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Alternating Directions Implicit Method for Solving Homogeneous Heat 
Diffusion Equation 

 

 

 

 

 

Abstract 

     An Alternating Directions Implicit method is presented to solve the homogeneous heat 
diffusion equation when the governing equation is a bi-harmonic equation (X) based on 
Alternative Direction Implicit (ADI). Numerical results are compared with other results 
obtained by other numerical (explicit and implicit) methods. We apply these methods it two 
examples (X): the first one, we apply explicit when the temperature൒ 0.  
 

Keywords: Alternating Directions Implicit (ADI) method, Diffusion Heat Equation, Bi-
Harmonic equation. 

1. Introduction 
A Bi –Harmonic equation is a kind of partial differential equations, the general form of 
the bi- harmonic equation is: 

∇ସ 𝑢ሺ𝑥, 𝑦ሻ ൌ 𝐹ሺ𝑥, 𝑦ሻ                                                                                                                (1) 

Where ∇ସ is a bi –harmonic operator in the form: 

∇ସൌ  డర

డ௫ర ൅ 2 డర

డ௫మడ௬మ  ൅ డర

డ௬ర                                                                                                      (2) 

If ∇ସ 𝑢ሺ𝑥, 𝑦ሻ ൌ 0 , then it is called homogenous bi- harmonic function. 

      This equation appears in many boundary value problems: (fluid mechanics, elasticity 
problems, heat diffusion, etc…), when the governing equation for the boundary value 
problems is a bi harmonic equation. There are many (X) numerical methods to solve this 
problem. One of these methods is Alternating Direct Implicit Method (ADI). This method is 
to minimize the two dimensions for a partial differential equation to a linear equation with 
one dimension. The Bi-harmonic equation is the governing for many (X) problems, for 
example: it is the governing for the heat equation. Several researchers presented the heat
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 equation, see [1-4]. Moreover, Turck [5]. (X) solve the heat equation. Then, Poulilikkas et. 
[6]. Constructed methods of fundamental solution for harmonic and Biharmonic BVPs. 
Martin and Ismael [7]. (X) proposed TH-collection for biharmnic equation. Subsequently, 
Jacob [8]. (X) presented the (a) comparative study of (a) 2D asymmetric diffusion problem 
With convection on the wall using the theta method. Furthermore, Noye and Hayman in [9]. 
utilized ADI to solve the 2D time dependent heat equations depending on a constant 
coefficient. Donough in [10]. (X) used ADI methods for solving elliptic problems. Aderito 
[11]. Hyperbolic diffusion equation with convection used an alternating direction implicit 
method for a second-order. The main purpose of this work is to study the analytic and 
numerical solution for solving homogeneous heat diffusion equation using ADI method. 

2. Alternating Directions Implicit Method 
      This method is one technique of finite different methods. There are many methods of 
(ADI), for examples: Peaceman -Rachford, Douglas – Gunn, and Fairweather-Mitchel method 
and all these methods have absolutely stable with respect the heat equations. The basic idea 
for (ADI) method is summarized by the following steps: 
Step1: apply the implicit method in X-direction and the explicit method in Y-direction. 

Step2: Solve the equation in time (𝑛 ൅ ଵ

ଶ
ሻ. 

Step3: Apply the implicit method in Y-direction and the explicit method in X-direction, as 
follows: 

 
𝑻𝒊𝒋

೙శ
భ
మି 𝑻𝒊𝒋

𝒏

∆𝒕 𝟐⁄
 ൌ ቆ𝛿௫ 

ଶ 𝑻𝒊𝒋

௡ାభ
మ ൅ 𝛿௬ 

ଶ 𝑻𝒊𝒋
௡ ቇ

ଶ
                                                                                                                                           (3) 

 
𝑻𝒊𝒋

೙శభି 𝑻𝒊𝒋
೙శ

భ
మ

∆𝒕 𝟐⁄
 ൌ ቆ𝛿௫ 

ଶ 𝑻𝒊𝒋

௡ାభ
మ ൅ 𝛿௬ 

ଶ 𝑻𝒊𝒋
௡ାଵቇ

ଶ
                                                                                                                                (4) 

Where 𝛿௫ 
ଶ and 𝛿௬ 

ଶ are the second derivatives with respect to x and y, sequentially and the 

general form for the diffusion heat equation is [2]. 

𝑉௜௝
௡ାଵ ൌ ሺ1 ൅ 𝑟𝛿௫

ସ ൅ ௥

଼
𝛿௫௬

ଶ ൅ 𝑟𝛿௬
ସሻ𝑉௜௝

௡  , where r = 
௞

௛ర , and h =∆𝑥 =∆𝑦 , k is  

Step4: Solve this equation by using tridiagonal matrix algorithm (Thomas algorithm). 
    

3. Solve Bi-harmonic homogenous heat diffusion equation by ADI method 
       The governing heat diffusion Bi- harmonic equation is  

∇ସ𝑇 ൌ  డర்

డ௫ర ൅ 2 డర்

డ௫మడ௬మ  ൅ డర்

డ௬ర                                                                                                   (5) 

      With the boundary conditions :(Dirichlet boundary condition, Neumann boundary 
condition, and Robin boundary condition). 

      Now, we explain how to solve bi- harmonic equation by one of (ADI) methods (Peaceman 
Rachford method):  

      First, we take the following Biharmonic equation: 

𝑢௫௫௫௫   ൅ 2𝑢௫௫௬௬ ൅  𝑢௬௬௬௬                                                                                                      (6) 

      And we exchange the values of the function in equation (6) with its finite differences, 
which is: 
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 𝑢௫௫௫௫   ൌ
௨೔శమ,ೕ     ିସ௨೔శభ,ೕ   ା ଺௨೔ೕ    ିସ௨೔షభ,ೕ   ା௨೔షమ,ೕ      

௛ర                                                                       (7) 

 𝑢௬௬௬௬   ൌ
௨೔,ೕ శమ    ିସ௨೔,ೕశభ   ା ଺௨೔ೕ    ିସ௨೔,ೕషభ   ା௨೔,ೕషమ      

௛ర                                                                      (8) 

 2𝑢௫௫௬௬   ൌ
௨೔శమ,ೕ శమ   ା௨೔షమ,ೕషమ    ାସ௨೔,ೕ   ା ௨೔శమ,ೕషమ    ା௨೔షమ,ೕశమ   ିଶ௨೔,ೕశమ     ି ଶ௨೔శమ,ೕ    ିଶ௨೔షమ,ೕ   ିଶ௨೔,ೕషమ      

଼௛ర     (9) 

4. Practical Part 
       In this section we apply the ADI method to solve two heat diffusion problems. 
 
Example 1 
     If we have a rectangular metal plate which is 4 inch wide and 8 inch high are applicable to 
the x and y axes, at the point of origin according to the data shown in the figure below. 
 T୧

୫ାଵ ൌ T୧
୫ ൅ λሺT୧ିଵ

୫ െ 2T୧
୫ ൅ T୧ାଵ

୫ ሻ 

Where, λ=
௞∆௧

ሺ∆௧ሻమ  , ∆𝑡 is the variation in time, ∆𝑥 is the variation in x direct, k is thermal 

conductivity coefficient, and m is the levels. 

𝑇ଵ
ଵ ൌ 𝑇ଵ

଴ ൅ 𝜆ሺ𝑇଴
଴ െ 2𝑇ଵ

଴ ൅ 𝑇ଵ
଴ሻ ൌ 0 ൅ 0.2ሺ4 െ 2ሺ0ሻ ൅ 0ሻ ൌ 0.8 

𝑇ଶ
ଵ ൌ 𝑇ଶ

଴ ൅ 𝜆ሺ𝑇ଵ
଴ െ 2𝑇ଶ

଴ ൅ 𝑇ଷ
଴ሻ=0+0.2(0-2(0)+0)=0 

𝑇ଷ
ଵ ൌ 𝑇ଷ

଴ ൅ 𝜆ሺ𝑇ଶ
଴ െ 2𝑇ଷ

଴ ൅ 𝑇ସ
଴ሻ=0+0.2(0-2(0)+2)=0.4 

 

Right 
boundary 
2℃ 

    Left 
boundary 
4℃ 

          t=6 
              t=4 
 0.4℃       0℃       0.8℃       t=2 

                  t=0                                                    0℃       

Figure 1. The nodes in the first level. 

t=2 , m=1 to find m=2   ,t=4 , m is the levels 

𝑇ଵ
ଶ ൌ 𝑇ଵ

ଵ ൅ 𝜆ሺ𝑇଴
ଵ െ 2𝑇ଵ

ଵ ൅ 𝑇ଶ
ଵሻ=0.8+0.2(4-2(0.8)+0)=1.28 

𝑇ଶ
ଶ ൌ 𝑇ଶ

ଵ ൅ 𝜆ሺ𝑇ଵ
ଵ െ 2𝑇ଶ

ଵ ൅ 𝑇ଷ
ଵሻ=0+0.2(0.8-2(0)+0.4)=0.24 

𝑇ଷ
ଶ ൌ 𝑇ଷ

ଵ ൅ 𝜆ሺ𝑇ଶ
ଵ െ 2𝑇ଷ

ଵ ൅ 𝑇ସ
ଵሻ=0.4+0.2(0-2(0.4)+2)=0.96 

Right 
boundary 
2℃ 

    Left 
boundary 
4℃ 

         t=6 

 0.96℃       0.24℃       1.28℃               t=4 
 0.4℃       0℃       0.8℃              t=2 

             t=0                                                    0℃                  

Figure 2. The nodes in the second level. 
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t=2 , m=1 to find m=3 , t=6 

𝑇ଵ
ଷ ൌ 𝑇ଵ

ଶ ൅ 𝜆ሺ𝑇଴
ଶ െ 2𝑇ଵ

ଶ ൅ 𝑇ଶ
ଶሻ=1.28+0.2(4-2(1.28)+0.24)=1.616 

𝑇ଶ
ଷ ൌ 𝑇ଶ

ଶ ൅ 𝜆ሺ𝑇ଵ
ଶ െ 2𝑇ଶ

ଶ ൅ 𝑇ଷ
ଶሻ=0.24+0.2(1.28-2(0.24)+0.96)=0.592 

𝑇ଷ
ଷ ൌ 𝑇ଷ

ଶ ൅ 𝜆ሺ𝑇ଶ
ଶ െ 2𝑇ଷ

ଶ ൅ 𝑇ସ
ଶሻ=0.96+0.2(0.24-2(0.96)+2)=1.024 

 

right 
boundary 
2℃ 

    left 
boundary 
4℃ 

         t=6 
 1.024℃0.592℃    1.616℃             t=4 

 0.96℃0.24℃1.28℃        t=2 

 0.4℃0℃0.8℃       t=0 

                                                                        0℃ 

Figure 3. The nodes in the third level. 

By Implicit Method 
If m=0 to find m=1 , λ=0.2 
At the left boundary        (1+2λ)𝑇ଵ

ଵ െ 𝜆𝑇ଶ
ଵ ൌ 𝑇ଵ

଴ ൅ 𝜆𝑇଴
ଵ 

(1+2(0.2))𝑇ଵ
ଵ - 0.2𝑇ଶ

ଵ ൌ 0 + 0.2(4) 

Away from boundary   -λ𝑇௜ିଵ
ଵ ൅ ሺ1 ൅ 2𝜆ሻ𝑇௜

ଵ െ 𝜆𝑇௜ାଵ
ଵ ൌ 𝑇ଵ

଴ 

-0.2𝑇ଵ
ଵ ൅ ൫1 ൅ 2ሺ0.2ሻ൯𝑇ଶ

ଵ െ 0.2𝑇ଷ
ଵ ൌ 0 

At the Right boundary    (1+2λ)𝑇௜
௠ାଵ െ 𝜆𝑇௜ିଵ

௠ାଵ ൌ 𝑇௜
௠ ൅ 𝜆𝑇௜ାଵ

௠ାଵ 

(1+2(0.2) )𝑇ଷ
ଵ െ 0.2𝑇ଶ

ଵ ൌ 𝑇ଷ
଴ ൅ 0.2𝑇ସ

ଵ 
We have 
1.4𝑇ଵ

ଵ െ 0.2𝑇ଶ
ଵ=0.8                                (1)                     

-0.2𝑇ଵ
ଵ ൅ 1.4𝑇ଶ

ଵ െ 0.2𝑇ଷ
ଵ ൌ 0                (2) 

1.4𝑇ଷ
ଵ െ 0.2𝑇ଶ

ଵ ൌ 0 ൅ 0.4                      (3) 
We have 

𝑇ଵ
ଵ ൌ

0.8 ൅ 0.2𝑇ଶ
ଵ

1.4
, 𝑇ଷ

ଵ ൌ
0.4 ൅ 0.2𝑇ଶ

ଵ

1.4
 

 
And by compensation,  we get  

-0.2(
଴.଼ା଴.ଶ మ்

భ

ଵ.ସ
)+1.4𝑇ଶ

ଵ െ 0.2 ቀ
଴.ସା଴.ଶ మ்

భ

ଵ.ସ
ቁ ൌ 0 

-0.1142857143-0.0285714286𝑇ଶ
ଵ ൅ 1.4𝑇ଶ

ଵ െ 0.0571428571 െ 0.0285714286𝑇ଶ
ଵ ൌ 0 

1.3428571428𝑇ଶ
ଵ ൌ 0.174285714 

𝑇ଶ
ଵ ൌ 0.1276595745 

 
And compensation𝑇ଶ

ଵ in 𝑇ଵ
ଵ𝑎𝑛𝑑 𝑇ଷ

ଵ 𝑤𝑒 𝑔𝑒𝑡  
 𝑇ଷ

ଵ ൌ 0.3039513678 , 𝑇ଵ
ଵ ൌ 0.5896656535 

 
If m=1 to find m=2 
At the left boundary (1+2λ)𝑇ଵ

ଶ െ 𝜆𝑇ଶ
ଶ ൌ 𝑇ଵ

ଵ ൅ 𝜆𝑇଴
ଶ 

(1+2(0.2))𝑇ଵ
ଶ - 0.2𝑇ଶ

ଶ ൌ 0.5896656535 + 0.2(4) 
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Away from boundary   -λ𝑇ଵ
ଶ ൅ ሺ1 ൅ 2𝜆ሻ𝑇ଶ

ଶ െ 𝜆𝑇ଷ
ଶ ൌ 𝑇ଶ

ଵ 

-0.2𝑇ଵ
ଶ ൅ ൫1 ൅ 2ሺ0.2ሻ൯𝑇ଶ

ଶ െ 0.2𝑇ଷ
ଶ ൌ 0.1276595745 

At the Right boundary    (1+2λ)𝑇௜
௠ାଵ െ 𝜆𝑇௜ିଵ

௠ାଵ ൌ 𝑇௜
௠ ൅ 𝜆𝑇௜ାଵ

௠ାଵ 

(1+2(0.2) )𝑇ଷ
ଶ െ 0.2𝑇ଶ

ଶ ൌ 𝑇ଷ
ଵ ൅ 0.2𝑇ସ

ଶ 
 We have 
1.4𝑇ଵ

ଶ െ 0.2𝑇ଶ
ଶ=1.3896656535                              

-0.2𝑇ଵ
ଶ ൅ 1.4𝑇ଶ

ଶ െ 0.2𝑇ଷ
ଶ ൌ 0.1276595745            

1.4𝑇ଷ
ଶ െ 0.2𝑇ଶ

ଶ ൌ 0.7039513678                             

So, we have, 𝑇ଵ
ଶ ൌ  

ଵ.ଷ଼ଽ଺଺ହ଺ହଷହା଴.ଶ మ்
మ

ଵ.ସ
, 𝑇ଷ

ଶ ൌ 
଴.଻଴ଷଽହଵଷ଺଻଼ା଴.ଶ మ்

మ

ଵ.ସ
.  

-0.2(
ଵ.ଷ଼ଽ଺଺ହ଺ହଷହା଴.ଶ మ்

మ

ଵ.ସ
)+1.4𝑇ଶ

ଶ െ 0.2 ቀ
଴.଻଴ଷଽହଵଷ଺଻଼ା଴.ଶ మ்

మ

ଵ.ସ
ቁ ൌ 0.1276595745 

-0.1985236648 - 0.0285714286𝑇ଶ
ଶ  ൅  1.4𝑇ଶ

ଶ  െ  0.1005644811 െ  0.0285714286𝑇ଶ
ଶ  ൌ

 0.1276595745 
1.3428571428𝑇ଶ

ଶ ൌ 0.4267477204 
𝑇ଶ

ଶ ൌ 0.3177908556 
 
And compensation𝑇ଶ

ଶin 𝑇ଵ
ଶ𝑎𝑛𝑑𝑇ଷ

ଶ 𝑤𝑒 𝑔𝑒𝑡 
𝑇ଷ

ଶ ൌ 0.5482210992 , 𝑇ଵ
ଶ ൌ 1.0380170176 

 
If m=2 to find m=3 
At the left boundary        (1+2λ)𝑇ଵ

ଵ െ 𝜆𝑇ଶ
ଷ ൌ 𝑇ଵ

ଶ ൅ 𝜆𝑇଴
ଷ 

(1+2(0.2))𝑇ଵ
ଷ - 0.2𝑇ଶ

ଷ ൌ 1.0380170176 + 0.2(4) 

Away from boundary   -λ𝑇௜ିଵ
ଷ ൅ ሺ1 ൅ 2𝜆ሻ𝑇௜

ଷ െ 𝜆𝑇௜ାଵ
ଷ ൌ 𝑇௜

ଶ 

-0.2𝑇ଵ
ଷ ൅ ൫1 ൅ 2ሺ0.2ሻ൯𝑇ଶ

ଷ െ 0.2𝑇ଷ
ଷ ൌ 0.3177908556 

At the Right boundary    (1+2λ)𝑇௜
௠ାଵ െ 𝜆𝑇௜ିଵ

௠ାଵ ൌ 𝑇௜
௠ ൅ 𝜆𝑇௜ାଵ

௠ାଵ 

(1+2(0.2) )𝑇ଷ
ଷ െ 0.2𝑇ଶ

ଷ ൌ 𝑇ଷ
ଶ ൅ 0.2𝑇ସ

ଷ 
1.4𝑇ଷ

ଷ െ 0.2𝑇ଶ
ଷ ൌ 0.5482210992+0.2(2)                       

So, we have 
 
1.4𝑇ଵ

ଷ െ 0.2𝑇ଶ
ଷ=1.8380170176                                  (1) 

-0.2𝑇ଵ
ଷ ൅ 1.4𝑇ଶ

ଷ െ 0.2𝑇ଷ
ଷ ൌ 0.3177908556             (2) 

1.4𝑇ଷ
ଷ െ 0.2𝑇ଶ

ଷ=0.948221099                                    (3) 
So, we have  

𝑇ଵ
ଷ ൌ

1.8380170176 ൅ 0.2𝑇ଶ
ଷ

1.4
 

𝑇ଷ
ଷ ൌ

0.9482210992 ൅ 0.2𝑇ଶ
ଷ

1.4
 

And by compensation, we get  

-0.2(
ଵ.଼ଷ଼଴ଵ଻଴ଵ଻଺ା଴.ଶ మ்

య

ଵ.ସ
)+1.4𝑇ଶ

ଷ െ 0.2 ቀ
଴.ଽସ଼ଶଶଵ଴ଽଽଶା଴.ଶ మ்

య

ଵ.ସ
ቁ ൌ 0.3177908556 

-0.2625738597-0.0285714286𝑇ଶ
ଷ ൅ 1.4𝑇ଶ

ଷ െ 0.135460157 െ 0.0285714286𝑇ଶ
ଷ ൌ

0.3177908556 
1.3428571428𝑇ଶ

ଷ ൌ 0.7158248723 
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𝑇ଶ
ଷ ൌ 0.5330610751 

And compensation𝑇ଶ
ଷin 𝑇ଵ

ଷ𝑎𝑛𝑑𝑇ଷ
ଷ 𝑤𝑒 𝑔𝑒𝑡 

𝑇ଷ
ଷ ൌ 0.7534523673 ,  𝑇ଵ

ଷ ൌ 1.3890208804 
 

 
 

Figure 4. Comparing between ADI,  explicit, implicit, exact solution  when the temperature ൒ 0. 
 

From the previous figures, we see the ADI method is most accuracy of the implicit and 
explicit method. 
 
Example 2 
    We have an important material that needs to be stored in a cupboard whose temperature 
does not exceed (5) degrees. It is necessary to check the efficiency of the insulating material 
made up of the cabinet in the case of power failure for different periods, which affects the 
storage process according to the following data. 
 
𝑇ଵ

ଵ ൌ 𝑇ଵ
଴ ൅ 𝜆ሺ𝑇଴

଴ െ 2𝑇ଵ
଴ ൅ 𝑇ଵ

଴ሻ ൌ 0 ൅ 0.2ሺെ2 െ 2ሺ0ሻ ൅ 0ሻ ൌ െ0.4 
𝑇ଶ

ଵ ൌ 𝑇ଶ
଴ ൅ 𝜆ሺ𝑇ଵ

଴ െ 2𝑇ଶ
଴ ൅ 𝑇ଷ

଴ሻ=0+0.2(0-2(0)+0)=0 

𝑇ଷ
ଵ ൌ 𝑇ଷ

଴ ൅ 𝜆ሺ𝑇ଶ
଴ െ 2𝑇ଷ

଴ ൅ 𝑇ସ
଴ሻ ൌ 0 ൅ 0.2൫0 െ 2ሺ0ሻ ൅ ሺെ4ሻ൯ ൌ െ0.8 

right 
boundary 
-4℃ 

    left 
boundary 
-2℃ 

         t=6 

            t=4 
 -0.8℃ 0℃ -0.4℃         t=2 

               t=0                                                  0℃          
Figure 5.The nodes in the first level when temperature ൑ 0. 

 

 𝑇ଵ
ଶ ൌ 𝑇ଵ

ଵ ൅ 𝜆ሺ𝑇଴
ଵ െ 2𝑇ଵ

ଵ ൅ 𝑇ଶ
ଵሻ=-0.4+0.2(-2-2(-0.4)+0)=-0.64 

𝑇ଶ
ଶ ൌ 𝑇ଶ

ଵ ൅ 𝜆ሺ𝑇ଵ
ଵ െ 2𝑇ଶ

ଵ ൅ 𝑇ଷ
ଵሻ=0+0.2(-0.4-2(0)+(-0.8))=-0.24 

𝑇ଷ
ଶ ൌ 𝑇ଷ

ଵ ൅ 𝜆ሺ𝑇ଶ
ଵ െ 2𝑇ଷ

ଵ ൅ 𝑇ସ
ଵሻ=-0.8+0.2(0-2(-0.8)+(-4))=-1.28 

 

0

0.5

1

1.5

2

2.5

12345678910

.  Explicit method
Implicit method
Explicit method              
ADI method
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right 
boundary 
-4℃ 

    left 
boundary 
-2℃ 

        t=6 

 -1.28℃  -0.24℃ -0.64℃        t=4 

 -0.8℃ 0℃ -0.4℃        t=2 

            t=0                                                   0℃      

Figure 6.The nodes in the second level when temperature൑ 0. 

𝑇ଵ
ଷ ൌ 𝑇ଵ

ଶ ൅ 𝜆ሺ𝑇଴
ଶ െ 2𝑇ଵ

ଶ ൅ 𝑇ଶ
ଶሻ=-0.64+0.2(-2-2(-0.64)+(-0.24))=-0.528 

𝑇ଶ
ଷ ൌ 𝑇ଶ

ଶ ൅ 𝜆ሺ𝑇ଵ
ଶ െ 2𝑇ଶ

ଶ ൅ 𝑇ଷ
ଶሻ=-0.24+0.2(-0.64-2(-0.24)+(-1.28))=-1.216 

𝑇ଷ
ଷ ൌ 𝑇ଷ

ଶ ൅ 𝜆ሺ𝑇ଶ
ଶ െ 2𝑇ଷ

ଶ ൅ 𝑇ସ
ଶሻ ൌ െ1.28 ൅ 0.2൫െ0.24 െ 2ሺെ1.28ሻ ൅ ሺെ2ሻ൯ ൌ െ1.216 

 

right 
boundary 
-4℃ 

     left 
boundary 
-2℃ 

           t=6 
 -1.216℃ -1.216℃ -0.528℃           t=4 

 -1.28℃ -0.24℃ -0.64℃          t=2 

 -0.8℃ 0℃ -0.4℃         t=0 

                                                                      0℃ 

Figure 7. The nodes in the third level when temperature൑ 0. 

By implicit method 
At the left boundary        (1+2λ)𝑇ଵ

௠ାଵ െ 𝜆𝑇ଶ
௠ାଵ ൌ 𝑇ଵ

௠ ൅ 𝜆𝑇଴
௠ାଵ 

Away from boundary      -λ𝑇௜ିଵ
௠ାଵ ൅ ሺ1 ൅ 2𝜆ሻ𝑇௜

௠ െ 𝜆𝑇௜ାଵ
௠ାଵ ൌ 𝑇ଵ

௠ 

At the Right boundary    (1+2λ)𝑇௜
௠ାଵ െ 𝜆𝑇௜ିଵ

௠ାଵ ൌ 𝑇௜
௠ ൅ 𝜆𝑇௜ାଵ

௠ାଵ 

If m=0 to find m=1  

(1+2(0.2))𝑇ଵ
ଵ - 0.2𝑇ଶ

ଵ ൌ  𝑇ଵ
଴+ 0.2𝑇଴

ଵ 

-0.2𝑇ଵ
ଵ ൅ ൫1 ൅ 2ሺ0.2ሻ൯𝑇ଶ

ଵ െ 0.2𝑇ଷ
ଵ ൌ 𝑇ଶ

଴ 

 (1+2(0.2))𝑇ଷ
ଵ െ 0.2𝑇ଶ

ଵ ൌ 𝑇ଷ
଴ ൅ 0.2𝑇ସ

ଵ 
 
1.4𝑇ଵ

ଵ െ 0.2𝑇ଶ
ଵ ൌ 0 ൅ 0.2ሺെ2ሻ 

-0.2𝑇ଵ
ଵ ൅ 1.4𝑇ଶ

ଵ െ 0.2𝑇ଷ
ଵ ൌ 0 

1.4𝑇ଷ
ଵ െ 0.2𝑇ଶ

ଵ ൌ 0 ൅ 0.2(-4) 
 
We have 
1.4𝑇ଵ

ଵ െ 0.2𝑇ଶ
ଵ=-0.4                                  

-0.2𝑇ଵ
ଵ ൅ 1.4𝑇ଶ

ଵ െ 0.2𝑇ଷ
ଵ ൌ 0                    

1.4𝑇ଷ
ଵ െ 0.2𝑇ଶ

ଵ ൌ െ0.8                        
Implies that  

𝑇ଵ
ଵ ൌ

െ0.4 ൅ 0.2𝑇ଶ
ଵ

1.4
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𝑇ଷ
ଵ ൌ

െ0.8 ൅ 0.2𝑇ଶ
ଵ

1.4
 

And the compensation, we get  

-0.2 ሺି଴.ସା଴.ଶ మ்
భ

ଵ.ସ
ሻ ൅1.4𝑇ଶ

ଵ െ 0.2 ሺି଴.଼ା଴.ଶ మ்
భ

ଵ.ସ
ሻ = 0 

0.0571428571-0.0285714286𝑇ଶ
ଵ ൅ 1.4𝑇ଶ

ଵ ൅ 0.1142857143 െ 0.0285714286𝑇ଶ
ଵ ൌ 0 

1.3428571428𝑇ଶ
ଵ ൌ െ0.1714285714  implies that 𝑇ଶ

ଵ ൌ െ0.1276595745 
 
And compensation in 𝑇ଵ

ଵ𝑎𝑛𝑑 𝑇ଷ
ଵ 𝑤𝑒 𝑔𝑒𝑡, 𝑇ଵ

ଵ ൌ െ0.3039513678 
                                                                  𝑇ଷ

ଵ ൌ െ0.5896656535 
If m=1 to find m=2 
 
(1+2(0.2))𝑇ଵ

ଶ - 0.2𝑇ଶ
ଶ ൌ  𝑇ଵ

ଵ+ 0.2𝑇଴
ଶ 

-0.2𝑇ଵ
ଶ ൅ ൫1 ൅ 2ሺ0.2ሻ൯𝑇ଶ

ଶ െ 0.2𝑇ଷ
ଶ ൌ 𝑇ଶ

ଵ 

 (1+2(0.2))𝑇ଷ
ଶ െ 0.2𝑇ଶ

ଶ ൌ 𝑇ଷ
ଵ ൅ 0.2𝑇ସ

ଶ 
  
1.4𝑇ଵ

ଶ െ 0.2𝑇ଶ
ଶ ൌ െ0.3039513678 ൅ 0.2ሺെ2ሻ 

-0.2𝑇ଵ
ଶ ൅ 1.4𝑇ଶ

ଶ െ 0.2𝑇ଷ
ଶ ൌ െ0.1276595745 

1.4𝑇ଷ
ଶ െ 0.2𝑇ଶ

ଶ ൌ െ0.5896656535 ൅ 0.2(-4) 
 
We have 
1.4𝑇ଵ

ଶ െ 0.2𝑇ଶ
ଶ=-0.7039513678                                       

-0.2𝑇ଵ
ଶ ൅ 1.4𝑇ଶ

ଶ െ 0.2𝑇ଷ
ଶ ൌ െ0.1276595745                    

1.4𝑇ଷ
ଶ െ 0.2𝑇ଶ

ଶ ൌ െ0.3896656535                                  
Hence,  

𝑇ଵ
ଶ ൌ

െ0.7039513678 ൅ 0.2𝑇ଶ
ଶ

1.4
 

𝑇ଷ
ଶ ൌ

െ1.3896656535 ൅ 0.2𝑇ଶ
ଶ

1.4
 

And by compensation we get,  

-0.2 ቀ
ି଻଴ଷଽହଵଷ଺଻଼ା଴.ଶ మ்

మ

ଵ.ସ
ቁ ൅ 1.4𝑇2

2 െ 0.2 ቀ
ିଵ.ଷ଼ଽ଺଺ହ଺ହଷହା଴.ଶ మ்

మ

ଵ.ସ
ቁ ൌ െ0.1276595745                        

0.1005644811-0.0285714285𝑇ଶ
ଶ ൅ 1.4𝑇ଶ

ଶ ൅ 0.1985236648 െ 0.0285714286𝑇ଶ
ଶ ൌ െ0.1276595745 

1.3428571428𝑇ଶ
ଵ ൌ െ0.4267477204  implies that 𝑇ଶ

ଶ ൌ െ0.3177908556 
And compensation in 𝑇ଵ

ଶ𝑎𝑛𝑑𝑇ଷ
ଶ, 𝑤𝑒 𝑔𝑒𝑡 𝑇ଵ

ଶ ൌ െ0.5482210992, 𝑇ଷ
ଶ ൌ െ1.0380170176 

 
If m=2 to find m=3 
 
(1+2(0.2))𝑇ଵ

ଷ - 0.2𝑇ଶ
ଷ ൌ  𝑇ଵ

ଶ+ 0.2𝑇଴
ଷ 

-0.2𝑇ଵ
ଷ ൅ ൫1 ൅ 2ሺ0.2ሻ൯𝑇ଶ

ଷ െ 0.2𝑇ଷ
ଷ ൌ 𝑇ଶ

ଶ 

(1+2(0.2))𝑇ଷ
ଷ െ 0.2𝑇ଶ

ଷ ൌ 𝑇ଷ
ଶ ൅ 0.2𝑇ସ

ଷ 
  
1.4𝑇ଵ

ଷ െ 0.2𝑇ଶ
ଷ ൌ െ0.5482210992 ൅ 0.2ሺെ2ሻ 

-0.2𝑇ଵ
ଷ ൅ 1.4𝑇ଶ

ଷ െ 0.2𝑇ଷ
ଷ ൌ െ0.3177908556 
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1.4𝑇ଷ
ଷ െ 0.2𝑇ଶ

ଷ ൌ െ1.0380170176 ൅ 0.2(-4) 
 
We have 
1.4𝑇ଵ

ଷ െ 0.2𝑇ଶ
ଷ=-0.9482210992                                      

-0.2𝑇ଵ
ଷ ൅ 1.4𝑇ଶ

ଷ െ 0.2𝑇ଷ
ଷ ൌ െ0.3177908556                   

1.4𝑇ଷ
ଷ െ 0.2𝑇ଶ

ଷ ൌ െ1.8380170176                                  
Which is implies that  

𝑇ଵ
ଷ ൌ 

ି଴.ଽସ଼ଶଶଵ଴ଽଽା଴.ଶ మ்
య

ଵ.ସ
  ,𝑇ଷ

ଷ ൌ 
ିଵ.଼ଷ଼଴ଵ଻଴ଵ଻଺ା଴.ଶ మ்

య

ଵ.ସ
 

So , we get  

-0.2 ሺି଴.ଽସ଼ଶଶଵ଴ଽଽା଴.ଶ మ்
య

ଵ.ସ
ሻ ൅ 1.4𝑇ଶ

ଷ െ 0.2  ሺ
ିଵ.଼ଷ଼଴ଵ଻଴ଵ଻଺ା଴.ଶ మ்

య

ଵ.ସ
ሻ ൌ െ0.3177908556 

0.135460157-0.0285714285𝑇ଶ
ଷ ൅ 1.4𝑇ଶ

ଷ ൅ 0.2625738597 െ 0.0285714286𝑇ଶ
ଷ ൌ െ0.3177908556 

1.3428571428𝑇ଶ
ଷ ൌ െ0.7158248723  implies that 𝑇ଶ

ଷ ൌ െ0.5330610751 
And compensation in 𝑇ଵ

ଶ𝑎𝑛𝑑𝑇ଷ
ଶ 𝑤𝑒 𝑔𝑒𝑡, 𝑇ଵ

ଷ ൌ െ0.7534523672, 𝑇ଷ
ଶ ൌ െ1.3890208804 

 

Figure 8. Comparison between ADI, implicit, explicit, exact solution when 
 the temperature ൑ 0. 

 

According to the previous figures, we see the ADI method is most accuracy of the implicit and 
explicit. 

5. Conclusion  
     In this paper, the Alternating Direction Implicit (ADI) method has been constructed for the 
purpose of application to some selected problems with a view to discuss the accuracy of this 
technique, as shown in figures (4 and 8) when compared with exact solution. Then, many 
problems have been solved. Figures illustrate the numerical results of the new method are 
more efficient and desirable for the solution of the homogeneous heat diffusion equation than 
other methods. 
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