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   Abstract 
         In this paper, developed Jungck contractive mappings into fuzzy Jungck contractive 
and proved fuzzy fixed point for some types of generalize fuzzy Jungck contractive 
mappings. 
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1. Introduction 
       The concept of fuzzy set was introduced by L.Zadeh [3]in (1965).After that a lot of 
work has been done regarding fuzzy set and fuzzy mappings. The concept of fuzzy 
mapping was first introduced by  Heilpern [4].In (2001) , Estruch and Vidal [1] proved a 
fuzzy fixed point theorem for fuzzy contractive mappings .Jungck, G.[2][(1976) introduced 
Jungck contractive mapping and proved  fixed point theorems . 
       In this paper , we introduced Jungck contractive mapping and studied some results of 
fuzzy fixed point theorems for some types of generalized fuzzy Jungck contractive 
mapping in Hilbert space. 
 

Preliminaries 
            In this section, we recall some basic definitions and preliminaries that will be 
needed in this paper.    
Definition 2.1[3]: Let H be a Hilbert space and F(H) be a collection of all fuzzy sets in H . 
Let A ∈ FሺHሻ and α ∈ [0, 1] the α െ level set of A, denoted by A஑ is defined by  

                        A஑= {u : A(u) ൒ α } if α ∈ ሾ0,1ሿ 
                       A଴= ሼu :  Aሺuሻ ൐  α ሽ 
Where B denotes the closure of a set B. 

Definition  A fuzzy set A is said to be an approximate quantity if and only if A஑ is 
compact  and convex for each  α ∈ ሾ0,1ሿ ,  and 

 sup୳∈ଡ଼ A(u) = 1 .When A is an approximate quantity and A(u଴)=1 for some  u଴ ∈ H , A is 
identified  with  an  approximate of u଴ . 

The collection of all fuzzy sets in H is denoted by F(H) and W(H) is the sub collection of 
all approximate quantities. 

Definition   Let A , B ∈ WሺHሻ and α ∈ ሾ0,1ሿ. Then  

i. δ஑(A,B) = inf୳∈୅ಉ,  ୴∈୆ಉ
‖u െ v‖ 

ii. D஑(A,B) = dis(A஑, B஑) , where “dis” is the Hausdorff  distance   
iii. D(A , B) = sup஑ D஑(A,B) 
iv. δ (A , B) = sup஑ δ஑(A,B). 

It is to be noted that for any ‘α’, δ஑ is a non decreasing as well as continuous function. 
Definition  Let A , B ∈ WሺHሻ. An approximate quantity A is said to be more accurate 
than B (denoted by A⊂ Bሻ if and only if                    Aሺuሻ ൑ Bሺuሻ,  ∀ u ∈ H. 

Definition    A mapping M from the set H into W(H) is said to be fuzzy mapping.   

Definition   The point u ∈ H is called  fixed point  for the fuzzy mapping M if {u}⊂Tu. 
If u஑ ⊂ Tu is called fuzzy fixed point of M . 

        We shall use the following lemmas due to Helipern.  

Lemma   δ஑(u,B) ൑ ‖u െ v‖ ൅ δ஑ሺv, Bሻ,  ∀ u, v ∈ H. 
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Lemma    If ሼu଴ሽ ⊂ A ,  then δ஑(u଴,B) ൑ D஑ሺA, Bሻ,  ∀ B ∈ WሺHሻ. 

Lemma   Let A ∈ WሺHሻ and u଴ ∈ H, ifሼu଴ሽ ⊂ A then δ஑(u଴ ,A)= 0,  for each α ∈ ሾ0,1ሿ.  

Lemma   Let H be a Hilbert space and M fuzzy mapping from H into W(H) and  u଴ ∈ H, 
then there exists  uଵ ∈ H such thatሼuଵሽ ⊂  Tu଴. 

Fuzzy fixed point theorem for types of fuzzy Jungck 
        The scope of the function in this section,   Ω the class of all functins  Ψ: ሾ0, ∞ሻ →
ሾ0, ∞ሻ, where  Ψ  is non-decreasing  and 

 ∑ Ψ୬ሺtሻ ൏ ∞ , for each t ൐ 0 and ஶ
୬ୀଵ Ψ୬is n െ th iteration of Ψ  and 

 Ψሺ0ሻ ൌ 0. 

First of all, we introduce the following definitions and examples. 

Definition  
          Let H be a Hilbert space  and M, N:H→ WሺHሻ. A fuzzy mappings M and N  are 
called fuzzy Jungck contraction mapping if there exists ξ ∈ ሾ0 , 1ሿ , such that  

DଶሺTሺuሻ , Tሺvሻሻ ൑ ξDଶ൫Sሺuሻ, Sሺvሻ൯, for all u, v ∈ H. 
 

Example                Let H =[0 ,1] , let us define  M,N :H→ WሺHሻ  by  

 Sሺuሻሺsሻ ൌ Tሺvሻሺsሻ ൌ

⎩
⎪
⎨

⎪
⎧0                  , 0 ൑ s ൏

ଵ

ଶ
                       

ହ

ସ
                  , ଵ

ଶ
൑ s ൏ ୳ାଵ

ଶ
                   

ଷ

ସ
                  , ୳ାଵ

ଶ
൑ s ൑ 1                   

 

And let ξ ൌ 1 . Then, M and N  are fuzzy Jungck contraction mapping . 

 
Definition 
                      Let H be a Hilbert space  and M, N:H→ WሺHሻ. A fuzzy mappings {M , N} 
are said to be fuzzy R∗ െ weakly commuting  if for each x, y ∈ H and R  ൒ 0 , such that  
DଶሺSሺuሻ , Tሺvሻሻ ൌ R‖u െ v‖ଶ. 

Example  

                  Let H=[0,1] and define M,N:H→ WሺHሻ be a fuzzy mapping such that 

M=N for all x ∈  [0,1] , T(u) is a fuzzy set on H given by ,   

T(0)(s) = ൞

1,                   s ൌ 0

α,          s ∈  ቀ0, ଵ

ଷ
ቃ

஑

ଷ
  ,       s ∈  ሺଵ

ଷ
 , 1ሿ
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T(1)(s) = ൞

1,                   s ൌ 0

3α,          s ∈  ቀ0, ଵ

ଷ
ቃ

஑

ଷ
  ,       s ∈  ሺଵ

ଷ
 , 1ሿ

 

For all z ∈  ሺ0 , 1ሻ 

T(z)(s) = ൞

1,                   s ൌ 0

α,          s ∈  ቀ0, ଵ

ଷ
ቃ

0  ,       s ∈  ሺଵ

ଷ
 , 1ሿ

 

When 0 ൑ α ൑ ଵ

ଷ
 , then ሾMሺ0ሻሿଵ=ሾMሺzሻሿଵ ൌ ሾMሺ1ሻሿଵ={0} 

ሾMሺ0ሻሿ஑ ൌ ሾMሺzሻሿ஑ ൌ ሾMሺ1ሻሿ஑ ൌ ቂ0 , ଵ

ଷ
ቃ , ሾMሺ0ሻሿಉ

య
ൌ ሾMሺ1ሻሿಉ

య
ൌ ሾ0 , 1ሿ, ሾMሺzሻሿಉ

య
ൌ ሾ0 , ଵ

ଷ
ሿ    

and   ሾNሺ0ሻሿଵ=ሾNሺzሻሿଵ ൌ ሾNሺ1ሻሿଵ={0} 

ሾNሺ0ሻሿ஑ ൌ ሾNሺzሻሿ஑ ൌ ሾNሺ1ሻሿ஑ ൌ ቂ0 , ଵ

ଷ
ቃ , ሾNሺ0ሻሿಉ

య
ൌ ሾNሺ1ሻሿಉ

య
ൌ ሾ0 , 1ሿ,  

 ሾNሺzሻሿಉ
య

ൌ ቂ0 , ଵ

ଷ
ቃ. Consequently  

Dଵ
ଶሺNሺuሻ , Mሺvሻሻ ൌ HଶሺሾNሺuሻሿଵ , ሾMሺvሻሿଵሻ ൌ 0 , ∀  u, v ∈ H,  

D஑
ଶ ሺNሺuሻ , Mሺvሻሻ ൌ HଶሺሾNሺuሻሿ஑ , ሾMሺvሻሿ஑ሻ ൌ 0 , ∀  u, v ∈ H,  

Dಉ
య

ଶሺNሺuሻ , Mሺvሻሻ ൌ Hଶ ቀሾNሺuሻሿಉ
య
 , ሾMሺvሻሿಉ

య
ቁ ൌ 0 , ∀  u, v ∈ ሺ0,1ሻ and u, v ∈ ሼ0,1ሽ,  

Dಉ
య

ଶሺNሺuሻ , Mሺvሻሻ ൌ Hଶ ቀሾNሺuሻሿಉ
య
 , ሾMሺvሻሿಉ

య
ቁ ൌ ଵ

ଷ
 , ∀  v ∈ ሺ0,1ሻ and u ∈ ሼ0,1ሽ.  

Now,  

DଶሺNሺuሻ , Mሺvሻሻ = sup஑{D஑
ଶ ሺNሺuሻ , Mሺvሻሻሽ=

ଵ

ଷ
 

 DଶሺNሺuሻ , Mሺvሻሻ ൌ R‖u െ v‖ଶ. 
Then N and M is fuzzy R∗ െ weakly commuting  . 

We prove the following theorem: 

Theorem  
          Let H be a Hilbert space and M,N  be a fuzzy Jungck contractive mappings satisfy 
the following conditions: 

1.  N is continuous  fuzzy mapping. 
2. M(H)⊂ NሺHሻ. 
3. {N , M} are fuzzy R∗ െ weakly commuting . 

Then , there exists u ∈ H such that u஑ is a common fuzzy fixed point of M and N . 

Proof   Let  u଴ ∈ H, there exists  uଵ ∈ ሾNuଵሿ ஑ ⊂ ሾMu଴ሿ ஑. In general, choose  

 u୬ such that for n ൌ 1, 3,5, … … . uଶ୬ାଵ ∈ ሾN uଶ୬ାଵሿ ஑ ⊂ ሾMuଶ୬ሿ ஑ and 
 ‖ u୬ െ  u୬ାଵ‖ଶ=δ஑

ଶሺ  u୬, M u୬ሻ ൑ DଶሺM u୬ିଵ , M u୬ሻ 
So  ‖ u୬ െ  u୬ାଵ‖ଶ ൑ DଶሺM u୬ିଵ , M u୬ሻ 
Since M,N  are  a fuzzy Jungck contractive mappings , then 
‖ u୬ െ  u୬ାଵ‖ଶ ൑ DଶሺM u୬ିଵ , M u୬ሻ ൑ ξ DଶሺN u୬ିଵ , N u୬ሻ 
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Sine  u୬ିଵ ∈ ሾN u୬ିଵሿ ஑ and  u୬ ∈ ሾN u୬ሿ ஑. 
Then , ‖ u୬ െ  u୬ାଵ‖ଶ ൑ ξ DଶሺN u୬ିଵ , N u୬ሻ=ξ‖ u୬ିଵ െ  u୬‖ଶ 
Whenever ξ ∈ (0 , 1) 

‖ u୬ െ  u୬ା୫‖ଶ     ൑  ∑ ฮu୨ାଵ െ u୨ฮ
ଶ୬ା୫ିଵ

୨ୀ୬            

                              ൑  ∑ ሺ ξ୨‖uଵ െ u଴‖ଶ୬ା୫ିଵ
୨ୀ୬  )          

                              ൑ ஞ౤

ଵିஞ
 ‖uଵ െ u଴‖ଶ 

If n → ∞ , then ξ୬ converge to 0. Therefore the sequence { u୬ሽ is a Cauchy sequence in H . 
So by completeness of H, { u୬ሽ converge to u ∈ H . 
Now,   
Since  N is continuous  fuzzy mapping , then ሾN uଶ୬ାଵሿ ஑ also converges on H. 
Finally, we show that  δ஑

ଶሺu , Muሻ= 0 
δ஑

ଶሺu , Mሺuሻሻ ൑  ‖u୬ െ u‖ଶ + DଶሺN u୬ , Muሻ 
Since , {N , M} are fuzzy R∗ െ weakly commuting .Then  
δ஑

ଶሺu , Nሺuሻሻ ൑  ‖u୬ െ u‖ଶ +R‖ u୬ െ u‖ଶ. 
Hence , δ஑

ଶሺu , Nሺuሻሻ ൌ 0 and u஑ ⊂ Nu. 
Clearly u஑ is a common fuzzy fixed point of the  
fuzzy mappings N and M. In particular if α ൌ 1, then u is  
a common fixed point of N and M.     ∎   
 
Theorem  
          Let H be a Hilbert space and T, S be a fuzzy mappings satisfy the following 
conditions: 

1.  Dଶ൫Nሺuሻ, Nሺvሻ൯ ൑ Ψሺβ maxሼmሺu , vሻሽሻ .Such that, β ∈ ሺ0,1ሻ  
and  

 m(u , v) = ሼDଶ൫Mሺuሻ, Mሺvሻ൯,
ୈమ൫୑ሺ୳ሻ,୒ሺ୴ሻ൯ାୈమ൫୑ሺ୴ሻ,୒ሺ୳ሻ൯

ଶ
, 

 
DଶሺMሺvሻ , Nሺvሻሻ ൅ DଶሺMሺvሻ , Nሺuሻሻ

2
 ሽ 

2. M is continuous  fuzzy mapping. 
3. N(H) ⊂ MሺHሻ. 
4. {N , M} are fuzzy R∗ െ weakly commuting . 

Then , there exists u ∈ H such that u஑ is a common fuzzy fixed point of M and N . 

 

Proof    Let  u଴ ∈ H, there exists  uଵ ∈ ሾMuଵሿ ஑ ⊂ ሾNu଴ሿ ஑. In general, choose  

 u୬ such that for n ൌ 1, 3,5, … … . uଶ୬ାଵ ∈ ሾM uଶ୬ାଵሿ ஑ ⊂ ሾNuଶ୬ሿ ஑ and 
 ‖ u୬ െ  u୬ାଵ‖ଶ= δ஑

ଶሺ  u୬, N u୬ሻ ൑ DଶሺN u୬ିଵ , N u୬ሻ 
So  ‖ u୬ െ  u୬ାଵ‖ଶ ൑ DଶሺN u୬ିଵ , N u୬ሻ 
By condition 1 , then 
‖ u୬ െ  u୬ାଵ‖ଶ ൑ DଶሺN u୬ିଵ , N u୬ሻ ൑ Ψሺβ maxሼmሺ u୬ିଵ ,  u୬ሻሽሻ 

mሺ u୬ିଵ ,  u୬ሻ= ሼDଶ൫Mሺ u୬ିଵሻ, Mሺ u୬ሻ൯,
ୈమ൫୑ሺ ୳౤షభሻ,୒ሺ ୳౤షభሻ൯ାୈమ൫୑ሺ ୳౤ሻ,୒ሺ ୳౤షభሻ൯

ଶ
 

,
DଶሺMሺ u୬ሻ , Nሺ u୬ሻሻ ൅ DଶሺMሺ u୬ሻ , Nሺ u୬ିଵሻሻ

2
 ሽ 
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mሺ u୬ିଵ ,  u୬ሻ =ሼ ‖ u୬ିଵ െ  u୬‖ଶ,
‖ ୳౤షభି ୳౤‖మା‖ ୳౤ି ୳౤‖మ

ଶ
, 

 
‖ u୬ െ  u୬ିଵ‖ଶ ൅ ‖ u୬ െ  u୬‖ଶ

2
 ሽ 

mሺ u୬ିଵ ,  u୬ሻ =ሼ ‖ u୬ିଵ െ  u୬‖ଶ,
‖ ୳౤షభି ୳౤‖మ

ଶ
, 

 
‖ u୬ିଵ െ  u୬‖ଶ

2
 ሽ 

 
Hence, 

‖ u୬ െ  u୬ାଵ‖ଶ ൑ Ψ ቀβ maxሼ‖ u୬ିଵ െ  u୬‖ଶ,
‖ ୳౤షభି ୳౤‖మ

ଶ
,

‖ ୳౤షభି ୳౤‖మ

ଶ
ሽቁ   

 
‖ u୬ െ  u୬ାଵ‖ଶ ൑ Ψሺβ‖ u୬ିଵ െ  u୬‖ଶሻ . 
 
Therefore, ‖ u୬ െ  u୬ାଵ‖ଶ ൑ Ψሺ‖ u୬ିଵ െ  u୬‖ଶሻ ൌ 
 
                                                ΨሺDଶ൫Nሺ u୬ିଶሻ, Nሺ u୬ିଵሻ൯ሻ  
 
‖ u୬ െ  u୬ାଵ‖ଶ ൑ Ψଶሺ‖ u୬ିଶ െ  u୬ିଵ‖ଶሻ  
                          . 
                          . 
                          .  
‖ u୬ െ  u୬ାଵ‖ଶ ൑ Ψ୬ሺ‖ u଴ െ  uଵ‖ଶሻ  
  

‖ u୬ െ  u୬ା୫‖ଶ ൑ Ψ୬ሺ‖ u଴ െ  uଵ‖ଶ ൅ ⋯ … … … ൅ 
Ψ୬ା୫ିଵ‖ u଴ െ  uଵ‖ଶሻ  
 
‖ u୬ െ  u୬ା୫‖ଶ ൑ ∑ Ψ୨ሺ‖ u଴ െ  uଵ‖ଶሻ୬ା୫ିଵ

୨ୀ୬  . 
 
Since, ∑ Ψ୬ሺ‖ u଴ െ  uଵ‖ଶሻ ൏ ∞  ஶ

୬ୀଵ  
 
Therefore, the sequence { u୬ሽ is a Cauchy sequence in H. So by completeness of H,  
{ u୬ሽ converges to x in H.  

Now,  
Since  M is continuous  fuzzy mapping , then ሾM uଶ୬ାଵሿ ஑ also converges on H. 
Finally, we show that  δ஑

ଶ ሺu , Nuሻ= 0 
δ஑

ଶ ሺu , Nሺuሻሻ ൑  ‖u୬ െ u‖ଶ + DଶሺN u୬ିଵ , Nuሻ 
൑ ‖u୬ െ u‖ଶ ൅ Ψሺβ maxሼmሺ u୬ିଵ , uሻሽሻ 

mሺ u୬ିଵ , uሻ= ሼDଶ൫Mሺ u୬ିଵሻ, Mሺuሻ൯,
ୈమ൫୑ሺ ୳౤షభሻ,୒ሺ ୳౤షభሻ൯ାୈమ൫୑ሺ୳ሻ,୒ሺ ୳౤షభሻ൯

ଶ
 

,
DଶሺMሺuሻ , Nሺuሻሻ ൅ DଶሺMሺuሻ , Nሺ u୬ିଵሻሻ

2
 ሽ 

Since , {M , N} are fuzzy R∗ െ weakly commuting .Then  

δ஑
ଶ ሺu , Nሺuሻሻ ൑  ‖u୬ െ u‖ଶ +Ψሺ‖ u୬ିଵ െ u‖ଶሻ. 

Hence , δ஑
ଶ ሺu , Nሺuሻሻ ൌ 0 and u஑ ⊂ Nu. 
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Clearly u஑ is a common fuzzy fixed point of the  
fuzzy mappings N and M .In particular if α ൌ 1, then u is  
a common fixed point of T and S. ∎                      
 

Theorem           Let H be a Hilbert space  and Nଵ, Nଶ, Nଷ  be a fuzzy  mappings satisfies 
the following conditions: 

1.  DଶሺNଵሺuሻ , Nଵሺvሻሻ ൑ β Dଶ൫Nଵሺuሻ, Nଶሺuሻ൯ ൅ ξ Dଶ൫Nଵሺvሻ, Nଷሺvሻ൯ ൅ 
 

λ DଶሺNଵሺuሻ , Nଶሺvሻሻ ൅ γ DଶሺNଵሺuሻ , Nଷሺvሻሻ ൅ η DଶሺNଵሺvሻ , Nଶሺvሻሻ 
 
For all u, v ∈ H where  γ, η, β, λ, ξ ൒ 0 with 
 
  γ ൅ η ൅ β ൅ λ ൅ ξ ൏ 1  . 
 

2. Nଶ and Nଷ are continuous  fuzzy mapping. 
3. Nଵ(H) ⊂ NଶሺHሻ ∩ NଷሺHሻ. 
4. {Nଶ , Nଵ} and {Nଶ , Nଵ} are fuzzy R∗ െ weakly commuting . 

Then , there exists u ∈ H such that u஑ is a common fuzzy  

fixed point of  Nଶ , Nଵ and Nଷ . 

Proof: Let  u଴ ∈ H, there exists  uଵ and  uଶ such that  

 uଵ ∈ ሾNଶuଵሿ ஑ ⊂ ሾNଵu଴ሿ ஑ and  uଶ ∈ ሾNଷuଶሿ ஑ ⊂ ሾNଵuଵሿ ஑.  By induction one can 

 construct a sequence { u୬ሽ in H, such that for n= 1, 3 , 5, …..  
 uଶ୬ାଵ ∈ ሾNଶuଶ୬ାଵሿ ஑ ⊂ ሾNଵuଶ୬ሿ ஑ and  
  uଶ୬ାଶ ∈ ሾNଷuଶ୬ାଶሿ ஑ ⊂ ሾNଵuଶ୬ାଵሿ ஑ . 
 And 
 ‖ u୬ െ  u୬ାଵ‖ଶ= δ஑

ଶ ሺ  u୬, Nଵu୬ሻ ൑ DଶሺNଵ u୬ିଵ , Nଵ u୬ሻ 
So  ‖ u୬ െ  u୬ାଵ‖ଶ ൑ DଶሺNଵu୬ିଵ , Nଵu୬ሻ 
By condition 1 , then 
‖ u୬ െ  u୬ାଵ‖ଶ ൑ DଶሺNଵሺu୬ିଵሻ , Nଵሺu୬ሻሻ ൑ β Dଶ൫Nଵሺu୬ିଵሻ, Nଶሺu୬ିଵሻ൯ ൅ 
ξ Dଶ൫Nଵሺ u୬ሻ, Nଷሺ u୬ሻ൯ ൅ λ Dଶ൫Nଵሺu୬ିଵሻ, Nଶሺ u୬ሻ൯ ൅  
γ DଶሺNଵሺu୬ିଵሻ , Nଷሺ u୬ሻሻ ൅ η DଶሺNଵሺ u୬ሻ , Nଶሺ u୬ሻሻ  
‖ u୬ െ  u୬ାଵ‖ଶ ൑  β ‖ u୬ିଵ െ  u୬‖ଶ ൅ ξ ‖ u୬ାଵ െ  u୬‖ଶ ൅ 
λ ‖ u୬ െ  u୬‖ଶ ൅ γ ‖ u୬ െ  u୬‖ଶ ൅ η ‖ u୬ାଵ െ  u୬‖ଶ  
Hence  
 ‖ u୬ െ  u୬ାଵ‖ଶ െ ξ ‖ u୬ାଵ െ  u୬‖ଶ െ η ‖ u୬ାଵ െ  u୬‖ଶ ൑ β ‖ u୬ିଵ െ  u୬‖ଶ 

‖ u୬ െ  u୬ାଵ‖ଶ ൑ ஒ

ଵିஞି஗
‖ u୬ିଵ െ  u୬‖ଶ . 

Putting q = 
ஒ

ଵିஞି஗
൏ 1                

Then, we have 
‖uଶ୬ାଵ െ uଶ୬‖ଶ ൑  q‖uଶ୬ିଵ െ uଶ୬‖ଶ  

Now , for any positive integer m  
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‖u୬ െ u୬ା୫‖ଶ ൑  q‖u୬ െ u୬ାଵ‖ଶ ൅ ‖u୬ାଵ െ u୬ାଶ‖ଶ൅. ൅‖u୬ା୫ିଵ െ u୬ା୫‖ଶ 
                    ൑ ሺq୬ ൅ q୬ାଵ ൅ q୬ାଶ ൅ ⋯ ൅ q୬ା୫ିଵ‖uଵ െ u଴‖ଶ 

                    ൑  ୯౤

ଵି୯ 
‖uଵ െ u଴‖ଶ 

Which implies that ‖u୬ െ u୬ା୫‖ଶ → 0 as n → ∞ 
Hence {u୬ሽ is cauchy sequance in H, but H is a Hilbert space,  
so {u୬ሽ is converge to u. 
Now,   
Since  Nଶ and Nଷ are continuous  fuzzy mapping , then 
ሾNଶሺ uଶ୬ାଵሻሿ ஑ and ሾNଷሺ uଶ୬ାଶሻሿ ஑also converges on H. 
Finally, we show that  δ஑

ଶሺu , Nଵሺuሻሻ= 0 

δ஑
ଶሺu , Nଵሺuሻሻ ൑  ‖u୬ െ u‖ଶ + DଶሺNଵሺ u୬ିଵሻ , Nଵሺuሻሻ 

൑ ‖u୬ െ u‖ଶ ൅ β Dଶ൫Nଵሺu୬ିଵሻ, Nଶሺu୬ିଵሻ൯ ൅ 

ξ Dଶ൫Nଵሺuሻ, Nଷሺuሻ൯ ൅ λ Dଶ൫Nଵሺu୬ିଵሻ, Nଶሺuሻ൯ ൅  

γ DଶሺNଵሺu୬ିଵሻ , Nଷሺuሻሻ ൅ η DଶሺNଵሺuሻ , Nଶሺuሻሻ. 

Since , {Nଵ , Nଶ} and {Nଵ, Nଷሽ are fuzzy R∗ െ weakly commuting .Then  

δ஑
ଶሺu , Nሺuሻሻ ൑ ሺλ൅γሻ‖ u୬ିଵ െ u‖ଶ.  

Consequently , δ஑
ଶሺu , Nሺuሻሻ ൌ 0 and u஑ ⊂ Nu. 

Clearly u஑ is a common fuzzy fixed point of the  

fuzzy mappings Nଵ , Nଶ, Nଷ ,.In particular if α ൌ 1, then x is a 

 common fixed point of Nଵ , Nଶ and Nଷ.      ∎                      

 

Theorem  
          Let H be a Hilbert space  and Nଵ, Nଶ, Nଷ  be a fuzzy  mappings satisfy the following 
conditions: 

1.  Dସ൫Nଵሺuሻ, Nଵሺvሻ൯ ൑ β ሾDଶ൫Nଵሺuሻ, Nଶሺvሻ൯. Dଶ൫Nଵሺvሻ, Nଶሺvሻ൯ሿ ൅ 
 
ξ ሾDଶ൫Nଵሺvሻ, Nଷሺvሻ൯. Dଶ൫Nଵሺuሻ, Nଷሺuሻ൯ ൅  
 
λ ሾDଶ൫Nଵሺuሻ, Nଶሺvሻ൯. Dଶ൫Nଵሺvሻ, Nଶሺuሻ൯ሿ ൅ γ ‖v െ u‖ସ  
 
For all u, v ∈ H where  γ, β, λ, ξ ൒ 0 with 
 
  2γ ൅ 2β ൅ λ ൅ 2ξ ൏ 1  . 
 

2. Nଶ and Nଷ are continuous  fuzzy mapping. 
3. Nଵ(H) ⊂ NଶሺHሻ ∩ NଷሺHሻ. 
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4. {Nଶ , Nଵ} and {Nଶ , Nଵ} are fuzzy R∗ െ weakly commuting . 
Then , there exists u ∈ H such that u஑ is a common fuzzy  

fixed point of  Nଶ , Nଵ and Nଷ . 
 

Proof   Similar to prove theorem 3.7                      ∎                      
 
Definition  
          Let H be a Hilbert space  and N, M:H→ WሺHሻ. A fuzzy mappings T and S  are called 
fuzzy Jungck like contractive mapping,  if there exists ξ ∈ ሺ0 , 1ሻ , such that  

DଶሺNሺuሻ , Nሺvሻሻ ൑ ξ‖u െ v‖ଶ൅ΨሺDଶሺMሺuሻ, Mሺvሻሻሻ, for all u, v ∈ H. 

Theorem   Let H be a Hilbert space and N, M  be a fuzzy Jungck like contractive 
mappings satisfies the following conditions: 

1.  M is continuous  fuzzy mapping. 
2. N(H)⊂ MሺHሻ. 
3. {M , N} are fuzzy R∗ െ weakly commuting . 

Then , there exists u ∈ H such that u஑ is a common fuzzy fixed point of N and M . 

Proof   Trivial                                                                                          ∎   

Definition           Let H be a Hilbert space  and N, M:H→ WሺHሻ. A fuzzy mappings T 
and S  are called fuzzy Jungck generalized like contractive mapping,  if there exists ξ ∈
ሺ0 , 1ሻ , such that  

DଶሺNሺuሻ , Nሺvሻሻ ൑ ξ‖u െ v‖ଶ൅ΨሺDଶሺMሺuሻ, Nሺuሻሻ , DଶሺNሺuሻ , Mሺvሻሻ ሻ, for all u, v ∈ H. 

 

Theorem           Let H be a Hilbert space and N, M  be a fuzzy Jungck  generalized like 
contractive mappings satisfies the following conditions: 

1.  M is continuous  fuzzy mapping. 
2. N(H)⊂ MሺHሻ. 
3. {M , N} are fuzzy R∗ െ weakly commuting . 

Then , there exists u ∈ H such that u஑ is a common fuzzy fixed point of N and M . 

Proof: Trivial                                                                                          ∎   

Definition  
          Let H be a Hilbert space  and N, M:H→ WሺHሻ. A fuzzy mappings T and S  are called 
fuzzy Jungck S- like contractive mapping,  if there exists ξ ∈ ሺ0 , 1ሻ , such that  

DଶሺNሺuሻ , Nሺvሻሻ ൑ ξሺmሺu , vሻሻ ൅ Ψ൫mሺu , vሻ൯, for all u, v ∈ H 
And mሺu , vሻ ൌ max ሼ‖u െ v‖ଶ , Dଶ൫Nሺuሻ, Mሺvሻ൯, Dଶ൫Mሺvሻ, Nሺvሻ൯,  

DଶሺMሺuሻ , Nሺvሻሻ ൅ DଶሺMሺvሻ , Nሺuሻሻ

2
ሽ 
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Theorem           Let H be a Hilbert space and N, M be a fuzzy Jungck  S-like contractive 
mappings satisfies the following conditions: 

1.  M is continuous  fuzzy mapping. 
2. N(H)⊂ MሺHሻ. 
3. {M , N} are fuzzy R∗ െ weakly commuting . 

Then , there exists u ∈ H such that u஑ is a common fuzzy fixed point of N and M . 

Proof Trivial                                                                                          ∎   
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