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Abstract

New class A*(a,c, k,B,a,y,u) is introduced of meromorphic univalent functions with
positive coefficient f(z) =>+ ¥3-;a,2",(a, 20,z€ U, Vn € N ={1,23,..}) defined
by the integral operator in the punctured unit disc U* ={z € C: 0 < |z| < 1}, satisfying

zz(Ik(L*(a,c)f(z)))”+22(1k(L*(a,c)f(z)))’
ﬁz(lk(L*(a,c)f(z)))”—a(1+y)z(1k(L*(a,c)f(z))),
1,2,3,... ). Several properties were studied like coefficient estimates, convex set and
weighted mean.

<wO0<p<10<ay<L0<f<:, k=

Keywords: Meromorphic univalent function; coefficient estimates; convex set; weighted
mean.

1. Introduction
Let W™ denote the class of functions of the form:

f) =1+ Z a2, (z€U neE N={123 .}, 1)

which are analytic and meromorphic univalent in the punctured unit disc
Ur={zeC:0<|z|<1}=U-{0}.

The Hadamard product [1]. (convolution) of function f(z) in (1) and a function g(z):
g =1+ Z bz",(z € UN = {1,2,3,..}), )
n=1
is defined in the class W™ as
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(fr@) =1+ z a,byz", (z €UV nE N={123,..)). 3)

n=1

Let A* be a subclass of the class W* of functions of the form:

f(z) = %+ Z a,z",(a, =20,zeU\ne N={1,23,..}). (4)

n=1
A function f in the class A* is said to be meromorphic starlike and meromorphic convex of
order § [2]. (0 < 8§ < 1,z €, U*f'(2) # 0), respectively if —Re {Zf (Z)} > § and —Re {1 +

f(2)
zf''(2)
f'(2) } > 6.

In 2013, Juma and Zirar [3]. defined the function @ (a, c; z) as follows:

fz)'(a,c;Z)=§ i

for(ceC,c #0,—1,-2,... and a € C — {0}),where (a),, = a(a + 1), isthe
Pochhammer symbol.

(Wns1

z", zeU”
(C)n+1

Gaussian hypergeometric function ( 2Fi(b,a,c;z) =Yoo O(b(l’)l(a)” ) was used, where

@ (a,c;z) =% ,F,(1,a,c;2) and the Hadamard product for f € A* corresponding to the

z

function @ (a, c; z), the linear operator L*(a, ¢) [3] defined on A* by

o)

V(@f@) =B (a2 f() =1+ Z St gy (5)
and
1°(L*(a,0)f(2)) = L*(a,c)f (z), and for k = 1,2,3, ...
P2
(L' (a,0)f () = z (I*}(L* (¢, 0)f (2))) + ;
_1 N (@)1 n
—14 ,Zonk o (6)

In [4]. Darus and Frasin studied the operator I*(L*(a, ¢)f (2)).

Now, the condition for the function f which is defined in (4) belongs to a class
A*(a,c, k,B,a,y, 1), where A*(a,c,k,B,a,y,u) € A* according to Equation (6).

Definition 1: A function f € A* of the form (1) is said to be in the class A*(a, ¢, k, B, o, v, ), if
satisfies the following condition:
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72 (Ik(L*(a’ C)f(Z)))” + 2z ([k(L*(a, C)f(Z))),
Bz (I(L (0, 0f @) — a1 + )z (1(L*(@,Of (@) )

<, (7)

where 0 <p<1,0<ay<L0<F<:, k=123,...

In this paper, A new class A*(a,c,k,B,a,y, 1) of meromorphic univalent functions is
studied and discussed the positive coefficient defined by integral operator in the punctured
unit disc U*. Several properties are resulted such as, coefficient estimates, convex set, extreme
point and obtain some interested results. See also References [5-9].

2. Results
In this section we introduce the results of the study in the two subsections:
2.1. Coefficient Estimates

In the first theorem, the necessary and sufficient condition is given to be the function £ in
the class A*(a,c, k, B, a, v, 1).

Theorem 1: A function f(z) defined by (4) is in the class A*(a, ¢, k, B, o, v, p) if and only if:

oo
n=1

where 0<u<1,0<a,y<1,0<pB<

(a)n+1

o n*13n +p(a(l +y) = Bn— 1)) — 1]a, < pl28 + a(1 + )], (8)

, k=123, ...

N |-

Proof

Assume that (8) holds true. It is enough to show that:

S = |22 (Ik(L*(a, c)f(z)))n + 2z (Ik(L*(a, c)f(z)))’|
—u |ﬂz (Ik(L*(a, c)f(z)))” —a(l+y)z (Ik(L*(a, c)f(z)))’| <0,

for |z| = r < 1, from (8), that resulted:
( )n+1

z? (22_3 + i ©ns
+ 2z (—Z_z + Z Egnﬂ
( . Z (@ns1

(C)n+1

—a(1+y)z (—z‘z + Z

k+1(nﬂ_ 1)anzn—2>

k+1, ,n-1
nZ )

nk+101__1)anzn—2>

k+1anzn—1>

—ulp

(a)n+1
(ns1
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(@ns1

n**1(3n - 1)a,,z"
(C)n+1 "

oo
n=1

(a)n+1

B B = D) ~ a4 Page”

—u

(28+a(1+7))z 72+

o

»

n=1

(a)n+1

nk*1(3n — Dayz™ — u(26 + a(1+y))r2
(©n+1

o

n=1

WM —1) — a1l +y)layr™

co

<.

n=1

(a)n+1
(C)n+1

1 3n+ p(a(l+y) — f(n—1)) — 1]a,r™ — u[28 + a(1 +y)] <O.

Hence, f € A*(a,c, k, B, a,y, 1).
Conversely, let f(z) € A*(a, c, k, B, a, v, 1), then (7) holds true, so: we have:

2 (e @ ar@)) + 22 (1@ Of @)
Bz (Ik(L*(a, c)f(z)))” —a(l+y)z (Ik(L* (a, C)f(Z))),

Yn=1 (@i n**1(3n — 1)a,z"
— (C)n+1 < M
(26 + a1+ 1)z + Ty [(B22| w1 [Bn - 1) — a1 + P)lag”
n+1
Since Re(z) < |z| for all z, it follows that:
2??:1 Ea§n+1 nk+1(3n _ 1)anzn
Re nit <u.

%3:: k1B — 1) — a(l +y)]ayz™

(2B +a(l+y))z2+32,

Now, we choose the value of z on the real axis so that [*(L*(a,c)f(2)) is real.

Letting z — 1~ through real values, we obtain:

o)

2.

n=1

(@ns1
(C)n+1

nk+1[3n +ulal+y)-pn—-1)) - 1]an <ul2B +a(l1+vy)].

Hence, the result follows =

Finally, sharpness follows if we take
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f(2)
1 ul2p +a(l+y)]

“2 @
O Bnt (e +1) = p(r=1) ~ 1]

z". 9

n=12,..).

Corollary 1: If f(z) defined by (4) is in the class A*(a, ¢, k, B, o, v, W), then:

an
20+ a(1+
< ul2p + a(l+y)] (10)
| Dnt1 n**1[3n + p(a(l+y) —f(n—1)) — 1]
(C)n+1
where 0 <y <1,0<ay<10<f<-,neN k=123...
Now, the function was defined f;(z) (i = 1,2,3, ...), as follows:
1 00]
£(2) =E+Zan,izn(an,i >0,n€e N). (11)
n=1

2.2. Convex Set

Here, the class A*(a,c, k, B, a,y, 1) will prove as a convex set and give some result about
it.

Theorem 2: The class A*(a, ¢, k, B, o, v, W) is convex set.
Proof

Let the functions f;(z) (i = 1,2), defined by (11), be in the class A*(a, ¢, k, B, a, v, 1), then
forevery e (0 < e < 1), that showed must:

[(1 - e)fl(z) + efZ(Z)] € A*(a, (o8 k, ,B, a,y, ‘Ll)

Thus, we obtain:

(1= @ +efy() =271+ ) [(1 = )y, + eans]2",

and
—ECC?:: n*13n + u(a(l+y) - f(n— 1)) — 1]
nZl ul2g + a1+ y)] [(1 —e)ap; + ean,z]
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Eg:ji nk*13n+ u(a(l+y) —B(n—1)) — 1]

= Q- )Z W28+ a(l+ )] n1

(a)n+1 nk+1 _ _
.. z On [Bn+pu(al+y)—pn—-1)) —1] o
w28 + a(1+y)] =

Therefore, by Theorem (1), the result followed m

Theorem 3: Let the functions f;(z) (i = 1,2),defined by (11) be in the class
A*(a, ¢,k B, a,y, ), then

1 [e/0)
g(2) = . + Z(a’%’l + a,Z,_Z)Z” , (12)
n=1

In the class A*(a, ¢, k, B, a, vy, 5), where:

#2B +a(l+ el +y) - f(n—1)]
n?[3n+u(a(l+y) — ,B(n—l))—l] — u? 2ﬁ+a(1+y)]

o<
(a)n+1

(C)n+1

Proof

Since f;(z) € A*(a,c,k, B, a,y,u), then by Theorem (1), we have:

2

N %63;1: n**13n+ p(a(1+y) - B(n - 1)) - 1] 2
; ul2B + a(l+y)] A1
=, (|G| wron + wlatt +7) — pen - 0) - 1]
) ; u(2B +a(l +y)] an, | <1, (13)
and
o, (|32 i fsn+ u(e + - pa- 1) =11\
; ul2p +a(l+y)] an,2
o Egnﬂ k+1[3n + H(a(l +y)—p(n— 1)) _ 1]
z - an1 < 1. (14)
n=1 M[Zﬁ +a(l+ y)]

It follows from (13) and (14), that:
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2
s o fan + (a1 +7) - Bl - 1) - 1)

=1
ZE w28 +a(1+y)]

n=1

(a2,+a2,)<1.

But g(z) € A*(a,c, k, B, a,y,5) ifand only if:

—Eg:: n**13n+ §(a(l+y) - B(n—1)) — 1] (a

nZl S[28 + a(1+vy)]

2, +ad2,) <1 (15)

The inequality (15) is satisfied if:

—ECC?Z:: nk+1[3n + 6(a(1 +v)—B(n— 1)) _ 1]
S[28 + a(1 +y)]
—ECC?Z.: n2(k+1)[3n + /J(a(l +y)—-pn— 1)) _ 1]2
= U226 + a(l + y)]? :
Hence:
5 < ® p2B + a1+ Y)]la(1 +y) — ﬁz(n ~1)] | 6
o ;‘: n2[3n + p(a(1+y) = fn—1)) — 1] — u2[28 + a(1 + )]
=L(n).

Since L(n) is an increasing function of n (n = 1), letting n = 2 in (16), we get:

p 2B + a1+ )lla(l +vy) — Bl |
4[5+ pu(a(1 +y) — BI? — w22 + a(1 +y)]

5S%
()3

This completes the proof m

Theorem 4: Let the functions f;(z) (i =1,2,...,m),defined by (12) be in the class
A*(a, ¢k B, a,y, 1), then:

oo

1
q:(2) = E+Z enz", (e, =0,m€N)

n=1

In the class A*(a, ¢, k, B, a, v, ), where:

m
1
en =— Z an; ,(n=1.2,..).
1=

Proof

Since f;(z) € A*(a,c,k,B,a,y, 1), forall (i = 1,2,3,...), it follows from theorem (1) that:
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(a)n+1

O n**13n+ p(a(1+y) - Bp(n—1)) —1]a,; < ul2B+a(l+y)].

Hence:

- |(@na

nz (C)n+1

) e
=N

Therefore by theorem (1), we get q,(2) € A*(a,c,k,B,a,y,6) m

n**13n+ u(a(l+y) —B(n—1)) — 1e, .

nk*13n + p(a(l +vy) — ﬁ(n—l))—l]( Zam>.

(a)n+1

O Bt ey - - 1) - 1]an.i> Sul2f +a+y)]

Theorem 5: Let the functions f; defined by (11), be in the class A*(a, ¢,k B, a,y, W),
(foralli = 1,2, ..., m), Then the function:

m

©@) =) afi@, (@20

i=1
Belongs to the class A*(a, ¢, k, B, a, y, ), where:

m

Zci —1, (¢;=0).

i=1
Proof

Forevery i = 1,2,3, ..., it follows from theorem (1) that:

Z Egnu n**13n+ p(a(1+vy) - B(n—1)) — 1]a,; < ul2B + a1 +y)].
But

42(2) = Z cifi(2) = Z ( + Z an,izn> =z '+ Z (Z Cian,i) z
Therefore

2 Sl et f3n + w(att + ) - fn— 1) - 1] (Z )
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m

G

=1

(Wns1

k1 _ .
(C)n+1 3n + u(a(l +y)—Bn 1)) 1]an,l>

m

< Z ciul2B +a(l+y)] =pul2f +a(l+y)],

i=1
This end of the proof
Definition 2 [2]: The weighted mean wj(z) of functions fandg, defined by:
1
w=s[A=-)Df@+A+)g@]  0<j<1.

Theorem 6. Let the functions f;(z) (i = 1,2),defined by (11), be in the class
A*(a, ¢,k B, a, v, w), then the function, then the weighted men of f;(z) (i = 1,2), is also in the
class A*(a, ¢, k, B, a, v, 5).

Proof

By Definition (2), we have

[(A=Nfi(2) + A+ )f(2)]

l\.)lb—\

= g[u — N+ B anaz™) + (L4 (27! + g ay22™)]

N L .
=274 ) 2[4 = Dans + 1+ Pagale”,
n=1

Since f;(z) (i = 1,2), intheclass A*(a,c,k,B,a,y, 1), then by Theorem (1), we have:

o]
n=1

and

oo
n=1

Hence
(a)n+1

; (©n+1

1 O @
_5(1_1); (C)n+1

(a)n+1
(ns1

n**13n+ u(a(1+vy) = f(n— 1)) — 1]a,; < pul28 +a(1+7)],

(@ns1

(C)n+1

nk+1[3n +ulal+y)-pn—-1)) - 1]an,2 <ul2B+a(1+y)].

1
130+ u(al +y) = fn— D) = 1] S [(L = Dans + L+ Dans]

n*13n + p(a(l+y) — f(n — 1) — 1]a,
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—_— n"+1[3n + u(a(l +y)—-Bn— 1)) - 1]an,2

1 1
< E/,t[ZB +a(l+y)]+ EM[ZB +a(1+y)]

=u[2f +a(1+y)].

So w; € A*(a,c,k, B, a,y,6)

3. Conclusions

From above and [10] we can use this class to generate another using the definition of
meromorphic multivalent function. Also by suitable operator with meromorphic multivalent
function can getting on a good class studies.
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