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Abstract

In this paper we introduce a new class of degree of best algebraic approximation
polynomial A, (f, x) for unbounded functions in weighted space Ly.«(X), (1 < p < o ).We

shall prove direct and converse theorems for best algebraic approximation in terms modulus
of smoothness in weighted space.
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1. Introduction

Many papers have recently appeared connected with best approximation to functions of
one variable see [1,2,3] and the references there. In this paper we shall consider the degree of
best algebraic approximation of unbounded functions. Indeed, in terms of the modulus of
smoothness direct ( Jackson — type ) as well as inverse ( Bernstein — type ) theorems are
established so that a constructive theory of unbounded functions may developed in weighted
space Lp,a(X).
Let X = (—o,), by]l. ||, we denote the Ly(X)- norm, (1 < p <) and

£l = (f;, 1F@OIP dx)5 OO o 1)

and define for a suitable set W (a, x) of all weight functions on open interval X, such that
If(x)] < M a(x) , where M is positive real number and

a: X - R* weight function.

We shall denote by Ly,«(X) the space of all unbounded functions on X, which are equipped

1
with the following norm ||f|l,,, = (fX If(x)a(x)lpdx)p < oo, ... (2)
For f € L, ,(X) and x € X, we define the local modulus of order k of f in point x as follows
wWe(f,%,8)pq = sup {|A;‘l| i t,t+khe [x - kz—s,x + kz—a] nX} ............ (3)
InI<3
where

Aff(x) = { ko (—Dfrm (,l;) f(x+mh) if x,x + mh € X}
0 otherwise

Also the modulus of smoothness of order k of function f is the following function of :

O (f,8)pa = sup {||6% f(.)llp'a} ..................................... (5).

|n|<8

Let N be the set of natural numbers and P, the set of all algebraic polynomials of degree less
than or equal to € N .

The degree of best algebraic approximation of order n of the function f € L, ,(X) is given
by
En(Hpa = f{If = Pullpa iPn € Pn} woovooiiiii, (6).

The most essential consequence of the proved here is
Corollary :
For0 < f <kand1l <p < oo, we have

Wi (f,8)pa = 0(6P) if and only if E,(f)pq = 0(67F).
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If k and i ,are positive integer and k > f —i > 0,then E,(f)pq = 0(8 =By equivalently
wi(f,6)pa = 0(68#) is valid if and only if f has a derivative of order i satisfying ||f(i) ||p RS

oo and wy, (f©, pa = 0(687 D).
Further details and elementary properties of wy (f, §), o see [4,5].

With the aid of these concepts one may now work out a constructive theory of functions for
the weight space Ly, ,(X), parallel to classical theory of Jackson-Bernstein for L, ,(X), see
sections 2 and 3 for detail.

We formulate and prove our Jackson-type theorem and in section 3, we formulate and prove
our Bernstein-type theorem.

The corollary announced above follows from direct theorem (1) of section 2 combined with
converse theorem (2) of section 3.

2. The Direct Algebraic Approximation Theorem:

Letyp € Ly (X),1 <p < o, k natural number and § > 0. We define

As@p,x) = 5% [2 T(=1)i*1 (’l‘) IO LA 7).
We set
_ o) if x| S\/ﬁ}
=37

and 8, = V., fin(x) = Ay s, (W, X).

It is clear that fi,,(x) € P, .

Lemma 1 [4]:

We have for every 1 < p < 00, 0 < h < 1 and every positive function g(x)
|9 () [Y(x)— Ags, (]| < C(@)|g(x) Af Y(x)|

and

1900 A5,y x) | < COORT sup [g() Al ()], j = 1,2, k.
|t]<h

Prove of this lemma see [4].
Lemma 2 :

Forevery f € L, (X)) and 1 < p < oo, we have
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and
k
||f(k)||p,a < C(k) nz wi(f, \/ﬁ)p.a :

Proof :

From theorem of Marchoud see [5], we have

wk(fn' 5)p,a < C(k)“fn - f”p,a + wk(f' 5)p,a
since f(x) = f,,(x) for |x| <+/n, we obtain

|f () = ()| < C(k) f(x) for x € (=0, 00).

Consequently
If = fullpa = (S, 1(F00) = £u0)a@)Pdx)” < (J, If@) a()[Pdx)”

< sup ([, |5 f@) a@o)f dx)” = sup 85 FO = 0x(fVR)pa' 6 = VR

Now

“f _fkn”p,a = (fX |(f(x) _fkn(x))a(X)|pdx)5

< (1@ = r@)a@l dx)" + (J; 1200 = fin@)a|"dx)’
< = fullpa + sup 25 FOl

< ”f - fn”p,a + C(k)wk(f' \/ﬁ)p,a
since ||f — fn”p,a < wi(f, ‘/ﬁ)p,a

SO

”f _fkn”p,a =< C(k)wk(fﬁ\/z)p,a .

We have fi,(x) = Ay s, (fn, X), for x € X and by lemma 1,

1

”fn(z’:)”w = (fX |fn(z’:)(x) a(x)|pdx)5

1

Ag')an (%) a(x)|p dx);

< (k) 3o (f;
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As consequence of f,(x) = 0 for |x| > vn,

hence ALf,(x) = 0 for |x| > V/n,

so ||, < 87C ol vpa s 60 =V

Theorem 1 :

Let f € L, 4(X) and 1 < p < oo. For every natural k there exists constant C(k) depending on
, such that

En(f)p,a < C(k) wk(fn"/z)p,a .
Proof :

From definition of degree of best algebraic approximation, we have
En(f)p,a < ”f - Ak,é‘n(fn;-)”p'a ’ where Ak,é'n(fn) € ]Pn .

Hence from lemma 2, we obtain

En(f)p,a < C(k) wk(fn' \/ﬁ)p,a

3. The Converse Approximation Theorem :
We need the following lemmas to prove converse theorem
Lemma 3 [6] :

We have for every p, € P, , 1 < p < o and n=1,2,...
[werl|| < cGm 2wy,

Lemma 4 [7] :

We have for every p, € P, , 1 < p <o and n=1,2,...
ey S COIS* 12 lIpyly

Lemmas5:

Letf €L,,(X),1<p<oo,p, EPyand ||f —pull,a <€
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We have

k k
wi (fr ‘/ﬁ)p,a < C(k) sk {”f”pa + Z?:O(i + 1)5_1 Ei(f)p,a + nze }.
Proof :
Let p,, € P, be a polynomial satisfying ||f — pullp e < 2 En(f)pe -

By using lemma 4, we obtain

k
wk(pzr — Par-1, 6)p,a < C(k)6k nz ||p2r - pzr‘lllp,a

. ((fx |(f(x) —pzr(x)a(x))lp dx)g +\
< C(k)6* n2

<R

(fx |(f (%) — por-1(X)a(x) [P dx)
< C(k)s* ng {Esr(Npa + Exr-1(HNpal

K
< C(k)6* n2 Eyr-1(f)pq
We have , from properties of modulus of continuity and lemma 4

wk(plf 5)p,a < wk(pl — Po» 6)p,a + wk(po' 6)p,a

k
S C(k)6k nf {”pl - pO”p,a + ”pO”p,a}
1

< C(s* nf{(fx [GORTXENLTNL dx)E}

P » D
+ <f |(f (x) — po(x))a(x)[? dX> + (f |(f () = po () ar(x)| dX>
1

+ ( L |(F ) a@)|” dx>5

k
< C(k)6k nE{“f - pl”p,a + lef - pO”p,a + ”f”p,a}

< CUO* n2{ c()Eo () + 1f I}
SO,

01 P18y < COVS* 2L Eo(f)pe + If 1] e}

also, we can prove
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m-—1

D2, B)pa < COI ZEo(Ppa+ . 2972 By + I )
i=0

< U8 521G + 12! E(Pya + Ifllpa) - (®).

Let 2™ < n < 2mtl

k
Wi (P2m, 6)p,a = C(k)6k n2||p, — pzm"'l”p,a
1 1

k P p
< C(k)6* nz (f (F () = pr ()OI dx) +<f I(F () = pymes (X)) ()P dx)

k
< C(k)(sk Tli{“f - pn”p,a + ”f - p2m+1”p,a}

From (8) and (9), we get

0k VD S COO 8% (If e + Sl + 12 Ei(f)p +nze ).

Theorem 2 :

Let f € Ly, 4(X),1 < p < o. For every natural number n there exist a constant C (k)
depending on k, such that

kU Bpa S CR) 2 (If lpa + Elol+ DF E (e} k=12,

Proof :

We insertinlemma 5 € = E;(f)p 4,0 = \/iﬁ and take in consideration that by the monotony
of En(f)pa

12 Ey(Ppa < COO Eieo 5 B

So,

k
2

iU Do < CO) = Ulfllp + Eioli + 17 E(f)p 0 + e}

< €O Gz Uflp + Zitp i+ D Byl
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Theorem 3 :

k
Let f € L, 4(X),1 <p <oand }IL,(i + 1)1 E;(f)pa < . Then f has derivative of
order k,f ) € Ly« (X) and

k k
Ei(f(k))p,a < C(k) {nz En(f)p,a + Z(iin+1(i + 1)2 ! Ei(f)p,a}
Proof :
Let p, € P, satisty ||f — pullpe < 2E,(f)p,« » We have in consequence of lemma 3

k
||p2i+1(k) - pzi(k)”p,a < C(k)nz ||p2i+1 - pzi”p'a

Kk
< ctomz(||f = pynll, , + If = p2ll,, 3
< C(k) Ezi(f)p,a

the sequence {pé’f)} is convergent in weighted space L, o (X), we denote it is limit by f k) g
Ly o (X).

Since ||f — pzi”p > 0, f® is derivative of order k of f. Moreover , we have

”f(k) - pzi(k)”p,a < C(k)”f - pzi”p,a < C(k) Z(lx;m 2ik/2 Ezi(f)p,a

< C(R){2%2E,i(fpa + X i(i + 1)2‘1 E(Npa} - (10)

Let 2™ 1 < n < 2™, form lemma 3 we have
k k K
lp2m® =@, < CUINZ llpzm = pally,a

< COOME En(f)pt veovrerereorrerrenne an

From (10) and (11), we obtain

E(f®),, <[IF® -p®]],

< CO) (12 En(F)pa + X2 (i + D3  Ef(Fp)

Theorem 4 :

We have for every natural k and m every f(™ € Ly o(X)
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0k (F™, D) < Cllm) (eToli+ 17 E(fpa +
n+1(l + 1)__1 E'(f)p,a} .
Proof :

From theorem 2 and theorem 3 , we have
e (f ™, Dpa <

Clm) & (lFm  +EigG+ 7 E(F™), )
Ei(f™) < COm) (2 En(Pp + s+ D2 Ei(Ppa} (12)
As well as from (10) and take n = 0

lFem < Z2oG+ 1)——15-(f)p,a ............................ (13)

new, from (12) and (13), we obtain

e (f ™, = Fpa < Clkm) = r (20l + 12 E(Ppa + Dol + 1) En(Hpa +
n+1(l + 1)__1 E'(f)p,a') }

<C(k m)\/—{ZSOO(L-l'l)__lE(f)pa'*'z O(l+1)2_1E(f)pa+Z O(L+

D5 (32,0 + D7 B (Dpa)
< Clum) £ (Noli+ D)7 B+
Lo(EheoG + D27 G+ D7 E(p)

< Clm) 2 (Sl + 1) 2 L (P + E20( + D7 E ()
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