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Abstract

The definition of semi-preopen sets were first introduced by "Andrijevic" as were is
defined by :Let (X , T ) be atopological space, and let A € X, then A is called semi-preopen

setif A C ZO.

In this paper, we study the propetties of semi-preopen sets but by another definition
which is equivalent to the first definition and we also study the relationships among it and
(open, a-open, preopen and semi-p-open )sets.

1.Preliminaries
Definition 1.1 (1)(4):

A subset A of a topological space (X, 1) is called a — open set if and only if A < A

The family of all a— open sets is denoted by 7.
Definition 1.2 (1)(5) :
A subset A of a topological space ( X, 1) is called a preopen set if A c A°

The complement of a preopen set is called preclosed set .
The family of all preopen sets of X is denoted by PO(X).
The family of all preclosed sets of X is denoted by PC(X).
Theorem 1.3 (2) :

The union of any family of preopen sets is a preopen set.
Definition 1.4 (1) :

The intersection of all preclosed sets containing A is called the preclosure of A,
denoted by pre-cl A.
Definition 1.5 (1) :

A subset A of atopological space ( X, 1) is said to be semi-p-open set, if there
exists a preopen set in X say U such that Uc A < pre-cl U.

The complement of a semi-p-open set is called semi-p-closed set.
The family of all semi-p-open sets of X is denoted by S-P(X). The family of all semi-
p-closed sets of X is denoted by S-PC(X).
Proposition 1.6 (2):
For any subset A of a topological space ( X, 1), pre-cl A< A and the converse is not

true.
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2. semi- preopen sets
Definition 2.1(6 ):

A subset A of a topological space ( X, 1) is said to be semi-preopen set, if and only if
there exists a preopen set in X say U suchthat Uc A cU
The complement of semi-preopen set is called semi- preclosed set .
The family of all semi-preopen sets of X 1is denoted by SPO(X).
The family of all semi-preclosed sets of X is denoted by SPC(X).
Definition 2.2:

Let (X, t)beatopological space and Ac X, A is called semi-preneighborhood of a
point x in X, if there exists semi-preopen set U in X suchthat xe UcC A.
Theorem 2.3 :

The union of any family of semi- preopen sets is semi- preopen set.
Proof :

Let { A, }; a €A beany family of semi-preopen sets, we must prove Ugep A, 1S

semi-preopen set. This means we must prove there exists UePO(X) such that U
< UaEA Aa < U.

Since for all aeA, A, is semi- preopen , therefore there exists U, ePO(X) such
that U, c A, < U,, and since Uy U, is a preopen set (by theorem 1.3 ), therefore let U

= UgeaUq then we get U cUgep Ag weveeneeees (1) B
Now since A, c U for all aeA, therefore Ugep Ay < Ugep Ug for all aeA, implies
Uger Aq € Uy Uy forall aeA, thus Uy pAg < U= Uy Uy oeeee (2) and

from (1) and (2) we get, there exists UePO(X) such that U c U cpA, < U, therefore Ugep Ay
is semi-preopen set. m
Corollary 2.4 :

The intersection of any family of semi-preclosed sets is semi-preclosed set .
Proof:

Let { F, }; o €A be any family of semi-preclosed sets, we must prove N, ep Fy 1S semi-
preclosed this means we must prove (N,epF,) € is semi-preopen set.

Since for all aeA, F,© is semi-preopen set ( by Definition 2.1), therefore Ugep F o is

semi-preopen set (by Theorem 2.3), implies there exists Ut PO(X) such that U< UgepF,°
< U, and since UgepF o = (NgepFy) € therefore Uc (NgepFy) ¢ < U. Thus
(NgeaF,) € is semi-preopen set, implies N ep Fy is semi-preclosed set. m

Remark 2.5:
The intersection of two semi-preopen sets need notto be semi-preopen set, as the following
example shows:
Example 1 :
Let X={1,2,3}, 1={X,d, {1,2}}
PO(X)=1u {{1},{2},{1,3},{2,3}}, SPO(X)=PO(X)
Let A= {1,3} and B={2,3} are both semi-preopen sets, but A N B={3} is not semi-preopen set.
Remark 2.6:

The union of two semi-preclosed sets need not to be semi-preclosed set, as the example 1, Let
X={1,2,3}, 1={X,J, {1,2} }then {1} and {2} are two semi-preclosed sets since X-{1}={2,3} and
X-{2}={1,3} aretwo semi-preopen sets, but {1} U{2}={1,2} is not semi-preclosed set since X-
{1,2}={3} isnot semi-preopen set.

Definition 2.7 :

The union of all semi-preopen sets contained in A is called the semi-preinterior of A, denoted
by S-pre-int A .

Definition 2.8 :



The intersection of all semi-preclosed sets containing A is called the semi-preclosure of A,

denoted by S-pre-cl A .
Proposition 2.9:

1. If Ac B, then S-pre-int A < Spre-int B.

2. S-pre-int AcC A.

3. S-pre-int A U S-pre-int B < Spre-int (A U B).

4. S-pre-int (A " B) < S-pre-int A N S-pre-int B.
Proof :

The proof of (1) and (2) is direct by the definition of subsets and S-pre-int A .
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3. Since Ac AUB, therefore S-pre-int Ac S-pre-int (A U B) (by part 1), and since Bc
AUB, therefore S-pre-int Bc S-pre-int (A U B) (by part 1), implies S-pre-int A U S-pre-
int B ¢ S-pre-int (A U B).

The converse is not true in general, as the following of example (1):
Let A={2}, B={3} and AUB={2,3}, then:

S-pre-int{2}={2}, S-pre-int{3}= and S-pre-int{2,3}={2,3}.

But S-pre-int (A UB)={23}z {2}= S-pre-int A U S-pre-int B.
4. AnB c A, then this implies that S-pre-int (A N B) < Spre-int A (by part 1), and A~B
c B, then S-pre-int (A N B)c S-pre-int B (by part 1), therefore S-pre-int (A N
B) € S-pre-int A N S-pre-int B.

But S-pre-int A N S-pre-int B& S-pre-int (A N B), as the following example shows:
Example 2 :

Let X={1,2,3,4}, =={X,0,{1},{2},{1,2} }
POX)=1u {{1,2,3},{1,2,4}}
SPO(X) =POX) u {{1,3},{1,4},{1,3,4},{2,3},{2,4},{2,3,4}}
let A={2,3,4},B={1,3,4} and A N B= {3,4} then:
S-pre-int {2,3,4}={2,3,4}, S-pre-int {1,3,4}= {1,3,4} and S-pre-int (A N B) = .But
S-pre-int A N S-pre-int B = {3,4} ¢ & = Spre-int (A N B).
Proposition 2.10 :

1. If Ac B, then S-pre-cl A < Spre-cl B.

2. A c S-pre-cl A.

3. Spre-cl & = , S-pre-cl X =X.

4. S-pre-cl A U S-pre-cl B ¢ S-pre-cl (A U B).

5. S-pre-cl (AnB) < S-pre-cl A N S-pre-cl B.
Proof :
1. Let x be any element in X, such that xi S-pre-cl B, which implies there existence of a

semi-preclosed set F such that B € F and x¢ F, but A € Bso A € F and x+ F, hence x¥ S-
pre-cl A.

2. since S-pre-cl A is the intersection of all semi-preclosed sets containing A, we have A < S-
pre-cl A.

3. & and X are semi-preopensets (by being open set), thus S-pre-cl & =& and
S-pre-cl X = X.
4. Since A — AU B, therefore S-pre-cl A < S-pre-cl (A U B) (by Part 1), and since B < AU
B, therefore S-pre-cl B< S-pre-cl (A U B) (by Part 1), implies S-pre-cl A U S-pre-cl B <
S-pre-cl (A U B).
5. Since A N B < A, then this implies that S-pre-cl (A N B) < S-pre-cl A (by Part 1), and
since A N B < B, therefore S-pre-cl (A N B) < S-pre-cl B (by Part 1), therefore S-pre-cl (A
N B)c S-pre-cl A n S-pre-cl B.



But the converse of part (4) is not true to see this, let A={1},B={2} and AU B={1,2} in the
example 2, then:
SPC( X) ={X,,{2,3,4},{1,3,4},{3,4},{4},{3},{2,4},{2,3},{2},{ 1,4}, {1.3},{1} }
S-pre-cl {1}={1}, S-pre-cl {2}={2}and S-pre-cl {1} S-pre-cl {2}={1,2} but S-pre-cl
({1}u{2}) = X, which shows S-pre-cl (A U B) & S-pre-cl A U S-pre-cl B
And also, the converse of part (5) is not trueto see this,
Let A={1,2,3}, B={1,3,4} and A N B ={1,3} inthe example 2, then:
SPC(X) ={X.J,{2,3,4},{1,3,4},{3,4},{4},{3}.{2,4},{2,3}.{2},{1,4},{1,3},{1}} S-pre-
cl {1,2,3}=X, S-pre-cl {1,3,4}={1,3,4} and S-pre-cl
{1,2,3} S-pre-cl{1,3,4}={1,3,4}
But S-pre-cl ({1,2,3} {1,3,4})={1,3} which shows S-pre-cl A N S-pre-cl B & S-pre-cl (A
N B).
Proposition 2.11 :

A is semi-preclosed set, if and only if A= S-pre-cl A.
Proof:

(=) If Ais semi-preclosed set, we must prove A= Spre-cl A, that is mean we

must prove A < S-pre-cl A and S-pre-cl A c A.

Now, toprove S-pre-cl A < A, since S-pre-cl A is the intersection of all semi-
preclosed sets containing A, and since A is semi-preclosed set, and Ac A, implies S-pre-cl
A cC A.

Now, toprove A c S-pre-cl A, let xbe any element in X, such that xi S-pre-cl A ,
which implies there existence of a semi-preclosed set F such that x¢ F, but A — F, hence
x& A. Thus A < S-pre-cl A, which implies A= S-pre-cl A.

(&) The prove is direct (by Corollary 2.4) . m

Corollary 2.12 :

S-pre-cl (S-pre-cl A) = S-pre-cl A .
Proof:

Since S-pre-cl A is semi-preclosed set (by Corollary 2.4), therefore S-pre-cl (S-pre-cl A) =
S-pre-cl A (by Proposition 2.11). m

Now, we give the connection between semi-preopen sets and some other kinds of weakly
open sets.

3. Relationship among open, a-open, preopen, semi —p- open and
semi-preopen sets
Remark 3.1 (3) :
1. Every open set is a preopen set, but not conversely.
2. Every closed set is a preclosed set, but not conversely.
Remark 3.2 :
Every preopen set is semi-preopen set.
Proof:
Since A is a preopen set and Ac A, and since for any subset A of X, A < A, therefore
there exists a preopen set A such that Ac A< A . Thus A is semi-preopen set.
But the converse need not to be true in general, as the following of example 2

X={1,2,3,4}, =={X,{1},{2},{1,2} }
POX)=1tu {{1,2,3}.,{1,2,4}}
SPO(X) = POX) u {{1,3},{1,4},{1,3,4},{2,3},{2,4},{2,3,4}}
it is clear that {1,3} is semi-preopen set, but it is not a preopen set.
From remark 3.1 and remark 3.2 we obtain the following:
Remark 3.3 :
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Every open set is semi-preopen set .
But the converse may be false, as the example 2 in remark 3.2 .

Remark 3.4 :
Every a-open set is semi-preopen set.
Proof:

o

Since A is a-open set, therefore A< A’ , and since A’ is open set this implies Ais

a preopen set (by Remark 3.1). And Aog A so Aog AcC A C A , hence Aog A ng.
Thus, A is semi-preopen set. m

The converse of remark 3.4 is not true, as the following of example 2:
X={1,2,3,4}, =={X.J,{1},{2},{1,2}}
1, = PO(X)=1tuU {{1,2,3},{1,2,4}}
SPO(X) =POX) U {{1,3},{1,4},{1,3,4},{2,3},{2,4},{2,3,4} }.
Remark 3.5 :

Every semi-p-open set is semi-preopen set.

Proof:

Let A be any semi-p-open set, this means there exists a preopen set in X say U
such that U < A < pre-cl U, and since pre-cl U < U (by proposition 1.6 ), therefore U c A <
U. Thus A is semi-preopen set. m

But the converse is not true, as the following example show:
Example 3 :

Let X= {1,234 }, =={J, X, {1,2}, {3}, {1,2,3} }, F={ X, T, {1,2,4},{3.,4},{4}}

POX)=1tu {{1},{2},{1,3},{2,3},{1,3,4},{2,3,4}}
PC(X)=F u {{2,3,4},{1,3,4},{2,4},{1,4},{2} {1}}
SPO(X) =POX) U {{1,4},{2,4},{3.4}.,{1,2,4}}
now { 1,4} e SPO(X), but {1} {1,4}z pre-cl {1}={1}thus {1,4} is not semi-p-open
set.

Conclusion
1. The union of any family of semi- preopen sets is semi- preopen set.

The intersection of any family of semi-preclosed sets is semi-preclosed set .
Every preopen set is semi-preopen set.
Every open set is semi-preopen set .

R W

Every semi-p-open set is semi-preopen set.
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