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Abstract

In this study, we derived the estimation for Reliability of the Exponential
distribution based on the Bayesian approach. In the Bayesian approach, the
parameter of the Exponential distribution is assumed to be random variable .We
derived posterior distribution the parameter of the Exponential distribution
under four types priors distributions for the scale parameter of the Exponential
distribution is: Inverse Chi-square distribution, Inverted Gamma distribution,
improper distribution, Non-informative distribution. And the estimators for
Reliability is obtained using the two proposed loss function in this study which
is based on the natural logarithm for Reliability function .We used simulation
technique, to compare the resultant estimators in terms of their mean squared
errors (MSE).Several cases assumed for the parameter of the exponential
distribution for data generating of different samples sizes (small, medium, and
large). The results were obtained by using simulation technique, Programs
written using MATLAB-R2008a program were used. In general, we obtained a
good estimations of reliability of the Exponential distribution under the second
proposed loss function according to the smallest values of mean squared errors
(MSE) for all samples sizes (n) comparative to the estimated values for MSE

under the first proposed loss function.

Key words: The Exponential, Bayes method, the prior distributions: Inverse Chi-square
distribution , Inverted Gamma distribution, improper distribution, non-informative
distribution, mean squared errors (MSE).
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Introduction

The exponential distribution is one of the most important distributions in life-testing and
reliability studies. Inference procedures for the exponential distribution and applications in the
context of life-testing and reliability have been discussed by many authors. We mention some
of them in a brief manner: Chiou (1993) [1] proposed two empirical Bayes shrinkage
estimators for the reliability of the exponential distribution and study their properties. Under
the uniform prior distribution and the inverted gamma prior distribution these estimators are
developed and compared with a preliminary test estimator with a shrinkage estimator in terms
of mean squared error. Baklizi (2003) [2] investigated the advantages of incorporating prior
information in the reliability function through the shrinkage estimators. His work is an effort
to coin unified shrinkage estimators of reliability function for five lifetime distributions
commonly used to model lifetime data by biologists, physicists, engineers and statisticians for
living and non-living entities. Sarhan (2003) [3] exploits past experiments to approximate a
prior information (prior density) into the model, in estimating reliability function and
parameter of exponential distribution, by using bayesian approach. Balakrishnan, Lin and
Chan( 2005) [4] made a comparison of these two prediction intervals based on the expected
width of the prediction interval, as well as by means of the probability of the width of one
being smaller than the other. Friesl and Hurt (2007) [5] gave some basic ideas of both the
construction and investigation of the properties of the Bayesian estimates of certain
parametric functions of the exponential distribution under the model of random censorship
assuming the Koziol-Green model. Various prior distributions are investigated and the
corresponding estimates are derived.Liu and Ren (2013) [6] studied the empirical Bayes
estimation of the parameter of the exponential distribution. In the empirical Bayes procedure,
they employ the non-parameter polynomial density estimator to the estimation of the
unknown marginal probability density function, instead of estimating the unknown prior
probability density function of the parameter. They Empirical derived bayes estimators for the
parameter of the exponential distribution under squared error and LINEX loss functions. So in
this paper, we try to find best estimation for Reliability function (R(t)) of exponential distribution
which it means the probability of surviving at least till age t. According to the smallest value
of Mean Square Errors (MSE) were calculated to compare bayes estimators under four types
of prior distributions to get bayes estimation :Inverse Chi-square distribution , Inverted
Gamma distribution, Improper distribution ,Non-informative distribution when the Bayesian
estimation is based on two proposed loss functions .Several cases from exponential
distribution for data generating ,for different sample sizes (small, medium, and large).The
results were obtained by using simulation technique, Programs written using MATLAB-
R2008a program were used.

Exponential Distribution
We consider ti, to, ..., tn is @ random sample of n independent observations from an
Exponential distribution having the probability density function (pdf) define as [7]:

f(t;e)ze'lexp(-é . t>0 - (1)

where 6 > 0 is mean, standard deviation, and scale parameter of the distribution, 0 is a
survival parameter in the sense that if a random variable t is the duration of time that a given
biological or mechanical system manages to survive, and t ~ Exp(60) then the expected
duration of survival of the system is 0 units of time .So the cumulative (distribution)
function is
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F(t)=] f(u)du=1- exp(-é) C t>0 . (2)
Also, the Reliability function is
R(t)=1-F(t)=] f(u)du=exp(—%) . (3)

Where R(t) is probability of surviving at least till age t .And F (t) is the cumulative
distribution function.

Bayes Estimation Method

In this section, we used several methods to estimate Reliability function( R(t) ).Let
t=(t,,t,,...,t, )be a random sample of size n with probability density function given in
equation (1) and likelihood function from the Exponential pdf given in (1) will be as
follows[7]:

n -n it
L(tV0)= TT1(t;:0)=0" exp(-= —) - (4)
i=1

In this paper the posterior distributions for the unknown parameter 6 are derived using the
following four types of priors, and then get bayes estimation [7]:
1. Inverse Chi-square distribution[8].

2. Inverted Gamma distribution[9].
3. Improper distribution.

4. Non-informative distribution.

1- The posterior distribution using different priors
It is assumed that 6 follows four types of prior distributions with pdf as given in table below:
The four types of prior distributions (P(6) ) with pdf foro.

Prior distribution P(0)

-1

N <

0 ~Inverse Chi-square(V) P(6)a 0 exp(-z—t) for v,0>0

N
r\:\<||—‘

0 ~Inverted Gamma( o, *
(0,B) P(0) o E_e (a+1) exp(-g) for a,B, 6>0
o

6 ~Improper(a,b) P(0)a p-(@+1) exp(-gb) for b, 6>0
and -o<a<o
0 ~Non-informative(c) P(0) a 1 s 0cs0
eC

Then the posterior distribution of given data t =(t,,t,,...,ty ) is:
L(t\6) P(6)

| L(t\6) P(6)doO

0

Substituting the equation (4) and for each P(6) as shown in the table above in equation (5),
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we get the posterior distributions for the unknown parameter 6 are derived using the following
four types of priors ( for more details see Appendix-A).

The posterior distributions (P(6\1t)) for the unknown parameter
(0) are derived using the following four types of priors.

Prior dist". The posterior distribution (P(6\1t))

P, (0\t)) ~ Inverted Gamma ( onew) = (N + % ), Boewy = (>, t + %) ) with pdf

Inverse Chi- n 1,0+
SHEMRIRES

i=1 L(n+¥)+1]
square P(O\t)=—" o 1+2

1 1
exp--CiL t+3))
I'(n+ %) 0 2

n, v, 6>0
P, (0\1t))~ Inverted Gamma ( amew) = (N + @), Brew) = (X, t, +P)) with pdf

Inverted

(n+a) ,-[(n+o)+1] 1
Gamma (Zinzl t, +p) 0 eXIO(-g(Zi”:1 ti +B)
P,(6\t)=
I'(n+a)
n,p,o,0>0
P,(0\1)) ~ Inverted Gamma (ounew) = (N+4a), Poewy = (X, t; +Db)) with pdf
Improper (n+a) ,-[(n+a)+1] 1
(@, x; +0) ™ g (- (S, X; +b)
P,(6\x) =
I'(n+a)
n, b 6>0 and -w<a<wo
P,(6\1)) ~ Inverted Gamma (aiwew) = (N +C—1), Boewy = (X, t,)) with pdf
Non- n (n+c1) ,-[(n+c-1)+1] 1.n
informative i, ) 0 - Xi_, t)

P,(0\1)=

I'n+c-1)

nc,0>0

2- Bayes' Estimators
Bayes' estimators for Reliability function (R=R(t)), was considered with four different

priors and under two loss functions proposed:

AN

1. The first proposed loss function L,( R, R)=( InR- InR)?.

AN

N _ 2
2. The second proposed loss function L,( R, R) =w :
n

Where R an estimator for is R, was considered with different four priors, and under two
loss functions proposed. The following is the derivation of these estimators:
- The first proposed loss function
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To obtain the Bayes' estimator, we minimize the posterior expected loss given by:

L,( FAQ, R)=(InFA€- IR )2 .. (6)

After simplified steps, we get Bayes estimator of R(t) denoted by R, (t)for the above
prior as follows

n

Rpro.l(i)(t):eXpTln R()P(6\t)do (7

So, the following results are the derivations of these estimators under the first proposed loss
function with different four priors (for more details see Appendix-B).

The estimators ( R, ,, (1)) under the squared error loss function with different four priors.

n

Prior distribution | R .0 (t)=ep([INRt)P(0\)d6)
0

. —t T'(n+(v/2) +1)

i- R t) =e ,N&v>0
Inverse Chi-square ooa (1) Xp[l“(n+(v/2) oot +0.5)]

. -t I'(n+a+1)

Inverted Gamma R o1 (1)=00[ I, np,a>0
F(n+a) XL t; +P)

" -t T(n+a+1)
R t)y=e , nhb,a>0
Improper o) (1) Xp[r(n+a IO ¥ +b)]
" —t I'(n+c¢)
- i R t)y=e ,n,c>0
Non-informative po1@ (1) Xp[l“(n+c-1)(2i“=1 ti)]

Where T'(.) is a gamma function.

-The second proposed loss function
To obtain the Bayes' estimator, we minimize the posterior expected loss given by:

( InRIr;RInR) . (8)

After simplified steps, we get Bayes estimator of R(t) denoted by R, (t) for the above

prior as follows
- 1
Rpro.2(i)(t): eXp(oo 1
[ = P(0\1)do
o INR(t)

L, ( |§, R) =

) . (9)

So, the following results are the derivations of these estimators under the second proposed
loss function with different four priors (for more details see Appendix- C).
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The estimators ( R ,,,(t) ) under the squared error loss function with different four priors.

Prior distribution | R, (t)=exp( j [nr® P(O\t)do)™
. Eg s )F(n+5—1) L
Inverse Chi-square | R ,,.u (t)=exp(- )" ,n&v>0
t F(n+—)
2
Inverted Gamma . F+a-1)(E]_, t; +P) 1
R o020 (1) =eXp(= { Tso ) ~.,n,p,a>0
" I'n+a-1)L, t +b)
Improper R po2@ (1) =exp(= " F(n+la) )*, nb,a>0
. . ; L t)(n+c-2) .
Non-informative R t)=exp(— Y, nc>0
pro.2(4)( )=exp( t T(n+c—2) ) >

Where I'(.)is a gamma function,

Simulation Study

In this study, we have generated random samples from Exponential distribution and
compared the performance of Bayes estimators based on them. So we have considered several
steps to perform simulation study as follows:

1. We have chosen sample size n = 30, 60, 90 and 120 to represent small, moderate and
large sample size.

2. We generated data from Exponential distribution for the scale parameter; we have
considered randomly several values for the parameter of Exponential distribution
0=05,1,15,25.

3. We choose the values for the parameters of the prior distributions that give the
appropriate estimation for Reliability function (R(t)), as shown belows:

e We used two values for the parameter of the Inverse Chi-square distribution (v=4) as
prior distribution foro.

e We used two values for the parameters of the Inverted Gamma distribution
(o ,B)=(5,2) as prior distribution foro.

e We used two values for the parameters of the improper distribution (a ,b)=(9,3)as
prior distribution foro.

e We used randomly three values for the function of the non-informative prior
distribution ¢ =1.
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4. The number of replication used was ( L =1000) for each sample size (n).

5. The true R(t) is computed according to the formula (3) with 6=0.5, 1, 1.5, 2.5 and the
truetist=0.5, 1.5, 2.5,35.

6. We obtained estimators for Reliability function ( R(t)), the estimators in the table in

section (3.2.1), it means the estimators R (t) under the first proposed loss function

pro.1(i)
with four different priors .And the estimators in the table in section (3.2.2) , it means the

estimators R ., (t)under the second proposed loss function  with different four

priors.

The simulation program was written by using MATLAB-R2008a program. After the
Reliability function (R(t)), was estimated, Mean Square Errors (MSE) was calculated to

compare between the bayes estimators, So we have the following criterion:

" 11000 " )
MSE(R (1)) =1 2 (R (1)-R(1)) (10)

See appendix-D, for the programs algorithm. The results of the simulation study are
summarized and tabulated in tables (1 to 4) see appendix-E.In each row of tables (1 to 4) ,we

have four estimated values for R(t) R 4 (t), with MSE for all sample size (n) and values

(v.(a,B), (a,b), c) respectively.
Also the results of the simulation study are summarized and tabulated in tables (5 to 8) see
appendix-E . In each row of tables (5 to 8) ,we have four estimated values for R(t)

R o2 (t)with MSE for all sample size (n) and values (v, (a ,B), (@ b), c) respectively .The

Bayes estimators under four types of prior distribution .So our criteria is the best estimator
that gives the smallest value of MSE. We list the results in the tables (1 to 8) in appendix-E.

Discussion
In general, as we see in the tables ( 1 to 8 ) by using different estimation methods, See
appendix-E. We find the Mean Square Errors (MSE) was decreased when sample size

increased in all cases. That means the estimation of (R(t)) get better for the large sample
sizes. We obtained a good estimation according to the smallest values of MSE for all samples
sizes (n) comparative to the other estimated values for MSE under the first proposed loss
function.
As we see in table -1, when the true value of 6 (6 = 0.5) and the prior distribution for 0 is

e Inverted Gamma distribution with (a =5, p =2) for t=0.5.

e Improper distribution with (a=9, b=3) for t=1.5, 2.5, 3.5.

And we see in table -2, when the true value of 6 (6 =1) and the prior distribution for 0 is
¢ Non-informative distribution with c=1 for t=0.5, 1.5.

e Inverse Chi-square distribution with v=4 for t=2.5.
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e Inverted Gamma distribution with (a=5, p =2) for t=3.5.

And we see in table -3, when the true value of 6 (6 =1.5) and the prior distribution for 0 is
¢ Non-informative distribution with c=1 for t=0.5, 1.5, 2.5.

e Inverse Chi-square distribution with v=4 for t=3.5.

And we see in table -4, when the true value of 6 (6 =2.5) and the prior distribution for 0 is
Non-informative distribution with c=1 for all. See appendix-E.

We obtained a good estimation according to the smallest values of MSE for all samples sizes
(n) comparative to the other estimated values for MSE under the second proposed loss
function.

As we see in table -5, when the true value of 6 (6 =0.5) and the prior distribution for 0 is

e Inverted Gamma distribution with (=5, =2) for t=0.5.

e Improper distribution with (a=9, b=3) for t=1.5, 2.5, 3.5.

And we see in table -6, when the true value of 0 (6 =1) and the prior distribution for 0 is
¢ Non-informative distribution with c=1 for t=0.5.

e Inverted Gamma distribution with (a =5, =2) for t=1.5, 2.5.
e Improper distribution with (a=9, b=3) for t=3.5.

And we see in table -7, when the true value of 6 (6 =1.5) and the prior distribution for 0 is
e Non-informative distribution with c=1 for t=0.5, 1.5.

¢ Inverse Chi-square distribution with v=4 for t=2.5.
e Inverted Gamma distribution with (a =5, p =2) for t=3.5.

And we see in table -8, when the true value of 06 (6 = 2.5) and the prior distribution for 0 is
e Non-informative distribution with c=1 for t=0.5, 1.5, 2.5.

e Inverse Chi-square distribution with v=4 for t=3.5.
See the summary of discussion for MSE(R (t)) in tables (9) and (10) in Appendix-E.

Conclusion

When we compared the estimated values for Reliability( R(t)) of the Exponential
distribution by using Bayes with respect to Mean Square Errors (MSE) of estimated
exponential reliability function under the two proposed loss function in this study .We find
that MSE is decreasing when sample size is increasing in all cases. The estimated values for

Reliability ( R, ,(t)) under the second proposed loss function is the best of the estimated

values for ( R, (t)) under the first proposed loss function, according to the smallest values

of MSE for all sample sizes (n), for the same prior distribution for 6 for some t, when the
true value of 6 (0 =0.5&0 =2.5).See tables (9) and (10) in Appendix-E. Also ,we obtained

Mathematics | 215



2017 sle (1) 232l 30 alaall

Akl 548 pall o lall Wisgll o) Ao

Ibn Al-Haitham J. for Pure & Appl. Sci.

VYol. 30 (1) 2017

a good estimation according to the smallest values of MSE for all samples sizes (n)
comparative to the other estimated values for MSE under the second proposed loss function,
when the prior distribution for 0 is

Non-informative distribution with c=1 for t=0.5, and inverted Gamma distribution with
(a=5,B=2) for t= 1.5, 2.5 when the true value of 0 (0 =1).

Non-informative distribution with c=1 for t=0.5 and inverse Chi-square distribution with
v=4 for t=2.5, and inverted Gamma distribution with (a.=5, B =2) for t= 3.5, when the
true value of 6 (6 =1.5). See tables (9) and (10) in Appendix-E.
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Appendix-A: The posterior distribution using different Priors.

1. The posterior distribution nsing Inverse Chi-sguare disiribuwiion a8y prior:
Itiz assumed that & follows the Inversa Chi-sgoare distribution with pdf 2= given balow:

q—t'—]

F8)a 8 ax]:{-%} SBr v, 830 L (ATY

':TI-I-:l L

Then the posterior distribution of given the data t=0t,.t......t, }is:

B gy - B THE) A2 )
T L{t\8) B8
L
Substitoting the sguation {4) and the sguation { 4.1 ) in sguation (A4 2 ), wsa gat:
-1 v
. Ziaiti 1 -=-1 1
8" empl-—— — 8 = el - |
L] H “
B(8 )= 2 {A3)
— 1
= . Zia b 1 —=—-1
& " ompl- i — 8 = anpl - — |48
] L] 23 “
1 1
V., . - b1 0
_[{j'_—:|—1_ E{EL'] tl. 3.-
B8\ — = {A4)
. [in+ =) +1] e o+
==} =l + =) +1] i b L,
i e 7 T, # ol
L1
Ev multiplying the intasrsl ineguation (A4 by the guantity which agusl:s to
1 =3
{Ej-l—'_l l—::' = Tin+2)
= bR =) ,whare ['(}iza gamma finction .Than we gat,
Tin + ) = Ll =
2 “i=l g
1 gy ~[m-5i+1]
n __“'| - - - f. —_——
{Ei.—l ti. 3 & g E{El—]tl
B(B'f) = _ (430
Tin+2)  Aft;8)
VWhere A(tS) aguals to
W WL
1 fmrgl Heegisd 1 1
-0 + % - - - _iTh + =
= (Eip 4Ty 8 =pgZin )
Al - | - df=1. B2 the intezral of
o Tin+2)

the pdf of the Invertsd Gamma distribution. Then wa got the postsrios distribotion of & given the
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]

a4l }I:ﬂﬁ":l
) im1'i77 Tz ] ) 1
B(O )= : 8T I g Semn, 2 o (ALE)
% L] 2z
Tin+ =)
It mesns that B{6 "t} Invertad Gamma diztribution with nEw

parzmaters | -:c.;..:-;:.-{ﬂ+l_:}: Bimewy = (22, T, +é:‘:‘-

2. The posterior distribution nying Inverted Gamms diviribufion 8% prior:
It iz assuwmead that & follows the Inverted Gamma diztribution with pdf a= given balow:

14
e IE—ﬂﬂ":“*l} aﬁp{—iﬂ} £ of, 830 L (AT)

Than the postericr distribution of given the data t={t, t......t; } according to the aguation
(A2 wa gt it by substituting the sguation (4) and the sguation (A7) in sgueation (A 2), =0 we kava

T

i.
im 1l i @©
F% ampe ———1 = & 5T a5y
P81 - L . (AE)
o E‘ij..l.—] t-i_ ﬁﬂ: 1 ﬁ
P ET e[ & @Y ap- ) e
0 8 «
e a (HTRE
B8 = — o (AD)
R o Yoo Rt
L]

Ev multiplyine the intesral ineguation (A %) by the guantity which sgueals to

i, ti+ﬂ'}':=-—u:-} { I

T'{n +) 'E{I'_] t; + ﬂ.}'::'_“:'

% ,whers I'(.)iza gzmma finction .Then we gat,

&P, . +ﬂ}{r_-|-¢c} g lin + @) +1] Eﬂp{-%{E{‘_] t, +B)
B8\t - o (A1D)

in+ o) B &)
Whars B{t5) agusal: to

SHIEA

. ; 1
B{B )= e e i LA
AR T - S ] ( )
N+

= @P B .
B8 = | G e _(EF, f, +[) @8 = 1. Ea the intagral of the pdf of

o Tin +a) &
the Inverted Gamma distribution. Then we got the posterics distribution of & given the data
!={tl:t::"':tﬂj} iS‘
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It masms theat B{S" t)~Imvortad Gamma distribution with nEw
parsmeters{ Gne = (+ @), P = (EL; £ +F) ).

3. The posterior distribution wsing improper distribution 8y prior;
Ttiz azsumad that & follows the impropsr distribution with pdf a2 given balow:

D)o & @1 ar.p{-ib} $r b 830 md -mezem (A1)

Than the postarior distribution of given the data t=(t,,t.,....t; } according to the aguation
(A ) wa gat it by substituting the sguation (4) and the sguation (A 12) in aguation (A 2) =0 wa
hawva

-1 E?'] i -ja+1) b
6 " expl-——)[ @ ﬂP{-E} ]
D8\t - 8 e (A3
) @ Zia Yy
[ e[ 60D a2y o0
0 8
g lin+a) -1 axp{-%{zﬂil_] t, =)
B(8') -— - (A14)
(ool g timp  x e
0

Ev multiplving the intagral ineguation {A.14) by the guantity which eguals to

n ()
{Ei-] ti"'b}

¢ Tin+a) )¢

Tin+a)

——) ,where I'(}izagsmma fimction .Then we gat,
':E?_ . ti + ‘b}'-\.:'_l.'

&, fi+b3":ﬂ:' gl aﬁﬁ-%ﬁ?.l e

B.(8' )= T T {Al5)

Whare C{xH) aqual: to

1
w EIyt+0 spl < (2, 1 +b)

CUE 8 = | df=1. Bz tha intsgrsl of
o Tin +2)

the pdf of the Inverted Gemma diztribution. Then we got the posterior distribution of & given the
data t={t. t.,....t5 ) iz
El i+ 1)) 1
Big t)= GRS aypl- (T, +b o fAlG
(81 NP ol E{E"' 1) (A.16)
It means that B8 \t)~Invertad Gamma distribution with nEw

parametars| G = (1 + 8), P = (I 1 +B)).

(n+a) g'[{“ +ai+1]
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4. The posterior distribution wsing Non-informative distribufion 8y prior
Itizaszumead that & follows the non-informative distribution with pdf a2 given balow:
Bé) o L Br Bc>0 LAALTY
&

Then the posterior distibution of given the dats t=(t,,t.,...,t, ) according to the aguaticn
(A2, wa gat it by substituting the aguation {4) and the sguation (A 17) in aguation (A1), =0 wa

havs
1
o Fierh
8" ampl- i8]
AR g . (ALR)
1
j 8" - ) 87148
0 )
-{n+c) 1
B8 ) =— . (A10)
-ln+C) 1 _q
0
Wa can write 87579 gg 7[8* =D+ and by multiplying the intagrl in aquation (A.19), by the
quantity which aguals to
Eﬂ. i, (o)
Eio1 ') Tin+c-1) . , , .
N y,whera ['(}iza gamma finction. Then we gat
Iin+c-1) n {2
Zia1ty)
i ferel) p-[im+c-10+1] 1.q
EACRLE . (A.20)

Tin+c-1) DNt @)
Whara D{xf) agualz to
necl) -[in+c-1)+1 1
DNt ) - | d8=1. B2 the intesrsl of the
0 Ia+c-1)
pdf of the Invertad Gemma distribution. Then we got the poetarior distribution of § given the data
!={tl:t::"':tﬂ}i5‘
1oy }{r.+-:-1}
P‘{ﬂ't} =l gfim=eeti=l] ﬂP‘:'IE" t} {..'l "1}
: Tin+c-1) g R
It means that B0 t)~ [nvertad Gamma distribution with new

parEmatars | ) = (M + C- 1), frewy= (22, 1) ).
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Appendix-B: The following is the derivation of these estimators under the first proposed
loss function.

1. The first proposed loss function
To obtsin the Bawas' astimater, we minimizs the poetarior sxpactsd loe: given by

£ e £ e

Li R, R ={lnk- 1aR)°  where B= R{) &R = B), the risk finction is:

Rizk= E[L,.:E:R}] A{B.1)

Rizk = E[{ InR- InR)?]

Risk= | (InR-1oR)® B8 )d8
8

Risk= [(InR*-UsRInR+1nR7) B8 1)d8
8

" & = =

Ritk=1nF '-_[p.:u'.t;.dﬂ- lijhLRP{E'.t}dﬂ+ _|1.11R B8 ) =

Risk=1nR = 2nRE(aR\ t} E(InF* \t) . (B2
Lat ? Rizk = |, w2 gat Baya: astimator of B -:i-'_ru-::-t-zdbnR. ey b £ ) for the shove prior a=
SinR
follows
In ﬁ{t}-E{MR'.t}-ij{t}p{ﬂ'.f}dn (B3
ﬁ.ﬂm{t}-aﬁp{fhﬂ{t}E{ﬂl'-t}dﬂ} i=1234 . (B4

1.1 Eaves evtimation wmying Invene chi-sguared distribntion as prior:
To obtzsin the Baye:' astimator under inverss chi-sgusred distribution as prier. Substituting the
-'_'quaﬁnn (A &) in -'_'::[uaﬁan (B.4), wa gat:

ﬂ,ﬂ{t}-a_xp:!um{ﬁp.:ﬂ- 0d8)  iml (B4
:E!‘. H i 'ET' 1 1_+'-.'1 l':'::' H-[:.—:-—] " i
i ) = e tfenpt- 5 ) — L 03 L € +3) 68) . B.)
. = (Ef 1+ ~}} (e 2]
by —i=l T %{E?_. G e2)d8)  (BS)

E - |.;|:|': ﬂ' ﬂp:!:. I: r{ﬂ. +{1"- l}}

By multiplying the inteztal in eguation (B.&) by the guantity which =gusl:s to

Tin + (w2 +1) . : . .
-—— ' whera T finction. So we have
T DD whers [T}z 2 gamma on. 5o w
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1 oo T
ﬂ e I o I U
Ry (- 09t | — o6 1 aptg@h L) B

Then wa hava
F i 1) = 2w -t{l"{ﬂ+{1;.l}+1}1 {acalt; ) ..{B.E)
Tin +(W2XET_ 4 t+=)
Whare x,(t5) aquals to

i 'l_]-\.l
(g o t.+%}‘:ﬁ"- :

= 31

5, (68) - | -1 8 mpl-— {{E s }}w - 1. Bathe intazesl of
: Tin+—+1)

the pdf of the Invertad Gamma distribution. Then we gat the Bays: estimator of B a= the following
formula:
i -t (T A2+ 1
Bl 0= mg e ..(B&)
T+ 2KET g 4 +3 )

1.2 Eavy estimation using Inverted samms distribution 8y prior:
To obtain the Bayes' astimator undar the inverted zamma distribution a= prior. Substituting the

a:[uannn (A 11 in a:[uannn (B.4), wa gat:

“,bj{t}-ﬂp{jhﬂ{t}P{ﬂ 0d8)  Li=2 .. (B.4)

. - @i, 1 +pTY :

B maml t}-ﬂp{{{hﬂe&p{-—ﬂ}} Tord gEn mpl-g EL 1 +EkE . (B0

. L @R epEE :

R a1l t}-exp-:—t_l Tosd griimamii Er.p{-EE;. t, ++f0Nde) .. B.11)
Ey multiplying the integral in aguation (B.11) by the quantity which aquals to
—%,F‘hﬂ T'{.}iz a gamma fimction. 5o wa have

) - E{l_]ti+ﬂ}{ﬂ+ﬁ+l'l} - :

R ool £) = 2mpi-t h"!. o gt Er.p{-i{E:"_, t, +Fdd) ... (B.11)
Then wa hava

Ry (=gt TETE) ey - (B.12)

Tin+® &l t; +B

Whars  ha{tH) aguals to

n ﬂ'}{:l'l.+t|:+1}
h‘:{tﬂ} :. 1. ! 1 H—:{ﬁ-a—l:l—l] EE.P:: I{En t +p}:dﬂ 1 EETJ].E mtnglEl ﬂfﬂlﬂ ]:'d.t-
= '-1 Tin +a+1) g o
of the Invertad Gemma distribution. Then we gat the Bays: estimator of B as the following

formula:
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f':;-mu;_;.': £) = exp{ -t Tin+a+l)
Tin+a) 8t +B

1.3 Eaves evtimation wsing improper diviribufion as priot:
To obtsin ths Bayss' sstimator undsr impooper diztribution a= prior. Substituting the ageation

{A.1%8) in aguation (B.4), wa zat:

) nfax0 {B.13)

R,“,qut}-axp{jum{t}rt{n'.t}dﬂ} im3 (B4}
ﬁ ) ot (- b}{r_ﬁ} :
B ol t}-axp{_im{ar.p{-i}} Tesy g Er.p{-i{E:"_, t,+bNds ) . (B.1D

{n+z+1-1
i 'Ef-_l_ : t{"’b}tﬁﬁ §]

- I fimsa=1)<1] 1 n -
Ryl t) = ar.p{—t.!l P 8 expl-Z(ZL £ +1))e8) ...(B.13)
Ey multiplying the intesrsl in squation (B.13) by the quantity which aquals to E, - or2*1)

" DNin+a+1)

whara T )iz a gamma fimction. Sows hava
a (n+a+l-10
E{_ 1 ti + )

ﬁt,“,m{ t}-a‘.r.p{—tE-_j ToH B ;—{E?_. t, +t+b))d8) ... B.14)

Then w2 hava

Ry (1) = amp{— To+a+l) & wey L(B.IS
Tin +a:-:E’i1_] t; +1)

Whara  Ex(t#) aguals to

(n+a+]
{E?-] t{ +b}*r+ +1

3 . 1 .

Tt B - gt (T t, +b 0B =]. Bathe intazral of the
B8] —a axpl- (T5 ¢ +D)) zral
pdfof the Invertad Gamma diztribution. Then wa gat the Bapas estimater of B a= the following
formula:

- -t Tin+z+1)

R _..m( 1) = g ) nb.ax0 . (B.18

Tin +a:-:Ej._1_] t; +t)

1.4 Eaves esfimation nsing won-informative distribufion a4 prior:
To obtzsin the Bayes' estimator undsr non infortmative distribution a@ prior. Substituting the
aguation {4 21} in sguation (B.4), wa gat:
Rm,iﬂ{t}-ﬂp{jhﬂ.{t}rt{ﬁ'.t}dﬂ} =4 B4
a
n (n+cT)
- - {Ei— 1 ti}

R o ) = &m0 Infemp(- 23)

w2 1] 1_. :
r{ﬂ+\:-1} & EH'P:'E'E:-I tl}} d-ﬂ} I:El._;l
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(zh s |
. E Ei-]{i}
Rput§) = 8p(t| —pee— 6 - cz-.t}} %) ..(B1Y
By multiplying the intszral in aguation (B.18) by the quantity m-hjchamlamli._-;';“*?
i +C
whers [ )iz 2 zamma finction. S0 we havs
) . 'E:l_ : ti}{m{-l}l-l-l 1
i/ peel=11e1] n
lecu{t}'ﬂPlell Taee D) B EEF{'E{E:-u t+1j) df) -.(B.19)
Then wa havs
Rl 0-op— ) E ) LB
Tin+c- 1]-[E1 ] 1}
Whare  F2(t8) aquals to
It £
= Lia
et [ — (- (T ) 68-1. Bethe imagal of e pifo
ﬂleluvertedG-am.mad:atuhuunnTheumEgetthEBa':mm’umaImnmethemﬂmmvfnmula
R (Oemp— 11O nesl (B2
Tin+c- 1]-[E1 ] 1}
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ppendix-C: The following is the derivation of these estimators under the second loss
function.

2. Thesecond proposed loss function
To obtain the Bayas' sstimater, we minimize the poetarior sxpactad los: given by

] &

“ InR-1nF)*
% ,Where R = R{t)& R = Rit), the rizk function iz:

LR, R)=
Risk = E[L:{I:.'.:R}] dC1y
Rizk = E[{—“‘R' mR}':]
InR

. {(mR-mEBE _

Riil-hT B8\ de

Risk= 'i{ﬂnmi-mm R+{nR)%) B8 0) b

plnR
Risk mﬁ;‘in{ﬂ:t}w-:{mﬁ}j’ﬁmRP{ﬂ'.t}dmiﬁ{um}‘p{ﬂ- ) 88 =

Riak-mﬁfiﬁp{a:t}dﬂ--:{m RYD+E( IR \6) . {CD

8
Rizk = 0 , we gat Bayes astimator of R demoted by R .( t) for the above prior a

Ldat A
FlnF
followz
(R )= — ! L{C3)
jﬁP{H'.t}dH
.. (C.4)

-

T : 4 s
j{t}-ﬁﬁiﬁp{ﬂ t}dﬂ ::' :1'-1:"'::':4

2.1 Bayes estimation using Inverse chi-squared distribution as prior
To obtain the Bayes' estimator under inverss chi-sguarsd distribution a2 prior.. Substituting tha
a:[uanr.:nn {A.5) in the intagral in sguation {C.4), wa gat;
O

Foal t)= aap-:!L}P{ﬂ- a8 ) for i-1

=

b B

1 I'\-
o e T
-1 [{z+= ] 1 1
1 r 2 'y axpl- E{E"_I t+ ;::I::I d-&::l-l . (C.5)

! g

R o 1) - 5 .
‘o) TaeD
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1, (=)

- 12 Eiaht3) T elom o1 1
Ropap(t)= -‘—"-’-Pi-—_l — g - EﬁF{-EEH t+-ddy L (C.6)
ta 1"{11+?} =

Tin+—-1)
By multiplying the intaersl in eguation (C.4) bythequanﬁt_';whjchaq'ua]smxl-—;._
In+—--0
whara I'( )iz a gamma fimction. So we hava
0 l:'r:r-]—]
- 1 = Eia :3' SIS 1, 1o .o -
R:‘“:n{t}-aﬁp{—?ﬁ_! e < ar.p{-ﬁ{z:_, t,-t+_ady .. (C.7)
Ll 1"{11+?} =
Then wa hava
. (ZF_, t+=m+Z- 4
R oy (1) = e €2 (1) (C8)
-t Din+2)
Wherz i, (t8) aquals to
1,510
= Ef_1%%3) 7 gmenen 1
:r.j{tgﬂ}-! _" L] - Templ- — (T t:+;}}d.ﬂ' = 1. Baths intagral of
Tin+ 2 -1) g 2

the pdf of the Inverted Gamma distribution. So we gt the Baya: estimater of B as the following

formula:

. @, 1+1:~1"I:n+——:' .

R o (1) = amp( = i3 cn&vx0 L CE
-1 1"{11+7}

2.7 Bavy estimation nyine Inverted ramma distribuotion as pricr:

To obtain the Bayes' estimator undsr the invertad zamma distribution a2 prios. Substituting the
aguation {A.11) in the intesal in sguation (C.4), we zat:

ﬂﬁj{t}-ﬂp{!;}P{ﬂl a8 vt Br i=2 L AC4)
. = ] ', t{"'ﬂ'}{ﬂm} ) .
R sl 1) = g ] - 69 mpl- (22, 1, B8] (C10)
“tngenp( ) o+
@i,y
R 1y =1 gin=-ia- L=s -1 C.11
sl ) = ol | R opt- @5t +pHe) (D

By multiplyving the intarssl in equation {C.11) by the quantity which aguals tok, -H .
n+-
whars ['( . }iz a gamma fimction. So wa hava
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. « Gl i+ﬂ'}{ﬂ+ﬁ}'1+1

Fomazlt) -Eﬁp{_;h'-' Tin+a)
Than w2 havs

giimmstial Eﬁp{-%{z:ﬁq t, + Eide }'1 I e

. r{n+u-1:-:zj._1_] t; + B
N N e o (e (t 8 ) .. (C.13)
Whars ho(t®) aquals to
= =i, t. +F
TLﬂ“':t;m"'-! Tim+o-1)
of tha Inverted Gamma distribution. Sowa got the Bayes estimator of B as the following formula:

. r{n+a-1:-:zj._1_] t, +B)
R ..o t) =emp{- TTeo y-l nf.ax0 L C14)

(n+o-1)
g gy %{E?_. t, +Fidd =1. Beths intagral of the pdf

2 1EBaves esfimation wsing improper distribution as prior
To obtsin the Baves' astimator undsr impropsr distribution as prior. Substituting the sguation

{A_I-Ejlmth.emteg,ml in sguation {C.4), w2 gat;
B ol t)= exp-{_l—P{ﬂ a8 ) Br i=3

T4

@t + e

mezml 1) = Eﬁp{-!,m{ﬂp{ }} Tin + &)

gl %‘:EL t, +bnddyt. (C.15

-

gt EH.P:'%{E:H-I t, +bid8 }'1 L (C1E)

Rzl t) = Eﬂp{__-' 1"{11 +3)

By multiplying the integrsl in squation (C.16) by the quantity which squals to E, __11:{{“ = 11;'
n+a-

, Whara [ }iz a gamma fimction. So wa hava

=r 1o+ b}{ﬂﬁ}—1+1

ﬁ : 1E‘-: i=1"§ JP—— IE" ¢ +b dﬂ-'l 17

mzm( ) = 5p(-2E P : enpl-=(ZL, £, +b))d8) 7 ..(C.1T)
Them wa hava
" Tin+a-1xT 5, & +b) e d
R oag (1) = emp(- T Toes VE . (5800 . (C1E)

Whera  Ex(t5) agual: to

. @R e 1

E:.{t;ﬂ}-j TaraD gl exp{-i.:z;, t,+b))dB=1. Be the intazsl of the

pdf of the Invertad Gamma distribution. 5o we got the Bayes estimator of B as the following

formula:
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- Tn+a-1X35, t+b)
Rzl 1) = 80 t Tin+3)

nb.asl (€18

2.4 Baves esfimation using non-informative distmbufion as prior:
To obtzin the Bapes' astimsator undsr non infortmative distribution 2@ prior. Substifuting the
-'_quam:un {A.21) in t]1= intazeal in aguation (C.4), we gt
1

,.,,,,{t} ﬂﬁj—}P{ﬂ 18 )" fir ia4 (T4
(-1l
R {t}-aﬁp{ji N goreil gy Loty gyl e
ma.E) w I ..{C.
"m{axp[i}} i +c-1) 8
}‘r+u:1}
: ()= -'_-mp-{—-c 1 ] 1 R a‘.r.]:{-lEh t}dﬂ}'l {C.2L)

Frze -' Tin+c-1) gt S

) . : : : ) .. Fin+c-1)

Bv multiplying the intessal in aguation {C.21) by the quantity 1.:]1.1::11-'.'n:['usl]s»'m:an_-ﬁ

n+c-1
, whara ['{ )iz a gamma fonction. So we hava
in+c-l-l+1
;!‘_ {t}_ﬁp::_]_.ﬂﬁ {Et : 1.::' H—:-:I'-:-\'-CI-IJ ﬁﬂ_l{zh t}}dﬂ}-l {E 'I'I::I

e t'! Tin+c-1) g s
Then we have
- (Zx t}l"{ -1) ]

R g (1= Sl } (F (68 )° - (c)

Whars  F2(t) aqual: to

] 'Eil_]fi:'{ﬂc-l} :

Hi- | Rl - 1. Eathointagral of tha pdf of the
FIt ) .1 o) ] e HE"' 1) dfal intagesl pdf
Invertad (Gamma distribution. S0 we gat the Baye: astimator of B as the following formula:

. (EL t)n+c-0)
B .t = emp- : L0 ..{C.24
mzal 1) = t Tin+c-2) e €2
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Appendix-D The following is the programs algorithm.

Algorithm (1): To compute Bayes estimators ( R | ,,,(t) ) using inverse chi-square as

prior distribution fore with MSE for R . (t).

Ziven waAloes for the parameter & amd sample size = m,
is the parameter for imverse Cchisguoare

amd w—4
divtribwtionm amd the mumber of replicatom (=10 for

:

Clompuate BE{i— exp{-to/ & ) af iven vAloes for o &8

+

e For L=1 to r

+

enerated data from Exponential distribw tom
msime Alatdab

Compute F.___ ., () msimg formmlas im table {3}, aAlso

each sample size {m).

comp@te REE{F {t})) msimgzg formmla {10 for L.=1.

N
+ Wes

Compute the meanm for F__ .0 t) for all L=1MHHE, alsos

compute the meam for BRMEE(F 0t 37 for all L.=1{HHEk.

!

Note (1): we can reformulate the Algorithm (1) to compute Bayes estimators for
R w1 (1), 1=234under using other distributions as prior distribution for 6 with MSE

for R ,.16(t),1=234.
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Algorithm (2): To compute Bayes estimators ( R | ,,,(t) ) using inverse chi-square as

prior distribution foro with MSE for R ,,,(t).

Criven waloes for the parammeeter & and sample size = m,
w—4 ix the parameter for imverse Chi-sguoare

s
divtribunton and the momber of replication (=10 for
each sample size {m)

Compute B~ expi{-to/'8 ) at given valoes for to &6

+

=] For L=1 to ¥

+

Cremerated data from Fxpomential distribm tom
msinz Aiatlab

Compute F.___ .., (f asimg formmla im table {43 also

comypute RISEF{F ¢ t37 msimg formmla {100 for =1.

No
* ey

Compute the mean for F__ _ 0t for all L=1M¢H, alsoe
for all L.=10:k}.

-

compute the mean for F__ . (1t

Note (2): we can reformulate the Algorithm (2) to compute Bayes estimators for
R 020 (1), 1=2,3,4under using other distributions as prior distribution for 6 with MSE

for R ., (1), 1=234.
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Table(1): MSE of estimated exponential reliability function under the first proposed loss

function.
parameters R(t) (R (t)) MSER (t))
Sample Size(n) Sample Size(n)
30 | 60 | 90 | 120 30 [ a0 | 90 | 120

6 t v - Inverse Chi-square distribution ( P,(0'x) )

05])05] 4 0.36788 | 0.35325 | 0.36045 | 0.36197 | 0.3635 |0.00402 | 0.00216 | 0.00139 | 0.00113
1.5 0.04978 | 0.04809 | 0.04909 | 0.04889 | 0.04924 | 0.00057 | 0.00033 | 0.00021 | 0.00018
25 0.00673 | 0.00722 | 0.00707 | 0.00686 | 0.00688 | 3.62¢* | 1.8050¢° | 1.1609¢° | 0.878¢
3.5 0.00001 | 0.00117 [ 0.00107 | 0.00099 | 0.00090 | 2.0846¢° | 8.0858¢" | 5.034¢” | 4.2140¢7

g t o f Inverted Gamma distribution ( P,(6'x) )

051 05] 5 2 ]0.36788 | 0.3549 |0.36092 | 0.36221 | 0.36364 | 0.00333 [ 0.00196 | 0.00130 | 0.00108
1.3 0.04978 | 0.04806 | 0.04907 | 0.04880 | 0.04924 | 0.00048 | 0.00030 | 0.00020 | 0.00017
15 0.00673 | 0.00708 | 0.00703 | 0.00654 | 0.00687 |2.9611¢* | 1.7119¢* | 1.0938¢2 | 9.386¢*
3.5 0.00091 | 0.00112 [0.00105 | 0.00099 | 0.00098 | 1.6067e | 7.9432¢7 | 4.6373¢” | 3.9753¢7

6 t a b Tmproper distribution (P.(0'x) )

05105 9 3 |0.36788 | 0.33671 | 0.35046 | 0.35489 | 0.35801 | 0.00377 [ 0.00209 | 0.00138 | 0.00112
1.5 0.04978 | 0.04100 | 0.04402 | 0.04500 | 0.04690 | 0.00043 | 0.00027 | 0.00019 | 0.00016
15 0.00673 | 0.00543 | 0.00606 | 0.00617 | 0.00635 |1.9237¢* | 1.3173¢® | 9.2343¢7 | 8.1662¢°
3.5 0.00001 | 0.00077 [ 0.00085 | 0.00085 | 0.00088 | 7.812¢7 | 5.1840¢7 | 3.4028¢7 | 3.1632¢”

6 t C - Non- informative distribution (P,(6'x) )

05105 1 0.36788 | 0.36448 | 0.36631 | 0.36593 | 0.36649 | 0.00400 | 0.00218 | 0.00138 | 0.00113
1.5 0.04978 | 0.05284 | 0.05153 | 0.05051 | 0.05047 | 0.00070 | 0.00036 | 0.00022 | 0.00018
15 0.00673 | 0.00844 | 0.00767 | 0.00724 | 0.00717 | 5.1505¢* | 220426 | 1.3264¢® | 1.0877¢?
3.5 0.00091 | 0.00146 [ 0.00120 | 0.00107 [ 0.00105 | 3.3531e® | 1.1709¢° | 6.0318¢” | 4.8303¢”

Table(2): MSE of estimated exponential reliability function under the first proposed loss

function.
parameters R(t) (R (t,}} MSER Ft}}
Sample Size(n) Sample Size(n)
3 | 60 | o0 | 120 3 | 60 | o0 [ 120
g t ¥ - Inverse Chi-square distribution ( P,(8'%) )
0.5 4 0.60653 ] 0.58678 | 0.59656 | 0.59937 | 0.60099 | 0.00332 | 0.00162 | 0.00110 | 0.00081
1.5 0.22313 10.20714 | 0.21502 | 0.2172 | 0.21848 | 0.00328 | 0.00176 | 0.00123 | 0.00093
13 0.08208 [0.07537 | 0.07875 [ 0.07938 | 0.08009 | 0.00110 | 0.00062 | 0.00044 | 0.00034
33 0.03019 ]0.02817 | 0.02928 | 0.02947 | 0.02960 | 0.00028 | 0.00016 | 0.00011 | 9.0365*
6 t | o | P Inverted Gamma distribution ( P, (8 x) )
0.5] 3 2 1 0.60653 | 0.5743 | 0.58968 | 0.59464 | 0.59739 [ 0.00378 | 0.00176 | 0.00117 | 0.00085
1.5 0.22313 ]0.1941 | 0.20766 | 0.21209 | 0.21457 | 0.00346 | 0.00182 | 0.00126 | 0.00095
25 0.08208 | 0.06759 | 0.07430 | 0.07649 | 0.07772 | 0.00105 | 0.00060 | 0.00043 | 0.00033
335 0.03019 |0.02418 | 0.02699 |0.02788 | 0.02838 | 0.00024 | 0.00014 | 0.00010 | 8.6031e*
B t a | b Improper distribution (P.(6'%) )
05 9 3 10.60653 | 0.54973 | 0.57608 | 0.58524 | 0.59021 | 0.0059 | 0.00242 | 0.00149 | 0.00104
1.5 0.22313 ]0.17062 | 0.19375 | 0.20226 | 0.20697 | 0.00497 | 0.00231 | 0.00131 | 0.00110
15 0.08208 | 0.05470 | 0.06627 | 0.07071 | 0.07321 | 0.00135 | 0.00070 | 0.00048 | 0.00036
35 0.03019 |0.01806 | 0.02303 |0.02499 | 0.02611 |0.00027 | 0.00015 | 0.00011 | 8.8913¢*
B t c - Non- informative distribution  (P,(8'x) )
05 1 0.60653 ] 0.60131 | 0.60398 | 0.60435 | 0.60474 | 0.00293 | 0.00152 | 0.00105 | 0.00078
1.5 0.22313 | 0.2226 | 0.22306 | 0.22262 | 0.22238 | 0.00329 | 0.00177 | 0.00123 | 0.00093
13 0.08208 [ 0.08479 | 0.08367 | 0.08290 | 0.08260 | 0.00126 | 0.00067 | 0.00046 | 0.00033
33 0.03019 |0.03313 | 0.03185 | 0.03119 | 0.03090 |0.00037 | 0.00019 | 0.00012 | 9.694e*
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Table(3): MSE of estimated exponential reliability function under the first proposed loss

function.
parameters R(t) (R (t_)} MSE(R Ft}}
Sample Size(n) Sample Size(n)
30 | 60 [ 90 | 120 30 | 60 | 90 | 120
0 t v - Inverse Chi-square distribution ( P,(8'x) )
15| 05 4 0.71653 | 0.69711 | 0.7061 | 0.71019 | 0.71165 | 0.00255 | 0.00113 | 0.00070 | 0.00051
13 0.36788 | 0.34327 | 0.3542 | 0.35061 | 0.36146 | 0.00499 | 0.00243 | 0.00156 | 0.00116
13 0.18888 |0.1718 | 0.17909 | 0.18303 | 0.1843 | 0.00316 | 0.00165 | 0.00108 | 0.00082
35 0.09697 | 0.08725 | 0.00123 | 0.00361 | 0.00432 | 0.00148 | 0.00081 | 0.00054 | 0.00041
0 t o p Inverted Gamma distribution (P,(8'x) )
15 ] 05 5 2 ]0.71653 | 0.683 0.69859 | 0.70509 | 0.70779 |0.00329 | 0.00135 | 0.00079 | 0.00057
13 0.36788 |0.32300 | 0.34300 | 0.35195 | 0.35562 | 0.00606 | 0.00277 | 0.00171 | 0.00125
15 0.18888 | 0.15537 | 0.16086 | 0.17650 | 0.17037 ] 0.00357 | 0.00170 | 0.00114 | 0.00086
35 0.00697 | 0.07589 | 0.08475 | 0.08905 | 0.00082 | 0.00154 | 0.00084 | 0.00055 | 0.00042
0 t a b TImproper distribution (P,(8'x) )
1.5/05] 0 3 | 0.71653 | 0.66013 | 0.68626 | 0.69668 | 0.70139 [0.00547 | 0.00198 | 0.00108 | 0.00073
1.5 0.36788 ]0.20215 | 0.32530 | 0.33057 | 0.34612 [ 0.00947 | 0.00390 | 0.00223 | 0.00156
15 0.18588 | 0.13179 | 0.15564 | 0.16642 | 0.17149 | 0.00526 | 0.00240 | 0.00143 | 0.00104
3.5 0.09697 | 0.06048 | 0.07506 | 0.08199 | 0.08530 ] 0.00212 | 0.00106 | 0.00066 | 0.00049
0 t C - Non- informative distribution (P,(8'x) )
15/05] 1 0.71653 | 0.71011 | 0.71267 | 0.71459 | 0.71495 | 0.00212 | 0.00101 | 0.00065 | 0.00048
1.5 0.36788 | 0.36246 | 0.3641 | 0.36629 | 0.36649 | 0.00455 | 0.00228 | 0.00150 | 0.00113
15 0.18888 ]0.18781 | 0.18743 | 0.18869 | 0.18857 [ 0.00317 | 0.00163 | 0.00108 | 0.00082
3.5 0.09697 | 0.09865 | 0.00718 | 0.09766 | 0.00738 | 0.00163 | 0.00084 | 0.00056 | 0.00042

Table(4): MSE of estimated exponential reliability function under the first proposed loss

function.
parameters R(t) (R (t,JJ MSE(R th)
Sample Size(n) Sample Size(n)
0 | 60 | 9 [ 120 0 [ 6 | e | 120
f t | v | - Inverse Chi-square distribution ( P,(6'x) )
25105 4 0.81873 | 0.80348 | 0.81095 | 0.814 | 0.8147 [0.00122 | 0.00058 | 0.00034 | 0.00026
13 0.34881 [0.5211 | 0.53458 | 0.54012 | 0.54135 [0.00436 | 0.00219 | 0.00131 | 0.00103
13 0.36788 | 0.33993 | 0.35349 | 0.35907 | 0.36025 [0.00488 | 0.00257 | 0.00157 | 0.00124
i3 0.2466 ]0.22299 | 0.23445 | 0.23915 | 0.24008 | 0.00392 | 0.00215 | 0.00133 | 0.00106
f t | a | B Inverted Gamma distribution ( P,(6\x) )
23 S| 5 | 2 |0.81873 |0.79112 | 0.80438 | 0.80971 | 0.81147 | 0.00181 | 0.00074 | 0.00040 | 0.00030
13 0.54881 |0.49762 | 0.52215 | 0.53167 | 0.53495 | 0.00622 | 0.00271 | 0.00153 | 0.00117
15 0.36788 | 0.31502 | 0.33997 | 0.34979 | 0.3532 ([0.00666 | 0.00309 | 0.00180 | 0.00139
33 0.2466 [ 0.20065 | 0.22206 | 0.23057 | 0.23355 [ 0.00510 | 0.00249 | 0.00149 | 0.00116
f t | al|b Improper distribution (P.(8\x) )
25005 9 | 3 |0.81873 |0.77300 | 0.79515 | 0.80335 | 0.80665 | 0.00327 | 0.00113 | 0.00057 | 0.00041
1.5 0.54851 | 0.46464 | 0.50412 | 0.51928 | 0.52551 [0.01075 | 0.00404 | 0.00213 | 0.00153
25 0.36788 [0.28138 | 0.32075 | 0.33636 | 0.3429 [0.01109 | 0.00447 | 0.00244 | 0.00178
33 0.2466 |0.17162 | 0.20479 | 0.21832 | 0.2241 [0.00818 | 0.00351 | 0.00198 | 0.00147
f t | ¢ | - Non- informative distribution  (P,(6'x) )
25|05 1 0.81873 [0.81333 | 0.81587 | 0.81727 | 0.81716 [ 0.00094 | 0.00051 | 0.00031 | 0.00024
1.5 0.54881 | 0.54026 | 0.54431 | 0.54664 | 0.54625 [0.00357 | 0.0019§ | 0.00123 | 0.00097
25 0.36788 [0.36077 | 0.3642 | 0.36629 | 0.36569 |0.00424 | 0.00240 | 0.00150 | 0.00120
35 0.2466 |0.24214 | 0.24439 | 0.24588 | 0.24516 | 0.00361 | 0.00207 | 0.00131 | 0.00104
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Table(5): MSE of estimated exponential reliability function under the second proposed
loss function.

parameters R(t) (R (t_}) MSER _(t))
Sample Size(n) Sample Size(n)
30 | 60 | 90 | 120 30 | 60 | 90 | 120

B t v - Inverse Chi-square distribution ( P,(8'x) )

0.5 | 05 4 0.36788 | 0.36476 | 0.36638 | 0.36597 | 0.36652 | 0.00382 | 0.00210 | 0.00135 | 0.00111
1.5 0.04978 | 0.05268 | 0.05148 | 0.0505 | 0.05046 | 0.00065 | 0.00035 | 0.00022 | 0.00018
2.3 0.00673 [ 0.00835 | 0.00764 | 0.00723 | 0.00716 | 4.7587¢% | 2.2007¢* | 1.2048¢% | 1.0684¢
33 0.00091 [ 0.00143 | 0.00119 | 0.00107 | 0.00104 | 3.0286¢* | 1.1188¢° | 5.8647¢” | 4.7402¢”

B t o p Inverted Gamma distribution (P,(6'x) )

0.5 | 05 5 2 [0.36788 | 0.36543 | 0.36658 | 0.36609 | 0.36659 | 0.00318 | 0.00191 | 0.00127 | 0.00106
1.5 0.04978 | 0.05226 | 0.05135 | 0.05045 | 0.05043 | 0.00054 | 0.00032 | 0.00021 | 0.00017
15 0.00673 | 0.00810 | 0.00757 | 0.00720 | 0.00714 | 3.8150¢% | 1.0826¢° | 1.2067¢° | 1.0133¢*
35 0.00091 | 0.00134 | 0.001168 | 0.00106 | 0.00104 | 2.2851¢® | 0.814¢7 | 5.4032¢7 | 4.4601¢”

B t a b Improper distribution (P,(0'x) )

0.5 | 035 9 3 |0.36788 | 0.34613 | 0.35579 | 0.35861 | 0.36086 | 0.00329 | 0.00194 | 0.00130 | 0.00107
1.5 0.04978 | 0.04439 | 0.04694 | 0.04742 | 0.04810 | 0.00042 | 0.00027 | 0.00019 | 0.00016
2.3 0.00673 | 0.00617 | 0.00651 | 0.00649 | 0.00660 |2.1723¢% | 1.4306¢% | 9.7204¢® | 8.5434¢°
3.3 0.00091 | 0.00092 | 0.00094 | 0.00091 | 0.00093 | 1.0106¢® | 6.0933¢7 | 3.8038¢” | 3.4563¢7

B t c - Non- informative distribution (P,(6'x) )

0.5 | 05 1 0.36788 | 0.37676 | 0.37244 | 0.37002 | 0.36956 | 0.00416 | 0.00219 | 0.00139 | 0.00113
1.5 0.04978 | 0.05806 | 0.05408 | 0.05219 | 0.05173 | 0.00085 | 0.00040 | 0.00024 | 0.00019
23 0.00673 | 0.00981 | 0.00829 | 0.00764 | 0.00747 | 7.0534¢° | 2.7385¢° | 1.4969¢° | 1.1924e*
35 0.00091 | 0.00179 | 0.00133 | 0.00115 | 0.00111 | 4.9801e® | 1.4703¢% | 7.1235¢7 | 5.407¢”

Table(6): MSE of estimated exponential reliability function under the second proposed
loss function.

A

(1;{({)} MSE(R (1))

parameters R(t) . :
Sample Size(n) Sample Size(n)
0 ] 60 | %0 | 120 0 ] 60 | 9 | 120

0 t ] v | - Inverse Chi-square distribution ( P,(6'x) )

05| 4 0.60653 [ 0.59656 | 0.60133 | 0.6027 | 0.6035 |0.00294 | 0.00153 | 0.00105 | 0.00078

13 0.22313 [0.21735 | 0.22036 | 0.2208 | 0.22121 | 0.00317 | 0.00174 | 0.00121 | 0.00092

15 0.08208 |0.08148 | 0.08199 | 0.08177 | 0.08175 | 0.00116 | 0.00064 | 0.00044 | 0.00034

33 0.03019 [0.03134 | 0.03095 | 0.03060 | 0.03046 | 0.00033 | 0.00017 | 0.00012 | 9.3801e*
0 t | o | P Inverted Gamma distribution (P,(6\x) )

0.5] 5 2 | 0.60633 | 0.5834 | 0.50448 | 0.59780 | 0.59985 | 0.00321 | 0.00160 | 0.00109 | 0.00081

3 0.22313 [0.20321 | 0.21268 | 0.21555 | 0.21721 | 0.00311 | 0.00172 | 0.00120 | 0.00092

15 0.08208 | 0.07281 | 0.07728 | 0.07856 | 0.07931 [0.00101 | 0.00059 | 0.00042 | 0.00033

35 0.03019 [0.02676 | 0.02849 | 0.02893 | 0.02919 | 0.00025 | 0.00015 | 0.00010 | 8.7141e*
B t | al|b Improper distribution (P,(0'x) )

05 9 | 3 [0.60653 | 0.55817 | 0.58068 | 0.58841 | 0.59262 {0.00502 | 0.00214 | 0.00135 | 0.00096

15 0.22313 | 0.17836 | 0.19836 | 0.20553 | 0.2095 [ 0.00430 | 0.00209 | 0.00139 | 0.00103
15 0.08208 [0.05879 | 0.06887 | 0.07260 | 0.07469 | 0.00121 | 0.00065 | 0.00045 | 0.00035
35 0.03019 |0.01993 | 0.02429 | 0.02592 | 0.02685 | 0.00025 | 0.00015 | 0.00010 | 8.6394e-?
0 t | ¢ | - Non- informative distribution  (P,(6'x) )
05] 1 0.60653 [ 0.61151 | 0.60906 | 0.60773 | 0.60728 | 0.00283 | 0.00150 | 0.00103 | 0.00077
13 0.22313 10.23378 | 0.22864 | 0.22634 | 0.225336 | 0.00352 | 0.00183 | 0.00125 | 0.00094
13 0.08208 |0.09180 | 0.08713 | 0.08519 | 0.08431 | 0.00147 |0.00073 | 0.00048 | 0.00036
35 0.03019 [0.03693 | 0.03368 | 0.03239 | 0.03179 | 0.00047 | 0.00021 | 0.00013 | 0.00010
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Table(7): MSE of estimated exponential reliability function under the second proposed
loss function.

parameters R(t) (R (t}} MSE(R (t}}
Sample Size(n) Sample Size(n)
30 [ 60 | 9 [ 120 30 [ 60 | 90 [ 120
6 t v - Tnverse Chi-square distribution (P,(8'x) )
15105 4 0.71653 [ 0.70497 | 0.71006 | 0.71283 | 0.71364 | 0.00222 | 0.00104 | 0.00066 | 0.00049
1.5 0.36788 [0.35473 | 0.36013 | 0.36361 | 0.36448 | 0.00458 | 0.00230 | 0.00151 | 0.00114
25 0.18888 | 0.18124 | 0.18405 | 0.1864 | 0.18685 | 0.00306 | 0.00161 | 0.00107 | 0.00081
3.5 0.09697 | 0.09390 | 0.09475 | 0.09602 | 0.09614 | 0.00152 | 0.00081 | 0.00054 | 0.00042
6 t o i Inverted Gamma distribution ( P, (8'x) )
1.5 05| 5 2 | 0.71653 | 0.69044 | 0.70245 | 0.70768 | 0.70974 [ 0.00277 | 0.00121 | 0.00073 | 0.00053
1.5 0.36788 [0.33343 | 0.34873 | 0.35581 | 0.35856 | 0.00526 | 0.00233 | 0.00160 | 0.00119
25 0.18888 | 0.16362 | 0.17449 | 0.17981 | 0.18184 | 0.00321 | 0.00147 | 0.00109 | 0.00083
35 0.09697 | 0.08147 | 0.08797 | 0.09131 | 0.09256 | 0.00144 | 0.00080 | 0.00053 | 0.00041
0 t a b Improper distribution (P.(6'x) )
15| 05| 0 3 | 0.71653 | 0.66715 | 0.69001 | 0.69922 | 0.70332 [ 0.00466 | 0.00175 | 0.00097 | 0.00067
1.5 0.36788 | 0.30135 | 0.33068 | 0.34327 | 0.34896 | 0.00821 | 0.00348 | 0.00203 | 0.00145
15 0.18888 [0.13861 | 0.15983 | 0.16943 | 0.17383 | 0.00463 | 0.00217 | 0.00132 | 0.00097
35 0.09697 | 0.06482 | 0.07787 | 0.08406 | 0.08693 | 0.00100 | 0.00007 | 0.00061 | 0.00046
0 t c - Non- informative distribution (P,(8'x) )
15305 1 0.71653 [0.71821 | 0.71669 | 0.71725 | 0.71695 | 0.00199 | 0.00098 | 0.00064 | 0.00048
1.5 0.36788 [0.37472 | 0.37023 | 0.37038 | 0.36956 | 0.00457 | 0.00228 | 0.00151 | 0.00113
25 0.18858 | 0.19828 | 0.19266 | 0.19218 | 0.1912 | 0.00340 | 0.00168 | 0.00111 | 0.00083
35 0.09697 [ 0.10628 | 0.10096 | 0.10019 | 0.09927 | 0.00187 | 0.00089 | 0.00058 | 0.00044

Table(8): MSE of estimated exponential reliability function under the second proposed
loss function.

parameters R(t) (R (1) MSE(R (1))

Sample Size(n) Sample Size(n)
0 ] 60 | % | 120 | 30 | 6 | 0 | 120
t | v | - Inverse Chi-square distribution ( P,(8'x) )
0.81573 [0.80895 | 0.81369 | 0.81582 [0.81607 {0.00103 | 0.00053 | 0.00032 | 0.00025

Lod ==
L¥ ]
L

0.54851 | 0.53171 | 0.53998 | 0.54374 | 0.54407 | 0.00381 |0.00205 | 0.00125 | 0.00099

N

0.36788 | 0.3514 | 0.35942 | 0.36307 | 0.36326 |0.00439 | 0.00244 | 0.00152 | 0.00121

|t

0.2466 |0.23346 | 0.23993 | 0.24287 | 0.24280 [ 0.003464 | 0.00208 | 0.00131 | 0.00104
t | o | B Inverted Gamma distribution (P,(6'x) )
0.81873 | 0.79641 | 0.80727 | 0.81151 | 0.81282 [0.00150 | 0.00066 | 0.00037 | 0.00028

Lodl ==
N
N
N
[

0.54881 | 0.50754 | 0.52737 | 0.53521 | 0.53763 [0.00524 |0.00244 | 0.00142 | 0.00110

N

0.36788 | 0.32541 | 0.34561 | 0.35365 [ 0.35614 | 0.00571 | 0.00281 | 0.00167 | 0.00131

rn

N

0.2466 |0.20085 | 0.22719 | 0.23413 | 0.23626 | 0.00444 | 0.00230 | 0.00140 | 0.00111
t a | b Improper distribution (P.(8'x) )
0.81873 |0.77811 | 0.79779 | 0.80512 | 0.80799 {0.00278 [ 0.00100 | 0.00052 | 0.00037

Loed ==
L]
N
=]
[ 5

0,54851 | 0.47376 | 0.50912 | 0.52271 |0.52813 | 0.00926 | 0.00360 | 0.00193 | 0.00141

rn

0.36788 | 0.20031 | 0.32603 | 0.34006 | 0.34575 | 0.00965 | 0.00401 | 0.00222 | 0.00165

|

0.2466 | 0.17036 | 0.20048 | 0.22167 | 0.2267 | 0.00718 |0.00317 | 0.00181 | 0.00134
t c - Non- informative distribution  (P,(8'x) )
0.81873 1 0.81893 | 0.51864 | 0.8191 | 0.81833 [ 0.00087 | 0.00048 | 0.00030 | 0.00024

Ll ==
N
N
ol

0.54881 | 0.55135 | 0.54982 | 0.5503 | 0.549 | 0.00342 |0.00194 | 0.00121 | 0.00094

rn

0.36788 | 0.37305 | 0.37033 | 0.37038 | 0.36875 | 0.00422 | 0.00240 | 0.00151 | 0.00119

[ ]

0.2466 ]0.25361 | 0.25013 | 0.24971 | 0.24803 {0.00374 | 0.00211 | 0.00133 | 0.00105
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n

Table(9): Best estimation according to the smallest value for MSE(R (t))
under the first proposed loss function.

The distribution }ISE[IF; (1)
parameters . _
Sample Size(n) Sample Size(n)
30 | 60 | 90 | 120 30 60 | 90 [ 120
g t
0.5 | 0.5 | Inverted Gamma distribution with (c=5, p=2) | 0.00333 | 0.00196 | 0.00130 | 0.00108
1.5 | Improper distribution with (a=9 ,b=3) 0.00043 | 0.00027 0.00019 0.00016
2.5 | Improper distribution with (a=9 ,b=3) 1.9237¢* | 1.3175e® | 0.2343¢* | 8.1662¢°
3.5 | Improper distribution with (a=9 ,b=3) 7.812e7 [ 5.1840e7 [ 3.4028¢7 | 3.1632¢”
8 t
1 0.5 | Non- informative distribution with (c=1 ) 0.00293 | 0.00152 | 0.00105 | 0.00078
1.5 | Non- informative distribution with (c=1 ) 0.00329 | 0.00177 0.00123 0.00093
1.5 | Inverse Chi-square distribution with (v=4 ) 0.00110 | 0.00062 0.00044 0.00034
3.5 | Inverted Gamma distribution with {o=5, §=2) | 0.00024 | 0.00014 0.00010 8.6031e”
8 t
1.5 [ 0.5 | Non- informative distribution with (c=1 ) 0.00212 | 0.00101 | 0.00065 | 0.00045
1.5 | Non- informative distribution with (¢=1 ) 0.00455 | 0.00228 0.00150 0.00113
1.5 | Non- informative distribution with (¢c=1 ) 0.00317 | 0.00163 0.00108 0.00082
3.5 | Inverse Chi-square distribution with (v=4 ) 0.00148 | 0.00081 0.00054 0.00041
] t
2.5 | 0.5 | Non- informative distribution with (¢=1 ) 0.00094 | 0.00051 | 0.00031 | 0.00024
1.5 | Non- informative distribution with (¢=1 ) 0.00357 | 0.00198 0.00123 0.00097
2.5 | Non- informative distribution with (c=1 ) 0.00424 | 0.00240 | 0.00150 | 0.00120
3.5 | Non- informative distribution with (¢=1 ) 0.00361 | 0.00207 | 0.00131 | 0.00104

n

Table(10): Best estimation according to the smallest value for MSE(R (t))
under the second proposed loss function.

The distribution l—ISE(R’. (1))
parameters . _
Sample Size(n) Sample Size(n)
30 | 60 | 90 | 120 30 | 60 | 90 | 120
B8 t
0.5 | 0.5 | Inverted Gamma distribution with (¢ =5, p=2) | 0.00318 | 0.00191 | 0.00127 | 0.00106
1.5 | Improper distribution with (a=9 ,b=3) 0.00042 | 0.00027 | 0.00019 | 0.00016
2.5 | Improper distribution with (a=9 ,b=3) 217237 | 1.4306e” | 0.7204e% | 8.5434¢°
3.5 | Improper distribution with (a=9 ,b=3) 1.0106e | 6.0033e7 | 3.8038e” | 3.4563e
6 t
1 0.5 | Non- informative distribution with (c=1 ) 0.00283 | 0.00150 | 0.00103 | 0.00077
L5 | Inverted Gamma distribution with («=5, p=2) | 0.00311 | 0.00172 | 0.00120 | 0.00092
2.5 | Inverted Gamma distribution with (¢ =5, p=2) | 0.00101 | 0.00050 | 0.00042 | 0.00033
3.5 | Improper distribution with (a=9 ,b=3) 0.00025 | 0.00015 | 0.00010 | 8.6394¢-°
6 t
1.5 | 0.5 | Non-informative distribution with (¢=1 ) 0.00199 | 0.00098 | 0.00064 | 0.00048
1.5 | Non- informative distribution with (c=1 ) 0.00457 | 0.00228 | 0.00151 | 0.00113
1.5 | Inverse Chi-square distribution with (v=4 ) 0.00306 | 0.00161 0.00107 | 0.00081
3.5 | Inverted Gamma distribution with (o =5, §=2) | 0.00144 | 0.00080 | 0.00053 | 0.00041
6 t
2.5 | 0.5 | Non-informative distribution with (c=1 ) 0.00087 | 0.00048 | 0.00030 | 0.00024
1.5 | Non- informative distribution with (c=1 ) 0.00342 | 0.00194 | 0.00121 | 0.000%5
1.5 | Non- informative distribution with (c=1 ) 0.00422 | 0.00240 | 0.00151 | 0.00119
3.5 | Inverse Chi-square distribution with (v=4 ) 0.00364 | 0.00208 | 0.00131 | 0.00104
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