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Abstract
Let & be a commutative ring with unity and let 98 be a unitary R-module. Let X be a proper

submodule of &, N is called semisecond submodule if for any r€, r#0, n€Z+, either r"X=0 or
r"N=rN.

In this work, we introduce the concept of semisecond submodule and confer numerous
properties concerning with this notion. Also we study semisecond modules as a
popularization of second modules, where an Z-module % is called semisecond, if % is
semisecond submodul of .

Keywords: Semisecond submodules, second submodules, secondary submodules.

1. Introduction
Let # be a commutative ring with unity and let & be a unitary % -module. S.Yass in [1]

introduced the notation of second submodule and second module where a submodule X of an
Z -module Z is called second submodule if for every re, r#0, either rX =K or rX =0 and a
module & is called semisecond if & is semisecond submodule of 2. This definition leads us
to introduce the notion of semisecond submodule and semisecond module as a generalization
of second submodule and second module, where a submodule X of an Z#2-module % is called
Semisecond if for every r€ &R, r#0, n€Z+, either X =0 or N =rX and a module % is
Semisecond if & is semisecond submodule of 2.

The main aim of this work is to give basic properties of Semisecond submodules. Moreover,
we survey the relationships between semisecond submodules and other submodules.

Over this work we designate S.R.M. for submodule of an #-module, for integral domain, for
finitely generated, s.t. for such that and N.Z. for non-zero.

2. Semisecond Submodules
Definition (1):-let N be a S.R.M. &, X is semisecond submodule if for every rER, n€Z,

either r"N=0 or r"N=r\N.
An ideal I of a ring & is semisecond ideal if it is semisecond submodule of the & -module .

The later result is a description of semisecond submodule.
Proposition (2):- X is S.R.M. # is semisecond iff 1> X =0 or r> X =r X for any r€ &, r£0.
Proof:-(=) Is obvious.
(&) if =3, then R =r(r?X). Since either r? X =0 or 12 X =r X, that is either r*X =r(0)=0 or r’X
=r(rX) =r’X =rN. Suppose that r" X =0 or r" X = r X is whole for n=k. To evidence that the
permit is whole if n=k+1. (r)<"! X =r(r* X). But 1* X =0 or r*\ =rX, that is r*''X =r(0) =0 or
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(r)*"! X =r(r X)=r> X =r X. Hence by the principle of mathematical induction r X =0 or " X =r
X for any r€ R, r#0, n€Z+. Therefore, X is semisecond submodule.

Remarks and Examples (3):-
) Every second submodule is semisecond.

Proof: -Let X be a S.R.M. & such that X is second submodule, that is r X =0 or r X = X for
every €, 1#0. If r X =0, then 12 & =r(r X)=r(0)=0. If r X = X, then r*> X =r(r N)=r X, that is
r’XN=0orr?X=r X so N is semisecond by proposition (2.2).

The converse of this remark is not true in general for example: -

Consider the Z-module Zs, let X =<2>, take r=2, r X ={0,4}. Thus r X # X and r X #(0), that is
X is not second submodule, while for every r€Z, r#0, such that r is even, then r=2k for some
k€Z, so r? X =(2k)> X =0.Also if r is odd, then r=(2k+1), so r> X =(4k*+4k+1) X=X and r X
=(2k+1) X =2k X + X = X. Thus r> X =r X. Thus X is semisecond submodule.

2) The submodule Z of the Z-module Q is not semisecond submodule, but Q is a
semisecond submodule of Q.

3) Any submodule of Zpx as Z-module is not semisecond submodule.

(4)  Let X beanon-zero S.RM. #s.t. R is a field, then X is semisecond.

Proof: - Let r€ &, r#0 and suppose r*X£0. To prove r2X=rX, let rmerX, then rn=r?(r'n)€r’x,
hence rRSr2X, which implies that r>8=rX. Thus X is a semisecond submodule.

%) Let f: B— %' be an R-homorphism and N is a semisecond submodule of 4, then f(X)
is a semisecond submodule of &'

Proof: - Since N is semisecond, then r?X=rX or r’X=0. Hence either f(r>X)=f(rX) or f(r*X)=£(0).
Thus r*f(X)=rf(X) or r*f(X)=f(0). Therefore, f(X) is a semisecond submodule of %'

(6) The inverse image of semisecond submodule need not to be a semisecond, for
example: -
Let I1:Z —Z/<6>=Zs, <2> is semisecond submodule in Zs but IT"'(2)=2Z is not a semisecond.

The opposite of remark and example (2.3. (1)) is true under the class of torsion free module
over an integral domain, where a module % over an 1.D. is called torsion free if t(%)=0,
where 1(B)= {m€ B; re R, 10, rm=0}, see [2.P.45].

Proposition (4):-If X is a semisecond S.R.M. & such that Z is torsion free over an [.D. R,
then XN is a second submodule.

Proof:- let r€ &R, 1#0. Since N is semisecond submodule, then r28=0 or r2R=rX. If 1?X=0, then
r’=0 (since M is torsion free) and since & is an I.D., then 1=0, which is contradiction. Thus
r’N=rN and for any n€X, hence 3 1€X s.t. r’/i=rn. Thus r(n-r1)=0. Since r#0 and M is torsion
free, then (n-7n)=0, that is n=r71, hence XCrX and so, =K. Therefore, X is a second
submodule.

Corollary (5):- If & is a torsion free over an integral domain, then X is second submodule of
& if and only if X is semisecond.
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Recall that a module Z is called multiplication if every submodule X of &, 3 an ideal I of

R s.t. 1 B =K, amounting to for every submodule X of %, N:[Ng:g RB). B, see[3].

Proposition (6):- If 8 is a faithful F.G. multiplication R-module, X< &, then X is semisecond
iff [R: %] is semisecond ideal of R.

Proof:- (=) If X is a semisecond submodule, then for any r€ &, r#0, r’X=rX or r’X=0. If
r’R=rN, then r’[X: #]. B =r[X:%]. & because & is a multiplication module. Since % is a F.G.
faithful multiplication & -module, then by [1] rz[NI:? B=r[N: B). If 128=0, then r’[X: B]. B
=0 and hence r2[N:._%’]§agn 2 =0. Thus r? [X: #]=0 and so [N: %] is a semisecond ideal.

Now, to prove the opposite. Let [N:;:z P be a semisecond ideal, that is [NJ:QM] is a
semisecond submodule of the 9 -module 2. Then by proposition (2.2) V reR, r#0,

rz[?{y:2 Bl= 1[N: B] or 1’[N: B]=0, that is rz[?{yz2 Bl B=r[X: B). B or rz[?{y:2 #B1=0. Since B is

a multiplication module, we have r’X=rX or r’X=0 for every r€ &, r#0.
Therefore, X is a semisecond submodule.

We notice that the provision M is faithful cannot be dropped from proposition (2.6) for
instance: Consider the Z-module Zs, Zo¢ is F.G. multiplication Z-module but not faithful.
However, the submodule X=<3> is a semisecond submodule since for any rzeEa;len N=2Z,
r’X=rX. But [?'{j:2 .%’]=[(§)226] =3Z is not semisecond in Z, Since for every rzefa;len (32)=0 and
for each r # %1 we have r> (3Z) £ 1(3Z).

Proposition (7):- N.Z. X S.R.M. & is a semisecond & -submodule iff N is a semisecond

R /I-submodule, where Igaggn N.

Proof :- = Let7 =r+l €ER= R /. (7)*X=(r+1)’X= X . But r?X=0 or r’X=rX, since N is
semisecond, therefore (7)2X=0 or (¥)?X=7X. Thus X is a semisecond R-submodule.
Similarly, we can proof the opposite.

Hence, we have the following result.
Corollary (8):- If N is a N.Z. S R.M. & is a semisecond submodule iff N is a semisecond

submodules R /aglen N — submodule.

Proposition (9):- Let X be N.Z. proper submodule of & s.t. ann X is a maximal ideal, then X

1s a semisecond submodule.

Proof:- since ann X is a maximal ideal, then R/a%n X is a field and by remark and example

(2.3.(4)) X is semisecond submodule R /a;lan X-submodule. Thus by corollary (2.8), N is a
semisecond submodule 2 -submodule.
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Remark (10):- If X=R1@P N> is semisecond submodule in B=RB1P A, then N1 and N2 are
semiseconds in &1, &2 respectively.

Proof:- It follows directly by remark and example (2.3.(5)).

Remark (11):- Let = 1@ 2. If X1 and X2 are semisecond submodules in %1 and %2
respectively, then it is not necessarily that 81 X2 is semisecond submodule in M for
example:-

Let B =Z6@Z1s, let R=<3>@<2>, <3> is semisecond submodule in Zs, <2> is semisecond
submodule in Zis. However 2R=<0>+<4>, (2%) R=4RX=<0>P<8>, then 22X#2X and
22R£<0>P<0>.

The following result shows the direct sum of two semisecond submodules under certain
condition.

Proposition (12):- Let X1 and X2 be semisecond submodules in %1 and %2 respectively such

that ann N = ann NX2. Then X1ED N2 is semisecond submodule in B=%1D %>.
Proof:- Let r€ R, r#0, then (r*Ni1=rX; or r’X1=0) and (r’N2=rX2 or r’NX2=0). Suppose r’Ni=0,

then r2X2=0 since ann N = ann X2 and so r2(Ri@N2) =0. If r’Xi1=rX; and r’Ni#0, hence r’X»#£0
so r’No=rN;. It follows that r2(Xi@DR2) = r2R1Pr?No=rX1PrX>.

Now, we survey the relationships between semisecond submodules and some kind of
submodules.

A submodule X of a module 2 is rendering semiprime if X% and re R, me B, kEZ" with
®meR, then rmeN,see[4].Equivalently X is semiprime if whenever re #, me %, r’meR, then
rmeN, see[3,prop.(1.2)].

An R-module & is rendering semiprime if (0) is a semiprime submodule of Z.

Proposition (13):- Let & be a semiprime Z-module, X submodule of & if N is semisecond,
then X is semiprime submodule of 2.

Proof:- Let a’x€N, where a€R, x€Z. to prove axeX. Since XN is semisecond, then either
a’R=0 or a’N=aN. Assume a’NX=(0). Put a’x=n for some n€N. Then a*x=a’n€a’X=0, hence
ax=0€N (since & is semiprime). Assume a’X=aX. Since a’x=n€N, then a’x=an€al=a’X, so
that a’x=a’nifor some ni€X. Hence a’(ax-n1)=0.As & is semiprime a(axi-n1)=0 and so that
a’x=an €aN=a’X. Thus a’N=a’n> for some m€N. This implies a’(x-n2) =0. But & is
semiprime, so that a(x-n2) =0. It follows that ax=an>€X. Therefore, N is a semiprime
submodule.

Note that the opposite of previous proposition is not hold in public for instance: -
Take #=Z as Z-module. A is prime so it is semiprime. Let N=<6> is semiprime, but N is not
semisecond since for every r€Z, r£0, r’X#(0) and r’N#£rX.

Reminiscence that a module % is rendering Coprime if ann B=a%n§ for every proper

submodule N of &, see [5]. Equivalently & is coprime module if and only if & is second
module, see [6, th.(2.1.6)].
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A submodule X of an #-module & is rendering irreducible if X cannot be expressed as a finite
intersection of proper divisors of 8, See [4].
Proposition (14):- Let & be a coprime module, let N be a submodule of & such that X is irreducible.
If X is semiprime, then N is second and hence semisecond.
Proof:- Let X be a semiprime R-submodule, since X is irreducible, then by [3,prop.(1-10)] X is prime,
but & is coprime module, then by [6,prop(2.4.7)] X is second, hence X is semisecond.

Corollary (15):- Let % be a prime module over regular ring R (in sense of von Neuman), let N be
a submodule of # such that N is irreducible.Then N is semisecond if and only if N is
semiprime.

Proof:(=) Since & is prime, so it is semiprime. Thus we have the result by proposition
(2.13).

(&) Since & is prime module over regular ring, then by [6, corollary (2.4.3)] & is coprime,
hence we have the result by proposition (2.14).

Reminiscence that a submodule X of a module & is rendering secondary (dual notion of
primary module) if for each r€R, the homothety r* on R is either surjective or nilpotent, where
r* is nilpotent if there exist kEZ+, such that (r*)=0, see[7].It is obvious that every second
submodule is secondary, but the opposite is not whole in public. The next lemma explains that
the opposite is whole under certain condition.

Lemma (16):- Let X be an Z-submodule such that ann X is semiprime ideal. If N is
secondary, then X is second submodule and hence semisecond.

Proof:- Since X is secondary, then for any r€ R, r£0, rR=K or r"X=0; n€Z+. If r¥=N, then there
is nothing to prove. If X=0, then r“Ea;lzn X. But ann X is semiprime, SO reann X. Thus rX=0

and hence X is second.

Corollary (17): - Let X be a SSR.M. Z such that ann X is semiprime, then N is secondary if

and only if X is second.
The opposite of corollary (17) need not to be whole in public for example: -

In Zg as Z-module, <2> is Semisecond and not secondary.

The opposite is whole under the class of torsion free module over regular ring.
Remark (18): - If N is semisecond submodules of torsion free module # over regular ring,
then X is secondary.
Proof:- The proof directly by proposition (4).
Corollary (19) :- Let & be torsion free over regular ring, let X be submodule of & such that

ann X is semiprime, then N is secondary if and only if N is semisecond.

Now, we turn our attention to the localization of semisecond.
Proposition (20):- Let X be a semisecond submodule of an 9#-module %, then Ns is
semisecond Hs-submodule of Hs, s.t. S is a multiplicatively closed subset of R.

Proof:- Let redRs, 1 ZE, where €4, s€S. Assume that (f)zeagnNs .To prove (7)*Rs=1Ns.

2
Since (f)zeaémNs, then (5)2.(2)7&% for some neR, a€s. (%);ég, that is for any t€s, r’tn#0. Thus
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rztEa;lenN which implies that rzea;len?{, so r2X#0.But X is semisecond, hence r?X=rX. Therefore
(rZN)s :(I'N)s. Thus (rz)s Ns = (r)SNS and so (T_)sz:fxs.

Corollary (21):- Let X be a semisecond submodule of an R-module %, then X; is semisecond
HRp-submodule of %) for any prome ideal P of &R.

3. Semisecond Modules

Yass in [1] introduced the notion of second module (where & is second if for every reZ,
170, t$B=0 or rB=AR). Equivalently & is second module if & is second submodule of A. In
this section we introduce the notion of semisecond module as a generalization of second
module. We give some properties of semisecond module.

Definition (22):- Let & be an R-module, & is rendering semisecond if & is semisecond
submodule, that is for any r€ , r#0, 1> %B=r% or rXM=0.

Remarks and Examples (23)

(1) It is obvious that every second module is semisecond, by remark and example
(2.3.(1)).The opposite is not whole in public for instance: Z4 as Z-module is not second since
27Z4#74 and 2Z4#(0) but Z4 is semisecond module.

(2) Z as Z-module is not semisecond , since for any re R, 10, r>Z#(0) and r’Z#1Z.

(3) Consider the Z-module Zpw, aganw =0, that is for all T€Z, r#0, 1*Zpx#(0). But Zp» is

divisible Z-module, so r’Zpx=1Zpe; for all r€Z, r#0, then Zpe is semisecond.

(4) Q as Z-module is semisecond module.

(5) If n is a prime number, then Zn is semisecond Z-module, but the opposite is not whole in
public for example Zs is semisecond but 6 is not prime.

(6) A module & is semisecond Z2-module iff & is semisecond Z/I-module, where Iga;len B.

Proof :- It follows by proposition (7).

(7) A module & is semisecond Z-module iff & is semisecond %/a;lan Z-module.

Proof :- It follows by corollary (8).

(8)Let f: 28— B' be an R-homomorphism, if & is semisecond module, then f(%) is
semisecond Z'-module.

(9) Let # be a semisecond P-module, then s is semisecond Rs-module,
s.t. S is a multiplicatively closed subset of Z.

Proof :- It holds by proposition (20).
(10) Let & be a semisecond Z#-module, then %y is a semisecond FKp-module for any prime

ideal P of .

Proof:- It follows by corollary (21).
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