size (n) and values (v, (α ,β ), (a, b), c) respectively  .The 

Bayes estimators under four types of prior distribution .So our criteria is the best estimator  

that gives the smallest value of  MSE. We list the results in the tables (1 to 8)  in appendix-E. 

  

Discussion 
    In general, as we see in the tables ( 1 to 8 ) by using different estimation methods, See 

appendix-E. We find the Mean Square Errors (MSE) was decreased when sample size 

increased in all cases. That means the estimation of 
             ^   

) (R(t) get better for the large sample 

sizes. We obtained a good estimation according to the smallest values of MSE for all samples 

sizes (n) comparative to the other estimated values for MSE under the first proposed loss 

function.  

As we see in table -1, when the true value of θ ( 0.5θ  ) and the prior distribution for θ  is  

 Inverted Gamma distribution with 2)β 5,α (   for t=0.5. 

 Improper distribution with (a=9, b=3) for t=1.5, 2.5, 3.5. 

And we see in table -2, when the true value of θ ( 1θ  ) and the prior distribution for θ  is  

 Non-informative distribution with c=1 for t=0.5, 1.5. 

 Inverse Chi-square distribution with v=4 for t=2.5. 
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 Inverted Gamma distribution with 2)β 5,α (   for t=3.5. 

And we see in table -3, when the true value of θ ( 1.5θ  ) and the prior distribution for θ  is  

 Non-informative distribution with c=1 for t=0.5, 1.5, 2.5. 

 Inverse Chi-square distribution with v=4 for t=3.5. 

And we see in table -4, when the true value of θ ( 2.5θ  ) and the prior distribution for θ  is 

Non-informative distribution with c=1 for all. See appendix-E. 

We obtained a good estimation according to the smallest values of MSE for all samples sizes 

(n) comparative to the other estimated values for MSE under the second proposed loss 

function.  

As we see in table -5, when the true value of θ ( 0.5θ  ) and the prior distribution for θ  is  

 Inverted Gamma distribution with 2)β 5,α (   for  t=0.5 . 

 Improper distribution with (a=9, b=3) for t=1.5, 2.5, 3.5. 

And we see in table -6, when the true value of θ ( 1θ  ) and the prior distribution for θ  is  

 Non-informative distribution with c=1 for t=0.5. 

 Inverted Gamma distribution with 2)β 5,α (   for t=1.5, 2.5. 

 Improper distribution with (a=9, b=3) for t=3.5. 

And we see in table -7, when the true value of θ ( 1.5θ  ) and the prior distribution for θ  is  

 Non-informative distribution with c=1 for t=0.5, 1.5. 

 Inverse Chi-square distribution with v=4 for t=2.5. 

 Inverted Gamma distribution with 2)β 5,α (   for t=3.5. 

And we see in table -8, when the true value of θ ( 2.5θ  ) and the prior distribution for θ  is  

 Non-informative distribution with c=1 for t=0.5, 1.5, 2.5. 

 Inverse Chi-square distribution with v=4 for t=3.5. 

See the summary of discussion for ) ) t ( R MSE(

^

in tables (9) and (10) in Appendix-E. 

 

Conclusion 
      When we compared the estimated values for Reliability( R(t)) of the Exponential 

distribution by using Bayes with respect to Mean Square Errors (MSE) of estimated 

exponential reliability function under the two proposed loss function in this study .We find 

that MSE is decreasing when sample size is increasing in all cases. The estimated values for 

Reliability ( ) t (R 
pro.2

^

) under the second proposed loss function  is the best of the estimated 

values for ( ) t (R 
pro.1

^

) under the first proposed loss function, according to the smallest values 

of MSE for all sample sizes (n), for the same prior distribution for θ  for some  t , when the 

true value of θ ( 2.5θ&0.5θ  ).See tables (9) and (10) in Appendix-E.  Also ,we obtained 
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a good estimation according to the smallest values of MSE for all samples sizes (n) 

comparative to the other estimated values for MSE under the second proposed loss function, 

when the prior distribution for θ   is 

 Non-informative distribution with c=1 for t=0.5, and inverted Gamma distribution with 

2)β 5,α (   for t= 1.5, 2.5 when the true value of θ ( 1θ  ). 

 Non-informative distribution with c=1 for t=0.5 and inverse Chi-square distribution with 

v=4 for t=2.5, and inverted Gamma distribution with 2)β 5,α (   for t= 3.5, when the 

true value of θ ( 1.5θ  ). See tables (9) and (10) in Appendix-E. 
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Appendix-A: The posterior distribution using different Priors. 
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Appendix-B:  The following is the derivation of these estimators under the first proposed 

loss function. 
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Appendix-C:  The following is the derivation of these estimators under the second loss 

function. 
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The following is the   programs algorithm.   D-Appendix 

Algorithm (1): To compute Bayes estimators ( ) t (R 
pro.1(1)

^

 ) using inverse chi-square as 

prior distribution for θ  with MSE for ) t (R 
pro.1(1)

^

. 

 

 

 

 

Note (1): we can reformulate the Algorithm (1) to compute Bayes estimators for 

2,3,4i ), t (R 
pro.1(i)

^

 under using other distributions as prior distribution for θ  with MSE 

for 2,3,4i ), t (R 
pro.1(i)

^

 . 
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Algorithm (2): To compute Bayes estimators ( ) t (R 
pro.2(1)

^

 ) using inverse chi-square as 

prior distribution for θ  with MSE for ) t (R 
pro.2(1)

^

. 

 

 

 

Note (2): we can reformulate the Algorithm (2) to compute Bayes estimators for 

2,3,4i ), t (R 
pro.2(i)

^

 under using other distributions as prior distribution for θ  with MSE 

for 2,3,4i ), t (R 
pro.2(i)

^

 . 
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Table(1): MSE of estimated exponential reliability function under the first proposed loss 

function. 

 

Table(2): MSE of estimated exponential reliability function under the first proposed loss 

function. 
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Table(3): MSE of estimated exponential reliability function under the first proposed loss 

function. 

 

Table(4): MSE of estimated exponential reliability function under the first proposed loss 

function. 

 



 

Mathematics | 233 

 

 7102( عام 1العدد )  30مجلة إبن الهيثم للعلوم الصرفة و التطبيقية                                                                            المجلد  

Ibn Al-Haitham J. for Pure & Appl. Sci.                                           Vol. 30 (1) 2017 

Table(5): MSE of estimated exponential reliability function under the second proposed 

loss function. 

 

Table(6): MSE of estimated exponential reliability function under the second proposed 

loss function. 
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Table(7): MSE of estimated exponential reliability function under the second proposed 

loss function. 

 

Table(8): MSE of estimated exponential reliability function under the second proposed 

loss function. 
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Table(9): Best estimation according to the smallest value for ) )t  (R  MSE(

^

 

 under the first proposed loss function. 

 

Table(10): Best estimation according to the smallest value for ) )t  (R  MSE(

^

 

under the second proposed loss function. 
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 مقارنة مقدرات بيز لدالة المعولية الاسية باستعمال دوال اولية مختلفة 
 

 جنان عباس ناصر العبيدي

 الكلية التقنية الادارية /جامعة بغداد

 

  7102تشرين الثاني 2قبل في:  7102/تشرين الأول/ 4استلم في :
 

 

 الخلاصة 
في هذا البحث نشتق تقدير معولية التوزيع الاسي الاعتماد على اسلوب بيز .تفترض معلمة التوزيع الاسي لتكون              

متغيرا عشوائيا في اسلوب بيز.نشق التوزيع اللاحق لمعلمة التوزيع الاسي باستعمال اربعة توزيعات اولية لمعلمة القياس 

-Nonوتوزيع  (Improper)بع كاي وتوزيع معكوس كاما وتوزيع غير الملائم للتوزيع الاسي هي:توزيع معكوس مر

informative وتستحصل مقدرات المعولية باستعمال دالتين خسارة مقترحه في هذا البحث التي تعتمد على اللوغاريتم.

ط مربعات الاخطاءها .افترضت استعملنا اسلوب المحاكاة  لمقارنة المقدرات الناتجه بدلالة متوس الطبيعي لدالة المعولية .

عدة حالات لمعلمة التوزيع الاسي لتوليد البيانات ولاحجام عينات مختلفة ) الصغيرة , المتوسطة ,و الكبيرة(.الستحصلت 

. عموما , حصلنا على تقديرات جيدة MATLAB-R2008aالنتائج باستعمال أسلوب المحاكاة,بكتابة برامج باستخدام  

 (MSE)سي باستعمال دالة الخسارة  المقترحة الثانية , وفقا لاغغر قيمة لمتوسط  مربعات الاخطاء  لمعولية التوزيع الا

 ولكل احجام العينات مقارنة بالمقيم المقدرة  لمتوسط  مربعات الاخطاء باستعمال دالة الخسارة المقترحة الاولى .

توزيع معكوس مربع كاي ,توزيع معكوس كاما , الأولية :   اتتوزيعال, طريقة بيزالاسي , وزيع الت :  المفتاحية الكلمات

 .(MSE), متوسط مربعات الخطاء Non-informative, توزيع (Improper)توزيع غير الملائم 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

    


