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Abstract

In this paper, the concept of F —contraction mapping on a G-metric space is extended with a
consideration on local F — contraction. As a result, two fixed point theorems were proved for
F — contraction on a closed ball in a complete G-metric space.
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1.Introduction and Preliminaries

Bapure Dhage in his PhD thesis [1992] introduced a new class of generalized metric spaces,
named D - metric spaces. Mustafa and Sims proved that most of the claims concerning the
fundamental structures on D - metric spaces are incorrect and introduced an appropriate notion
of D - metric space, named G-metric spaces. In fact, Mustafa, Sims and other authors introduced
many fixed point results for self mappings in G - metric spaces under certain conditions.

Actually, the method is used in the study of fixed points in metric spaces,and symmetric
spaces. In this paper, a general fixed point theorem for pairs of non weakly compatible
mappings in G - metric space is proved. In the case of a single mapping some results. In 2012,
Wardowski introduced a new concept for contraction mappings as called F-contraction by
considering a class of real valued functions.

Let M be a nonempty setand Y : M'x M x M — R* be a function satisfying the following
condition:

1- Y (q,u,v) = Oifandonlyif g = u = v,

2- 0<Y(qqu) Vqu €M withq + u,
3- Y (q,q,u) <Y (q,u,v) ,V qu,v €M withu # v,
4- Y (q,u,v) =Y(q,v,u) = ...,(symmetry in all three vairables),

5- Y (qu,v) <Y (q,a,a)+Y (a,u,v),V q,u,v,a € M.

Then the function Y is called generalized metric on M [1] and the pair (M,Y) is called a G-
metric space.

A G -metric space M is called a symmetric [2] if V q,u,v € M

Y (quu)=17 (qgqu)
Many results and examples about Y'-metric space and its generalization one can found in [2-10].

Proposition 1 [5]: Let (M, Y ) be a G-metric space, then the following statements are
equivalent:

1-(M,Y ) is symmetric.

2-Y (q,u,u) <Y (q,u,a)forall qu,a € M,

3-Y (qu,v) <Y (q,u,a)+ Y(v,u,b) forall q,u,v,a,b € M.
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The Y-ball with center r, and radius € > 0 is By(ry, € ) [10] is:
By(rg,€)={s€M :Y (ry,s,ands) < € }.
The sequence {r;,,} in a G — metric space (M,Y) is said to be
1-Y — convergent to r if 3k € N ,e > 0 for all m,n = k such that Y (r,1,,7,) < €.
2-Y - Cauchy if3k € N,e > 0 forallm,n,l = k suchthat Y(r;, 1, 1) <E€.
A G—metric space (M, Y ) is complete if every ¥ -Cauchy sequence (M, Y) is Y- convergent in
M, Y) [1].

Proposition 2 [11]: Let (M, Y ) be a G-metric space the following statements are equivalent
1- {r;,, } is Y-convergent to r ,ifand only if Y (r;, ;,7) - 0 as n - o,
2-Is Y(r, ,v, 1) > 0 as n - o ifandonlyif Y(1;,1,7)— 0 asm,n - oo.

Proposition 3 [6]: Let {g,,} and {u,,} be a sequence in a G —metric space (M, Y) if {r;,}
converges to q and {u, } converge to u. Then Y (qy, qn, U,) converges to Y (g, q, u).
The self- mapping f on a G-metric space ( M,V ) is Y - continuous at r € M [9] iff every

Y
sequence{t, }n=q € M, with , > r, wehave fnr, > fr.

A mapping f : M — M is said to be F-contraction if there exists T > 0 such that for all
q,u,v €M,
Y (fq, fu, fv) >0,
T+ FX (fq,fu, fv)) < FX (quv)). forallqu,v e M (D

Let D be the class of all functions F:R* —» Ris a mapping satisfying the following
conditions:
(D1) F is strictly increasing, i.e., for all q,u,v € R* such that g <u <v ,F (q) < F(u) <
F(v),
(D2) For each sequence {a, },=1 (0, 00),r}i_)lg a, = 0 iff nh_>r£1o F(ay,) =-o.
(D3) 3k € [0,1) such that lim akF(a,)=0.

Every F-contraction is contractive (byD1) and then every F —contraction is Y-continuous.
Clearly, (1) and (D1) implies that every F-contraction mapping is ¥-continuous, since for all

q,u,v €M, withf q # fu+ fv,F (f q, fu, fv) < F( (q, u,v)).
For illustration, we give the following example.

Example 4
a- Consider F;:(0,00) - Ras F; (o) = Ina. Itis clear thatF; € D. Then each self mappings
f on a G-metric space (M,Y) is an F;-contraction 3 forall q,u,v € M, fq # fu # fv

Y(fq, fu,fv) <e Y (q,u,v)
Then for q,u, v € M such that fq # f u # fv the inequality ¥ (fq, fu, fv) < e Y (q,u,v)
holds.

Therefore, f is a contraction with h = e™".
b- Let F, : (0,00) - Rbe F, (d) = a + Ina. Itis clear that F, € D. Then each self mappings
f on a G-metric space (M, Y) satisfying (1.1) is an F,-contraction such that
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—y(;szf)v) ef@uv)-r@@uwv) < ¢=7 forallg,u,v €M, fq# fu# fv

2. Main Results
Throughout the following M is a complete G — metric space w.r.t. distance function V. We
can prove the following theorem

Theorem 5
Let f: M — M beY — continuous self-mapping, € > 0 and q, € M. Suppose that 3 h €

[0,1),t>0,and F € D.If forall q,u,v € B(qqy,€) € M withY(fq, fu, fv) > 03

T+ F (Y (fq fu fv)) < F(hY (quv)), (2)
and

Y (9o, fq0, fq0) < (1 = k)e. )
Then 3! r*in B(qq,€) 21" = fr".

Proof: Suppose q; € M such that g; = fqq, q, = fq,. Continuing in this way, we get

Gn+1 = fqn, VN 20.
Implies that {q,} is non-increasing sequence.

First, to prove q, € B(qo, €),Vn € N, by using mathematical induction. From (3), we get
Y (40, G1,41) =Y (4o, f 0, fq0) <= (1 = k)e <e. (4)

Hence, q; € B(qq,€). Suppose q,,.. q; € B(qo,€) for somei € N. Then from (2) we obtain

F (Y (40 qis1,9i+1)) = F (Y (fqi-1, f. f4)) < F (RY (qi-1,90,9)) — 7
Since F is strictly increasing, we get

(Y Q0 Gis1, Qi) < hY (qi-1, 1, 1) ®)
Now,
Y (90, i+1, Qi+1) <Y (90, 91,91) + -+ Y (q;, Qi+1) Gi+1)

<Y (qoq, q)[1+k+-+k']

- (1 k) (1 _ ki+1)

< €%

< €.

Thus

qi+1 € B(qy,€), Hence 1, € B(qy,€) VneN.
Continuing, we have

F( Y (Gn, Qn+1:7"n+1)) < F( Y (qo, 91, Ch)) —nt
This implies that

F(Y (@ Qnsv dni)) <F (Y (qo, 91, 1)) — 17 (6)
From (6) we get

#_{go F (Y (@n Gn+1s Qn+1)) = —0.
SinceF € D. We get
Tlll_ftf}o Y (qn Gn+1 Gne1) =0 (7
From (D3) there exists p € (0,1) such that
Lim (Y (@, Gners Gnr))? F(Y (@ Gnss, Gnen)) = 0 (8)
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From (6) we have
(Y (qn' An+1) qn+1))pF ( Y (qn: An+1) qn+1)) - F (Y (qO: q1, Ch))

< _( Y (qn Gn+1s qTL+1))pnT <0. )
By (7), (8) and letting n — oo, in (9) we get
Lim (1Y (Gn Gns1,4nsn))” = 0. (10)
we observe that from (10), then In; € N3 n(Y(qn, Gn+1s qn+1))p <1 ,V n=n; wehave
Y @Gt Gne) S35 V2 (11)
n

Now, m,n € N 3 m > n = n,. Then, by properties of ¥ and (11) we obtain
Y (Gn Gmr Gm) < Y (@ Qe Gne) + ¥ @nass Gnizs Gnez) + oo + Y @1, G Gim)
=27 Y (a4, 95410 G541)
< ¥ Y (95,9541 qja1)
< IPa (12)
jP
The series Z;’-":n% is Y — convergent.
14
asn — oo, from 212) we get {q,} is a Y-Cauchy sequence since
n}rilriloo Y (Qnr qm Qm) =0.

By completeness of M, 3r* € B(ry,€) 3 q, > r*as n— . Since fisY — continuous.
Then
yQni1 = fqn = fr* asn = oo, thatis, r* = fr*.

Hence r* is a fixed point of f. To prove uniqueness, let q,u € B;(q,, €) and q # u be any
two fixed point of f. Then from (2) we have

T+ F (Y (fq, fu, fw) < F(RY (q,1,0),
we obtain,
T+ F (Y (fq fu fu) <F (Y (quw).
which is contradiction, so, g = u.
For more illustration we give the following example.

Example 6

Let M=R* and Y(q,u,v) = |q—u| + |[u—v| + |qg—v|. Then (M,Y) is a complete
G-metric space. Define the mapping f: M— M by,

, r € [0,1]
fl@) =

q_ ) rE (1100)

N| =B

—_— -1 5
=1 €=3 ,B(rye€) = [7,5].
IfF(e) =lna, a>0andt>0,then Y (1,f1,f1) =§ <e.
If q,s,t € B(ry,€) then
1 1
1 (lg—ul + lu—v| + |lg—v]) <§(Iq—u| + lu—v| + |qg—v])
So, Y (fg, fu,fv) <hY (quv)
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Hence
t+F( (fafufv)=1+In(Y(faqfufv)
<Inh (Y (q,u,v))
=F(hY (q, u,v))
If g,u,v € (1, ©) then
O O o I o R OB e
lr — v THIfg-ful+lfu-fol+ifg-fvl > lqg —ul+lu —vl+
lg — vl
So, T +F (Y (f q,fu,fv)) > F(Y (q,u,v)).
Then the contraction does not hold on M.
Now, we present two properties off, f: M — M. We say that f satisfies the condition:
I- w(fq, fu,fv) =1, Vq,u,v €M whenevere w : M3 - R*, w(q,u,v) = 1.
II- for given a sequence {q,} € M with q, - q € M asn — oo, if

w (Qn , qn+1' qn+1) = (P (Qn ) qn+1f qn+1)> VvneN = f qn - fq' Where @, ¢: M3 - R+
are two functions.

If ©(q,u,v) = 1 then (II) reduces (I).
Let Ay = {Y: Rt > RY: Vit t,t3,ts € RT, tytytsty, = 0, 37> 0 3 Y(ty, by, t3,ty) =

T}

Definition 7
Let f be a self- mapping on a G-metric space (M, Y) and r, EM with € > 0. Suppose that

w:M 3 - (0,+), ¢:M 3 > R*two functions. We say that f is called w-¢-yF —
contraction on a closed ball if for all q,u, v € B(qq, €) S M, with

wl(q fa.fO), w fu, fu), W, fv,fr)] < ¢ (quv)

and
Y(fq, fu, fv) > 0, we have
YIY (4.9, fQ).Y ( fu, fw),Y (v, fv, fo)] + F (Y (fq, fu, fv))
< F(h Y(q,u, 17)), (13)
and

Y(qo. fq0, fq0) < (1 — k)€, (14)
where 0 <k <1, € AYand F € D.

Definition 8

Let f: M = M be a self —mapping andw, ¢: M x M'x M — [0, +o0) be two functions. f
Is
called that is w- admissible mapping with respect to ¢ if q,u,v € M, ¢ (q,u,v)< w(q,u,v)
implies that ¢ (fq, fu, fv)< w(fq, fu, fv)and Y(fq, fu, fv) > 0, we have
YIY (q.fq.f@).Y (u fu, fu),Y (v, fv, fv),Y (q, fu, fv),Y (w, fq,fv),Y (v, fq, fuw)] +
F(Y (fq fu fv)) <F (M (qu,v)) (15)
where M(q,u,v) = max{ Y (q,u,v),Y (q,fq,.fQ),Y (u, fu, fu),

Y o fv)’(y(q,fu, )+ Y (u, ];q, )+ Y (v, fq, fw) }

and
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Y oY (1o, f1o,f19) <, Vj € Nande > 0. (16)

Y € AY andF € D.

Theorem 9

Let f: M — M be w-9- YF — contraction mapping on a closed ball where
(1) f is an w- admissible mapping with respect to o,
(ii) there exists ry € M such that w(ry, fry, fry) = (1o, f1o, f10)
(iii) f is an w-@- continuous.
Then there exists a point 7, in B(ry, €) such that fr = r

Proof: Let ry in M such that w(ry, fro, fry) = o(ry, f1o, f15). For ry EM. Let us construct a
sequence {1, }n=, such that
rn=f1y,m, = f1 = f?r, continuing this way, 7,,, = f 1, = f**1 1y, Vn € N.
Since, f is an w- admissible mapping with respect to ¢, then
w (rg,m,11) = w (o, [0, f10) = ¢ (10, [0, f10) = ¢ (0,71, 71) .
Continuous we get
¢ (M1, f Ta-1, f T0-1)=0 (M1, T 1) € @ (Mg, T, ) VN EN (17)

If 3neN3 Y (r, f 1 f 1) = 0, there is nothing to prove.
So, suppose that r;, # 1, with

Y(ftn-1, 1 f10) = Y (fTn=1, f10, f12) >0, VneN.
First, we see that 7, € B(1p,€), V n € N.
Since f be a w-¢-PF — contraction mapping on a closed ball, we get

Y(ro,r,m1) =Y (o, fro, fro) < (1 —k)e <e (18)

Thus
11 € B(7y,€) . Suppose 13, ..., 7; € B(rg, €) for some j € N, such that
WY (-1, f15-0, f15-0), Y (13, 15, f 1), Y (120 £, £73), Y (05 720, 120))

+F (Y (f1j-1, f15, f1)) < F (A Y (15-1,73,77)).
This implies,
(Y (-0 1:7), Y (57500, 7540), Y (-0, 741, 7742, 0)

+ F(Y (fT}‘_l, fr'i frj)) < F (h’ Y(T_'i—ll T}'r T}))
By definition of 1,
¥ (15-113:75), ¥ (57500, 7502) ¥ (17217741, 7742), 0) = 0,
So, 37 > 0 such that,
Y (¥ (=070 Y (3700 1540) Y (520,740, 7542)-0) = 7.
Therefore,

FO @pnaatien)F (Y (5,5007541)) = F (RY (-0mm)) = 7 (19)
To complete, we follow the same steps of the theorem (9),since M is complete G — metric
space there exists r € B(ry, €) such that
, @ ras n—oo.fisanw-@- continuous and
O, M) < w(y_1,huM), VNEN.

Then
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Ther1=f1 = fr as n— oo,
Thatis, r = f r hence r is a fixed point of f.
To illustrate theorem 9, we give the following example

Example 10

Let M=R* and Y be G —metric on M as in Example (6) Define f: M - M,
WM X MX M - {-0}U(0,+0), @:M X M X M - RY,
Y:(RH)* > R*,and F:R > R* by
er+u+v’ r e [0’1]
f@r) = {ﬁ’ reloll, ,o(r,u,v) = { 1

2r, r € (1,00) c

o (r,uv) =§ forallr,u,v € M, (t;,t,,t3,t,)=7>0

, otherwise

and F(q) =Inq with g > 0.
1 — -15
=3 e=1, B(ro,e)z[?,g
then
Y G f3.f)=0732<e
Ifr,u,v € B(ry, €) then w (r,u,v) = ™ 4+? > é = (r,u,v).
On the other hand, f(r) € B(ry,€), V 1 € B(1p, €).
Then, w (fr,fu,fv)= @@, fr,fr) with Y (fr, fu fv)= |\/7 — \/ﬂ| + |\/_— \/El +
|Vr — | > 0.
Clearly w (0,f1,f1) = ¢ (0, f1, f1), then we have

Y(fr, fu, fv)

_ |0 =) v (V= Vo) Qe+ V)l |V =) G +4)

- Vr +u Vi + v Vr +v

- | = +| v +| v |<h(|r—u| +lu—v| +|r—v)
Vr+vul - Wu+wl o Wr+Vv

Consequently

+F(Y (fr,fu, fv)) =t+InY (fr,fu, fv) <Inh¥Y(r,u,v) = F(hY(r,u,v)).
If € B(ry,€) or u & B(ry,€) or v €& B(ry, €) then

1 1
w(r,u,v) =§k§= ¢ (r,uv)

2(r—ul +lu—v| +|lr=v)>|r—ul +|lu—v| +|r—v|)
lfr=ful+lfu—-fvl+|fr—fvh)>Ilr—ul +lu—-vl +|r—-v
T+F (Y(fr,fu,fv))z F(Y(r,u,v))

The contraction does not hold.

3.Conclusion and Open Problem

This research focus on introducing new idea of F-contraction on a closed ball which is
different from F-contraction given in [4]. Therefore a generalization of results is very useful so
far as it requires the F-contraction mapping only on a closed ball rather the whole space. This
new idea however guides the researcher towards futher investigations and applications.At the
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same time,it will be interesting to apply these concepts in a various spaces. In future,we suggest
study the results in [8] to verify the extent achieved in the setting of F — contraction mappings in

modular spaces.
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