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Abstract

The study of torsion (torsion free) tuzzy modules over fuzzy
integral domain as a generalization of torsion (torsion free) modules.

Introduction

A module M over an integral domain R 1s called a torsion
(torsion free) module if T(M) =M (T(M) = (0}) where TIM)={ x: x €
M and 3 » # 0. r x =0}.

These concepts has been fuzzified to torsion (torsion lree) fuzzy

w-module where pis a fuzzy integral domain.

In Sections .1, and 2, some of the known known definitions and
results which are needed later.

In S.2. we give some basic propertics of torsion (torsion free)
[uzzy p-modules,

[n 8.3, we study the behaviour of torsion (torsion free) fuzzy -
modules under [uzzy homomorphism.

Finally, throughout this paper R denote commutative ring with
unity, fuzzy up-module means fuzzy meodule over fuzzy integral
domain L.

Section.l] Preliminaries

Definition 1.1 (1) Let S be a non-empty set and [ be the closed interval

[0,1] of the real line. A fuzzy set A in S is a function from S into [0,1].
Definition 1.2 (2) Letx, : 8 — [0.1] be a fuzzy set in S, where x € 5,
{ € [0.1], detine by:
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(3) t i x=y
¥ ()=
o 0 if x#y

Forall y € S. x, is called a fuzzy stngleton.

Proposition 1.3 (3) Leta; . b, be two fuzzy singletons of a set S. If ¢4
= p, . thena=hand k=1

Definition 1.4 (4) Let A be a fuzzy set in S, forall 7 € [0,1], the sct
A= {x e S, A(x) 21} is called a level subset of A.

Note that, A, is a subset of § in the ordinary sense.

Definition 1.5 (2) Let R be commutative ring, let X: R — |0,1], then
X is called a fuzzy ring of R 1L

- X{a — b) 2 min { X(x), X(h)}. forail a, b € K.

- X(ab) > min { X(«a), X(b)}, forall a, b € R.

- X(0) =1

Definition 1.6 (5) Let pu : R — [0.1] be a fuzzy ring, let
v : M — [0,1] where M is an R-module. y is called a left fuzzy p-
module 1l

-y (a—b)yzmin { y(a). y (b)}, for all a, b € M.

- (ra) 2 min { 7 (@), u (1)}, for allr e R,a e M.

If, moreover R is unitary and I'x=x, V x € M, then v is called unital.
Similary, we defines a right fuzzy p-module.

We shall deal only with left fuzzy p-modules, and we shall call these
simply fuzzy p-modules,

Definition 1.7 (5) Let v be a fuzzy p-module, a fuzzy submedule of v
is a fuzzy p-module. v ': M — [0,1] such thaty "c v, where v ' < ¥
means y '(x) < y(x), Vx € M.

Proposition 1.8. (5) Let y be a fuzzy p-module, a fuzzy submodule y
' M — [0.1] where M ia an R-module and y " # 0. 1s a fuzzy p-module
iff v, is a p~submodule of MY { e [Q, y(D)].

Proposition 1.9. Let r, € L and x; € v. then r, xp = (r X} where
ho=nmn{lk}.

Proof : 1t’s easiy. So we omitted.
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Section.2 Torsion (Torsion Free)
Fuzzy Modules
In this section we fuzzily the concept of torsion (torsion frec)

modules into torsion (torsion free) fuzzy modules. Then we study some
of their basic propertics.
Recall that an R-module M is called torsion (torsion free) R-module if
ITM)y=4{x:xeM;ammx=0} =M (T(M)={0}).(6)
Firstly, we need the [ollowing definition:
Definition 2.1 (7) A fuzzy ring A is said 1o be an integral domain if x
¥ =0and min {A(x), A(y)} > 0 impliesx=0or y =0.

However we give another characterization of fuzzy integral
domain.
Proposition 2.2 A fuzzy ring p of a ring R is a fuzzy mtegral domain
it and only if wheneverx, e u.weu, 0<t<1,0<k<1,such that
x; ¥, < 4o then either x, < 0y oryy < 0.
Proof. (=) If x, y; < 04, then (x ¥),. — 0, where where A = min {1.k)
Thusx y=0 by prop.(1.3.). On the other hand, since A = min {1k}
and x, , € u then pu(x) = ¢ and p(y) = k. Hence min {p(x), Wkl 2
min {{,k} =4 >0,
Thusx=0o0rpy=0  bydef(2.1.). Socitherx,=0,c 0, or v,=0; <
0.

(<=) To prove pisa fuzzy integral domain. Suppose x y = 0 and
min fulx), u(y)} > 0. We must prove x=0o0ry =0,
Let u(x) = ¢ and p(y) = £, Since min {u(x), u(y)} > 0. Hence x, € |
and y; € 4, But x, vy = (x y); = 0;, < 0, where A = min {#,k}. Thus x,
c O or 3¢ = 0y, which implies x = 0 or y = 0. Thus 1 is a fuzzy
integral domain.
Now. we shall fuzzify the concepts of torsion (torsion free) moduies
into torsion (torsion free) fuzzy modules.
Definition 2.3 Let p be a fuzzy integral domain, let v be a fuzzy p-
module. Let T(y) = { x;ev: F-annx, ¢ 0;}. Then
- 15 called a torsion luzzy p-module if T(y) =1v.
- v 1s called a torsion {ree fuzzy p-module it T(y) = §{0,: 0 €1 <40)},
where F-annx; = {rp 21y € w0 g vy 6, < 040093
Remark We shall denote T(y) by T if there is no ambiguity.
Proposition 2.4 Let y be a fuzzy p-module over fuzzy integral
domain p, then T is a fuzzy submodule of y.
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Proof. (I) Leta, b e M. To prove that T(a - b) z min{ T(a). T(D)}

Let T(a) = 4 and T(b) = s. Then ax € T and b, € T. Hence F-ann a; #
0, and F-ann b, # 0. So there exists r, € pand r, @ 0y such that r,
a, < 0y oy and there exisist ff € pand fr < O such that fr b € Oy (-
But r, < 0, and f; @ 0, implies 7, - fr @ 0, (see prop{2.2)) it follows
that 7, £+ {ay — bs) € Oy Hence ry f; € F-ann (ax— by). Thus F-ann
(ay —bs) 0.

Hence ax — bs=(a=b) € T, A= min {45},

Thus T(a — b) 2 min {k§} = min {T(a),T(H)}.

(I1) Let re R, a ¢ M. To prove T{r a) 2 min {p(r).T(a)}. Assume
that p(r) = t and T(a) = k. Since Tta) =k, ar e 1 and so F-ann a; @ 0.
Hence there exist ¢ @ 0,60 € | such that ¢; ay < Oy (. Now, if 7,
& 0. then r, ¢; @ 0y since [ is a fuzzy integral domain (see
prop.(2.2)). It follows that

FoCp @y = Cply Oy & C Or oy < Or oy Thus ¢z € F-ann r, az, That 1s F-ann
(r ty) & 0

Thus ¥, a, € T,s0(ra).e 1, where A = min {7k}

Thus implies T(r a) 2 min {p(#), Ta)}-

Therefore, T is a fuzzy submodule.

Recall that a fuzzy submodule A of fuzzy module X over fuzzy ring R
is called a fuzzy prime submodule whenever r; ax € A for fuzzy
singleton 7, of R and @ © X we have either 7, © (A : X) or ay € A,

where (A ; Xy={r:in XCSAl is a fuzzy singleton of Rj 18]
i

We introduce the following:

A fuzzy submodule y * of a fuzzy p-module y 18 called a prime [uzzy
submodule, whenever ry @ € 7Y ' for , € pand a; € ¥, We have either
avcy'orrc(yy ywhere (Vi7" )= (rrinycy'sr€ Ky

Recall that if M is a module over an integral domain R, then T(M)isa
prime submodule of M (9. Rem. 1.2 (d)).

We have the following:

Proposition 2,5 Let X bea fuzzy module over fuzzy integral domain

1, the fuzzy n-submodule T(X) of X is prime.

Proof, Let ry € 1. X; € X, if 7 x, € T(X), We must prove that either
x, € T(X) or rx € (T(X)p). Suppose x; € T(X), s F-ann x, < 0;. But
rox, € T(X)., implies F-ann (7 x;) @ 0. So there exists ¢y € W &
0, such that ¢;eF-ann (rx xi)

163




IBN AL- HAITHAM J. FOR PURE & APPL. SCI. VOL.20 (1) 2007

Hence ¢, (7 x;) € Oxiny. and so (¢ ) x, < Oxm which implies ¢ ry €T-
ann x; < 0 and so ¢, 1y < 0. But 4 15 a fuzzy integral domain so either
c. = 0, orrc 0.

Hence ry < 0y since ¢, & 0). Therelore, rp < 0 e (T(X).:X).

Thus T(X) 1s a prime [uzzy submodule,

Now. we shall study the relation between torsion (torsion free) fuzzy
module and their levels.

Proposition 2.6 Lct X be a fuzzy module over fuzzy integral domain
i, then X 18 a torsien p-module 1lf X, 15 a torsion pe-module,
V1 e (0,X(0)].
Proof. (=) If X is a torsion fuzzy p-module, we must prove that T(X,)
=X Vvt € (0.X(0})]. It’s clear that T(X,) = X,. Te prove X, c T(X,).
Lety € X,, hence v, € X, soy, € T(X): That is F-ann y, ¢z 0
This imphes that there exists #, € w, #. @ 0y such that ry y; < Oxpy. It
follows that; ( ¥}, < Oxpy. where A = min {s./}.
Hence » y = @, that » € ann y . But » # 0, theretore ann y = 0 and y &
T(X,)
Thus T(X,) = Xy
Conversely; Il T(X,} = X;. To prove T(X) = X. It’s clear that T(X)
c X. Now, to prove X — T(X). Let v, € X, then v € X, which implies
v e T(X)). Hence ann ¥ # 0, and so F-ann v, & 0;. Because ann y # 0
implies there exists  » € R such that r # 0, reann y and so »r y=0. It
follows that r, yi=(r ¥);=0; cOx), where A = min {t.k}. Hence, r; € F-
ann ), & 0. Hence X < T(X). Thus T(X) =X.
Proposition 2.7 Let | be a fuzzy integral domain. Let X be a fuzzy u-
module. Then X is a torsion free tuzzy p-module iff X, 18 a torsion
free p-submodule, ¥ 1 € (0,.X(0)].
Proof. If X is a torsion free fuzzy p- module. To prove X, is a torsion
free pe-submodule, ¥ ¢ € (0,X(0)]. Suppose there exists r € y, # # 0
such that » y = 0. But y €T(X,) implies y € X,. hence X(y) 2 t and so
y,e X, this implies 0< ¢ < X{0). On the other hand, r € p, imphes r, €
u. It follows that r-yv = (r ¥); = 0, Oxpy. But v, 0y and v, & Oxen.
Thus F-ann y; @ 0. so v, € T(X). But X 18 torsion free, so ), = 0, (see
def(2.3). Hence y = 0 which 1s a contradiction,
Conversely; If X, 1s a torsion free p-submodule, ¥V ¢ € (0,X(0)].
To prove X 1s a torsion free p-fuzzy p-moedule. Suppose X 1s not a
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torsion free fuzzy p-module. Then there exists x, € T(X) such that T'-
ann x; @ 0;. Hence there exists 4 € L (1.e. r € 1) such that 74 @ 0 and
1y X < Oy 80 (F x);. < Oxny, where A =min {kf}. Thusr x = 0. But ry
& 0r.s0r# 0. Also, x, e T(X) implies x;, € X andsox € X,.

Now, If £ = 1. then py < W, Butr e 1y, so ¥ g

Thus »x =0, r € u, and x € X,. which implies x eT(X). But T(X,) =
(0) since X; 18 a torsion free p~submodule, so ann x = ({}).

Hence » = 0 which is a contradiction.

If 1+ > &, then X, € X4, hence x € X,. Thus r € ., y € Xpand rx =0,
which implies x € T(X;). But T(Xy) = (0) since X; 15 a torsion Iree, so
ann x = ((}).

Hence r = 0 which is a contradiction. Thus X is a torsion free fuzzy p-
module.

Now, we study the direct sum of torsion (torsion free) fuzzy modules.
But first we have the following resuli:

Lemma 2.8 If X and Y are modules over integral domain R, then
T(X@Y) = T(X) @ T(Y). In particular, if X and Y are torsion (torsion
free) modules over integral domain R. then s0 18 X@Y.

Proof. Let(a.h) € T(X@Y) then .sﬂgn-{a,h} = (0.0)}.

Hence there exists ¥ € R such that r # 0 and » («.p) = (0,0), which
impliesthat ra=0and r 2 =0. Then » € ann ¢ and » € ann &: That
is (a.h) € T(X) @ T(Y)

Thus T(X@Y) < T(X) @ T(Y)

Now. let (a.b) € T(X) @ T(Y)

Hence @ € T{(X) and A = T{Y). This immphes there exists #1. 72 € R
such that 2Rz rna=0andrbH=10

It follows that (#1 #2) (@.b) = (r) r2 @, ry rz 5) = (0,0). But ry rs +# 0 since
R is an integral domain. Hence (a,h) € T(X@Y). Thus T(X) @ T(Y)
T(XDY).

Therefore, T(X@Y) = T(X) @ T(Y).

Now, we shall define the direct sum of fuzzy modules over fuzzy ings,
as a generalization of the concept of direct sum of fuzzy modules over
rings (see (8)).

Definition 2.9 Let X : M|— [0.1] and Y : My— [0.1] be p-tuzzy p-
modules (where M; and M, are R-moduleg). Let X&Y : M@ M; —
[0,1] defined by: (X®Y Ya.h) = min {X(a), Y(h)}, for all (a,h) € M@
M.
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Then X@Y 1s called the direct sum of X and Y.
Lemma 2.10 Let X : M;— [0.1]. Y : My— [0.1] be fuzzy p-modules
where M, and M; are R-modules, then X®Y is a fuzzy p-modules.
Proof. Torall (a.b), (c.d) € M|® M,
(1) (X@Y)(a.h) — (c.d))=XBY(a—¢,b—d)
=min {X{a—-¢), Y(b—d)}
> min {min{X(a). X(¢)}. min{Y(6), Y(d)}!
=min {min{X(a). Y(&)}, min{ X(c). Y{(d)}}
=min {(X@Y)(.h), (XBY) (¢.d)}.
(2) Letr e R, (a.h) € XPY.
(XY )r{e.h)) = (XDY)ra.rh)
=min {X{ra), Y{rh)}
2 mun {minf{u(r), X(a)}, min{u(r), Y(H))
=mun {u(r), X(a). Y(H)}
=min {u{r). min{X(a), Y(h)}}
=min {u(r), (XBY)a.bh)).
Thus X@Y is a [uzzy p-module.
Theorem 2.11 Let X and Y be torsion (torsion free) fuzzy up-
modules, then X@Y is a torsion (torsion free) fuzzy p-modules.
Proof. It X and Y are torsion fuzzy modules.
X V1 e (0.X(0)] and Y, , V £ € (0,Y(0)] are torsion ,-modules by
prop.(2.6)
Hence X, @Y, is a torsion module by lemma.(2.8)
Hence (X@Y), 1s a torsion module by ([3]. lemma (2.2.4))
Thus X®Y is a torsion tuzzy p-modules by (prop.(2.6))
In a Similar way we can prove the case of torsion free.

Section.3 The Image and Inverse Image of Torsion
(Torsion Free ) Fuzzy Modules

In this section, we shall indicate the behaviour of torsion (torsion
free) fuzzy p-modules under fuzzy homomorphisms.
1o do this we need some definitions and lemmas:
Definition 3.1 (1) Let f be a mapping from a set M into a set N, let A
be & fuzzy set in M and B be a fuzzy sel in N. The image of A denoted
by f{A) 15 the set in N defined by:
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FAY) = {supz A(z) ze [ ()} f SN #8. Y yeN
0 otherwise

And the inverse image of / denoted by f '(B). where FYB)x) =B (f

(x)). forall x € M.

Definition 3.2 (5) If 7. v ' are fuzzy p-modules, a homomorphism

from v 1o y ' is a R-module homomorphism /' M — M~ such that

1=y (fx)) ,¥Y xe M.

Proposition 3.3 ((5) prop.(3.1)) Let y. v’ be tuzzy n-modules, and

f: M —> M ' be a homomorphism between them. Let v," be a fuzzy

submodule of ¥ . Then /™' (v)') is a fuzzy submodule of .

Proposition 3.4 ((5) prop.(3.2)) Lety, y ' be fuzzy p-modules, and
7:M = M’ be a homomorphism between them. Let )’ be a (uzzy
submodule of v, then f{y) is a [uzzy submodule of v ".

Now we give the following:

Proposition 3.5 Let X and Y be fuzzy ji-modules. let / be fuzzy
epimorphism. If X is a torsion fuzzy p-module. then Y 1s torsion fuzzy
ii-module,

Proof. By definition (3.2) Y(f(x)) = X(x) , lor all xe M

We must prove that T(Y) =Y. IU's clear that T{Y)Z Y

let y; € Y , hence Y(y) = ¢. Since f is an epimorphism, y = [ (x), for
some x € M

Hence Y(f (x)) = ¢ which implies that X(x) = £. It follows that x, € X =
T(X). and so F-ann x; # 0. Hence there exists #4 € W, #¢ # 0y such that
ri x; = Ox(oy. This implies f(# x} = 0 and so r f{x) =0 That is ry=0.
Hence 7 v, < Oy which implies r; € F-ann y.

Therefore y, € T(Y). hence Y < T(Y).

Thus T(Y) =Y.

Proposition 3.6 Let /be fuzzy monomorphism from a fuzzy p-module
X into a fuzzy p-module Y. If Y is torsion fuzzy medule then the
inverse image of Y is torsion [uzzy p-module.

Proof. By definitions (3.1) and (3.2). we get that
FUY)=Y (f(x)) = X(x). So to prove X is torsion fuzzy p-module.

Let x; € X, then X(x) > fand 1 € [0,X(0)]. Hence Y (f(x)) = 1. Let f(x)
—
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Then y, = (f {(x))y € Y = T(Y). This implies F-ann y; & 0,. So there
ex15ts 7 € . re & O) such that 7y 3y = Oyyey; That 15 #; (f (X)), = Oypy-
Hence (r f(x))s = Ovn). where 2 = min {s.t}, Thus f(# x) = 0. It follows
that » x = 0 since fis 1-1, 50 Fy X; € Oxm. On the other hand, », @
0y. hence x;, € T(X). Thus X = T(X).

Therefore X 1s torsion fuzzy module.

Proposition 3.7 Let /'be fuzzy monamorphism from a fuzzy p-module
X into a fuzzy p-module Y. Then if Y is torsion free tuzzy module,
then the inverse image of Y is a torsion free fuzzy p-module.

Proof. Since_;’"'(Y) = X, we must prove that X is torsion free.
Suppose there exists x; € X, x, @ Oxgpy such that F-ann x, @& 0y, 50 there
exists  », € W, such that #, & 0y and r, x, € Oxiy. Hence x = 0. r+ 0
and r x=10

But x = 0 implies y=/{(x)= 0sincec /is 1-1.

Moreover, x; € X implies X(x) 2/ and hence Y(y) = X(x) = . Thus y,
e Y.

On the other hand, r, y, = (#3);. = (f (#x) ). = 0, € Oyip). where A = min
15},

Thus y, € T{(Y) and so T(Y) = 10, : 0 £ £ < Y(0)}: That is Y is not
torsion free, which i1s a contradiction. Therefore X 1s torsion free.
Notice that we have no examples to explain that the conditions f is an
epimorphism 1n prop. 3.5 and / 15 monomorphism in prop. 3.6 and
3.7 can not be dropped.

Definition 3.8 [5] If vy, v ' are fuzzy u-modules and f: M — M " is
homomorphism between them. The fuzzy kernel of f |, F-ker / 1s the
fuzzy subset ol M defined by:

F—ker f(x) = { ) E'{, IE. = f

0 it x & kerf
Now, we give the following proposition which we needed later.
Proposition 3.9 Let y and v © be fuzzy modules fuzzy rings M and M’
respectively. let f be fuzzy homomorphism between them, then
F-kerf={x,ey:x=0 or t=0} & [ is1-1.
Proof. (<) To prove F-kerf/={x, e y:x=0 or 1=0}.
Suppese x, € F-ker f and x =0
x # 0 implies x ¢ ker /', because f is 1-1. Hence F-ker /= 0 by
definition (3.8).
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But x, € F-ker /. then (F-ker /) (x} = ¢. Hence 0 = . This implies t =0
since 20,
(=) To prove f 15 1-1. Let x, v € M such that [ (x) =/ (). It's
follows that ¥ —y e ker f . Hence F-ker f(x — y) = v(0) by
definition (3.8)
This implies (x — ¥) 40y € F-ker f, then eitherx =y =0 or y(0)=0
But y(0) =01s not true. hence x —y =10
Therefore x=y and [ 15 1-1.
Proposition 3.10 Let X be a fuzzy module over a fuzzy integral
domain , then /. is 1-1 1ff X is a torsion free fuzzy pi-module. Where
7, 1s the left multiplication endomorphism of u by r.
Proof. If /, is 1-1. Suppose X is net a torsion free fuzzy -module.
Suppose there exists x, € X such that x, & Oxyy and x;, € T(X).
Then x # 0 and FF-ann x, & 0;.
[lence 3 #; € wsuchthat r 0, 0 <k < 1 such that 7 x; < Oxio).
It follows that ¥ x = 0 by prop.(1.9)
Hence x € ker f, So that x= 0 which is contradiction. Since X(0) # 0
Thus X is a torsion free fuzzyu'-module.

Conversely, If X is torsion free, to prove f. is |-1. we shall use
prop.(3.9)
suppose there exists x, € F-Ker / , such that x # 0 and ¢ # 0. Then (F-
ker /) > ¢, and hence x € ker/; (by defimuon (3.8),
It followsthat £, (X)=rx=0,and VYV &. 0<k<lrmx,=(@xhh=0C
Oxay. where A =min {&.t}.
Thus x; € T(X) and x, & 0, which 1s a contradiction since X 15 torsion
free.
Therelore either x = 0 or ¢ = 0, and hence by prop.{3.9), f, 15 1-1,

References

1. Zadeh, L.A., "Fuzzy Sets", (1965), Introduction and Control, § :
(338-353).

2. Zahedi, M. M. (1992) "on L-Fuzzy Residual Quotient Modules and
P.Primary Submodules". Fuzzy Sets and Systems, 51: (33-344).

3. "F-Regular Fuzzy Modules". Maysoun A. H.. (2002}, M.Sc. Thesis
ibn Al-haitham College of Education, University of Baghdad.

4, "on L-Fuzzy Primary Submodules"”, Mashinchi M. and Zahedi, M.
M. (1992). Fuzzy Sets and Systems, 49: ( 231-236).

169



IBN AL- HAITHAM J. FOR PURE & APPL. SCI. VOL.20 (1) 2007

5, "Fuzzy Modules Over Fuzzy Rings in Connection With Fuzzy
Ideals of Fuzzy Rings", Luis Martinez, (1996). Fuzzy Sets and
Systems. 4 (4 ): (843-857).

6. F-Kasch, "Modules and Rings", (1982). Academic Press London.

7. "Prime and Primary L-Fuzzy Ideals of L-Fuzzy Rings", Martinez
L., {1999). Fuzzy sets and Systems, 101: (489-494),

8. "Prime Fuzzy Submodules and Prime Fuzzy Modules"”, Rabi, H.J.
(2001). M.Sc. Thesis, Ibn Al-haitham College of Education,
University of Baghdad.

A .(1992) ectic o el ¢ T, ¥1 Asds Gl N1 A 3ad LA .9
o sbad) 42— dl sy dmala— e

170




2007 (1) 20 sl Ayl s A8yl psied agh o Alaa

Al () 55N Alyll) Ay lal) il
ioduall claludl o

o

Jald ME (i L_;.;.i'n.h‘!,bm.a?hj
Jl&giu\q;%\-cﬁiﬁﬁﬁﬂ%ﬁaﬁguhhjie@é

doaA
ial e (o) 50V Kialla) Ay giko ol ilial o ppka Uiy iaall 10 E
(o) Y i) ikl LA 5 sghal pran’S Gplania

171




	10050224
	10050225
	10050226
	10050227
	10050228
	10050229
	10050230
	10050231
	10050232
	10050233
	10050234
	10050235

