IBN AL- HAITHAM J. FOR PURE & APPL. SCI VOL.18 (1) 2005

Fuzzy Internal Direct Product

L.N.M. Tawfiq
Department of Mathematics, College of Education Ibn Al-

Haitham, Baghdad University.

Abstract

The purpose of this research is to show a constructive method
for using known fuzzy groups as building blocks to form more fuzzy
subgroups. As we shall describe employing this procedure with the
fuzzy generating subgroups will give us a large class of fuzzy
subgroup of abelian groups which include all fuzzy subgroup of
abelian groups of finite order.

Some definitious are given below:
Definition

Let A be a fuzzy subgroup of a group (G,.) and N;,N>.....N,

fuzzy normal subgroups in A such that
1- A=N ;xN>x...xN,
2- Let x,cA, xe@G. te[0,1], then

sup{min{n{(y1),n3(¥2)snpn (Yn)}
; Y=¥*¥2+¥y and ¥1:¥9....¥5 €G If y=X%

hO otherwise
n; < N; In unique way.

X((y)=

We then say that A is the fuzzy internal direct product of
N],Nz,- .- :Nnv
Now the following theorem is introduced:

Theorem

If a fuzzy subgroup A of a group (G,.) is the fuzzy internal
direct product of Ni,N,...,N; then for i#j, NinN;= {e;}, and if n;cN;.
n;cN; then nin=n;n; .
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Proof:

Suppose that nsc Nim\N; then we can write n; as

- {mp{min (€1, 8i—1,N5(¥),€i41--€ € } }if y=0,n; € N; i=1,..
A =
S

0 other wise

Viewing ns as an fuzzy singleton in N; . similarly, we can write n. as

'sup {min {e; eeis €50 €5 1.Ng(Y)s €415 580 If y=n,n; € N; i=1,..n

ng(y) =1
: 0 other wise

Since the two decompositions in this form for ng must coincide.
the entry from N; in each must be equal. In our first decomposition

this entry 1s ng, in the other it is ¢; hence ng=e,. Thus, NinN;= {e;} for
1#].

Suppose nicNi, nf::Ni , and 1#] then nnny EN since N 1S
normal fuzzy; thus, nlnjnI 0 cN; . Slmﬂally, since n;’ cN , N0y 0y
'cNi, whence nnﬂa1 'ni”" = N; then n; nin; nj cNiNN={e}.

Thus ninin;"'n;” = ¢ ; this gives the desired result Nin;=n;n;.

One should point out that if ki,....k, are normal fuzzy
subgroups of A such that A= kjxkyx...xk, and kink={e,} for 1#] it
need not be true that A is the fuzzy internal direct pmduct of ki.....lc
. Amone stringent condition is needed.

Clearly from the above theorem the following corollary can be

obtained:

Corollary

A fuzzy subgroup A of a group (G, °) is the fuzzy internal
direct product of the normal fuzzy subgroups Ny,....N, if and only if
(1) A= N;xNsx...xN,

(2) Nin(NjxNyx...xNj. 1 xNjs x...xNy)={e} fori=1.....n
Definition

Let H and k fuzzy subgroups of a group (G, e). The join Hvk
of H and k is the intersection of all fuzzy subgroups of G containing

Hek.
rsup{min {H(XI)aK(XE)}X =X, " ngxgaxg = G} 1f X e Im()

0 other wise
81

Hk =+

e



IBN AL- HAITHAM J. FOR PURE & APPL. SCI VOL.18 (1) 2005

Clearly, this intersection will be the smallest possible fuzzy
subgroup of G containing Hek, and if elements in H and k commute,
in particular, if G is abelian, we have H v k = Hek.

Note that since H(x;) = sup{min {H(x;), k(e)} x; G} and
K(x2) =sup {min {H(e), k(x2)} x5 € G}, then
HcHekandkcHek soH<Hvkand k<Hwv k.

But clearly, H v k would be contained in any fuzzy subgroup
containing both Hand k.

Thus 1t is seen that Hv k is the smallest fuzzy subgroup of G
containing both H and k.

Theorem

A tuzzy subgroup A of a group (G, e) is the fuzzy internal
direct product of fuzzy subgroups H and k if and only if
1) A=H vk
2)xieys=ysex forallxyc Handy,ck.t. s e 10,1],x,y € G.

3) Hnk={e}

Proof

Let A be the fuzzy internal direct product of H and k. It is
claimed that (1), (2) and (3) are obvious if one will regard A as
isomorphic to the fuzzy internal direct product of H and k under the
map ¢, with ¢(xt, ¥s) = X; ® y5s = (X ® y); where r = min { t, S}, X,y €
G, 1, s € [0, 1]. Under this map. 7 T
Corresponds to H, and k respectiviy.— H and k

H:{(Xtﬂe)|xt EH}
k={(e,y,)|y. ck}

lhen (1), (2) and (3) follow immediately from the corresponding
assertions regarding H and K in H x k, which are obvious.
Conversely, let (1), (2) and (3) hold. It must be shown that the map ¢
of the fuzzy internal direct product H x k in to A, given by

O(Xt, Ys) = X ® Vs = (Xoy), where r = min{t, s}, X,y e G, r,s € [0,1], 1s
an 1somorphism. The map ¢ has already been defined suppose  ¢(X1,
YHI) - (b(xﬂa }FSZ)'

Then x;; o ¥s1 = X2 ® Y52 consequently KI_E "By = Ny Y.;]

But x'ltz * Xq  Hand yy, o y']ﬂ c k and they are the same element
and thus in H mk = {e} by (3). Therefore, x']lg ® X1 = ¢ and Xy = Xp.
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Likewise, ys1 = ¥s2, S0 (X1, ¥s51)= (Xi2, ¥s2). This shows that O 1S one to
one. The fact that x; e y; = ys ® x; by (2) for all x, ¢ H and y, c k
means that
He k(x) = {sup{min{H(x), k(X2)}x = x1¢# x5, x|, X € G} is a fuzzy
subgroup, for we have seen that this is the case if fuzzy singletons of
H commute with those of k. '
Thus by (1), Hek=H vk=A, so ¢isonto A. Finally,
OL (X1, ¥s1) (X2, ¥2) ] =O( X @ X, Ys1®Y2) = X1 ® X2 ® Vo1 ® Voo
while
(011 5 Ys)][9(Xe2 » ¥52)] = Xu @ ys1 @ X2 @ yo.But by (2) we have yg; xo
= X2 ® Vs1. 1hus
O[(xu, Ys)(Xe2 s ¥s2)] = [0(Xu1 5 Ys)][0(Xe2 , Ys2)]-
Remark

Not every fuzzy subgroup of abelian group is the fuzzy
internal direct product of two proper fuzzy subgroups.
The following corollary are immediate consequences of the above
theorem.
Corollary

Let A be fuzzy subgroup of a group (G, e). Let x; and Ys be
fuzzy singletons of A which commute and are of relatively prime
orders r and s and <x¢>, <yg> are fuzzy subgroups of ﬂixt?f Vv <y,
Then x; e y; is of crder r.s.
Thus for fuzzy invariants of fuzzy subgroup, we have the following
definition and Lemma.
Definition

Let A be fuzzy subgroup of a belian group (G, e) of order p", p
a prime, and
A = A; x Az x ....x Ag where each A, is fuzzy generating set of order
p" with n; > ny >...> ng > 0, then the integers ny, ns, ..., hy are called
the fuzzy invariants of A just because we called the integers above the
fuzzy invariants of A does not mean that they are really the fuzzy
invariants of A. That is, it is possible that we can assign different sets
of fuzzy invariants to A. We shall soon show that the fuzzy invariants
of A are indeed unique and completely describe A. Note one other
thing about the fuzzy invariants of A.If A=A x ...x Ay, where A, is
fuzzy generating set of order P™, n; 2 n, > ...> ny > 0, then 0(A) =
0(A1)0(A,)... 0(Ay). hence P* = prlpn2  pnk— pnl+n2+. "1 whence
n=m+rne+ ... ‘|'I‘.l“1k.

In other words, ny, ny, ..., ng give us a partition of n.
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Before discussing the uniqueness of the fuzzy invariants of A,
one thing should be made absolutely clear the singleton fuzzy ai,.... a
and the fuzzy subgroups A,. .... A, which they generate, which a rose
above to give the decomposition of A in to a fuzzy internal direct
product of fuzzy generating subgroups, are not unique. Let’s see this
In a very simple example.

Let G = {e,a,b,a.b} be an abelian group of order 4 where
a’=b’=e,ab=baand A(e) = Aa) = 1. A(b) = A(a.b) = 3/4.

Then A=H x k where H = <a>, k = <b> are fuzzy generating
subgroups of order 2. But we have another decomposition of A as a
fuzzy internal direct product, namely A = N x k where N = <abh> and
k = <b>. So, even in this fuzzy subgroup of very small order, we can
get distinet decompositions of the fuzzy subgroup as the internal direct
product of fuzzy generating subgroups.

Lemma —1-

Let A be fuzzy subgroup of abelian group (G. ) of order P, p
a prime. Suppose that A = A, X Ap X....x Ax, where each A; = <q.>
1s fuzzy generating of order p™, and n; >n, > ... > ng > 0. If mis an
integer such that n, > m > n,.; then
A(P") =Bi x ..x Byx Aw X ... x Ax where B: is fuzzy generating of
order p, generated by ,P""  fori <t. The order of A(p™) is p",
where o '

;
u=mt+ » n

Proof: '™

First of all, we claim that Ay, ...., Ay are all in A(p™), since m > ny.
2« 2hg 0,111 2141,

AT
a, =(a; ) =e

Hence Aj, for j > t+1 lies in A(p™).
Secondly, if i <t then n; > m and q P e

. =71
whence each such  puis in A(p™) anld so the fuzzy subgroup it

4

generates, By, is also in A(p™).

Since By, ..., By, Awy. ..., Ay all in A(p"), their product (which is
fuzzy direct, since the product A; x A, x ... x Ay 1s fuzzy direct) is in
A(p").

Hence A(p™) By x ...x By x Aw X ... x Ay
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! W Ak
On the other hand, if Y. =2, By 4 i A(p™), since it then

satisfies we set

pl'l'l .
y r - e’
}-..kpm

b=y =& i
However, the product of the fuzzy subgroups A;, ..., Ay is fuzzy

direct, so we get

arfp _e afll-kp -

Thus, the order of a;, that is, p" must dmde Ap fori=1,2, ... k.

It 12 t+ 1 this is automatically true whatever be the choice of k{+], s

Ak SInce M 2 Ngep 2 ... 2 Ny,

Hence p"|p™, i = t+I However, for i < t, we get from p™A;p™ that p™"
™ %i. therefore A; = viP™™ for some integer v;.

Putting all this in formation in to the values of the A's in the

expression for y, as

.|" L il —im

1 pnl=m -
y - a ] ; We see that yr - a}ml! ”'gvrp Hﬂﬂ a.&

/ i4] rrenEg

Thissaysthaty, € By x ... x By x Ay x ... x AL |

Now since each B; is of order p™ and since o(A;) = p" and since A =
By x...xBixAs x... x Ay, |
D(A)k: o(B1) 0 (B2) .... o(By) 0 (A1) ... 0 (Ax) =p™p™ ... p™ p™"
o)’

Thus, if we write 0 (A) = p", then

,{_- .
The lemma is proved.
u=mi+ Yy n, . pro

I=r+l
Corollary

I A is a fuzzy subgroup of a group in lemma —1-, then o(A(p)) = p~.
Proof

Apply the above lemma to the case m = 1.

Thent=k, henceu=1.k =k and so 0 (A) = p*
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