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Abstract
In thisresearch, we present the notion of the graph for a KU-semigroup X as the undirected

simple graph with the vertices are the elements of X and we study the graph of equivalence
classes of X which is determined by the definition equivalence relation of these vertices, and
then some related properties are given. Several examples are presented and some theorems
are proved. By using the definition of isomorphic graph, we show that the graph of
equivalence classes and the graph of a KU-semigroup are' the same , in special cases.
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1.Introduction
Mathematicians Prabpayak and Leerawat [1, 2] constructed algebraic structure which is

called KU-algebra and they introduced the concept of a homomorphism of KU-algebra.
Kareem and Hasan [3] introduced a new class of algebras related to KU-algebras and
semigroups, called a KU-semigroup. They defined some types of ideals and discussed few
properties.
The study of graph theory and its properties are topics of interest in algebraic structures. Beck
in [4] introduced the graph of commutative ring by studied the zerodivisor graphs of this
ring. Many mathematicians studied a graph of a commutative ring by different ways; see [5-
10]. In [11], Jun and Lee introduced the concept of the associated graph of BCK/BClI-algebra
and they proved that: if X is a BCK-algebra, then theassociated graph of X isconnected but
if X is a BCl-algebra, then it's not connected. Zahiri and Borzooei [12] introduced
anew graph of a BCI-algebra X and they defined the concept of a-divisor of BCI-algebra X .
Mostafa and Kareem [13] introduced the graph of a commutative [S-algebra X, denoted by
e and studied the graph of equivalence classes of X.
In this research, we introduce the idea of graph for a KU-semigroup. We define the graph
as the undirected graph with the vertices are the elements in KU-semigroup X and for
distinct vertices X and Yy are adjacent if and only if R({X,Yy})=L({X,Yy})={0} . Moreover,

we study the other graph namely, graph of equivalence classes of X by definition of
equivalence relation of these vertices and then some related properties are given.

2.Preliminaries
In this section, we present some definitions and background about a KU-algebra and KU-

semigroup.
Definition 1[1-2]. Algebra (X ,*,0)is called a KU-algebra if it satisfies the following axioms:
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(ku,) (x*y)*[(y *2) * (x 2)] =0,
(ku) x#0=0,

(kuy) O*xx=x,
(ku,) x*y=0 and y*x=0 impliesXx=Y,
(kug)x*x=0.
On a KU-algebra X , we can define a binary relation < by putting X<y <> y*x=0. Then
(X,<)is a partially ordered set and 0 is its smallest element. Thus (X ,*,0) satisfies the
following conditions. For all X, y,z € X , we that

(ku ) (y*2)*(x*2) < (x*Y),

(ku, ) 0<x,

(kuy) x<y,y<x impliesx=Y,

(ku, ) y*x<x.

Theorem 2 [14]. In a KU -algebra X . The following axioms are satisfied, for allx,y,z € X
(1) X<y imply y*z<x%*2,

(2) xx(y*xz)=y=*(x*z),forall X,y,ze X,

G (y*x)*x)<y.
Definition 3 [1-2]. A non- empty subset | of a KU-algebra (X,*,0) is called an ideal of X
if for any x,y € X, then

(i)0 el and

(i) x*y,x € | imply thaty e | .
Definition 4 [1-2].Let | be a nonempty subset of a KU-algebra X . Then | is said to be a
KU-ideal of X , if

(1) 0l and

(1,) vx,y,ze X, x*(y*z)el and y el imply that Xx*zel .

Definition 5[15]. A KU- algebra (X ,*,0) is said to be a commutative if it satisfies : for all
X, Yy inX,(y*x)*x=(X*y)*y,where XAYy=(y*X)*X,ie. XAY=YAX.

Lemma 6 [15]. If X is a commutative KU-algebra, then X A (Y *2) = (XA Y) *(X A Z).
Example 7[15]. Let X ={0,a,b,c,d,e} be a set, with the operation* defined by the following

table:
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* [0 |a |b |c |d |e
0 |0 |a |b |c |d|e
a |0 |0 |b |c |b|c
b [0 |a |0 |b |a |d
c |0 |a |0]|0 |a |a
d [0 |0 |0 |b |0 |Db
e [0 |0 |0 |O |O |O

Then (X,*,0)is a KU-algebra and KU-commutative.

Definition 8 [3]. A KU-semigroup is a nonempty set X with two binary operations *, o and
constant 0 satisfying the following axioms

(D (X,*,0)is a KU-algebra,

(IT) (X,0)is a semigroup,

(IIT)The operation o is distributive (on both sides) over the operation *, i.e.
Xo(y*Z)=(Xeoy)*(Xoz) and (X*y)oz=(Xoz)*(yoz),forallx,y,ze X.

Example 9[3]. Let X = {0,1,2,3} be a set. Define * - operation and o - operation by the

following tables

* 0 1 2 3 ° 0 1 2 3
0 0 1 2 3 0 0 0 0 0
1 0 0 0 2 1 0 1 0 1
2 0 2 0 1 7 0 0 P B
3 0 0 0 0 3 0 1 B 3

Then, (X ,*,0,0) is a KU-semigroup.
Proposition 10[3]. Let (X,*,0,0) be a KU-semigroup. The following axioms are satisfied. For
allx,y,ze X,

(1) Xc0=0 and 0oXx=0,

2) If x<yimply zox<zoy and Xoz<yoz,

(3) Xo(YyAZ)=(Xoy)A(XoZ) and (XA Y)oz=(XoZ)A(YoZ).

3.A graph of KU-semigroups

In this part, we introduce the concepts of graph KU-semigroups X and the graph of
equivalence classes of X . We recall some definitions and basic facts. For a graphG , we
denoted the set of vertices of G as V(G)and the set of edges as E(G). An edge to be
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associated with a vertex pair ; — X; ; such an edge having the same vertex as end vertices are

called a loop. Also if more than one edge to be associated with a given pair of vertices, then
edges referred to as parallel edges.A simple graph is a graph that has neither loops nor parallel
edges. A graph G is said to be complete if every two distinct vertices are joined by exactly
one edge. A graph G is said to be bipartite graph if its vertex set V(G) can be partitioned

into disjoint subsets V, andV, such that, every edge of G joins a vertex of V, with a vertex
ofV,. So, G is called a complete bipartite graph if every vertex in one of thebipartition
subset is joined to every vertex in the other bipartition subset. If V, andV, havem and n

vertices respectively, then a complete bipartite graph will be denoted by K, . Consequently,
a star graph is a complete bipartite graph of the formK, . A graph G is said to bea

connected if there is a path between any given pairs of vertices, otherwise the graph is a
disconnected. The neighbors of a vertex X in a graph G , denoted by N(X) are the set of

vertices that are adjacent toX. A graph H is called a subgraph of G if V(H)cV(G)and

E(H)cE(G). Two graphsG, and G, are said to be isomorphic if there exists a bijective
mapping f :V(G,) >V (G,) such that x—y e E(G,) then f(X)— f(y)eE(G,). For more

details we refer to [16].

Definition11. Let A be a subset of a KU- semigroup (X ,*,0,0) | then we define the following
L(A)={xe X:xrna=0,xca=0,Vae A},
R(A)={xe X:anx=0,a0x=0,Vae A}.
If A={a}, then we write L(a)and R(a) instead of L({a}) and R({a}) ,respectively.
Proposition12. Let Aand B be non-empty subsets in (X ,*,0,0)  then the following
statements are true:

(1) Ac R[L(A)]and Ac L[R(A)],

(2) 1f Ac B, then R(B) = R(A)and L(B)< L(A),

(3) R(A)=R[L[R(A)]] and L(A)=L[R[L(A)]].

(4) R(AUB)=R(A)NR(B) and L(AUB) = L(A) N L(B)

(5) R(AAUR(B)c R(ANB)and L(A)UL(B)< L(ANB)
Proof. (1) Let ac Aand X e L(A), then XAa=0,xoa=0. It follows that a € R[L(A)],
hence A< R[L(A)]. Similarly, A< L[R(A)].
(2) Suppose that AcBandXxe R(B) , then bAx=0,box=0 forall beB.
but Ac B, therfore bAx=0 ,box=0 VbeA.So xeR(A), hence R(B) = R(A).
Similarly, L(B) < L(A).
(3) by using (1) and (2) we have Ac R[L(A)]and A c L[R(A)] implies that by (2)
L[R[L(A)]] < L(A) and R[L[R(A)]]< R(A). If we apply (1) to L(A) and R(A), then
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L(A) c L[R[L(A)]] and R(A) < R[L[R(A)]]. Hence R(A) = R[L[R(A)]] and

L(A) = LIRIL(AN].

(4) Since Ac AUB and B c AUB, we have by part (2) of Proposition 3.2 that,
R(AUB)<c R(A)and R(AUB) < R(B), hence RCAUB) < R (A)N R(B) ——(1)
Conversely, if xe R(A)(1R(B), then xe R(A) and X e R(B), therefore
anx=0,a0x=0,VacAandbax=0,box=0,vbeB.Butifce(AUB), then
cAax=0,cox=0,vce(AUB)

we have x e R(AUB), hence R (A)(N1 R(B)c R(AUB) ——(lI)

From (1) and (II), we have R(AUB) =R (A)(1 R(B) . Similarly, L(AUB)=L(A)NL(B).
(5) wehave Ao ANB,B > ANB from (2) R(A)c R(ANB)and R(B) = R(A B) which
implies that R(A) U R(B) < R(A( B). Similarly, L(A)U L(B) < L(AN B).

Example 13. Let X ={0,1,2,3} be a set. Define * - operation and o - operation by the

following tables

* 0 1 2 3 ° 0 1 2 3
0 0 1 2 3 0 0 0 0 0
1 0 0 1 3 1 0 1 0 0
2 0 0 0 3 2 0 0 2 0
3 0 1 2 0 3 0 3 0 0

Then (X ,*,0,0) is a KU-semigroup. We have the following

R({0,1}) = R({0,2}) = R({L,2}) = {0,3} , R({0,3}) = {0,2} and R({L,3}) = R({2,3}) = {0} . Also,
L({0,1}) = {0}, L({0,2}) = {0,3}, L({1,2}) = {0}, L({0,3}) = {0,1,2} and L({1,3}) = L({2,3}) = {0} .
Remark 14. If (X ,*,0,0) is a KU-semigroup, then

(1 L0} =R({0}) =X,

(i) L({X}) =R({X})=1{0}.

Proof. Clear.

Lemma 15. Let (X ,*,0,0) be a KU-semigroup and a KU-algebra be a commutative, then for

any elements a and b of X .If a*b=0, then L({a}) < L({b}).
Proof. Suppose that a*b=0.Letx e L({a}) = xAa=0,xoa=0, then by lemma 6

O=xa(a*b)=(xra)*x(xAb)=0x(xAb)=(xAb) and
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0=Xo(a*b)=(xoca)*(xob)=0x*(xob)=(xob). It follows that x € L({b}), hence

L({a}) = L({b}).

Lemmalé6. If A is a subset of a KU-semigroup (X ,*,0,0) and a KU-algebra is acommutative,

then R(A) is an ideal of X .

Proof. Foranyae A, we havean0=(0*a)*a=a*a=0 and ac0=0.Hence 0 € R(A).
Letx*ye R(A),xe R(A), thenaAn (x*y)=0,a0(x*Yy)=0 which implies that by lemma6

(aanx)*x(any)=0 and since Xxe R(A), then0=*(aAy)=0,hence any=0.Also,

(aoXx)*(acy)=0andsince xe R(A), 0*x(acy)=0,hence acy=0,i.e yeR(A). Which

implies that R(A) is an ideal of X .[J

Definition 17. A graph of a KU-semigroup X , denoted by {)(X) is a simple graph whose

vertices are the elements of X and two distinct elements X,y € X are adjacent if and only

if R({x,y}) = L({x,y}) = {0}.

Example 18. Let X ={0,a,b,c,d} be a set. Define * - operation and o - operation by the

following tables

« 0 ajb)cd ol 0|l al|b|c|d
00| a|b|C|d 0 ol ololo]lo
a|0| 0 ]al|cC]|d alolololola
b | O] O |O0O|cC|d blololololb
c|0|ajp|0]d clolololb]c
d| 0] aj|p|c|O d| 0| a|b]|c|d

Then (X ,*,0,0) is a KU-semigroup. So R({0,a}) ={0,c,d}, R({0,b}) =R({a,b}) ={0,c}
R({0,c}) ={0,a,b} ,R({0,d}) = R({a,c}) = R({a,d}) = R({b,c}) = R({b,d}) = R({c,d}) = {0} .
Also, L({0,d}) = L({a,c}) = L({a,d}) = L({b,c}) = L({b,d}) = L({c,d}) = {0} .

By definition17, we determine the graph of X as follows: The set of vertices is

V(X)=1{0,a,b,c,d} and the set of edges is

E(X)={0-d, a-c, a—d, b—c, b—d, c—d}. The figure (1) shows the graph Q(X).
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QX

b

Figure 1.The Graph Q(X)

Example 19. Let X ={0,1,2,3} be a set in examplel3. The set of vertices is {0,1,2,3} and the
set of edges is {1 — 3 and 2 — 3}. The figure (2) shows the graph 1(X).

2

QX

1
Figure 2. The Graph Q(X)

Theorem 20. A disconnected graph cannot be a graph of any KU-semigroups X.

Proof. Suppose G is a disconnected graph with components G,andG,. Let G = 1(X) be
a graph of KU-semigroupsX. Then, there exist vertices X € G, and Yy € G, such that there is
no path between x and y. Let a€G, andbeG, be vertices adjacent to XxeG,andy €G,,
respectively. Thenx oa = aox = 0,xAa =aanx = 0and y o b = boy = 0, yAb = bay = 0.
If ob =boa =2z arb =baa =1z, for someze X. Then xo0z = zox = 0,y0z = zoy =0,
xnZ =2Ax = 0,ynZz =zAy = 0. Thus z is a common neighbor of x and y, that is a

contradiction. Hence, a disconnected graph cannot be a graph of any KU-semigroups.

Definition21. Let X be a KU-semigroup, For any XeX , we have
ann(x) ={y € X : R({x,y}) = L({X,y}) = {0} } is called the set of annihilator of X.
Lemma 22. Let X be a KU-semigroup and ann(x) be the set of annihilator of X. Then

(1) Xeann(x) Vxe X,

(i1) There is an edge connecting X and y if and only if x € ann(y) and y € ann(x).
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Proof. (i) Clear by definition 17.

(i1): Suppose that X ¢ ann(y)or y ¢ ann(x), then R({X, y}) = L({x, y}) # {0} . It implies that
there is no edge connecting X and vy, this is a contradiction. Thus X € ann(y)and y € ann(x)

. Conversely, suppose that X e ann(y) and y e ann(x) , then R({x,y}) = L({x,y})={0} . It
implies that there is an edge connecting X and y .

Definition 23. Define a relation~ on a KU-semigroup X as follows:

X1~Xz2 if and only if ann(x,) =ann(x,),Vvx;,X, € X .

Lemma 24. The relation ~ (from definition23) is an equivalence relation on X .

Proof. Clear.

4. A graph of Equivalence Classes of KU- Semigroups
Now, we introduce the graph of equivalence classes of a KU-semigroup X , which is

constructed from classes of equivalence relation ~ in definition 23. For X,y € X , we say
that x ~ y if and only if ann(x) =ann(y). As denoted in (lemma 4), ~ is an equivalence
relation. Furthermore, if [X] denotes theclass of x, then the product [Xoy]=[X]e[y] and
XA Yl=[X]ALY]

Definition25.The graph of equivalence classes of a KU-semigroup X , denoted by ¥(X)is
the undirected simple graph whose vertices are the set of equivalence classes {[X]; Xe X} and
twodistinct classes [x],[y] are adjacent in W(X) if and only if [x]o[y]={0} and
[X]ALy]= {0}.

Example 26. Let X = {0,a,b,c} be a set. Define * - operation and o - operation by the

following tables

* |0 la|b|c o |0 |a|b|c
0|0 fa|b|c 000|010
a |0]0a|c a (0010 |a
b |0]0]|O0|c b (0]0]|0|b
c |0|a|b|O c |0|a|b]c

Then (X ,*,0,0) is a KU-semigroup. We have the set of vertices is V(Q(X)) = {0,a, b, c} and
the set of edges is E(Q(X))={0—a,0—b,a—b,a—c,b—c}. So, the set of vertices of ¥(X) is
{[0],[a],[b]} since ann(0) = {a,b}, ann(a) = {0,b,c}, ann(b) = {0,a,c} and ann(c) = {a,b},
then E(‘I—'(X)) = {[0] — [a], [0] — [b], [a] — [P]}. The following Figure shows the

graph Q(X) and ¥(X).
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[0]
Q&) WX

a . ] o]

Figure 3. The Graphs Q(X) and¥(X)

Example 27.Let X ={0,a,b,c,d} be a set in example 18. Then the set of vertices of ¥(X)
is {[0],[al.[c].[d]} and the set of edges is {[0]-[d], [a]-[c], [a]-[d], [c]-[d].}
The figure (4) shows the graph of equivalence classes W(X).

[d]

Y
[0]
(] [c]

Figure 4. The Graph¥ (X)

Lemma 28. With notations as before.
1) ¥(X) is a sub graph of (X);
2) Forall xe X , we have N(X) =ann(x).

Proof. Straightforward.

Theorem29. Let W (X) be the graph of equivalence classes of X . For any distinct vertices
[x], [y]e W(X), if [x] and [Y] connected by an edge, then ann(x) = ann(y).

Proof. Suppose that ann(X) =ann(y), then X~y . Hence[X]=[Y] this is a contradiction.
Therefore ann(x) = ann(y).

The converse of this theorem is not true. In example27, we have the vertices[0], [c]and
ann(0)= ann(c) but no edge joint between them.

Theorem30.Let X as mentioned above. If Q(X) is a complete graph, then Q(X)=¥(X). But

the convers is not true.

Proof. Suppose that V(Q(X )) = {xq1, X3, ..., X} . If Q(X) is the complete graph, then every
pair of its  vertices are adjacent. Thus  N(X)={X,, Xgsee0, X; },1 =2,...,N
N(X,) = {X, X350, X },1 =1,3,...,0 N N(X,) = {X;s Xy5eees X} . Then,
ann(x,) = N(x,), ann(x,) = N(X,),..., ann(x,)= N(X,),Thus ann(x,) #ann(x,) #...# ann(x,)
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therefore every vertex of Q(X) is a equivalence class of W(X) , thus the vertices of W(X)
are distinct and the same number of vertices of Q(X), then there exist an isomorphic
f:QX) » W(X) such that f(x)=[x] for each i€ {l,2,...,n} and the mapping of edges
frE(Q(X)) » E(Y(X)) , which sends the edge x; —X; in E(Q(X)) to the edge [x]-[x;]
in E(¥(X)) is a well-defined bijection.

The converse of this theorem is false as illustrated in example31, we have
Example 31.Let X = {0,a,b,c}be a set. Define *-operation and o - operation by the

following tables

*10 a b |c o |0 |a|b|c
0|0 (a|b|c 010101]0]O
a |0]0]a|c a |0]a |0 |c
b |0]0]|0|c b (0|0 b |0
c |0]a|b |0 c |[0]c |0 |c

Then (X ,*,0,0)is a KU-semigroup. We determine the graph ()(X) as follows: V(Q(X)) =
{0,a,b,c} and E(Q(X))={0—a,a—b,a—c,b—c}. The set of vertices of W(X) is
{[0],[a],[b],[c]} , since ann(0)={a}, ann(a)={0,b,c} , ann(b) ={a,c} and ann(c)={a,b},
then E(W(X)) = {[0] — [a], [a] — [b], [a] — [c], [b] — [c]}. The following Figure shows the
graph Q(X) and ¥(X).

, [o] /0]

QX w(x)

a [e] [a]
Figure 5. The graphs Q(X) and¥(X)
In above figure Q(X)=W¥(X), but Q(X) is not a complete graph.
Theorem 32.If Q(X) is a star graph, then W(X) is an edge.

Proof. Suppose that Q(X) is a star graph with vertex set V(Q(X)) = {xy, x5, ..., x,} . This set
can be split into two sets V, ={X,} and V, ={X,,...,X,} such that the vertex of V, is joined to

each vertex of V, by exactly one edge. Thus, the set of edges is

E(QX)) = {1 — X2, %, — X3, 00, X1 — X5} S0 N(X)=1{%X,%,...%,} =V,  and
N(OG) ={x}=N(;)=...=N(x) =V, , then ann (x,) =V, and
ann(x,) =ann(x,) =...=ann(x,) =V,. Then there are two distinct equivalence classes[X]

and [X,] in W(X), which are adjacent. Thus ¥(X) is an edge.
Lemma 33. Let G and H be two graphs and G = H . If f(X)=Y, then f(N(x))=N(y) for

allxeV(G) and yeV(H).
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Proof.

Let f:G—>H be a graph isomorphism, xeV(G) and f(x)=yeV(H). Then

FINOC) ={f(2):x=2}={f(D): () - F (@D} ={f(2):y- (D)} =N(y).
Theorem 34. Let X and Y be two KU-semigroups . If Q(X)= Q(Y), then ¥Y(X)=¥(Y).

Proof.

Suppose that V(Q(X)) = {xy, x5, ..., x,} and V(Q(Y)) = {1, ¥2, ., ¥} such that the

isomorphism f: Q(X) - Q(Y) satisfies f(x;)=y, for eachie{2,..,n}. By lemma 33,
f(N(%))=N(y,) for each i, then f(ann(x))=ann(y,) and the mapping of edges
frE(Y(X)) » E(¥(Y)), which sends the edge [x]-[x;] in ¥(X) to the edge [y;]-[y;] in

Y(Y) is a well-defined bijection. Thus W(X)=W¥(Y).
The converse of this theorem is not true. In Examples 27 and 31, we have W(X)=¥(Y) but
Q(X) # Q).
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