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Abstract

In this paper, developed Jungck contractive mappings into fuzzy Jungck contractive
and proved fuzzy fixed point for some types of generalize fuzzy Jungck contractive
mappings.
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1. Introduction

The concept of fuzzy set was introduced by L.Zadeh [3]in (1965).After that a lot of
work has been done regarding fuzzy set and fuzzy mappings. The concept of fuzzy
mapping was first introduced by Heilpern [4].In (2001) , Estruch and Vidal [1] proved a
fuzzy fixed point theorem for fuzzy contractive mappings .Jungck, G.[2][(1976) introduced
Jungck contractive mapping and proved fixed point theorems .

In this paper , we introduced Jungck contractive mapping and studied some results of
fuzzy fixed point theorems for some types of generalized fuzzy Jungck contractive
mapping in Hilbert space.

Preliminaries
In this section, we recall some basic definitions and preliminaries that will be
needed in this paper.
Definition 2.1[3]: Let H be a Hilbert space and F(H) be a collection of all fuzzy sets in H .
Let A € F(H) and « € [0, 1] the a — level set of A, denoted by A, is defined by
Ap={u:A(u) 2 a}ifae[0,1]
Ap={u: A(n) > o}
Where B denotes the closure of a set B.
Definition A fuzzy set A is said to be an approximate quantity if and only if A, is
compact and convex for each a € [0,1], and

supyex A(u) =1 .When A is an approximate quantity and A(uy)=1 for some uy € H, A is
identified with an approximate of ug .

The collection of all fuzzy sets in H is denoted by F(H) and W(H) is the sub collection of
all approximate quantities.

Definition LetA,B € W(H) and a € [0,1]. Then

1. 84(A,B) = irlquAou VEBqy llu —vl|
ii. Dg(A,B)=dis(Aq, By) , where “dis” is the Hausdorff distance
iii. D(A, B)=supy Du(A,B)
iv.  8§(A, B)=supy 64(A,B).
It is to be noted that for any ‘a’, §, is a non decreasing as well as continuous function.
Definition Let A, B € W(H). An approximate quantity A is said to be more accurate
than B (denoted by Ac B) if and only if A(u) < B(u), Vu€eH.

Definition A mapping M from the set H into W(H) is said to be fuzzy mapping.

Definition The pointu € H is called fixed point for the fuzzy mapping M if {u}cTu.
If u, < Tu is called fuzzy fixed point of M .

We shall use the following lemmas due to Helipern.
Lemma 6§,(uB) < [[lu—vV]| +8,(v,B), Vu,v € H.
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Lemma If{u,} c A, then §,(uy,B) < D,(A,B), VB € W(H).
Lemma LetA € W(H) and u, € H, iffu,} c A then 8,(u,,A)=0, for each a € [0,1].

Lemma Let H be a Hilbert space and M fuzzy mapping from H into W(H) and u, € H,
then there exists u; € H such that{u;} c Tu,.

Fuzzy fixed point theorem for types of fuzzy Jungck
The scope of the function in this section, € the class of all functins ¥:[0,0) —
[0, 00), where W is non-decreasing and

Yo, P(t) < oo, foreacht > 0and W"is n — th iteration of ¥ and
Y(0) = 0.
First of all, we introduce the following definitions and examples.

Definition
Let H be a Hilbert space and M, N:H- W(H). A fuzzy mappings M and N are
called fuzzy Jungck contraction mapping if there exists § € [0, 1], such that
D2(T(u), T(v)) < &D?(S(u),S(v)),forallu,v € H.

Example Let H=[0,1], let us define M,N :H-> W(H) by
(0 ,0<5s< %
S(u)(5)=T(v)(s)={% Lescint
& <s<1
4 2

And let § = 1.Then, M and N are fuzzy Jungck contraction mapping .

Definition
Let H be a Hilbert space and M, N:H— W(H). A fuzzy mappings {M , N}
are said to be fuzzy R* — weakly commuting if for each x, y € Hand R > 0, such that
D?(S(u), T(v)) = Rllu — v]|?.
Example

Let H=[0,1] and define M,N:H— W(H) be a fuzzy mapping such that

M=N for all x € [0,1], T(u) is a fuzzy set on H given by ,

1, s=0

1

o -J  s€ (03]
o 1

3 S € (5,1]
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1, s=0

=13 se (03]
% , = (g,l]

Forallze (0,1)
1, s=0

o= s (03]
0, se€;.1]

When 0 < o < 7, then [M(0)],=[M(2)]; = [M(1)],={0}
M(O)]a = M@)o = MWDo = [0,5] . MO)]e = MD)]e = [0,1], M@z = [0,]

and [N(0)];=[N(2)]; = [N(1)],={0}

INO)]a = IN@] = IND]e = [0,3] . N = [N(D]e = [0,1],

[N(z)]e = [0 ,%] Consequently

Df(N(uw),M(v)) = H*([N(W)]; ,[M(")];) =0,V uv €H,

D2(N(u),M(v)) = H3([N(W]y,[M(W)],) =0,V u,v €H,

D%(N(u),M(v)) = H? ([N(u)]g , [M(V)]g) =0,Y uv €(0,1)andu,v € {0,1},

DZ(N(u) , M(v)) = H? ([N(u)]g , [M(V)]g) =2,vv e (0 andue {01}
Ni)w,

D2(N(u) , M(v)) = sup, {DZ(N(u) , M(v))}=

D?*(N(uw),M(v)) = Rllu— vl|?,

Then N and M is fuzzy R* — weakly commuting .

We prove the following theorem:

Theorem
Let H be a Hilbert space and M,N be a fuzzy Jungck contractive mappings satisfy
the following conditions:
1. Nis continuous fuzzy mapping.
2. M(H)c N(H).
3. {N, M} are fuzzy R* — weakly commuting .
Then , there exists u € H such that u, is a common fuzzy fixed point of M and N .

Proof Let u, € H, there exists u; € [Nu;] , © [Muy] 4. In general, choose

u,, such that forn =1,3,5, ....... U341 € [N Uzp41] o © [Muy,] o and
| up — un+1||2:8§(( Uy, Mu,) < DZ(M Up-1,Muy)

So [[u, — upi4|I> < D*(Muy_y,Muy)

Since M,N are a fuzzy Jungck contractive mappings , then

” Uy — un+1”2 < DZ(M Up—1, M un) < EDZ(N Up—1, N un)
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Sine uy,_; € [Nu,_4] ¢ and u, € [Nu,] .
Then s ” Uy — un+1”2 < EDZ(N Up-1, N un):E” Up_1 — un”Z
Whenever & € (0, 1)

_ 2
” U, — un+m”2 < Z]p:nm 1||u1+1 - uj”
< Tl - ull?)

n

If n = oo, then &" converge to 0. Therefore the sequence { u,} is a Cauchy sequence in H .
So by completeness of H, { u,} converge tou € H .

Now,

Since N is continuous fuzzy mapping , then [N u,,44] o also converges on H.
Finally, we show that 82 (u,Mu)=0

8%(u, M(w) < |luy — ull? + D*(N u, , Mu)

Since , {N, M} are fuzzy R* — weakly commuting .Then

8%(u,N(w) < [luy — ull® +R[l up — ull*.

Hence , §2(u,N(u)) = 0 and u, < Nu.

Clearly u, is a common fuzzy fixed point of the

fuzzy mappings N and M. In particular if a = 1, then u is

a common fixed pointof Nand M. =

Theorem
Let H be a Hilbert space and T, S be a fuzzy mappings satisfy the following
conditions:
1. D?(N(u),N(v)) < ¥(B max{m(u,v)}) .Such that, B € (0,1)
and
m(u, ¥) = (D7 (M(w), M(v)), RO HONW),
D?(M(v),N(v)) + D*(M(v) ,N(u)) )
2

2. Mis continuous fuzzy mapping.
3. N(H) € M(H).
4. {N, M} are fuzzy R* — weakly commuting .
Then , there exists u € H such that u, is a common fuzzy fixed point of M and N .

Proof Let u, € H, there exists u; € [Mu;] , € [Nuy] 4. In general, choose

u, such that forn = 1,3,5, ... ... Uyp1 € [MUgp41] o © [Nuy,] o and
| up = Upeell?=85C uy, Nuy) < D*(Nuy_g,Nuy)

So ” Up — un+1”2 < DZ(N Up-1, N un)

By condition 1, then

” Uy — un+1”2 < DZ(N Up-1, N un) < LP(B max{m( Up-1, un)})

D(M(un-1)N(un-1))+D(M(un).N(un-1)
Mg, U= {D?(MCty_y), M(u,)), 2 =M Cint) DF O M =)

D?(M(up) ,N(uy)) + D*(M(uy) , N(up-1)) }
’ 2
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ll un—1— upll®>+ll up— uyll?
m(uy_1, uy) ={ [l up_g — uyll?, —= e

” Uy — un—lllz + ” Uy — unIIZ
> }
lup—q1-— un”2
2
” Up—1 — un”2

5 }

m(up—1, Up) ={ [l up-1 — upnll?,

)

Hence,

lun—1=unll® [lup—1—upll?
ll'un = un+1II2S‘P(BmaX{II Up—1 — Upll?, ==, == })

lun = Unea 12 < W@l up-q1 = upll?) .

Therefore, || uy — up41ll> S Yl upoy — uyll®) =

LP(DZ(N( un—z): N( un—l)))

| u, — un+1||2 < qu(” Up—2 — un—1||2)

Il u, — un+1||2 <Yl up — u1||2)

luy, — Upemll2 S Pl ug — ugll® + e ee . +
yrrmetig, — %)

lup = Upemll* S ZEPT W up — wyl®) .
Since, Y01 Y (ll up — u1||2) <o

Therefore, the sequence { u,} is a Cauchy sequence in H. So by completeness of H,
{ u,} converges to x in H.
Now,
Since M is continuous fuzzy mapping , then [M u,, ;4] « also converges on H.
Finally, we show that 82%(u,Nu)=0
8%(u,N() < luy — ull> + D*(N uy 4, Nu)
< lluy — ull® + ¥(B max{m(up_1, W}

2 2
Moy, W= (DM o), M(w)), ZH e Moo DM N )

D?(M(u) , N(u)) + D*(M(u) ,N(up-1)) )
' 2
Since , {M, N} are fuzzy R* — weakly commuting .Then

8 (u,N(W) < lluy — ull?> +¥(ll up—q — ull®).

Hence , 82(u,N(u)) = 0 and u, € Nu.
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Clearly u, is a common fuzzy fixed point of the
fuzzy mappings N and M .In particular if a = 1, then u is
a common fixed pointof T and S. m

Theorem Let H be a Hilbert space and N;, N,, N5 be a fuzzy mappings satisfies
the following conditions:

1. D?(Ny(u),Ny(v)) < B D?(N;(w),N,(u)) + & D?(Ny(v),N5(v)) +
AD?(Ny(u),N2(v)) +y D2(Ny(u), N3(v)) + 1 D*(N; (v) , N5 (V)
For all u, v € H where y,1, 3,4, § = 0 with
Y+n+B+A+E<1.

2. N, and N; are continuous fuzzy mapping.

3. Ny(H) c N,(H) n N;(H).

4. {N,,N;} and {N,, N;} are fuzzy R* — weakly commuting .
Then , there exists u € H such that u, is a common fuzzy

fixed point of N, , N; and N5 .
Proof: Let u, € H, there exists u; and u, such that
u; € [N,u;] o € [Nyug] o and u, € [N3u,] , © [Nyu,] o By induction one can

construct a sequence { u,} in H, such that forn=1,3,5, .....

Uzn41 € [NoUpni1] o © [Njupp] o and

Uzn42 € [NaUznia] o © [NyUzniq] o -

And

” un - un+1”2: 6(21( un; Nlun) S DZ(Nl un—l ’ Nl un)
So || up — upyqll* < D2(Njuy—q, Nyup)
By condition 1 , then

Il u, — un+1||2 < DZ(Nl(un—l) yNy(up)) < BDZ(Nl(un—l)'NZ(un—l)) +
gD?(N;(up), N3(uy)) +AD?(Ny (up_1), Nz (uy)) +
y D*(N; (up-1) , N3(up)) +nD?*(Ny(u,), N2 (uy))

” U, — un+1”2 < B ” Up—q — un”2 + E ” Uptq — un”2 +
A ” u, — unllz + Y ” u, — un”2 + n ” Up+1 — unllz

Hence

” u, — ur1+1||2 - E ” Upt+q — unllz -1 ” Upt+q — un”2 < B ” Up—q1 — un”2

” U — un+1”2 < ” Up—1 — un”2 .
B

1-§-m
Then, we have

1-§-7
<1

Putting q =

luzn+1 — Wanll® < qllugn-g — uznll?
Now , for any positive integer m
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”un - un+m”2 < q”un - un+1”2 + ||un+1 - un+2”2+- +”un+m—1 - un+m||2
< (qn + qn+1 + qn+2 4+ 4 qn+m—1”ul _ u0”2
n

q 2
< 2 —
=1 lluy — woll

Which implies that |Ju, — up4m|l> > 0asn - oo

Hence {u,}is cauchy sequance in H, but H is a Hilbert space,

so {u,}is converge to u.

Now,

Since N, and N3 are continuous fuzzy mapping , then
[N,(uzp41)]  and [N3(uyp42)] calso converges on H.

Finally, we show that 83(u,N;(u))=0

8% (u, Ny (W) < [lup — ull* + D*(N1 (up—y), Ny (W)
< lu, —ull* +B DZ(N1(un—1):Nz(un—1)) +
3 DZ(Nl(u), N3(u)) + A DZ(N1(un—1)» Nz(u)) +
y D*(N;(un—1) , N3(u)) +n D*(Ny (u) , Np(w)).
Since, {N;, N,} and {N;, N5} are fuzzy R* — weakly commuting .Then
85, NW)) < A+l up-y — ull®.
Consequently , §2(u,N(u)) = 0 and u, € Nu.
Clearly ug is a common fuzzy fixed point of the
fuzzy mappings N; , N,, N3 ,.In particular if a = 1,then x is a

common fixed point of N; , N, and N;. =

Theorem
Let H be a Hilbert space and Ny, N,, N; be a fuzzy mappings satisfy the following
conditions:

1. D*(Ny(w),N;(v)) < B [D?(Ny(w), N5 (v)).D?(Ny(v), N,(W))] +
€ [D?(N1(v), N5(v)).D?(Ny(w), N5(u)) +
A [D?(Ny(u), N2 (v)). D3(Ny(v), Ny ()] + v [lv — ull*
For all u, v € H where y, B,A,§ = 0 with
2y +2B+A+2E< 1.

2. N, and N; are continuous fuzzy mapping.
3. Ny(H)c N,(H) n N;(H).
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4. {N,,N;} and {N,, N;} are fuzzy R* — weakly commuting .
Then , there exists u € H such that u, is a common fuzzy

fixed point of N, , N; and N5 .
Proof Similar to prove theorem 3.7 |

Definition
Let H be a Hilbert space and N, M:H— W(H). A fuzzy mappings T and S are called
fuzzy Jungck like contractive mapping, if there exists § € (0, 1), such that

DZ2(N(u),N(V)) < &|lu — v||2+¥(D?(M(u), M(v))),for allu,v € H.

Theorem Let H be a Hilbert space and N, M be a fuzzy Jungck like contractive
mappings satisfies the following conditions:

1. Mis continuous fuzzy mapping.
2. N(H)c M(H).
3. {M, N} are fuzzy R* — weakly commuting .
Then , there exists u € H such that u, is a common fuzzy fixed point of N and M .

Proof Trivial [

Definition Let H be a Hilbert space and N, M:H— W(H). A fuzzy mappings T
and S are called fuzzy Jungck generalized like contractive mapping, if there exists § €
(0,1), such that

D2(N(u),N(v)) < &|lu — v||2+¥(D?(M(u), N(u)) ,D3(N(u) ,M(v)) ), forall u,v € H.

Theorem Let H be a Hilbert space and N, M be a fuzzy Jungck generalized like
contractive mappings satisfies the following conditions:

1. Mis continuous fuzzy mapping.
2. N(H)c M(H).
3. {M, N} are fuzzy R* — weakly commuting .
Then , there exists u € H such that u, is a common fuzzy fixed point of N and M .

Proof: Trivial u

Definition
Let H be a Hilbert space and N, M:H— W(H). A fuzzy mappings T and S are called
fuzzy Jungck S- like contractive mapping, if there exists & € (0, 1), such that
D2(N(u),N(v)) < §¢(m(u,v)) + ¥(m(u,v)),forallu,v € H
And m(u,v) = max{|lu — v||?,D?(N(u), M(v)), D?(M(v), N(v)),

D?(M(u) ,N(v)) + D*(M(v) »N(U))}
2
For more information about the Conference please visit the websites:
http://www.ihsciconf.org/conf/
www.ihsciconf.org

Mathematics|434



ITHSCICONF 2017 Special Issue

Ibn Al-Haitham Journal for Pure and Applied science https://doi.org/ 10.30526/2017.IHSCICONF.1816

Theorem Let H be a Hilbert space and N, M be a fuzzy Jungck S-like contractive
mappings satisfies the following conditions:

1. Mis continuous fuzzy mapping.
2. N(H)c M(H).
3. {M, N} are fuzzy R* — weakly commuting .
Then , there exists u € H such that u, is a common fuzzy fixed point of N and M .

Proof Trivial n
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