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Abstract

In this paper, we introduced module that satisfying strongly C;;-condition modules and
strongly T;;-type modules as generalizations of t-extending. A module M is said strongly C;;-
condition if for every submodule of M has a complement which is fully invariant direct
summand. A module M is said to be strongly T;;-type modules if every t-closed submodule
has a complement which is a fully invariant direct summand. Many characterizations for
modules with strongly C;;-condition for strongly T;;-type module are given. Also many
connections between these types of module and some related types of modules are investigated.
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1. Introduction

First, a few concepts and some results which are relevant for our work are recalled.
Throughout, all rings are associative rings with unity and all modules are right unitary modules.
A submodule N of M is called closed in M if has no proper essential extension in M[8], that
means if N is essential in W, where W < M, then N = W, where a submodule N is essential in
an R-module M (briefly (N <,;c M) if NN K = (0), K < M implies K = (0)[8] .

As a generalization of essential submodule, Asgari in [2], introduced the notion of t-
essential submodule, where a submodule N of M is called t-essential (denoted by N <., M) if
whenever W < M, NNW < Z,(M) implies W < Z,(M). Z,(M) is called the second singular

submodule and is defined by Z (%) = ZZZ(%) [8], where Z(M) = {x € M:xI = (0) for some

essential ideal of R}. Equivalently Z(M) = {x € M:ann(x) <., R} and ann(x) =
{reM:xr =0}. M is called singular (nonsingular) if Z(M) = M(Z(M) = 0). Note that
Z,(M) = {x € M: xI = (0) for some t-essential ideal I of R}.M is called Z,-torsion if Z,(M) =
M[8]. A submodule N is called t-closed (denoted by N <;. M) if N has no proper t-essential
extension in M[2]. It is clear that every t-closed submodule is closed, but the convers is not
true. However, under the class of nonsingular, the two concepts are equivalent. Recall that " a
module M is called extending if for every submodule N of M then there exists a direct
summand W (W <® M) such that N <., W " [6]. Equivalently "M is extending module if
every closed submodule of M is a direct summand”. As a generalization of extending module,
Asgari [2] introduced the concept t-extending module, where "a module M is t-extending if
every t-closed submodule is a direct summand”. Equivalently,”M is t-extending if every
submodule of M is t-essential in a direct summand "[2]. The notion of a strongly extending
module is introduced in [13], which is a subclass of the class of extending module, where "an
R-module M is called strongly extending if each submodule of M is essential in a fully invariant
direct summand of M ", where "a submodule N is called fully invariant if for each f € End(M),
f(N) < N"."An R-module is called strongly t-extending if every submodule N of M, there
exists a fully invariant direct summand W of M such that N <,,; W"[7].Equivalently “M is
strongly t-extending if every t-closed submodule of M is fully invariant direct summand”[7]. A
module M is called duo if every submodule of M is fully invariant [12]. Hence the two concepts
strongly extending and extending are equivalent in the class of duo modules. Asgari and
Haghany introduced the concept of t-semisimple modules and t-semisimple rings. A module M
is called t-semisimple if every submodule N contains a direct summand K of M such that K is t-
essential in N [3]. In [9] Inaam and Farhan introduced and studied strongly t-semisimple, where
an R-module is called strongly t-semisimple if for each submodule N of M there exists a fully
invariant direct summand K such that K <5 N [9]. Inaam and Farhan in [10] introduced and
studied FI-t-semisimple and strongly FI-t-semisimple. "An R-module M is called FI-t-
semisimple if for each fully invariant submodule N of M, there exists K <® M such that
K <tes N. An R-module M is called strongly FI-t-semisimple if for each fully invariant
submodule N of M, there exists a fully invariant direct summand K such that K <. N "[10].

Recall that:” An R-module M is said to be satisfy C;;-condition if every submodule of M
has a complement which is a direct summand”[15]. Asgari [4], restricted C;; condition to t-
closed condition of M. She defined the following. "An R-module M said to be T;;-type module
(or M satidfy T;;-condition) if every t-closed submodule has a complement which is a direct
summand. A ring is said to be right T;;-type ring if Ry is a T;;-type module” [4].
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This paper consists of three sections. In section two we deal with certain known results which
are worthwhile throughout the paper. In section three we investigate certain types of module
namely strongly C;;-condition and strongly T;,-type modules. An R-module M is said to be
satisfy strongly- C;;-condition if every submodule of M has a complement which is a fully
invariant direct summand. Also; an R-module M is called strongly T;;-type module if every t-
closed submodule has a complement which is a fully invariant direct summand. We give
several characterizations of strongly C;,-condition and strongly T;-type module. In particular
M is strongly T;-type module if and only if M = Z,(M)@®M' , where M' satisfies strongly
Cy1-condition. Every module with strongly C;;-condition is strongly T;;-type module, but not
conversely (see Remark 3.6(1)). The two concepts are equivalent under certain classes of
module is given. Furthermore, many connections between strongly T} ;-type modules strongly t-
semisimple module, strongly FI-t-semisimple module, FI-t-semisimple module, strongly
extending module, strongly t-extending module are presented.

2. Preliminaries

Proposition (1.1)[2]: "The following statements are equivalent for a submodule A of an R-
module M

A is t-essential in M ;

(A+Z,(M))/Z,(M) is essential in M/Z,(M);
A+Z,(M) is essential in M;

M/Ais Z, — torsion.".

Lemma (1.2)[2]:"” Let M be an R- module. Then
If <¢ M, thenZ,(M) < C.

0 <¢¢ M if and only if M is nonsingular.

If A< C then C <, M ifand only if = < =."

Theorem (1.3)[9]: " The following statements are equivalent for an R -module M:
M is strongly t-semisimple,

7 A(/IM) is a fully stable semisimple and isomorphic to a stable submodule of M,
2

M = Z, (M)®M' where M'is a nonsingular semisimple fully stable module and M’ is stable in
M,

Every nonsingular submodule is stable direct summand,
M

Every submodule of M which contains Z, (M) is a direct summand of M and 7 is fully

2 (M)
stable and isomorphic to a stable submodule of M".

Proposition (1.4)[10]:" Let M be an R-module with the property, complement of any
submodule of M is stable. The following statements are equivalent.

M is strongly FI-t-semisimple;

M is FI-t-semisimple;"”.

Let (%) means the following: For an R-module M, the complement of Z,(M) is stable
in M[10].

Proposition (1.5)[10]:” Let M be an R-module which satisfies (%). If M is strongly FI-t-
M

Zy(M)
Corollary (1.6)[10]:" For an R-module M which satisfies (%) M is strongly FI-t-semisimple if
and only if for every fully invariant submodule N of M such that N 2 Z,(M), is strongly FI-t-
semisimple,”.

semisimple, then is Fl-semisimple, and hence it is strongly FI-t-semisimple.”
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Proposition (1.7)[2]:" Let M be a nonsingular module. Then M is strongly extending if and
only if M is strongly t-extending”.

2. T-semisimple modules and Tq;-type modules

Remarks and Examples (2.1):

It is clear that "module satisfying C;; implies Ty, -type-module” [4].

"Every t-extending module (hence every extending module) is a Ty -type module” [4].

"Every Z,-torsion is T;;-type module and every finite generated abelian group is a Ty;-type

module” [4].

Proposition (2.2): Every t-semisimple module is T; ; -type module.

Proof: By [3, Proposition 2.16], every t-semisimple is t-extending, hence by Remarks and
Examples 2.1(2) it is T4 -type module. o

Remark (2.3)[4]:" The class of T;;-type modules properly contains the modules satisfying C;;
condition and the class of t-extending modules” .

Examples (2.4):

Let R = Z[X], Ry is uniform, nonsingular R-module. By [13, Theorem 2.4] R®R satisfies
C;1-condition. Hence R@®R is T;;-type module. But R@R is not t-semisimple ,because it is so,
then R@R is t-extending, which is a contradiction since by [5,Example 2.4] R®R is not
extending, hence not t-extending, since R®R is nonsingular see Remarks and Examples 2.1(2).

The Z-module Z is not t-semisimple. But Z is indecomposable and nonsingular uniform, so Z
is T;1-type module see[4, Corollary 2.8].

An Z-module @Q is indecomposable, nonsingular, uniform so Q is T;;-type module[4,
Corollary 2.8]

"Any direct summand of uniform is C;;-type module, so is T;;-type module "[15].

(5) it is clear the Z module Q®Z, Z,0Zg , ZgDZ, are T;;-type module. Also notice that QBZ
is not t-semisimple.

3. Strongly C;,-modules and strongly T,-type modules.

In this section, we generalize modules with C;;-condition and T, -type modules into modules
with strongly C; ;- conditions and strongly T;;-type modules. We study these concepts and their
connection with strongly t-semisimple modules and other related classes of modules.
Definition (3.1): An R-module M said to be satisfy strongly C;;- condition (M is strongly C;4)
if every submodule has a complement which is fully invariant direct summand.

Lemma (3.2)[15]:" Let N < M, let K be a direct summand of M . K is a complement of N if
and only if KNN = 0 and KGN <,;c M ".
The following Lemma is clear.
Lemma (3.3): [f N < M and K is a fully invariant direct summand then K is a fully invariant
complement of N if and only if KNN = 0 and KON <,;x M.
The following Proposition gives characterizations for module with strongly C;-condition.
Proposition (3.4): The following statements are equivalent for a module M
M satisfies strongly C;;-condition;
For any complement submodule L in M, there exists a fully invariant direct summand K of M
such that K is a complement of L in M;
For any submodule N of M, there exists a fully invariant direct summand K of M such that
NNK = 0 and N®K is an essential submodule of M;
For any complement submodule L in M, there exists a fully invariant direct summand K of M
such that LNK = 0 and LOK <, M.
Proof: (1) = (2) For any complement submodule L in M. By strongly C;4-condition, there
exists a fully invariant direct summand K of M which is a complement of L in M.
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(3) = (4) and (2) < (4) are obvious.
(1) = (3) It is clear by Lemma (3.3).
(4) = (1) Let A be any submodule of M. Then there exists a complement (so closed
submodule B in M) such that A <., B, by [8,Excerces 13,P.20]. By hypothesis, there exists a
fully invariant direct summand K of M such that BNK =0 and B®K <,;,; M. Hence by
Lemma (3.2) K is a complement of B in M. So BNK = 0, which implies KNA = 0. Suppose
that K' < M and, K’ > K. Therefore K'NB # 0 and hence (K'NB)NA # 0 (since A <.4 B),
so that K'NA # 0. Thus K is a complement of A in M. O

As we have seen t-semisimple is T;;-type module. We claim that strongly t-semisimple
modules imply modules which are strongly than module with T;;-type module. Hence this
leads us to define the following:
Definition (3.5): An R-module is said to be strongly Ty (or strongly T;;-type modules) if for
each t-closed submodule, there exists a complement which is a fully invariant direct summand.
Remarks (3.6):
(1) Tt is clear that every module, which satisfies strongly C;;-condition, is a strongly T;;-type
module, but the converse is not true in general, as the following example shows:
Let M = Zg®Z, as Z-module M is T;4-type module by [4, Corollary 2.6]. M is strongly T;-type
module, but it is not strongly C;;-type module. If N = (2)®(0) = {(2,0), (4,0),(6,0),(0,0)}, N n
((0)®z;) = (0,0) and N®W = (2)®Z; <css M where W = ((0)BZ; ) and W <® M, then W is a
complement of N. Also NnNK=(0), where K={41),(00)}. But ®K-=
(0.0),(2,0(%40.(60;6{%1D),(0,03
={(4,1),(0,0),(6,1),(2,0),(0,1),(4,0),(2,1),(6,0)} = U and U <,5c M, hence is a complement of
N, but K <® M. Thus W is a unique complement of N which is a direct summand, but W is not fully
invariant submodule as there exists f:W = {(0,0),(0,1)}— M defined by f£(0,0) = (0,0)
f£(0,1) = (4,1), f is Z-homorphism and f(W) <« W. Thus M does not satisfy strongly C,,-type
module. Also M is singular, so M is the only t-closed submodule and has a complement which
is the zero submodules and it is clear direct summand fully invariant submodule. Thus M is
strongly T;4-type.
(2) Let M be an R-module which satisfies strongly C;;-condition. Then M is strongly FI-t-
semisimple if and only if M is FI-t-semisimple.
Proof: It follows directly by Proposition 1.4, and Definition 3.1. O
Proposition (3.7): Let M be a nonsingular R-module. M is strongly C;;-condition module if
and only if M is strongly T;,-type module.
Proof:= It is clear.
< Let A < M, by [8,Exercies 13,P.20], there exists a closed submodule W of M such that
A <,ss W. Since M is nonsingular, W is t-closed in M. Hence there exists a fully invariant
direct summand D of M such that W®D <., M. It follows that ADD <,;; WBD <, M.
Thus A®D <., M. So that M satisfies strongly C;4-condition. O
Recall that "an R-module M is called multiplication module if for each N < M, there exists an
ideal I of R with N = MI"[17]. Equivalently "an R-module M is a multiplication module if for
each N < M,N = (N:g M)M, where (N:zx M) = {r € R: Mr < N}".[17]
Proposition (3.8): Let M be a multiplication (hence M is duo or fully stable). Then
M is T;-type module if and only if M is strongly T;4-type module.
M is Cy;-type if and only if M is strongly C;4-type module.
We will give some properties of strongly T} ;-type modules.
Theorem (3.9): Consider the following statements for a module M
M is strongly Ty, -type module;
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M = Z,(M)®M', where M’ is a fully invariant submodule in M and satisfies strongly C;;-
condition;

For every submodule A of M , there exists a fully invariant direct summand D of M such that
A®D <5 M.

For every t-closed submodule C of M , there exists a fully invariant direct summand D of M
such that C®D <;.;s M.

For every t-closed submodule C of M, there exists a fully invariant direct summand D of M
such that C®D <,4; M.

Then (1), (3), (4) and (5) are equivalent, (1) =(2) if ZL is fully invariant of M
2(M)

for each

Za(M)

fully invariant submodule L of M containg Z, (M), and (2) = (5).

Proof: (1)=(5) Let C be a t-closed submodule of M. By condition (1) there exists a
complement D to C such that D <® M, D is fully invariant. Thus C®D <., M.

(3)= (1) Let C be a t-closed submodule of M. By hypothesis there exists a fully invariant direct
summand D of M such that C®D <., M. Let E be a complement of C, then CNE = 0 and
COE <, M. We claim that CHD <,;, COE. Let (CHD)NX = (0), where X < CHE.
(CeD)NX = (0) £ Z,(M). Thus implies X < Z,(M) since CBD <;os M. But Z,(M) < C
(since C is t-closed) henceX < C. It follows that (C@®&D)NX =X = (0). Thus
(C®D) <. CHE. 1t follows that D <, E. However,D <® M and so D is closed in M.
which implies D = E that is E a complement of C, which is a fully invariant direct summand.
Thus M is a strongly T;;-type module.

(4) = (3) Let A < M. By [4, Lemma 2.3], there exists a t-closed C of A such that 4 <, C.
By hypothesis, there exists a fully invariant direct summand D such that C®D <;,; M. But
A <o C, we conclude that ABD <,,; CHD and hence A®D <;,; M.

(5) =(4) The implication is clear since every essential submodule is t-essential submodule.

(2) =(5) Let C be a t-closed submodule of M. Hence by Lemma (1.2), Z,(M) < C and
so C =Z,(M)®(CNM"). Moreover, CNM'is a t-closed submodule of M'by [2, proposition
2.9]. Since M satisfies strongly C;; condition, there exists a fully invariant direct summand D
of M’ such that ( CNM") ®D <, M'. But D <® M’ and M’ <® M, then D <® M and
CO®D = [Z,(M)B(CNM")]®D = Z,(M)B[(CNM"))DBD] <55 Z,(M)DM' = M.Hence

COD <, M, but D is fully invariant in M’ and M’ is fully invariant in M. Hence D is fully
invariant in M.

(1) =(2) Since M is strongly T;4-type module and Z,(M) is a t-closed submodule of M, there
exists a complement M'to Z,(M) which is a fully invariant direct summand, say M = L@®M'.
Since M’ is nonsingular, we have Z,(M) = Z,(L). But Z,(M)®M' <,;c M since M'is
complement to Z, (M), so by Proposition (1.1) % is Z,-torsion, thus L is Z,-torsion (since L =

%). SoL =Z,(L) = Z,(M) and hence L = Z,(M). Therefore M = Z,(M)@®M'. Now to show

that M’ ~ ¢
a Z,(M) Zy(M)

so C is t-closed in M and C is t-closed submodule of M by Lemma 1.2(3).But M is a strongly
Ti1-type, so there exists a complement D of C in M which is a fully invariant direct summand

of M. Say M = D@D’ for someD’ < M. Since Z,(M) = Z,(D)®Z,(D") we getM = 2 _

be a closed submodule of M

~ M satisfies strongly C;; condition. Let C=

Z(M)
ZZ(DLEZ(D,) = ZZLED) GBZZIZD,) = D@®D'. Cleary D N D'=0 and CHD <,,, M. But D,Z,(M) are
fully invariant in M and by hypothesis %21\%4) = D is fully invariant in M. 0
2
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Recall that. "A submodule N of R-module M is called stable, if f(N) < N for each R-
homomorphism f: N—-M . An R-module M is fully stable if every submodule of M is
stable”.[1]

Remarks (3.10):

If an R-module M is fully stable (where an R-module M is fully stable if every submodule of
M is stable) and semisimple, then M is strongly C;;-condition module.

Proof: Let N < M, then N <® M, and so there exists W < M such that NOW = M, hence W
is a complement of N. But M is fully stable, so W is a fully invariant, moreover W <® M.
Thus M is strongly C;-condition module. O

Let M be a strongly T,;-type module. Then M is strongly-FI-t-semisimple if and only if every
fully invariant t-closed submodule of M is strongly-FI-t-semisimple.

Proof: Since M is strongly Ty;-type module and Z, (M) is t-closed, then there exists a Z,(M)
has a complement which is a fully invariant direct summand, that is Z,(M) has a complement
which is stable direct summand (so condition (*)hold). Then by Corollary 1.6 every fully
invariant submodule N of M, N 2 Z,(M) is strongly FI-t-semisimple. Thus every fully
invariant t-closed submodule of M is strongly FI-t-semisimple. O

is FI-

Let M be a strongly T;;-type module. If M strongly FI-t-semisimple, then ZI?M)
2

semisimple and hence it is strongly FI-semisimple.

Proof: Since M is strongly T;,-type and Z, (M) is t-closed, then there exists a complement of
Z,(M) which is a fully invariant direct summand. Thus (condition (*) hold). Hence the result is
followed by Proposition 1.5. o

Proposition (3.11): If an R-module M strongly t-semisimple, then M strongly T, -type module.
Proof: By Theorem 1.3, M = Z,(M)®M', where M’ is nonsingular semisimple fully stable
and M’ is stable in M'. But M’ is fully stable semisimple then M'is strongly C;;-condition
module by Remarks 3.10(1). Hence M satisfies condition (2) of Theorem 3.9. where (2—>5—1).
Thus M is strongly Ty ;-type module. O

Theorem (3.12): Every strongly extending module is strongly T, ;-type module.

Proof: Let N be a t-closed submodule of M. Hence N is a closed submodule. As M is strongly
extending, N is a fully invariant direct summand. Then M = N @W for some W < M and so
W is a complement of N. To see this let W' <M and W < W' <M and NNW' = (0), then
M=N®W < NOeW',so M = NGW' = NQW. Assume x € W' then x =n+y,n€ N,y €
W<W' then x —y=n€NNW'=0, hence x —y =0 implies x =y € W. Hence W' =
W, moreover W <® M, so W is closed submodule and hence W is a fully invariant direct
summand. Thus M is strongly T;4-type module. o

Proposition (3.13): If M is a strongly t-extending R-module then is strongly T;;-type module
and every complement to a nonsingular direct summand is fully invariant direct summand.
Proof: Since M is strongly t-extending, then M = Z,(M)@M', M' is strongly extending
module[7]. Hence, M’ is strongly T;;-type module by Proposition (3.12). But M’ is
nonsingular, so M’ satisfies strongly C;,-condition module by Proposition (3.7). Thus M
satisfies condition (2) of Theorem 3.9 so M is a strongly T;;-type module. Now let C be a
complement of a nonsingular submodule of M, so by [2, Proposition 2.6(5<>2)] C is a t-closed
submodule of M. Hence C is a fully invariant direct summand of M by definition of strongly t-
extending Proposition (1.7).

Not that if every complement of nonsingular submodule of an R-module is fully invariant direct
summand implies M is strongly t-extending, since by [2, Proposition 2.6(5<2)] every t-closed
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is a complement of nonsingular submodule and so that every t-closed submodule is fully
invariant direct summand (that is M is strongly t-extending). O

Proposition (3.14): Let M = M;®M,, M, is a fully invariant submodule in M. Then the
following conditions are equivalent:

M, is strongly T;;-type module;

For every submodule A of M;, there exists a fully invariant direct summand D of M such that
M, < D and A®D <;ps M.

For every t-closed submodule C of M;, there exists a fully invariant direct summand D of M
such that M, < D and C®D <;.s M;

For every t-closed submodule C of M;, there exists a fully invariant direct summand D of M
such that M, < D and C@®D <,4 M.

Proof: (1) = (2) Since M, is strongly T;;-type module, then by condition (3) of Theorem 3.9
for each A < M;, there exists a fully invariant direct summand D of M; such that
A®D <,,s M;.But D <® M, implies that D®M, <® M. Also, we can show that DOM, is
fully invariant in M. Let f € End(M) = (H fr:?l\gllflllalz) H(Z;llglﬂéf/}zﬂ)/[l)). But M, is fully

: . : . 0
invariant in M by hypothesis so Hom(M,, M;) =0 , then f = (}Cl f) for some f; €
2 J3

End(My), f, € Hom(My, M), f5 € End(M,).Hence f(DOM;) = (2 ]93) <132> = (1‘14)2>’

hence D@®M, is fully invariant in M. Moreover, A®D <;,; M; implies that
(A®D)DOM; <(es M; M, = M.

(2) = (3) It is obvious

(3) = (4) For every t-closed submodule C of M;, there exists a fully invariant direct summand
D of M such that M, < D and C®D <;,s M . Then C®D + Z,(M) <.,sc M by Proposition
(1.1). But Z,(M) = Z,(M,)®Z,(M,). As C is t-closed in M;,C 2 Z,(M;) by Lemma 1.2(1).
Also as M, <D, then Z,(M;) <Z,(D) <D. It follows that @D + Z,(M) = C®D +
Z,(M)®Z,(M;) = CO®D <55 M.

(4) = (1) Let C be a t-closed of M;. By condition (4) there exists a fully invariant direct
summand D of M such that M, < D and C®D <,;, M. But D is a fully invariant submodule in
M implies, D = (DNM;)®(DNM,), such that D(\M; is fully invariant in M; and DNM, = M,
since M, <D. Hence D= (DNM))®M, andDNM;<® M, . Now CHD =
CR[(DNM)BM,] <o M = M;®M,. Hence[CB[(DNM,)] <gss M;. Thus M, satisfies
condition (5) of Theorem (3.9), which implies M; is strongly type-T;; module. O

For R-modules N and A. N is said to be A- projective, if every submodule X of A, any
homomorphism @: N +— % can be lifted to a homorphism, : N — A4, that is if m: 4 — %, be
the-natural epiomorphism, then there exists a homorphism y: N +— A such that wo ) = @.

AﬁA/X
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M is called projective if M is N-projective for every R-module N. If M is M-projective, M is
called self-projective”. [11]
Proposition (3.15): If an R-module M is strongly T;;-type module and L is fully invariant

direct summand of M, then L is strongly T;;-type module and % is strongly T;;-type module

if M is self- projective.

Proof: To prove L is strongly T;;-type module. Let A be a submodule of L, hence A is a
submodule of M, and so by condition (3) of Theorem 3.9, there exists a fully invariant direct
summand D of M, such that A@D <;,; M. Hence A@D N L <;ps L and so AB(D N L) <, L.
On the other hand, D <® M implies M = D@D’ for some D' < M. As L is fully invariant
submodule in M, L = (D N L)®(D' N L), where D N L is fully invariant in D, D'NL is fully
invariant submodule in D’ .Now DL is fully invariant in D and D is fully invariant in M, so
DNL is fully invariant in M. Also D N L <® L, L <® M, so D n L <® M. Thus by [4, Lemma
2.31 D n L is fully invariant direct summand of M.

Let % be a t-closed submodule in % Then C is a t-closed in M. As M is strongly T,;-type

module there exists a fully invariant direct summand D of M such that C®D <,;,c M by
Theorem 3.9. Let M = D@D’ for some D' < M and since L is fully invariant in M, L =

(DNL)B(D'NL) such that DNL is fully invariant in D, D'(\L is fully invariant in D’. Then
M D@D’ D' D+L , D'+L D+L M

D o c
—_— —  ~ — o — —_— - — < —_
L~ onnemnD DnLGBD,nL . oD . . But it is easy to see that LGB T Sess 7 . As

L<® M, L is closed and this implies that CG%DSeSS% by [8,Proposition 1.4,P.18]. Thus

%EB% <ess % On the other hand, since D is a fully invariant submodule in M and, L is fully
invariant in M, then D@L is fully invariant in M. Hence 2L is fully invariant in % by [16,
Lemma 1.1.20(2)] (since M is self-projective). Thus % is a fully invariant direct summand of

% and % (&) % <ess % Therefore % is strongly T;;-type module by Theorem 3.9(1<3). o

Corollary (3.16): If R is a commutative strongly T;;-type module and L <® R, then % is a
strongly T;;-type module.

Corollary (3.17): Let M be a multiplication strongly T;;-type module and L <® M. Then % is
strongly T;;-type modu
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