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Abstract

A (b,t)-blocking set B in PG(2,q) is set of b points such that every line of PG(2,q)
intersects B in at least t points and there is a line intersecting B in exactly t points.
In this paper we construct a minimal (b,t)-blocking sets, t = 1,2,3,4,5 in PG(2,5) by using
conics to obtain complete arcs and projective codes related with them.
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1- Introduction

Let GF(q) denotes the Galois field of q elements and V(3,q) be the vector space of row
vectors of length three with entries in GF(q). Let PG(2,q) be the corresponding projective
plane. The points of PG(2,q) are the non zero vectors of V(3,q) with the rule that
X = (x1,x2,x3) and y = (Ax1,Ax2,Ax3) represent the same point, where A € GF(q)\{0}. The
number of points of PG(2,q) is ¢> +q + 1.

If the point P(X) is the equivalence class of the vector X, then we will say that X is a
vector representing P(X). A subspace of dimension one is a set of points all of whose
representing vectors form a subspace of dimension two of V(3,q), such subspaces are called
lines.

The number of lines in PG(3,q) is g> + q + 1. There are q + 1 points on every line and q + 1
lines through every point. The point X(x1,x2,x3) is on the line Y[y, y2,y3] if and only if
x1y1 + x2y2 + x3y3 = 0.

Definition (1.1): [1]

A (k,n)-arc is a set of k points of a projective plane such that some n butno n+ 1 of
them are collinear, n > 2.

Definition (1.2): [2]

A (k,n)—arc is complete if it is not contained in a (k + 1,n)-arc.

Definition (1.3): [2]
Aline 1 in PG(2,q) is an i-secant on a (k,n)-arc K if [ ¢ " K| =1i.
Definition (1.4): [2]

A point N which is not on a (k,n)-arc has index i if there are exactly i (n-secants) of the
arc through N, we denote the number of points N of index i by Ni.

Remark (1.5): [3]

The (k,n)-arc is complete iff No = 0. Thus the arc is complete iff every point of PG(2,q)
lies on some Nn-secant of the arc.

Definition (1.6): [3]

An (b,t)-blocking set B in PG(2,q) is a set of b points such that every line of PG(2,q)
intersects B in at least t points, and there is a line intersecting B in exactly t points. If B
contains a line, it is called trivial, thus B is a subset of PG(2,q) which meets every line £ in
PG(2,q), but contains no line completely; that is t < BNt < q for every line € in PG(2,q).
So B is a blocking set iff PG(2,q)\B is a blocking set. A blocking set is minimal if B\{P} is not
blocking set for every p in B.

Lemma (1.7): [4]

A (b,1)-blocking set B is minimal in PG(2,q) iff there is a line € in PG(2,q) such that
B n €= {Q} for every Q in B.
Definition (1.8): [3]

A variety V(F) of PG(2,q) is a subset of PG(2,q) such that:
V(F) = {P(A) € PG(2,q) | F(A)=0}.
Definition (1.9): [5]

Let Q(2,q) be the set of quadrics in PG(2,q); that is the varieties V(F), where:
F=an X12 +an X% + a33 Xg + anxix2 + axixs + asxx3 (1)
If V(F) is non-singular, then the quadric is a conic.
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1.10 The Relation Between The Blocking (b,t)-Set and The (k,n)-arc [5]

The (k,n)-arc and the (b,t)-blocking set are each complement to the other in the projective
plane PG(2,q), thatis,n +t=q+ 1 and k + b = > + q + 1. Thus the complement of the (b,t)-
blocking set is the set of points that intersects every line in at most n points which represents
the (k,n)-arc. Also finding minimal (b,t)-blocking set is equivalent to finding maximal (k,n)-
arc in PG(2,q).

Lemma (1.11): [4]

Let p=C u L U {P} \ {P,P2}, where C is a conic, £ is a (2-secant) of C such that
C N = {P1,P2}, P is the point of intersection of the two tangents to C at P1 and P2, then 3 is a
minimal (2p — 1,1)-blocking set.
Definition (1.12): [5]

Let V(n,q) denote the vector space of all ordered n-tuples over GF(q). A linear code C
over GF(q) of length n and dimension k is a k-dimensional subspace of V(n,q). The vectors
of C are called code words. The Hamming distance between two codewords is defined to be
the number of coordinate places in which they differ. The minimum distance of a code is the
smallest distances between distinct codewords. Such a code is called an [n,k,d]q code if its
minimum hamming distance is d.

There exists a relationship between complete (n,r)-arcs in PG(2,q) and [n,3,d]q codes
given by the next theorem.

Theorem (1.13): [5]

There exists a projective [n,3,d]q code if and only if there exists an (n,n — d)-arc in
PG(2,9).
Theorem (1.14): [6]

Let 32 be a double blocking set in PG(2,q):
(1) Ifq<09,then B2 has at least 3q points.
(2) Ifq=11,13,17 or 19, then |B2| > (59 + 7)/2.
Theorem (1.15): [6]

Let B3 be a trible blocking set in PG(2,q):
(1) Ifq=5,7,9, then B3 has at least 4q points and if q = 8, then 3 has at least 31 points.
(2) Ifq=11,13 or 17, then |Bs| = (7q + 9)2.

Now, we prove the following theorem:

Theorem (1.16):

A (b,t)-blocking set B is minimal in PG(2,q) then every point P in B there is a t-secant of
B containing P.

Proof:

Suppose B is minimal blocking set, let P be any point in B. Let K be the complement of
B, then K is complete (k,n)-arc in PG(2,q) and P is not K., then P is an (n-secant) of K, but
g+1=t+n andsot=q+ 1 —n. Thus P is on an (t-secant) of B.
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2- The Projective Plane PG(2,5)

In this paper we consider the case q = 5 and the elements of GF(5) are denoted by
0,1,2,3.4.

A projective plane m = PG(2,5) over GF(5) consists of 31 points, 31 lines each line
contains 6 points and through every point there is 6 lines.

Let Pi and (i be the points and lines of PG(2,5) respectively. Let i stands for the point Pi,
i=1,2,...,31. The points and lines of PG(2,5) are given in the table (1).
2.1 The Conic in PG(2,5) Through The Reference and Unit Points

The general equation of the conic is:

Aapkll 548 pall o glall Sl () Alae
Yol. 28 (1) 2015

allxlz + azzxi + a33X§ +ta,XX, ta XX, ta,X,x; =0 (D)
By substituting the reference points:
1(1,0,0), 2(0,1,0), 7(0,0,1) and the unit point 13 (1,1,1), which are four points no three of them
are collinear, in (1), we get:
an+taizt+as=0 and an =a» =a33 =0, so (1) becomes:
a,X,X, ta;X,X; +a,;x,x; =0 ..(2)
If a2 =0, then the conic is degenerated, therefore ai2 # 0, similarly, a13 # 0 and a3 # 0.
Dividing equation (2) by a1z, we get:
XX, tox,x; +Bx,x; =0 ,where (x=a— , [3:% , then B = - (1 + «) since
12 12

1+ a+p=0(mod)>5).
Then x1 x2+a x1x3—(1+a ) xox3 =0, where o # 0 and o # 4, forifa =0 or o =4 we geta
degenerated conic, that is, a = 1,2,3.
2.2 The Equations and the Points of the Conics in PG(2,5) Through the

Reference and Unit Points

For any value of a, there is a unique conic contains 6 points, 4 of them are the reference

and unit points
1. If a =1, then the equation of the conic C; is

XX, tX,x; +3x,x;, =0

The points of Ci are : 1,2,7,13,20,26.
2. If a =2, then the equation of the conic Cz is

XX, +2x,X; +2x,x, =0

The points of Cz are : 1,2,7,13,21,29.
3. If o =3, then the equation of the conic Cs is

XX, ¥3x,x; +x,x, =0

The points of Cs are : 1,2,7,13,24,30.
Thus we found five conics two of them are degenerated and the remaining three conics Ci, Cs,
Cs are non-degenerated.

Table (1)

i Pi Li

1 1 0 O 2 7 12 17 22 27
2 0 1 0 1 7 8 9 10 11
3 1 1 0 6 7 16 20 24 28
4 2 1 0 4 7 14 21 23 30
5 3.1 0 5 7 15 18 26 29
6 4 1 0 3 7 13 19 25 31
7 0 0 1 1 2 3 4 5 6
8 1 0 1 2 11 16 21 26 31
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9 2 0 1 2 9 14 19 24 29
10 3 0 1 2 10 15 20 25 30
11 4 0 1 2 8 13 18 23 28
12 0 1 1 1 27 28 29 30 31
13 1 1 1 6 11 15 19 23 27
14 2 1 1 4 9 16 18 25 27
15 3 1 1 5 10 13 21 24 27
16 4 1 1 3 8 14 20 26 27
17 0 2 1 1 17 18 19 20 21
18 1 2 1 5 11 14 17 25 28
19 2 2 1 6 9 13 17 26 30
20 3 2 1 3 10 16 17 23 29
21 4 2 1 4 8 15 17 24 31
22 0 3 1 1 22 23 24 25 26
23 1 3 1 4 11 13 20 22 29
24 2 3 1 3 9 15 21 22 28
25 3 3 1 6 10 14 18 22 31
26 4 3 1 5 8 16 19 22 30
27 0 4 1 1 12 13 14 15 16
28 1 4 1 3 11 12 18 24 30
29 2 4 1 5 9 12 20 23 31
30 3 4 1 4 10 12 19 26 28
31 4 4 1 6 8 12 21 25 29

2.3 The Construction of Minimal (b,t)-Blocking Sets By Using
Conic-Type Blocking Sets

We construct minimal (b,t)-blocking set in PG(2,5) from the minimal blocking (9,1)-sets
of lemma (1.15) by using conic.

2.3.1 The Construction of Minimal (9,1)-Blocking Set by Lemma (1.11)

We take the conic Ci in section 2.
Let 1 = Ci v Li \ {P,P2} U {P}, Ci ={1,2,7,13,20,26}, L1 = {2,7,12,17,22,27},
Ci n Li = {2,7}, L4 and Lo are the two tangents to Ci at the points 7 and 2 respectively.
L4 m Lo = {14}, then
B1={1,12,13,14,17,20,22,26,27}, B1 is a (9,1)-blocking set in PG(2,5). Since each point of i
is on line £ in PG(2,9) such that f1 » € = {P} (lemma 1.7), B:1 satisfies the following
conditions:
(a) P1intersects every line in PG(2,5) in at least one point.
(b) Every point in B, there is a line £ in PG(2,5) such that 1 n € = {P}.
The complement of (1 is the complete (22,5)-arc Ks, by theorem (1.13) there exists a
projective [22,3,17] code.
2.3.2 The Construction of Minimal (b,2)-Blocking Set In PG(2,5)

We construct two (9,1)-blocking sets.
Let 1= {1,12,13,14,17,20,22,26,27} be the minimal (9,1)-blocking set of section (2.3.1). We
construct another (9,1)-blocking set
ar = C2u Lg\ {C2n Ls} U {15}, where C2 = {1,2,7,13,21,29}, Ls = {2,11,16,21,26,31},
ConLs={2,21}, Lio m L24a = {15} and Lio and L24 are tangents to Cz at the points 2 and 21
respectively.
o1 ={1,7,11,13,15,16,26,29,31} is (9,1)-blocking set.
Now, we construct (b,2)-blocking set as follows:
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Let A=ou v B1=1{1,7,11,12,13,14,15,16,17,20,22,26,27,29,31}.
A must satisfies the following conditions:
(a) A intersects every line of PG(2,5) in at least two points.
(b) Every point in A is on at least one 2-secant of A.
We add three points 3,10 and 18 to A and eliminate the points 15 and 26 from A to satisfy
these conditions, then:
B2 = AU{3,10,18}\ {15,26} = {1,3,7,10,11,12,13,14,16,17,18,20,22,27,29,31} is a minimal
(16,2)-blocking set. The complement of B2 is the complete (15,4)-arc Ka4. By theorem (1.13)
there exists a projective [15,3,11] code.
2.3.3 The Construction of Minimal (b,3)-Blocking Set In PG(2,5)

We take the (9,1)-blocking sets in section (2.3.2)
o1 ={1,7,11,13,15,16,26,29,31}, B1 = {1,12,13,14,17,20,22,26,27}, Let y1 = C3 U Lag U {8} \
{Cs n Lag}, C3 ={1,2,7,13,24,30}, Las = {3,11,12,18,24,30}, C3 N L2s = {24,30} and
L21 m Lae = {8}, where L21 and La¢ are tangents to Cs at the points 24 and 30 respectively.
v1=1{1,2,3,7,8,11,12,13,18} is a minimal (9,1)-blocking set.
We must construct a minimal (b,3)-blocking set from a1, 1 and y1 as follows:.
Let B=ou U B1uy1 ={1,2,3,7,8,11,12,13,14,15,16,17,18,20,22,26,27,29,31}.
B must satisfy the following conditions:
(a) B intersects every line in PG(2,5) in at least three points.
(b) Every point in B is on at least one 3-secant of B.
We add two points 4 and 5 to B and eliminate the point 31 from B to satisfy these
conditions, then:
B3 = Bu{4,5}\ {31} = {1,2,3,4,5,7,8,11,12,13,14,15,16,17,18,20,22,26,27,29} is a minimal
(20,3)-blocking set which is trivial since 3 contains some lines completely. The complement
of B3 is the complete (11,3)-arc Ks. By theorem (1.13) there exists a projective [11,3,8] code in
PG(2,9).
2.3.4 The Construction of Minimal (b,4)-Blocking Set In PG(2,5)

We take three minimal (9,1)-blocking sets in section (2.3.3) which are:
o1 ={1,7,11,13,15,16,26,29,31}, p1 = {1,12,13,14,17,20,22,26,27},
yi=1{1,2,3,7,8,11,12,13,18}.
Let o1 = C1 U Lu{30}\ {Ci n L2}, where C; is the conic Ci = {1,2,7,13,20,26},
L2 ={1,7,8,9,10,11}, Cin L2 = {1,7}, La n L12 = {30}, L4 and Li2 are tangents to Ci at the
points 7 and 1 respectively, then.
o1 = {2,8,9,10,11,13,20,26,30} is a minimal (9,1)-blocking set.
We construct a minimal (b,4)-blocking set from au, i1, y 1 and @1 as follows:.
Let C=ou U B1ruyr v = {1,23,7,..,14,15,16,17,18,20,22, 26,27,29,30,31}. C must
satisfy the following conditions:
(a) Cintersects every line in at least four points.
(b) Every point in C is on at least one 4-secant of C.
We add the points 6,45,21,24,28 to C, and eliminate one point 29 from C to satisfy these
conditions, then:
Bs=CuU{6,21,24,28}\{29}={1,2,3,6,7,...,18,20,21,22,24,26,27,28,30,31} is a minimal (25,4)-
blocking set which is trivial since B4 contains some lines completely. The complement of B4 is
the complete (6,2)-arc K2. By theorem (1.13) there exists a projective [6,3,4] code.
2.3.5 The Construction of Minimal (b,5)-Blocking Set In PG(2,5)

We take four minimal (9,1)-blocking sets of section (2.3.4) which are
o1 = {1,7,11,13,15,16,26,29,31}, B1 = {1,12,13,14,17,20,22,26,27},
v =1{1,23,7,8,11,12,13,18}, on = {2,8,9,10,11,13,20,26,30}.
We construct another minimal (9,1)-blocking set.
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Let &1 = C2 U Le \ {7,13} w {24}, where C> is a conic, C> = {1,2,7,13,21,29},

Le = {3,7,13,19,25,31}, C2 n L¢ = {7,13}, L3 m La2 = {24}, where L3 and L2 are tangents to

C: at the points 7 and 13 respectively, then.

o1=1{1,2,3,19,21,24,25,29,31} is a minimal (9,1)-blocking set.

Now, we must construct a minimal (b,5)-blocking set from a1, B1, v 1, 1 and &1 as follows:.

Let D=o.iUB1UY1 Lo W61={1,2,3,7,...,22, 24,...,27,29,30,31}. D must satisfy the following

conditions:

(a) D intersects every line in at least five points.

(b) Every point of D is on at least one 5-secant of D.

We add four points 5,6,23,28 to D to satisfy these conditions, then:

Bs=D v {5,6,23,28} = {1,2,3,5,...,31} is a minimal (30,5)-blocking set which is trivial since

Bs contains some lines completely. The complement of s is not arc since every (k,n) cannot

exist when n <2.

Conclusion

1. We construct a minimal (9,1)-blocking set, which is containing a conic as in lemma (1.12).
Also we construct minimal (16,2)-blocking by taking the union of two blocking (9,1)-sets
of type in lemma (1.12). We construct minimal (20,3)-blocking set, by taking the union of
three (9,1)- blocking sets of type in lemma (1.12). We construct minimal (25,4)-blocking
set by taking the union of four (9,1)-blocking sets of type in lemma (1.12) and finally we
construct minimal (30,5)-blocking set Bs by taking the union five (9,1)-blocking sets of
type in lemma (1.12).

2. The minimal (9,1)-blocking set B1 and the minimal (16,2)-blocking set B2 are non-trivial,
but the minimal (20,3)-blocking set B3, the minimal (25,4)-blocking set B4 and the
minimal (30,5)-blocking set Bs are trivial
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