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Abstract

The main objectives of this pepper are to introduce new classes. We have attempted to
obtain coefficient estimates, radius of convexity, Distortion and Growth theorem and other
related results for the classes M'(4, B, a, 6, p)and KM (A, B, a, 5, p).
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1. Introduction

Let A(p) be the set of all function f(w) having the form

(o]

fw) =wP — z a.we, a.=>0 (D

c=p+1
Where € N, a set of natural numbers which are p-valent in U for p € N

Definition 1 [1]: A function f(w) € A(p) is in the subclass H () of starlike function if

wr' (w)
R(—f(w) ) >, z€U,0 <x< 1.

Definition 2 [2]: A function f(w) € A(p) is in the subclass G () of convex function if

R(1+W]f('v(vv)”) S,z €U .

Definition 3 [3]: A function f(w) € A(p) is in the subclass M (4, B, «, 6, p) if it satisfy

sz”(w)
+1-p
1 zf! (w) 1+Aw
1 + a WZfH(W) 6 < 1+Bw (2)
i P2
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ForO0 < Re(a),0<8§<1,-1<B<A<1,z€el.

Furthermore a function f(w) € A(p)is in the class KM(A,B,a,6,p) if wf'(w) €
M((A,B,a,6,p)

Theorem 1: A function given by (4.1) is in M(4, B, a, §,p).S.S. Miller, P.T. Mocanu [1]. If
and only if zg;pﬂ%ac <1

Proof: Let f(w) € M (A4, B, a, §, p) Therefore from (2) we have
w2f"(w)

oy T (1 —Dp)

1 1+A
Pw) =1 44— W i

<
w2f'"(w) 1+B
a Sy T A+ p—28) w

1+ Ak(w)

P =T Bew)

Where k(w) is Schwarz function
P(W)=(1+ Bk(w)) =1+ Ak(w)
k(w)(BP(w) —A) =1—-P(w)

P(w)—1

kW) =I5

lk(w)| <1

w2 f" (w)
1 Uify + - »)
A
wf'(w)
wIf"(w) |
—mr-+ (1 —-p)
A-B 1+% Wif“,’/zmg’) }

wf'(w)

w2 " w)+1-pws' (w)
a(A-B){w2f" (w)+(1+p-28)wf' W)}-B{w? "' W)+(1-p)wf' ()}

+1+p-—296
<1

+(1+p—26)

<1 3)

W2 W) + (L= pwf' W) = = ) e(c =~ paw’
c=p+1
W2 (W) + (1 +p — 28)wf'(w) = 2p(p — &)wP — Z c(c+p - 28)anw”
c=p+1
| |
—Z?'épHC(C—P)acWC 1
a(A-B){2p(0—-E)WP -5 11 c(c+p—28)acwe}

+B{Z?ip+1c(c—p)advc}

From (1) we have
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— Lesp+a C(c — placw’

<1
2ap(A—B)(p — O)wP — X2 1 1{c(c + p — 26) — Bc(c — p)la.we

Since Re(w) < |w| . We obtain after considering on real axis and letting w— 1 we get

o

> cle-pac < 2lalpd=B)p -8~ Y lelc +p - 28) = Be(c — p)law®
c=p+1 c=p+1

o)

> cle=p)+Ie{(c +p—26) = Blc = )| < 2lalp(4 - BY(p - §)

c=p+1

That is 23°=p+1%c)ac < 1 Where

k(o) = 2|alp(A=B)(p - 6)

czpr1c(c—p) + |c{(c +p —28) — B(c — p)}l

Corollary 1: If f(z) e M(A,B,a,d,p), then a. < k(c)

and the equality holds for  f(w) = wP — k(c)w€

Theoremd 2 : f(w) =wP — Y22 1a.we, a. =0 isin kM(A,B,a,6,p) if and only if
Seprig G SP

Proof: Suppose f(w) € kM (A,B,a,8,p) fwf'(w) e M(A4,B,a,6,p)
Let g(w) = wf'(w) Therefore from (1) we have

L[ Tt aen | rea
P(W)_1+a w2f"(w) 5 <1+BW
7;}76;7—+'(14-p'—'2 )
This is equivalent to ( since |[k(w)| < 1)
wig" (W) o _
1 {ng((W)) tda p)}
alweg"(w _
Wow) +1+p—26 -1
w2g"(w) _
S iw%(;,) +(1 p)}
alweg"(w
W +(1+p-—26)

2 11

w2g"(w)+ (1 —pwg'(w) <
a(A—B){w2g"w)+ (1 +p—28wg' W)} —B{w?g"(w) + (1 —p)zg'(w)}

w2g"w) + (L= pwg'w) == > c*(c —pacw*

c=p+1

1

o)

wig"w)+ (1 +p—28)wg’' (w) = 2p%(p — 8)zP — Z ct(c+p—28)awe

c=p+1
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From (2) we have

—Yetp+1¢2(c — p)acw’

<1
a(A—B){2p*(p — 8)zP — X211 c2(c +p — 28)a we}
+B{_ 220=1r)+1 CZ(C - p)acwc}
. - Y2 pr1(c-p)aw® <1
(2ar*(A-B)(p—-8))WP-322 p41(*(c+p—28)—Bc*(c—p))acwe
Since Re(w) < |w| . We obtain after considering on real axis and letting
w— | we get
> e-pac<20ap*U-Bp-80- ) ((c+p-28)-B-p)a
c=p+1 c=p+1

D {ete=pr+[e2((c+p—28) — Ble =) Jac < 2lalp*(4— BYp - )

c=p+1

c=p+1

Corollary 2: If f(w) € M(A,B,a,d,p) thena, < %(C) and the equality holds for

o k
fw) = wP =52y P 0w

Theorem 3: f(w) € M(4,B, a,6,p) then

wi? — [wP*k(p + 1) < |[fW)| < [w|? + [w|P*k(p + 1)
With equality hold for f(w) = wP — wP*lk(p + 1)
Proof: f(z) € M (4, B, a, 6, p) Therefore from theorem 2 .22, ; a. < k(c)

@2 1wl = > lanllwle 2 wlP = wiP* > Jacl = [wl? = [wlP*k(p + 1)
c=p+1 c=p+1

Similarly

lfW)I < [w|P + Z lacllwl® < wlP + [w[P* Z lacl < wlP + [w[P*k(p + 1)

c=p+1 c=p+1
Therefore

WP = w[P*k( + 1) < [fW)] < [w]P + [w]P*k(p + 1)
Theorem4: f(w) € kM (A, B, a, 5, p) then

W|p+1pk(p +1)

|p+1pk(p +1)
P+1)

lwlP —| oD

Sl fwl < wlP +w
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With equality f(w) = wP —wP*? %
Proof: f(w) € kM (A, B, a, 8,p)
Therefore from theorem 2 Zgimlﬁac <p

C C pk(p + 1)
IFw)| = wlP — Z lacllw]e = [w|P — [w|P+t Z lag| = wlP — jwprte————

c=p+1 c=p+1 (p + 1)
Similarly
N N k(p+1
lfwW)I < wl? - Z la[lw|¢ < |w|P + [w[P*? 2 la| < [w|P + |w|P+? p(;p+ 1))

c=p+1 c=p+1

Therefore

W|p+1pk(p +1)
P+1)

Theorem5: f(w) € M(A4,B, a,§,p) then

|p+1pk(p +1)

lwl? —| oD

Sl fwl < (wlP + |w

pIwlP™t = (p+ DIwlPk(p + 1) < If' W < plwlP™t + (p + DIw[Pk(p + 1)
Proof: f(w) € M(4, B, a, 6, p) Therefore from theorem 1 ¥ ., a. < k(c)

o

frw)=pwr = 3 cazet
c=p+1

o

el zplwP = > clacliwl!

c=p+1

2 plw[P™! = (p + DIw|? Z lacl Zplw[P~" — (0 + DIw|Pk(p + 1)
c=p+1

Similarly

I <pwPT+ > clacliwle!

c=p+1

<plwlP™t+ @+ DIwl? z lacl <plwlP~ + (p + DIwlPk(® + 1)

c=p+1
Therefore
plwlP™t =+ DIwlPk(@ + 1D < If' W < plwlP~ + (p + DIwlPk(p + 1)
Theorem 6: f(w) € KM (A, B, a,d,p) then
pIwlP~t — lw[Ppk(p + 1) < |f' W) < plw[P~* + |w|Ppk(p + 1)
Proof: f(z) € KM(A,B,a,§,p) then

Therefore from theorem 2 Zg‘;pﬂﬁ a.<p
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[ee]
f'(w) =pwP™1+ Z ca,wc1
c=p+1

[ee)

1z pwlP = > clacliwle = plwlP™ = (o + DIwlP D lacl = plwl? = Wl pk(p + 1)

c=p+1 c=p+1

Similarly

I <PIWPT + ) cladwl™ < plwP™ + @+ DIwP ) lacl < plwl? + WP ipk(p + 1)

c=p+1 c=p+1

Therefore
plwP~! — [w|Ppk(p + 1) < |[f' W] < plwl? + |w|P* pk(p + 1)

f(w) is function in A(p) is called close to convex of order « (0 <x< 1) if Re(W){f'(w)} >
« forall z € U.

wf'(w)

A function f(w) € A(p) is starlike of order « (0 <x< 1) if Re { )

}>oc forall w € U.

A function f(w) € A(p) is convex of order « (0 <x< 1) if wf'(w) is starlike of order o,
; wf'(w)
that is Re {W} > forall w € U.

Theorem 7: IF f(w) € M(4,B,a,6,p) ,then f € K(x) if

1

. p—« )n—p
< =
lw| <r(4,B,a,6,p) lT:Lf (nk(n)

Proof: We need to show that |% — p| < p—« That is
f'w) 0 -
|WWP—M1/ - p| < Dme=pritlan|lw|"P <p—oc...... 4)

. . c-p
From theorem 1 we have Zﬁpﬂ%ac < 1 Note that (4) is true if C|:)V—|o( < %

p—

1
c-p .
nk(c)) (p # c,p, c € N), thus we get required result.

Therefore |w| < (

Theorem 8: IF f(w) € M(4,B,a,6,p) ,then f € §*(x) if
1

—oy 1 \¢P
lwl <1,(4,B,a,8,p) = inf <(5_:§) m>

Proof: We must show that

wf'(w)

— —
£ (w) p| <P
We have
wf'w) Z?:p+1(c_p)|ac||w|c_p
MRS < —
fw) p| = r ladwier . P ®)
Hence (4.4.3) holds true if
oo (c—x) —
Zc:p+1ﬁ|acllwlc P<1 (6)
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From theorem 1 we have
. 1
Zc=p+1mac <1 (7)

Hence by using (6) and (7) we can obtain required result.

Theorem 9: IF f(w) € M(4,B,«,8,p) then f € C(x) if

1

|z| <13(4,B,a,68,p) = inf ((P(p—oc)) 1 )c—p

c(c—x) ) k(c)
Proof: We know that f is convex if and only if wf' is starlike We must show that
wg’(W)_p‘p_oc
gw)

Where g(w) = wf'(w) Therefore we have

c(c—x) c—p
Zc p+1c(c oc)l c||W| <1 (8)
From theorem 1 we have
. 1
2c=p+1ﬁac <1 (9)

Hence by using (8) and (9) we get

p(p—c)\ ._
(c(c—oc))'w' )

ol < | ((PP=9) 2 P
- c(c—x) ) k(c)

Theorem 10: Let fi(w) =w"™ and f,(w) =wP —k(n)wP,forn=p+1 then f(w) €
M(A,B,a,6,p) if and only if f(w) can be express in the form f(w) =2A,f;(w) +
Yoepr1Acfe(w) where A, = 0 and A1 + X722, 414 =1

Proof: Let f(w) € M(A4,B,a,5,p) We have a, < k(c) If we take 4,
n 2 p + 1 and ZC=p+1AC =1 _Al

k()

Theorem 11: Let fi(w) = wP — ¥22 . ac,w a.; =0 (i = 1,2,3,....m) be the functions in
the class M'(4,B, a,8,p), (i = 1,2,3,....m)then the function:
G(w) =wP — %Zfzpﬂﬂil a.;we is also in M (4, B, a,d,p) where § = ; _T4{5;} with
0<6 <1
Proof: since fi(w) = w? — ¥22 11 ac,w€, ag; = 0isin M(4,B,a,6,p)
So by theorem 2 we have Y22, a. < k(c,6)
2|la|p(A—B -6
k(e 5) = lalp( )(p —6)
{c(c—p) +(c(c+p—28) —Bc(c—p)l}
) 1 1 1 0 1 1
We have Zc=p+1m(m ?l1acz) ==t Zc=p+1mac,i = (;Z?& 1) <1

m
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Hence by theorem 1, G(w) € M(4,B,a,6,p)

Theorem 12: Let the function f(w) = w? — ¥ i apw™and gw) = wP — ¥ 1 bpyw"
be in the class (4, B, a, §, p) . Then the function F(w) defined by

Fw) = (1= 9)f W) +ygw) =wP = > cow®
c=p+1
Where ¢, = (1 —y)a. + yb,,0 <y < lisalsoin M(4,B,a,d,p).
Proff: we have F(w) = (1 —y)f(w) + yg(w)

=1-y)|[ wP- z awe |+y|wP— 2 b.w*
c=p+1 c=p+1

=wP — Z ((1 —y)a. +yb.) w®

c=p+1

Since f,g € M (A, B, a, §,p) so by theorem 1 we have

o) 1 0 1
Zc=p+1mac <1and Zc=p+1mbc <1

Therefore
5 (=Dt yb) == Z 0%t Z o
c=p+1 c=p+1
<(1- Z z
c=p+1
Therefore
c. E M(A,B,a,6,p)
Let e€M(,B,adb,p) , 1T=0thena(t,t)—neighborhood of the function

f e M(A, B, a,d,p) is defined by

RE(W) = {g € M(A4,B,a,6,p): g(w) = wP — X2%,1 byw™ and 32, qlac — belc™ <
T}....(4.6.1)

For the identity function if e(w) = w¢,q € N, then

c=p+1 c=p+1

Ri(e) = {g € M(A,B,a,8,p):glw) =wP — Z b.w¢ and Z |bolct*t < T} (10)

Definition 4: A function f(w) = w? — Y22, a.w€, a. = 0 is in the class M™(4, B, a, §,p)
if there exist g(w) € M (4, B, a, §, p) such that

f)

—1|<p—n,zE‘U,OSn<1 (11D
gw)
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1
Theorem 13 : If g(w) € M(A,B,a,8,p) T =P — ctT+1 [1_k(c)] (12)

Then R%(g) € M™(4,B,a,8,p)
PROOF: Let € Xi(g) , then by (4.6) X221 na, — b, < T

This implies that ».22,,4la. — bc| < (13)

ct+1

Therefore

o= < awlimrl < el =

Then by definition 13 , we get f € M™(4, B, a, §,p) Thus X:(g9) € M™(A,B,a,6,p) .

The generalized Bernardi integral operator is given by

Lc[f(W)] =
0
LlfWw)]=2zP - ¥, dawe (14)
Where d = (?T’Z)

Theorem 14: Let f € M(A,B,a,d,p) then L.[f(w)] € M(A,B,a,d,p), S.S. Miller, P.T.
Mocanu [4, 5].

(c>-pwel)

Proof : We need to prove that ZﬁpH%ac <1

Since f € M(A,B,a,8,p) then from theorem 1 22 . k(c)a, <1 But d <1 therefore
theorem 14 holds and the proof is over.

Theorem 15: Let f € M(A,B,a,6,p) then L. [f(w)]is starlice of order 6,0 <o <1 in
1

lw| < r; Where |z]| < <(g) (dkl(c))>;

Proof: L.[f(W)] = w?P — ¥, 1 dacw
It is enough to prove

|M_ s
LIfw]  P|SP
%1 d(c — p)awe?

‘W(ﬁc[f(W)])’ ) ‘ _
LIfF W]

ZEpead(e = paclwl*
1= 2l p+1dac|W|C p

1=t dacwe?

— 0

Z d(c—pla.|w|°P<p—-0a|1-— Z da.|w|¢7P

c=p+1 c=p+1

(n-o)

-~ U)daclwlc P<1 (15)

Zc=p+1
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. 1
From theorem 1 Zczpﬂ%ac <1 (16)
Hence by using (15) and (16) we get

(c—0) dlw|¢? < 1
(p—-o) k(o)
1

w|eP < (i - Z) (dk(c)>

Therefore

1

wl < (Cj - Z) (alkl(c))>ﬁ

The definitions given below are of the fractional calculus studied by , S. Ruscheweyh [4].

Definition 5 [6]: For a function f(w) which is analytic function in w — plane containing the
origin which is a simply connected region , we define the fractional integral of order u as

L (v f©
rwl, (w—=3§t+

Definition 6: For a function f(w) which is analytic function in w — plane containing the
origin which is a simply connected region , we define the fractional integral of order u as

1 d ™M f©)
D;f(W)—mE . mdfwhere 1>u=>0
Theorem 16: Let f € M(A4, B, a, §,p) then
rp+1) N ( (p + Dk(n)
rp+up+1) p+u+1)

D f(w) = d& where u > 0

IWI) <D fw)

'b+1 + Dk(n
S TRED <1+<p k( )|W|> an
rp+p+1) p+u+1)
Proof: From definition 5 we have
D" f(w) = r(p+y+1)w ZC:V“ r(c+u+1) acw (18)
u>0,c=2p+1;p,ceN
_ I'(c+1)
Let ¢(n) - r(c+u+1)
Clearly ¢(n) is non — increasing functionofn, 0 < ¢p(n) < p(p+ 1) = %

From theorem 1 we have
Yeeptilacl < k(c) (19)
From (18) and (19) it follows that
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T'p+u+1)

c=p+1

1 o9)
D7 f )] < P+ <M+ @+ Diwl ) |ac|>

rp+1) N (p + Dk(n)
SF(p+u+1)|W|p #<1+ p+u+1) IW')

Similarly

rp+up+1)

c=p+1

r'(p+1 ”
D f(w)| = |W|p+”<&—¢(P+1)|W| Z Iacl>

'+1 + Dk(n

S _re+1) [P+ (1 _ (p+ Dk( )|W|>
rp+u+1) p+p+1)

This proves the theorem

Theorem 17: Let f € M(A, B, a, §,p) then

LOLD | s (1 _ @ Dk |w|> < D& fw)|

rp—u+1) (—p+1)
re+1) . (0 + Dk(n)
el (s eyl

Proof: From definition 6 we have

r'(p+1) _ - r(c+1)
D‘ﬁ‘,f(w) = ———wP7# - Zc=p+1r

Tlet1) c—H
r(p—ptD) e+ XV (21)

1>u=20,c=2p+1;p,ceN

__ I'(n+1)
Letyy(n) = prE—
Clearly y(n) is non — increasing functionofn, 0 < y(n) < yY(p + 1) = F(Fp(f;i)z)

From theorem 1 we have Y., 1lac| < k(c)...... (22)

r(p+1)

From (21) and (22) it follows that |DXf (w)| < w[P=# (m

+ Y@ + DIWI T2 4lal)

(p+Dk®) |W|>
p—-u+1)

I'b+1
SL|W|P—#<1+
rp—p+1)

r(p+1)

L I p+u
Similarly |Dwf(w)| > |z| (r(p—u+1)

— Y@ + DIWI T2, alal)

re+1) - (0 + Dk(n)
o (G )
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Conclusions
The main impact of this research work is to motivate to construct new Subclasses of

Holomorphic (or analytic) multivalent functions belonging the disk and study their various
geometrical properties. We have derived new Sub classes of Meromorphic (analytic except
for isolated singularities i. e. poles) Holomorphic (an analytic) multivalent functions in the
punctured disk. The well-known properties like distortion theorem, radii of star likeness,
coefficient inequalities and convexity etc. by using Subordination.
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