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Abstract

This paper deals with the continuous classical optimal control problem for triple partial
differential equations of parabolic type with initial and boundary conditions; the Galerkin
method is used to prove the existence and uniqueness theorem of the state vector solution for
given continuous classical control vector. The proof of the existence theorem of a continuous
classical optimal control vector associated with the triple linear partial differential equations of
parabolic type is given. The derivation of the Fréchet derivative for the cost function is obtained.
At the end, the theorem of the necessary conditions for optimality of this problem is stated and
is proved.
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1. Introduction

Different applications for real life problems take a main place in the optimal control
problems, for examples in medicine [1]. Robots [2]. Engineering [3]. Economic [4]. And many
others fields. In the field of mathematics, optimal control problem ( OCP ) usually governing
either by ordinary differential equations ( ODEs ) or partial differential equations( PDEs ),
examples for OCP which are governing by parabolic or hyperbolic or elliptic PDEs are studied
by [5-7]. Respectively, while which are governing by couple of PDEs ( CPDEs ) of parabolic or
of hyperbolic or of elliptic type are studied by [8-10]. On the other hand [11-13]. Rre studied
boundary OCP associated with CPDEs of parabolic, hyperbolic and elliptic; while [14]. Studied
the OCP for triple PDEs (TPDESs) of elliptic type. These works push us to seek about the OCP
for TPDEs of parabolic type. This work consists of the study of
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the continuous classical optimal control problem ( CCOCP ) , starting with the state and prove
the existence theorem of a unique solution ( state vector solution SVS ) for the triple state
equations (TSE) of PDEs of parabolic type ( TPPDEs ) by using the Galerkin method (GM)
when the continuous classical control vector ( CCCV ) is fixed then it deals with the state and
proof of the existence theorem of a continuous classical optimal control vector (CCOCV) , the
solution vector of the triple adjoint equations ( TAPEs ) associated the (TPPDES) is studied .
The derivation of the Fréchet derivative (FD) for the cost function is obtained, at the end; the
theorem of the necessary conditions for optimality (NCO) of this OCP is sated and proved.

2. Description of the problem

Let Q € R? |, x =(x4, x,), Q=[0,T]xQ, I=[0,T], [=0Q, £ =T x I, the CCOCP consists of TSE
are given by the following TPDEs :

Yie—Ay1+y1 =y, —ys = filx,t) +u; in Q 1)
Yor — Ay, +y, +ys +yi = folx,t) +uy in Q 2
Vse —Ays+tys +tyi =y = fz(x,t) +tuz inQ (3)
with the following boundary conditions (BCs) and the initial conditions ( ICs)

y1(x,t) =0 ,ony 4
y2(x,t) =0 ,ony. )
y3(x,t) =0 ,ony. (6)
y1(x,0) = y?(x) , on Q )
¥2(x,0) = y7(x) ,on Q (8)
y3(x,0) = y3(x) ,on Q 9)

where (fi.f>.f5) is a vector of given function for each (x;,x, )€ Q , U =(uy ,uy,u;) €
(LZ(Q))3 isaCCCV and ¥ = (y1,¥2,v3)€ (H*(Q) )3, is its corresponding SVS .

The set of admissible CCCV is defined by

Wo={ (u; uy us) €(L2(Q))3 I(uy uy uz) €U = Uy X Uy X U € R3 ae. in Q}, U is convex.
The cost function is defined for g > Oby

Go (@) =3 (lyy = y1allg + vz = v2ally + ys = yaallg) + EClluglly +lluzlly + lluslly) (20)
let V=V, xV,XV3;V; =V, = Vs = H(Q)& V ={B:8=(vy,v,,v3)€ (H(Q))3,% = 0 0ndQ }.
The weak form(wf) of problem (1- 9) when y € (H? (Q))3 is given by

(Y1, v1) + (Vy, Vo) + (v, v1) — (72, v1) — (s, v) = (fi Y ug, vy), Vo €V (11.9)
(1, v1) = (y2(0),v1), Vv EV; (11.b)
(Var, V2) + (Vy2, Vo) + (72, v2) + (73, v2) + (71, v2) = (2 Hup, v2), Vv, €V, (12.9)
(r3,v2) = (32(0),v,) , Vv, €V, (12.b)
(¥3t,v3) + (Vy3, Vus) + (73, v3) + (71, v3) — (72, v3) = (5 Hus, v3),Vv3 € V3 (13.9)
(v3,v3) = (¥3(0),v3),V v3 € V3 (13.b)

The following assumption is important to study the CCOCV problem (CCOCVP)
2.1. Assumption (A): The function f; (Vi = 1,2,3 ) is satisfied the following condition w.r.t.
x& t, ie. |fi] <n;(x,t),where(x,t) €Q,n; € L*(Q,R).

3. The Solution for the wf:
Theorem 3.1: Existence of a Unique Solution for the wf: With assumption (A), for each

given CCCV  u € (LZ(Q))g, the wf(11-13 )has a unique solution ¥ = (yy,¥,,v3) With

. 3 . 3
Y€ (Lz(l; V)) and Yy = (V1¢,Y2¢,Y3t) € (LZ(I;V )) .
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Proof: Let for each n, V, = V,, xV,, XV}, c V be the set of continuous and pleceW|se affine
functions inQ, let v;; , i =1,23 &j=1,2,..,n be a basis of V;,, =V, ,and let y, be an

-

approximate solution for the solution y , then by Gm:

YVin = ] 1 Cl] (t) vl] (x) (14)
Yon = Z]=1 C2] (t) vZ] (x) (15)
Y3n = Z;'l=1 c3j(t) v3;(x) (16)

where c;;(t) is unknown functionof ¢, Vi =123, =12,..,n
The wf (11-13) is approximated by using ( 14-16) as,
(Vine V1) + (Vy1n, Vo) + i 1) — 2no v1) — U3nv1) = (fi tu, v,V €V, (17.2)

i v) = 1, v1), Vv €V (17.b)
(Voner V2) + (VY20 V12) + (Vons V2) + (V3o V2) + Vi v2) = (2 U, v2) Vv, €V, (18.3)
Wonv2) = (3, 12), Vv, €V (18.b)
(Vane v3) + (VY30 V03) + (V30 V3) + 1 V3) = anv3) = (fs +us,v3) Vs €V, (19.9)
V3 v3) = (¥3,v3), Vv3 €V (19.b)

where y), = y2.(x) = yi(x,0) €V, c V; L2 (Q) is the projection of y? , thus

Wi v) =0 1), Vv eV, & || YO =y o y2 =i llo, YV v; EV,

Substituting (14—16) in (17—-19) respectively and then setting v, = vy, v, = vy & V3 = vy
vl =1,2,..,n, Then the obtained equations are equivalent to the following linear system (LS)
of 15t order ODEs with ICs (which has a unique solution),

AC,(t) + BC,(t) — DC,(t) — EC5(t) = by (20.2)
AC,(0) = b? (20.b)
FC,(t) + GCy(t) + HC3(t) + KC,(t) = b, (21.a)
FC,(0) = b? (21.b)
MCy(t) + NC3(t) + RC,(t) — WC,(t) = by (22.2)
MC5(0) = b2 (22.b)

Where A = (al])nxn = (vy , v11),B = (bU)an b= (Vvyj , Vvy) + (v , vy;),D =
( lj)nxn y Ulj — (172] ) vll) ) E= (elj)nxn ) lj (U3] ) vll) ) F= (flj)nxn !flj = (UZj ) le)!G
=(9y),,.,, 9= Vv, Vvy) + (vzj- o) SH=(hy) hlj = (vsj , var) , K = (ki)

nxn'
ki =(vyj, va) M= (my ) i =35, v3), N= (nlj) = (Vvsj, Vg )+(vs; , v31)
R= (le)nxn ) (VU 11731) W= ( l])nxn (sz ,Vsl) bu (yl »Vir ) bo = ( b 1)
bi= (bidnx1 » bu = (fi +u vy ), Cl(t) = (Cij(t))nx1 , (1) = (cij())nx1 » Ci(0) =
(€ ()nxy ¥ 1=123,.n ,i=1,2,3,
To show the norm | ﬁ . is bounded

Since y? € L2(Q), then there exists a sequence {v?,} with v, € V,, such that v?, — y? strongly
in L2(Q) , then from the projection theorem [15]. And (17.h),
lytn = ¥illo < ly? —vallo, V1 €V, Then lly, — 2 llo < llyf — vinllo, Y Vi EVa© V V0

= yin — ¥1 strongly in L2(Q) with [ly2,llo < by,
by the same way, one can show that ||y, llo < b, & llyd,llo < bz, then

||3’n ”0 is bounded in (£2())’.
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The normsllﬁ(t)lle( ) and||y, (t)[l, are bounded

1L2(Q)
Setting vy, = Yqn, V2 = Yo, and v = y4, in (17 —19) respectively, integrating w.r.t. t from 0 to
T , adding the obtained three equations , one gets
T,» - T\ = T
Jo One V)t + [ Iypllide = [ [(fi + ug, y1n) + (2 + Uz, o) + (fs + U3, Y3n)]dt (23)
Using Lemma (1.2) in [11]. For the 15¢ term in the L.H.S. of (23) and since the 2"¢ term is
positive, using assumptions (A) for the R.H.S. of (23), it yields
fy T OIF de <[] fomlyinldxde + [] fluillyinldxdt + ] [ n2lyonldxdt +
2Jo alVn 0alt = )y JoMlYin o0 JolU1llYin o0 JoM21Y2nlaX
t t t
Jy Jolwellyanldxdt +[ ) [ nslyspldxdt + [ [ lusllyspldxdt =
t - t
Jo 3 ONF dt < lInyll§ + Im2llE + s llg + llwgllf + lluzlly + Nuslly + 2 [ lyinllf dt +
t t
2 [y ly2nll§ dt + 2 [ llysall§ dt
sincelln; 1§ < b; , llwlly < ¢,V i =1,2,3, [|5,(0)]I§ < b.
= 15O <"+ 2 [1Fal3dt; " =by+by+bs+c+c,+cs+b,
using the Continuous Bellman Gronwall Inequality ( BGI ), one gets
15 (DIIF < ¢"e? = b(c), V t € [0,T] o7 15 ()l oy 2y < ) = 1Fu(Dllg < ba(e)
The norm ||, ()l .2y is bounded
Again for (23) by using Lemma (1.2) in [11]. For the R.H.S. The same results will be obtained
(from the above steps ) and since ||y, (¢)||3 is positive, equation (23) with ¢ =T, becomes
- - Ty~
192 (DG = 172 (O + 2 f IFnlldt < lnalig + n2llg + lInsllG + gl + lluzllg +
lusllg + 2119113
which gives
(b+b'1+b;+b'3+c1+c2+c3+2b1(c))
2

T, - .
Jo 1913 dt < b3(c) , with b3(c) =
The solution convergence
Let {ﬁl}:zlbe a sequence of subspaces of V, st. V # € V, there exists a sequence {#,} with

, thus ”}_’)n”[,z(i,v) < b,(c).

B, €V,,vn and B, — ¥ strongly in V = #, — & strongly in (LZ(Q))3, since for each n ,
with I7n cV, (17-19) hasa unique solution ( v, Yon, Y3n) , hence corresponding to the
sequence of subspaces {17;1}:):1 there exist a sequence of (approximation) problems like

(17—19) now, by substituting v = v, = (V1,,, Von, V35,), iN these equations for n=1,2,...
one has

(Yine V1in) + (VY10 V1) + D1 Vin) — Oz Vin) — V3 V1) = (fi + Ug, V15) (24.9)

(y{)nl vln) = (yg; vln) Vi, €V, (24b)
(Vants Van) + (VY2n, V020) + Vons Van) + V3n, V2n) + Vins V2n) = (2 + Uz, 2p) (25.9)
(ygn' v2n) = (ygr v2n))1 Vv, €y (25.b)
(V3ner Van) + (VYan, V03n) + (V3n V3n) + V1 Van) — Vans V) = (f3 + Uz, v3) (26.2)
(y.’g)nr U3n) = (y.’gr U3n) VU € Vn (26.b)

which has a sequence of solutions {y,,}n-1, with Y, = (V15, Y2n, Y3n) , bUt from the above
steps we have |3, 1l,2(qy andl¥nll 2y, are bounded , then by Alaoglu’s theorem (AT), there

exists a subsequence of {V,},en ,Say again {Y,}nen St ¥ — ¥ Wweakly in (LZ(Q))3 and
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. 3
$n — 3 weakly in (L2(,V)) ", multiplying both sides of (24.a) , ( 25.3) & (26.3) by ¢;(¢t) €
C1[0, T] respectively, s.t. ¢;(T) =0, Vi = 1,2,3, then integrating both sides w.r.t. t on[0,T],
then integrating by parts the 15¢ terms in the L.H.S. of each one obtained equation, one gets

- fOT(%n» Vi) @1 (B)dt + fOT[ (Vy1n, V010) + V1n 1) @1 (D) dE — fOT(YZn' V1) @1 (t)dt —

Jy O3n vin) @1 (Dt = [ (fi +us, vin) @10 + 0, v10) 91 (0) 27)
- fOT()’Zn; Van) @2 (£)dt + fOT[ (VY2n, VV21) + (Yo, V2n) 192 (O)dt + f;()’snr Van) P2 (t)dt +
fOT(Jﬁn; Van) P2 (£)dt = fOT(fz + Uy, V23) @2 (£)dt + (Y3, V22) 92 (0) (28)
- fOT()’3n; V3n)@3(t)dt + fOT[ (VY3 VV3n) + (Van, V3n) @3 (D) dt + fOT()’mr V3n) @3 (t)dt —
Jy @2n v3n) @3 (Ot = [J(Fs + 13, 03)93(6) + (5, v3n)93(0) (29)
Since Vin Vi strongly_ in LZ(Q)} R { Vin®; — V;@; strongly in L2 (~Q)
Vin — V; strongly in V; Vin®@; — v;; strongly in L>(1,V)

since y;, — y; weakly in L2(Q),alsoy), — y? weakly in L?(Q),Vi = 1,2,3. Then
fOT(Y1n; Vi), (B)dt + fOT[ (VY1n, V010) + V1n V1) @1 (O)dE — fOT(yZn' V1) @1 (D) dt —
fOT(Y3n; Vin) 1 (O)dt — fOT(J’p v, (t)dt + fOT[ (Vy, V1) + (y1, v1)] @1 (O)dE —

[y 02,7001 (O)dt = [ (3, v) 04 (B)dt (30.2)
fOT(yan Van) @2 (t)dt + fOT[ (Vy2n, VV2n) + (Vo Van) @2 (0)dt + fOT(Y3n’ Van) P2 (t)dt +
S Gins va) @2 (DA — [ (2, 1)@ ()t + [T [ (T2, V0,) + (2, v2)] @2 () dt +

J; 03, )02 (Odt + [ (1, v2)0, ()t (31.2)
fOT(J’3n; V3n) @3 ()dt + fOT[ (Vy3n, VVsn) + (Y30, V3n) @3 (D)dt + fOT(%n' U3n)@3(t)dt —
Jo Gran vs)9 (dt — [ (3, v)@3 (Ot + [ [ (Tys, Vo) + (3, v3)] 03 (Dt +

I3 G v)@s(D)dt — [ (72, v5) 5 (£)dlt (32.a)
i V1) 91(0) — (71, v1) 91 (0) (30.b)
(V2nr V2n)92(0) — (¥2,12)92(0) (31.b)
(V3 V3n)93(0) — (¥3,v3)93(0) (32.b)
since v;, — v; weakly in L2(Q) , then
fOT(f1 + Uy, V1) @1 (O)dt — fOT(f1 +uy,v1) @4 (O)dt (30.c)
[ (fz + g van) @2 (O)dt — [T (f, +uz,v2) @ (8)dt (31.0)
fOT(f3 + Uz, V3n) @p3(t)dt — fOT(fs +us3, v3) p3(t)dt (32.c)

which means (30—32) converge to ( 33—-35) respectively , with
— [T 1, v)@ (O dt + [T [ (Tys, Vor) + (g, v)]@1 ()t — [ (2, 1)1 (£)dlt —

J3 3,000 (Ode = [T (f; +uy,v1) @1 (D dt + (2, v1); (0) (33)
— [y 2 v @2 (DAt + [ [ (Vy2,V05) + (12, v2) |02 (8)dt + [ (3, v,) @2 (t)dt +
[y 002D, (dt = [ (fs + Uz, v2) 9, (O dt + (73, v2)9(0) (34)
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- fOT(y3' v3) @3 (t)dt + fOT[ (Vys, Vvs) + (3, v3)]@s(t)dt + fOT()’p v3)@3(t)dt —

[} 2, v3)3 ()t = [ (fs + us, v3)@3(D)dt + (¥2, v5) 95 (0) (35)
Casel: Choose ¢; € D[0,T],i.e. ¢;(0) = ¢;(T) =0,V i = 1,2,3. Substituting in (33—35),
using integration by parts for the 15¢ terms in L.H.S. of each one of the obtained equations, to get

foT()’w vy) 1 (8)dt + fOT[ (Vy1, V1) + (y1, v1)]@1 (O)dt — fOT(YZ, V1), (8) dt —

fOT()’& v, (t) dt = fOT(fl +uy, V1)1 (B)dt (36)
fOT(YZt» V)@, (t)dt+ fOT[ (Vy2, Vo) + (v2, v2)] @2 (B)dt + fOT()’& vy) 2 (t) dt +

fOT()’p V) @o(t) dt = foT(fz + Uy, Vo) @, (t)dt (37)
fOT(J’3t» v3) @3 (t)dt + fOT[ (Vys, Vw3) + (3, v3) @3 (0)dt + fOT(YL v3)ps(t) dt —

Jo 02, v3)@3(0) dt = J (fs + uz, vs)ga(0)dt (38)

i.e. (y1,y2,¥3) issolution of the wf (11—13).
case 2 : Choose ¢; € C[0,T]st. ¢;(T) =0 & ¢; (0) # 0, Vi = 1,2,3 using integration by
parts for the 15¢ term in the L.H.S. of (36) , one gets

- fOT(YL v (t)dt + fOT[ (Vy1, Vi) + vy, v1) ] (D)dt — fOT(YZ: V)i (t) dt —

[ 05, v) @1 () dt = [ (fy +ug, )1 (O)dt + (v1(0),v1)0(0) (39)
subtracting (33) from (39) , one obtains that
(1, v1)91(0) = (71(0), )91 (0) , 1 (0) # 0V, € [0,T] = (¥7,v4) = (¥1(0), 1)
i.e. the IC (11.b) holds . By the same above way one can show that
2,v,) = (y,(0),v,) & (¥, v,) = (y3(0),v,) that means the ICs (12.b)&(13.b) are hold.
The strongly convergence for y,,:
Substituting v; = y1p, , V3 = Yo, and v; = ys,, in (17.2),(18.2)&(19.a) respectively, adding the
three obtained equations together , and then integrating the obtained equation from 0 to T, on the
other hand substituting v; =y,,v, =y, & v3 =y in (11.3),(12.a)&(13.a) respectively,
adding them and then integrating the three obtained equations from 0 to T, to get

fOTG’nt’ Yaddt + fOT a(Yn, Yp)dt = fOT[(f1 + Uy, Y1) + (f2 + Uz, Y2u) + (f3 + Uz, y32)]dt (40)
and

fOTG’t' yydt + fOT a(y,y)dt = fOT[(ﬁ +uy,y1) + (2 +uz,¥2) + (fs + us, y3)]de (41)
using Lemma (1.2) in [11]. For the 15¢ terms in the L.H.S. of (40) and (41), they become

- - T 5 o T
%HYn(T)”% - %HYn(O)”(Z) + fo a(yn' yn)dt = fO [(f1+ula yln) +( f2 tuUy, yZn) +

(f3+usz, ysp)ldt (42)
MR = HFOIE + [T a9t = [T [(hug, y1) +(fo +11z, v2) +
(f3+usz,ys)]dt (43)

Since
Y32 (T) = FDIE = 215:.00) = FONZ + [, aGp = 5.9 —F)dt = A, — By —C;  (44)
where
Ay = N3 MDIE = 27O + [} a(Fa(0), 30 (D)dt
By = X(5,(1), 3(1)) = X7,(0), 5(0)) + [ a(7.(1), 3(®)) dt,

C1 = 1), 5u(T) = (D)) = 1(5(0), 2(0) — 5(0)) + [ a(F (1), F () — F(©))dt
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since
72 = 7,(0) — 7% = §(0) strongly in (12())’ (44.2)
y,(T) — $(T) strongly in(L? (Q))3 (44.b)
Then
(5(0), $,(0) = 7(0))— 0, (¥(T), .(T) = y(T)) — 0 (44.c)
19,.(0) = ¥(O)lI§ — 0  and [|3,(T) —y(MI§ — 0 (44.d)
Since
Fo — 7 weakly in (L2(1, 1))’ then [ a(3(6), 3(8) — 7(©))dt — 0 (44.)

also since y, — y weakly in (LZ(Q))3 , then

fOT[(fl + Uy, y1n) + (f2 + Uz, ¥2n) + (fs + us, y30)1 dt — fOT[ (fitupy) + (o +uzp2) +

(f3 +us, y3)]dt (44.1)
i.e. when n — oo in both sides of (44), one has the following results :

(1)The first two terms in the L.H.S. of (44) are tending to zero (from (44.d)),

from . from
2) Eq. 47 = [[[(fi tupyin) + (fa + Uz, yan) + (fs + us, y3p)]ldt —
(42) (44.1)

fOT[(f1 +ug, y1) + (s + uz,¥2) + (fs + us, y3)]dt

(3) Eq. By — L.H.S. of (43)= foT[(f1 +ug, 1) + (2 + U, ¥2) + (fs +uz, y3)]dt
(4) The 15t two terms in Eq. C; are tending to zero from (44.c), and the last one term
also tend to zero from (44.e), from these results (44) gives when n - o

T- - T - - - —> - - - 3
Jy W = Fl3 dt = [ a@p = ¥, ¥ — ¥)dt — 0=y, — ¥  strongly in (L*(1,V))".
Uniqueness of the solution: Let ¥, y are two solutions of the wf ( 11-13), i.e. y, and ¥, are
satisfied (11.a), or

Viev) +a (v, v) — Vo, v) — (v3,v) = (L tug,v) , Vi EVy

Viov1) ta (,v1) — 2, v1) — (U3, v1) = (fi +ug,vy)  , Vv €V

Subtracting the 2™?equation from the 15t one and substituting v; = y, — y;in the obtained

equation, one gets that

(1 =VD)e, V1=V +a (1 =V, y1 = V1) — 2 =V, Y1 = V1) — (73 —=¥3,y1 —¥1) =0
(45)

By the similar manner, one gets

(V2 =¥2)e, Y2 =V +a:(Y2 = V2,2 = V2) + (3= V3, Y2 = V) + (V1 — V1, Y2 —y2) =0

(46)
(V3= V3)e,¥3 = ¥3) +az(y3 = V3,3 = ¥3) + 1 =Y, Y3 = ¥3) — (V2 — V2,3 —¥3) =0
(47)
Adding (45—47), using Lemma(1.2) in [11]. In the 15¢ term of the obtained equation , to get
5 =22 5 22
sy =¥l + Iy =¥, =0 (48)

since the 2™ term of the L.H.S. of (48) is positive, integrating both sides of (48 ) w.r.t. ¢t
from 0 to t, one gets

Falg-Fldac<o = |G-Hol<0= [5-F=0 , vtel
integrating both sides of (48) from 0 to T, using the given ICs and the above result, one has
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> =112 > > > >
Jo 17 =3ldt =055z, =0=5=7.
4. Existence of a CCOCP

Theorem 4.1: In addition to assumptions (A), assume that y and y + 8y are the SVS

corresponding to the CVS u and U + &u respectively with % and &u are bounded in

(L?(Q))° then

16y ”Loo(i‘LZ(Q)) < M||&ill, ,M€e R*

1671l 2¢9) < MII8Tllq M e R*

1891 .2qpy < M1ll8Tll M, € R

Proof : let @ = (uy,u,,us) € (L2(Q))* then by Theorem 3.1 there exists y = (y; =y, ¥, =
Yu,» Y3 = Yy,) Which is satisfied (11—13) and also let y = (71,72 ¥3)be the solution of
(11—13) corresponds to the cv &t = (i, &iy, Tiz) € (L2(Q))3 i.e.

Y16, v1) + (VY Vo) + (1, v1) — 0z, v1) — (5, v0) = (fy + g, v1) (49.a)
(31(0) ,v1) = (7, v1) (49.b)
(V2o v2) + (V2 Vv3) + (72, v2) + (73, v2) + (71, v2) = (f2 + Uy, v2) (50.2)
(72(0) ,vp) = (yg' ;) (50.b)
V36, v3) + (VY3, Vv3) + (3, v3) + (¥4, v3) — (V2. v3) = (f3 + Uz, v3) (51.3)
(75(0) ,v3) = (yg' v3) (51.b)

subtracting (11.a&b) from (49.a&b) , (12.a&b) from (50.a&b) ,and (13.a&b) from (51.a&b) and
setting &y, =y, — Y1, 6Y, =¥z — Y2, 6y3 =y3 —y3 ,0u; = Uy —uy ,0u; =u; —u, and
dus = U3 — ug in the obtained equations , they give

(6y11,v1) + (V8y1, Vvy) + (81, v1) — (8y2,v1) — (6y3,v1) = (6uq, vp) (52.3)
(6y,(0),v,) =0 (52.h)
(0Y21,V2) + (VOy5, V) + (8y2, v2) + (8Y3,v2) + (6y1,v2) = (Suy, v2) (53.9)
(6y2(0),v2) =0 (53.h)
(6y31,v3) + (V8y3,Vv3) + (8y3,v3) + (8y1,v3) — (62, v3) = (8us, v3) (54.9)
(6y3(0),v3) =0 (54.b)

substituting v, = 6y, ,v, =98y, &v; =38y; in (b2.a&b), (53.a&b) and (54.a&b)
respectively, adding the obtained equations, using Lemma (1.2) in [11]. They give

= 24)18y115 + I8V = (Suy, 8y1) + (Sup, 8y,) + (Sus, 5ys) (55)
since the 2™ term of (55) is positive , integrating w.r.t. t From 0 to t, and then using the
Cauchy Schwartz inequality ( CSI), it becomes

[y - 183113dt < 2 [ [, |6us ||8ysldxdt +2 [, |8u |18y, |dxdt +2 [[] [, |6us18ys|dxdt

T — -
< J, N8ill3de + [1185113 dt, ¢ € [0,T],
by the BGI , once get
185113 < M2(ISTEIIE = 157(Dllo < MI8Tllg , where  M?>=¢T, M>0 ,t€[0,T]

since ||837||fz(0) < TM?||8Ully  then

189112y < MIISEllg , 112 = TM?

Using a similar way which is used in above steps, gives

T N Tieo? - T o = oo
Jy £ 8FIIE +2 [y ISHII_ de < I8l + [y ISFIIF de < 2|8l

0 dt
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= 1671172y < MEIISEIIG where M7 = (1 + M?)/2
= ||8)7||L2(T,V) = Ml”‘Sﬁ”Q .
Theorem 4.2: With assumptions (A), the operator u = y3; is continuous from ( L?(Q))3 in
to (L® g2y’ orin to (L2(L,V))* or into (L*(Q))>.
Proof: Let 6 =u —1u and 6y =5 —y , wherey and ¥ are the correspond SVS to the
CVS# and # using the first result in Theorem 4.1 , one has
ly - ¥ ”L°°(i,L2(n)) <Mz —al,. i ﬁ%ﬁ then ﬁmf/ , i.e. The operator
i & yy is Lipschitz continuous (LC) from (L?(Q))3 in to(Lw(T‘Lz(m))? By a similar way this
operator is also LC from ( L2(Q))3 into ( L2(Q))3and into (L2(1,V))3 .
Lemma 4.1 [10]: The norm |I. Il is weakly lower semi continuous (W.L.S.C.).
Lemma (4.2) : The cost function which is given by (10) is W.L.S.C.
Proof: From Lemma (3.1) [|# [I;2(q) , is W.L.S.C. when #, —» 1 weakly in (L2(Q))* then
Y =y weaklyin (L2(@))® by Theorem 4.1 then ||y — ¥, || < limy_, infy, ev, ||V, — ¥,

Then ||y -¥,|| isW.LS.C. hence G,(%)is W.L.S.C.
Lemma 4.3 [13]: The norm ||- ||3 is strictly convex.
Theorem 4.3: Consider the cost function (10) , if G,(i) is coercive, then there exists CCOC .
Proof: Since G,(u) = 0 and G, (1) is coercive, then there exists a minimizing sequence{u; } =
{(uyp Uz, usp)} € W, , Vk such that

lim,,_,o, Go (1) = inf= Go() , and ||zl < ¢, then by AT there exists a subsequence of

uREVT/A
{u,} , for simplicity say again {u,} s.t. u, — i weakly in (LZ(Q))3, as k — oo . From
Theorem 3.1 we got that for each control i there exists a unique solution ¥y =y, then

corresponding to the sequence of control {u,} there exists a sequence of solutions {y,}
such that the norms ”37k”L°°(IL2(m) , ||37k||Lz(Q) & ||5;k”L2(T,V) are bounded ,then by AT there

exists a subsequence of {y,}, for simplicity say again {y,}, such that
3
ye — ¥  weaklyin <L°°(T, LZ(Q))) . Vi — ¥ weakly in (LZ(Q))3, and

~ 3 -
Y — ¥ weakly in (LZ(I, V)) , to show the norm |||l is bounded , let

(LZ(T,V*))3
(2.19.a),(2.20.a)&(2.21.a) be rewritten as

(Vike V1) = —(Vy1i, V1) — (V1 V1) + V2 1) + U3k v1) + (ft + g, v1)
Yoo V2) = = (VY21 V02) — (V21 V2) — (V31 V2) — 1i V2) + (f2 + Ugi, v2)

(Vaker v3) = —(Vy3r, Vs) — V3, V3) — Y1k V3) + Yok U3) + (fs + Uz, v3)

by adding the above equations and integrating both sides of the obtained equation from 0 to T,
taking the absolute value then using the CSI, and finally using assumptions (A) , it yields

|f0T(37kt: 5>dt| = |f0T[ = (VY11 V1) — (Y11, V1) + U2k V1) + V3, v1) + (1 + wae, v1) —
(VY21 V2) = Vaks V2) —(V3k V2) = (V1Ko V2) H(f2 + Uak, V2) —(VY3k, VV3)—
Vakr V3)— Vakr V3) + (V2 v3)+ (fs + usk, v3) Jdt| , gives

o Giees Dt| < 19y2eligTvsllg + Nyaellglvallg + yzillglvsllg + Iysilighvall +
IVy2illoIVV2llg + lyakllolv2llg + Nlyskllolvalle + lyikllollv2llg +

IVyailloliVoslle + llyskllelivalle + lyallolivslle + llyakllelivalle +
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Inillglivilly + lImzllglivally + lmsllglivslle + lluarllglivilly +
luziellollvallg + lluskllglivslle -

Since for each i = 1,2,3 the following inequalities are satisfied

IVyicllo < VYl s lvillg < 11¥llg llgelly < lillg, llklle < C, IVwillg < IVDIlq

lyixlle < IVillg . IVYkllg < ||J7k||L2(iy) il = bl:, IVkllg < ||}7k||L2(1y) Nvllg <
131120, 1951lg < [5l2y, . then
T,. . . , , , .
|f0 (Ve V)dt| = [3”371(,”1,2(11/) + 9”}’k||L2(i,V) + (b1 + b, +bs + 3C)]||U||L2(T,V)
Or
T,» , .
| Gre P¥t| < (12b5(c) + b)) 1Bll 2y -
where |9l 2qy) < b2(c)  and b'(c) = by + by + by +3C

|fo Fredrat] : , q

W < b3(C) . with b3(C) = 12b2(C) +b (C) = ”ykt”Lz(T,V*) < bg(C)
since y, is solution of the SEs (1—9) , then
ikt V1) + (VY1 V1) + 1k V1) — G2k 1) — 3k v1) = (L + Uik, 1) (56)
(Varer V2) + (VY21 VU2) + (Var, V2) + V3o V2) + (V1k, V2) =(f2 + Uap, V2) (57)
(Varer v3) + (Ve Vv3)+ (Var v3)+ 01k V3)— Varo v3) =(fs + usk, v3) (58)

let @; € C1[0,T], st. @;(T)=0,Vi=1,23, rewriting the 15¢ terms in the L.H.S. of (56-58)
multiplying their both sides by ¢, (t) , ¢,(t) & @5(t) respectively , integrating both sides w.r.t.
t from 0 toT ,and integration by parts for the 15¢ terms in the L.H.S. of each obtained
equation, one gets that

- fOT(Y1k: v (t)dt + fOT[(Vylk; V1) + (Vi v1) ] @1 (D)dt — fOT(J’Zkr V)1 (t)dt —

Jy Gsiov) @10t = [ (fi + ure, v1) 1. (O)dt +71,c0),v1) 91(0) (59)
- fOT(YZk: V)@, (t)dt + foT[ (Vy2k, VV2) + (Var, v2) ]2 (O)dt + fOT(J’3kr v,) ¢ (t)dt +

fOT(Y1k’ vy) @, (t)dt = foT(fz + Uzp, V2) @2 (0)dt +(¥2x(0), v2) 92 (0) (60)
~ Jo O3k v2) 05Ot + [ (T3, Vv3) + (31, v3) |03 (Ot + [ (11 v5) 938t -

fOT(ka' v3) p3(t)dt = fOT(f3 + Uszg, V3) @3 (0)dt +(v3x(0), v3)93(0) (61)

since y, — ¥ weakly in (L2 (Q))3 and ¥y, — y weakly in (L2 (, V))3, then the following
convergences are hold
— Jo G110 )@ (Ot + [} [ (Y110, V01) + (aie, w102 (Dt = [ (V21 v2) 1 (Bl —

J; 010 v1) @1 (Ot —
— [T 1, v @ (O dt + [T [ (Tys, Vor) + (1, v (dE — [ (75, v1) @1 (Dt

Jy 02 v) 91(0)dt (62)
- fOT(YZk: V)@, (t)dt + fOT[ (Vy2k, VV2) + (Var, v2) ]2 (O)dt + fOT(Y3k' vy) @, (t)dt +

fy O v2) 92(O)dt —
- fOT()’z; ;) @, (H)dt + fOT[ (Vy2, Vv,) + (v2, v2)] @2 (B)dt + fOT(Y& v,) 2 (t)dt +

Jy 01 v2) 2 (0)dt (63)
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- fOT()’3k; v3)@s(t)dt + foT[ (Vyar, Vv3) + (Vak, v3)]@s(t)dt + fOT(YUo v3) p3(t)dt —
fOT(YZk' v3)ps(t)dt —
— Jy O3, v3)@3(O)dt + [1 [ (Vy3,Vv3) + (v5,v3) @3 (0)dt + [} (v1,v3) @3(£)dt —

Jy @2,v5) @3 (0)dt (64)
since (¥1,(0) , ¥2,(0), y3,(0)) bounded in(L*(Q) )3and from the projection theorem one has
Vi V1) @1(0) = (v, v1)91(0) (65)
Y3k v2)92(0) — (3, v2)9,(0) (66)
(V3 v3)93(0) — (3, v3)93(0) (67)
and since 1, — u weakly in (L2(Q) )3, then
[ (fr + i v @ (Odt — [T (f + 1w, v1) @ (B)dt (68)
fOT(fz + Ugp, V2) @2 (D) dt — fOT(fz + Uy, V) @, (t)dt (69)
[ (fs + s v2) @3 (O)dt — [ (fs +us, v3) @3(t)dt (70)

finally using(62 —64) ,( 65—67), (68—70) in (59—61) respectively, one gets
- fOT(YL v, (H)dt + fOT[ (Vyy, Voy) + (y1, v1)] e (B)dt — f;()’z' vy) @1 (D)dt —

[y 0, v1) @1 (Dt = [ (fy +us, v (Odt + 3, v1)4(0) (72)
— [T 32 )92 ()t + [ [ (Vy2,V0,) + (75, v)] 02 ()t + [ (73, v,) 9, (D)t +

[y 1, v2) 05(Odt = [T (fy + Uz, v2)02 ()t + (73, v2)0(0) (72)
- fOT(Y3’ v3) @3 (t)dt + fOT[ (Vys, Vvs) + (3, v3)]@s(t)dt + fOT(}’p v3) p3(t)dt —

[y 2, v3) 93(Ddt = [ (fs + 3, v3) 3 ()t + (¥3, 73)95(0) (73)

Case 1: We choose ¢; € D[0,T], i.e. ¢;(0) = ¢;(T) =0, Vi = 1,2,3 .now using integration
by parts for the 15¢ terms in the L.H.S. of (71—73), one gets that

[y e w1 (Odt + [T (Tys, V0,) + (1, v)]0 (O)dt — [ (72,v1) @1 (D)dt —

fOT(Y3:V1) p1(t)dt = foT(f1 +uy, v) @ (t)dt , Vv, €V, Ve; € D[O,T] (74)
fOT(thr vo)@o(t)dt + fOT[ (Vy2, V) + (y2, v2) ]2 (B)dt + f;()’s, v,) 2 (t)dt +

Jy 01,v2) @200t = [ (o + w2, v2) 92 ()t , ¥, € VY, € D[, T] (75)
Jy 0300303 (O)t + [ [(Ty5,Y05) + (73,0513 (Dt + [ (31, v5) 93()dt -

fOT(YZJ v3) 3(t)dt = fOT(fB, +u3, v3)@3(t)dt ,Vvs € V3,Ve; € D[0,T] (76)
Then

V16 v1) + (Vy, Vo) + (v, v1) — V2, v1) — (3,v1) = (fi +uy,v4) , Vv, €V, a8.0n T~
V2, 2) + (Vy2, Vo) + (Y2, v2)+(V3, v2) +(V1, v2) = (f2 + Uz, v2) Vv, €V, ,ae.onl

(Y36, v3) + (Vys, Vog)+ (¥3, v3)+(V1, v3)—(¥2, v3) = (f3 + U3, v3) ,Vvs3 € V3,a.e.onl
i.e. (¥1, y2,y3) satisfies the wf of the SEs

Case 2 : we choose ¢; € C1[1], s.t. ¢;(T) = 0, ¢;(0) # 0, Vi = 1,2,3, using integration by
parts for the 15¢ terms in the L.H.S. of (74—76),0ne has

— Jy GuvD e ©Odt + [ [ (Vy1, V1) + 0, v) ]2 (Dt = [ (72, v1) @1 ()t —
fOT(J’3' V1) 1 (t)dt = foT(f1 +uy, v1) @1 (8)dt + (y1(0), v1) 941 (0) (77)
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- fOT()’z; v2) @, (t)dt + foT[ (Vy2, Vvz) + (v2, v2) @2 (D)dt + fOT(}’&vz) P, (t)dt +

fOT()’L vy) @ (t)dt = foT (f2 + uz, v2) 2 (D) dt + (y2(0), v2) 92 (0) (78)
- fOT()’3; v3)@3(t)dt + foT[ (Vys, Vv3) + (3, v3)]@3(D)dt + fOT(YL v3) @3(t)dt —
J) 02, v3) @3(8)dt = [ (fs + uz,v3) @3(Odt + (¥3(0), v3)93(0) (79)

by subtracting(77—79) from (71—73) respectively, one obtain

1, v1) 91(0) =(y1(0),v1) 91 (0), , V¢, €[0,T]

=7 =y.1(0) = y? (%),

by the same way show that y? = y,(0) = y2(x) and yJ = y3(0) = yJ(x)

= (y1, Y2, ¥3) is a solution of the wf of the SE ,since G, () is W.L.S.C. from Lemma4.1 and
since i), — 1 weakly in (L2())’, then

Go(@) < limy, infy o, o) = limye, Go(ty) = inf Go ()

= Go(¥) <inf;p, Go (7) = minz g, Go (7).

Then i isa CCOC.

5. The NCO:

In order to state the NCs for CCOC, the FD of the cost function (10) is derived and the theorem

for the NCO is proved.
Theorem 5.1: Consider G, () is given by (10) and the TAEs of the STE (1-9) are given by

—Zye —Dzy + 2y + 2, + 23 = (V1 — V1a) (80)
—Zyt —Azy+ 2, — 2y — 23 = (3’2 - 3’2d) (81)
—Z3 —Dz3+ 23—z, + 2, = (Y3 — Y3q) (82)
z,(T)=0 (83)
z,(T) =0 (84)
z3(T) =0 (85)

Then (uy, U3, u3) € W, and the FD of G, is given by (Go(@), 64) = (Z + B, 5i)
proof: The wf of (80-85) for v; € V; ,V i = 1,2,3 is given by

—(216, V1) + (Vz1, Vo) + (21, v1) + (22,v1) + (23, 1) = (V1 — Y1a) V1) (86)
—(2Z20, V2) + (Vz2, Vo) + (22, v2) — (21, 12) — (23, V2) = (V2 — Y24, V2) (87)
—(231,v3) + (Vz3, Vv3) + (23, v3) — (21, V3)+ (22, V3) = (V3 — Y34, V3) (88)

The existence of a unique solution of (86—88) can be proved by the same manner which is
used in the proof of Theorem 3.1, now substituting v, = z;, v, = z, and v3 = z3 in
(52.a) ,( 53.a) and (54.a) respectively, these equations become ,

(6y1,z1) + (VOy1,Vz1) + (6y1,21) — (8Y2,21) — (63, 21) = (Suq, 21) (89)
(6Y2t,22) + (V8Y,,VZy) + (82, 22) + (63, 22) + (8Y1,22) = (6uy, Z;) (90)
(6y3¢,z3) + (V8Y3,Vz3) + (83, 23) + (6y1,23) — (8Y2,23) = (Sus, Z3) (91)
also, substituting v; = 8y, v, = 8y, and v3 = §y5 in (86—88) respectively, to get

—(21,6y1) + (Vz,,Vy,) + (21, 6y1) + (22, 8y1) + (23,6y1) = (V1 — Y14, 6Y1) (92)
—(2Z21,6y2) + (V25,V68Y,) + (22, 6y2) — (21, 6Y,) — (23,6y2) = (V2 — Y24, 6Y2) (93)
—(231, 0y3) + (Vz3,V8y3) + (23, 6y3) — (21, 6Y3) + (22,6y3) = (¥3 — Y34, 6Y3) (94)

Integrating both sides of equations (89— 94) w.r.t. t from 0 to T, using integration by parts for
the 15¢terms of the L.H.S. of each of the obtained equations from (92—-94), then subtracting each
one of the obtained equations from it's corresponding equation of (89-91), add all three result
get
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((y1 +0y1)ev1) + (V(yy + 6y1), Vvy) + (y1 + 61, v1) — (2 + 8y, 1) —

(y3 + 6y3,v1) = (fi + ug + duy,vq) (95)
(72 + 6y2)e,v2) + (V2 + 6Y2),Vp) + (y2 + 8y2,v2) + (y3 + 6y3,12) +
1+ 6y1,v2) = (fz + Uy + 6uy, v3) (96)
((y3 + 6y3)e,v3) + (V(y5 + 8Y3), Vv3) + (3 + 8y5,v3) + (1 + 8y, v3) —
(y2 +6y2,v3) = (f3 + uz + Suz, v3) (97)

which means the CV (u; + duq, u, + du, , uz + duy) gives the solution (y; + 6y, , y, +

6y, , y3 + 6y3) of (95-97).

Now, from the cost function, we have

Go (U + 6U) — Go () = (Suy, z1)+ (Suy, 25)+ (Sus, z3)+ (Buy, Suq)+ (Buy, Suy)+
(Bus, Sus)+ 2167113 + £lloiill?

Or

Go(U + 81) — Go(W) = (Z + p, su)+ 31I6711G + ZllsullG

from the first results of Theorem 4.1, we have

A691G = e (61)I5ullg and £]|6%1G = &, (W) ||5Ullq

with & (6u) = 2 M?||8ullg, where & (51),e,(61) — 0 , as ||5illg — 0

Then

Go(U + 61) — Gy (W) = (Z + pu, 61u) + (5w ||5ullg

with e(6u) = &;(8u) + &, (u), where e(6u) — 0 ,as [|51]lg — O

using the definition of FD of G, ,one has

(G{)(ﬁ), 817) = (Z + B, 6u)

Theorem 5.2:

The CCOC of the above problem is G, (i) = Z+ f1i = 0 withy =y; and Z = Z; .

Proof : If i is an CCOC of the problem, then

Go(%) = minggy, Go@) , Vi € (12()’,

u

ie.Go(2)=0=>Z+pu=0 = The NCO is
(Z+p,60) =0, voi=w—1u=(Z+p1,w) = (Z+pT 1), VW e (12(Q))".

6. Conclusions

The GM is employed to prove the existence and unique theorem for a SVS of the TSPDEs
of parabolic type for fixed CCCV. The existence of a CCOCV governing with the considered
TLPDEs of parabolic type is proved. The existence and uniqueness solution of the TAEs
associated with the TSPDEs. The derivation of the Fréchet derivative for the cost function is
obtained. The theorem of the NCO is stated and proved.
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