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Abstract 

     In this paper, we proposed a new class of weighted Rayleigh distribution based on two 
parameters, scale and shape parameters which are introduced in Rayleigh distribution. The 
main properties of this class are investigated and derived. 
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1. Introduction 
   The Rayleigh distribution is an important distribution as a lifetime sample modeling. Many 
researchers developed various generalizations of Rayleigh probability density functions to 
increase the flexibility in life time sample modeling [1]. Introduced a new class of density 
functions depending on shape parameter in the normal distribution, and then called it 
weighted normal distribution or (skew-normal distribution). [2]. Used the idea of Azzalini to 
find the shape parameter to an exponential distribution and called it weighted exponential 
distribution, as well as put the general mathematical formula to treat the weighted statistical 
distributions which are as follow: 

𝑓௪ሺ𝑋ሻ ൌ
1

𝑃𝑟ሾ𝑥ଶ ൏ 𝜃𝑥ଵሿ
 𝑓ሺ𝑥ଵሻ𝐹ሺ𝜃 𝑥ଵሻ                                                (1) 

Where 𝑓௪ሺ𝑋ሻ is weighted probability density function. 
𝑓ሺ𝑥ଵሻ isstandard probability density function for 𝑟. 𝑣ሺ𝑥ଵሻ. 
𝑓ሺ𝜃𝑥ଵሻ iscumulative distribution function with respect to weighted parameter 𝜃 for standard 
distribution. 
   𝑃௥ሺ𝑥ଶ ൏ 𝜃𝑥ଵሻ probability for 𝑟. 𝑣ሺ𝑥ଶሻ with respect to the 𝑟. 𝑣ሺ𝑥ଵሻ and weighted functionሺ𝜃ሻ. 
[3]. Study weighed Weibull distribution by using the idea of Azzalini, and introduce the basic 
properties for this model. [4]. Study the skew-ness parameter of a gamma distribution by 
employing the idea of Azzalini, which creates a new class of weighed gamma distribution. 
[5]. Propose the extension of Weibull distribution weighted and (the main derived) main 

Ibn Al Haitham Journal for Pure and Applied Science 

Journal homepage: http://jih.uobaghdad.edu.iq/index.php/j/index 

Doi: 10.30526/33.2.2431 

Iden Hassan Hussein 

Department of Mathematics, College 
of Science for Women, University of 

Baghdad, Baghdad, Iraq 

Iden_alkanani@yahoo.com ssadadnan.2019@gmail.com 

Department of mathematics, College 
of Education for Pure Science, Ibn Al 

Haitham, University of Baghdad, 
Baghdad, Iraq. 

Saad A. Zain 



   

108 
  

Ibn Al-Haitham Jour. for Pure & Appl. Sci. 33 (2) 2020 

properties of this class are derived [6]. Estimate Linley’s approximation method for weighted 
exponential distribution by using Monte Carlo simulation study. [7]. Introduce two shape 
parameters to the existing weighted exponential distribution to develop the Beta weighted 
exponential distribution using the legit of beta function.[8]. propose model named 
exponentiated weighted exponential distribution and some of the basic statistical properties of 
the proposed model are studied and provided. [9]. Focus on Bayes estimation of weighed 
exponential distribution with fuzzy data. [10]. Derive two parameters inverted weighted 
exponential distribution and its various statistical properties are established. [11]. Present a 
new generalization weighted Weibull distribution.The aim of this paper is to propose a new 
weighted Rayleigh distribution depending on the idea of Azzalini and apply the general 
formula of Gupta and Kundu in equation (1) to find the skew ness parameter in Rayleigh 
density function, then  study some basic statistical properties of this distribution. The rest of 
this article is organized as follows: we include in section two the weighted Rayleigh 
distribution with application, Cumulative distribution function, reliability function and hazard 
function. In section three, the moment, mean, and variance. In section four, the moment 
generating functions. In section five, the factorial moment generating function, skew ness 
kurtosis, and characteristic-function and in section six, the quintile function, mode and 
median. 
2. Weighted Rayleigh Distribution  
   In this section, we introduce of the probability density function and the cumulative 
distribution function of weighted Rayleigh distribution (WRD). 
 
Lemma (1) 
   Suppose that 𝑥ଵ and 𝑥ଶ are random sample of size two of Rayleigh distribution with 

parameter 𝜃, then the 𝑝𝑟ሾ𝛼𝑥ଵ ൐ 𝑥ଶሿ ൌ ఈమ

ఈమାଵ
  where  

ఈమାଵ

ఈమ  is weighted Rayleigh distribution.  

Proof: 
𝑝𝑟ሾ𝛼𝑥ଵ  ൐ 𝑥ଶሿ ൌ 𝑝𝑟ሾ𝑥ଶ  ൏ 𝛼𝑥ଵሿ 

𝑝𝑟ሾ𝑥ଶ  ൏ 𝛼𝑥ଵሿ ൌ න න 𝑓ሺ𝑥ଵ, 𝑥ଶሻ
௔௟௟௫మ௔௟௟௫భ 

𝑑𝑥ଶ𝑑𝑥ଵ 

𝑝𝑟ሾ𝑥ଶ  ൏ 𝛼𝑥ଵሿ ൌ න න 𝜃𝑥ଵ 𝑒ିఏ
ଶ௫భ

మ

ఈ௫భ

°

ஶ

°

𝜃𝑥ଶ 𝑒ିఏ
ଶ௫మ

మ
 𝑑𝑥ଶ𝑑𝑥ଵ 

𝑝𝑟ሾ𝑥ଶ  ൏ 𝛼𝑥ଵሿ ൌ න 𝜃𝑥ଵ 𝑒ିఏ
ଶ௫భ

మ
ஶ

°

቎න 𝜃𝑥ଶ 𝑒ିఏ
ଶ௫మ

మ
 𝑑𝑥ଶ

ఈ௫భ

°

቏ 𝑑𝑥ଵ 

𝑝𝑟ሾ𝑥ଶ  ൏ 𝛼𝑥ଵሿ ൌ න 𝜃𝑥ଵ 𝑒ିఏ
ଶ௫భ

మ
ஶ

°

ቈെ 𝑒ିఏ
ଶ௫మ

మ
ฬ

°

ఈ௫భ

቉ 𝑑𝑥ଵ 

𝑝𝑟ሾ𝑥ଶ ൏ 𝛼 𝑥ଵሿ ൌ න 𝜃𝑥ଵ 𝑒ିఏ
ଶ௫భ

మ
ஶ

°

൤1 െ 𝑒ିିఏ
ଶఈమ  ௫భ

మ
൨ 𝑑𝑥ଵ 

𝑝𝑟ሾ𝑥ଶ ൏ 𝛼 𝑥ଵሿ ൌ න 𝜃𝑥ଵ 𝑒ିఏ
ଶ௫భ

మ
𝑑𝑥ଵ

ஶ

°

െ න 𝜃𝑥ଵ 𝑒ିఏ
ଶ௫భ

మ൫ఈమାଵ൯𝑑𝑥ଵ

ஶ

°
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𝑝𝑟ሾ𝑥ଶ ൏ 𝛼 𝑥ଵሿ ൌ 1 െ ൥
െ1

𝛼ଶ ൅ 1
න 𝜃𝑥ଵ ሺ𝛼ଶ ൅ 1ሻ𝑒ିఏ

ଶ௫భ
మ൫ఈమାଵ൯𝑑𝑥ଵ

ஶ

°

൩ 

𝑝𝑟ሾ𝑥ଶ ൏ 𝛼 𝑥ଵሿ ൌ 1 െ ൤
1

𝛼ଶ ൅ 1
൨ ൌ

𝛼ଶ

𝛼ଶ ൅ 1
 

1
𝑝𝑟ሾ𝑥ଶ ൏ 𝛼𝑥ଵሿ

ൌ
1

𝛼ଶ

𝛼ଶ ൅ 1

ൌ
𝛼ଶ ൅ 1

𝛼ଶ  

 
  Then the proposed new weighted Rayleigh distribution is defined as follows: 

𝑓ሺ𝑥; 𝛼, 𝜃ሻ ൌ
𝛼ଶ ൅ 1

𝛼ଶ 𝜃𝑥 𝑒ିఏ
ଶ௫మ

൤1 െ 𝑒ିఏ
ଶ௫మఈమ

൨                                                                                  ሺ2ሻ 

   Now, proving that the weighted Rayleigh distribution is probability density function as 
follows: 

׬
ఈమାଵ

ఈమ  𝜃 𝑥𝑒ିഇ
మ

௫మஶ
° ൤1 െ 𝑒ିഇ

మ
௫మఈమ

൨ 𝑑𝑥 ൌ 1   

𝛼ଶ ൅ 1
𝛼ଶ ൝න 𝜃𝑥𝑒ିఏ

ଶ௫మ

ஶ

°

 𝑑𝑥 െ න 𝜃𝑥𝑒
ఏ
ଶ௫మ൫ఈమାଵ൯

ஶ

°

𝑑𝑥ൡ 

ൌ
𝛼ଶ ൅ 1

𝛼ଶ ൜1 െ
1

𝛼ଶ ൅ 1
 ൠ ൌ

𝛼ଶ ൅ 1
𝛼ଶ ∗

𝛼ଶ

𝛼ଶ ൅ 1
ൌ 1 

 
Lemma (2) 
   The cumulative distribution function of weighted Rayleigh distribution is as follows:  
Proof: 

𝐹ሺ𝑥;  𝛼, 𝜃ሻ ൌ 𝑃𝑟 ሾ𝑋 ൑ 𝑥ሿ ൌ ׬ 𝑓ሺ𝑢ሻ𝑑𝑢
௫

°   

𝐹ሺ𝑥;  𝛼, 𝜃ሻ ൌ ׬
൫ఈమାଵ൯

ఈమ

௫
௢  𝜃 𝑢𝑒ି

ഇ
మ

௨మ
൬1 െ 𝑒ି

ഇ
మ

௨మఈమ
൰ 𝑑𝑢   

𝐹ሺ𝑥;  𝛼, 𝜃ሻ ൌ
𝛼ଶ ൅ 1

𝛼ଶ ቐ
ሺ𝛼ଶ ൅ 1ሻ െ ሺ𝛼ଶ ൅ 1ሻ𝑒ିఏ

ଶ௫మ
൅ 𝑒ିఏ

ଶ௫మ൫ఈమାଵ൯ െ 1
𝛼ଶ ൅ 1

ቑ 

𝐹ሺ𝑥;  𝛼, 𝜃ሻ ൌ
𝛼ଶ ൅ 1

𝛼ଶ െ
ሺ𝛼ଶ ൅ 1ሻ𝑒ିఏ

ଶ௫మ

𝛼ଶ ൅
𝑒ିఏ

ଶ௫మ൫ఈమାଵ൯

𝛼ଶ െ
1

𝛼ଶ 

𝐹ሺ𝑥;  𝛼, 𝜃ሻ ൌ 1 െ ቈ
൫ఈమାଵ൯௘ష

ഇ
మೣమ

ି௘ష
ഇ
మೣమ൫ഀమశభ൯

ఈమ ቉                                                                                (3) 

 
   The reliability and hazard functions are as follows: 
 𝑅ሺ𝑥ሻ ൌ 1 െ 𝐹ሺ𝑥ሻ 

 𝑅ሺ𝑥ሻ ൌ
ሺ𝛼ଶ ൅ 1ሻ𝑒ିఏ

ଶ௫మ
െ 𝑒ିఏ

ଶ௫మ൫ఈమାଵ൯

𝛼ଶ                                                                                              ሺ4ሻ 

ℎሺ𝑥ሻ ൌ
𝑓ሺ𝑥ሻ
𝑅ሺ𝑥ሻ
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ℎሺ𝑥ሻ ൌ
𝜃𝑥ሺ𝛼ଶ ൅ 1ሻ ൤1 െ 𝑒ିఏ

ଶ௫మௗమ
൨

൤ሺ𝛼ଶ ൅ 1ሻ െ 𝑒ିӨ
ଶ௫మఈమ

൨
                                                                                                   ሺ5ሻ 

 
 
3. Moment Method  
   Now, we derived the moment a bout zero, then we find the mean and the variance of the  
Weighted Rayleigh distribution which is as follows: 

𝐸ሺ𝑋௥ሻ ൌ න 𝑥௥

ஶ

௢

 
𝛼ଶ ൅ 1

𝛼ଶ 𝜃𝑥 𝑒ି
ఏ
ଶ௫మ

൤1 െ 𝑒ି
ఏ
ଶ௫మഀమ

൨ 𝑑𝑥 

𝐸ሺ𝑋௥ሻ ൌ
𝛼ଶ ൅ 1

𝛼ଶ ቊන 𝑥௥ାଵ 𝜃𝑒ି
ఏ
ଶ௫మ

 𝑑𝑥
ஶ

௢
െ න 𝑥௥ାଵ 𝜃𝑒ି

ఏ
ଶ௫మሺഀమశభሻ

 𝑑𝑥
ஶ

௢
ቋ 

 𝑙𝑒𝑡 𝑦 ൌ ఏ

ଶ
𝑥ଶ  , 𝑥 ൌ ቀ

ଶ

ఏ
ቁ

భ
మ 𝑦

భ
మ  , 𝑑𝑥 ൌ ቀ

ଶ

ఏ
ቁ

భ
మ ଵ

ଶ √௬
𝑑𝑦   

 𝑙𝑡 𝑢 ൌ ௾

ଶ
𝑥ଶ ሺ𝛼ଶ ൅ 1ሻ  , 𝑥 ൌ ቀ

ଶ

ఏሺఈమାଵሻ
ቁ

భ
మ 𝑢

భ
మ  , 𝑑𝑥 ൌ ቀ

ଶ

ఏሺఈమାଵሻ
ቁ

భ
మ ଵ

ଶ√௨
𝑑𝑢 

 

𝐸ሺ𝑥௥ሻ ൌ
𝛼ଶ ൅ 1

𝛼ଶ ൞න ቎൬
2
𝜃

൰

ଵ
ଶ

𝑦
ଵ
ଶ቏

௥ାଵ
ஶ

௢
θ 𝑒ି௬ ൬

2
𝜃

൰

ଵ
ଶ 1

2 ඥ𝑦
𝑑𝑦

െ න ቎൬
2

𝜃ሺ𝛼ଶ ൅ 1ሻ
൰

ଵ
ଶ

𝑢
ଵ
ଶ቏

௥ାଵ
ஶ

௢
θ 𝑒ି௨ ൬

2
𝜃ሺ𝛼ଶ ൅ 1ሻ

൰

ଵ
ଶ 1

2 √𝑢
𝑑𝑢ൢ 

𝐸ሺ𝑋௥ሻ ൌ
𝛼ଶ ൅ 1

𝛼ଶ ቐන ൬
2
𝜃

൰

௥
ଶ

𝑦
௥
ଶ ൬

2
𝜃

൰

ଵ
ଶ

𝑦
ଵ
ଶ θ 𝑒ି௬ ൬

2
𝜃

൰

ଵ
ଶ 1

2
𝑦ିଵ

ଶ
ஶ

௢
 𝑑𝑦

െ න ൬
2

𝜃ሺ𝛼ଶ ൅ 1ሻ
൰

௥
ଶஶ

௢
൬

2
𝜃ሺ𝛼ଶ ൅ 1ሻ

൰

ଵ
ଶ

𝑢
௥
ଶ 𝑢

ଵ
ଶ θ 𝑒ି௨ ൬

2
𝜃ሺ𝛼ଶ ൅ 1ሻ

൰

ଵ
ଶ 1

2
𝑢ିଵ

ଶ𝑑𝑢ቑ 

𝐸ሺ𝑋௥ሻ ൌ
𝛼ଶ ൅ 1

𝛼ଶ ൜൬
2
𝜃

൰

௥
ଶ

න
2
𝜃

ஶ

௢

𝑦
௥
ଶ θ  𝑒ି௬ 1

2
𝑑𝑦 െ ൬

2
𝜃ሺ𝛼ଶ ൅ 1ሻ

൰

௥
ଶ

න
2

𝛳ሺ𝛼ଶ ൅ 1ሻ

ஶ

௢

𝑢
௥
ଶ θ 𝑒ି௨ 1

2
𝑑𝑢 

𝐸ሺ𝑋௥ሻ ൌ
𝛼ଶ ൅ 1

𝛼ଶ ൝൬
2
𝜃

൰

௥
ଶ

𝛤ሺ
𝑟
2

൅ 1ሻ െ ൬
2
Ө

൰

௥
ଶ 1

ሺ𝛼ଶ ൅ 1ሻ
௥
ଶାଵ

𝛤ሺ
𝑟
2

൅ 1ሻൡ 

𝐸ሺ𝑋௥ሻ ൌ
𝛼ଶ ൅ 1

𝛼ଶ ൬
2
𝜃

൰

௥
ଶ

𝛤ሺ
𝑟
2

൅ 1ሻ ൥1 െ
1

ሺ𝛼ଶ ൅ 1ሻ
௥
ଶାଵ

൩                                                                      ሺ6ሻ 

When 𝑟 ൌ 1 , 𝑡ℎ𝑒𝑛  

 𝐸ሺ𝑋ሻ ൌ
𝛼ଶ ൅ 1

𝛼ଶ ൬
2
𝜃

൰

ଵ
ଶ

 Γሺ
3
2

ሻ ቈ1 െ
1

ሺ𝛼ଶ ൅ 1ሻ
ଷ

ଶൗ
቉ 
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E(X)ൌ ఈమାଵ

ఈమ ቀ
ଶ

ఏ
ቁ

భ
మ ଵ

ଶ √𝜋 ቈ1 െ ଵ

ሺఈమାଵሻ
య
మ
቉ 

E(X)ൌ ఈమାଵ

ఈమ ቂ
గ

ଶఏ
ቃ

భ
మ ൤1 െ ଵ

ሺఈమାଵሻ
య

మൗ
൨                                                                                                         ሺ7ሻ 

𝑤ℎ𝑒𝑛 𝑟 ൌ 2 , then 

𝐸ሺ𝑋ଶሻ ൌ
𝛼ଶ ൅ 1

𝛼ଶ ൬
2
𝜃

൰   𝛤ሺ2ሻ ൤1 െ
1

ሺ𝛼ଶ ൅ 1ሻଶ൨ 

 

𝐸ሺ𝑋ଶሻ ൌ
2ሺ𝛼ଶ ൅ 2ሻ
𝜃ሺ𝛼ଶ ൅ 1ሻ

                                                                                                                               ሺ8ሻ 

 
The variance: 
𝑣𝑎𝑟 ሺ𝑋ሻ ൌ 𝐸ሺ𝑋ଶሻ െ ሾ𝐸ሺ𝑋ሻሿଶ        

 𝑣𝑎𝑟ሺ𝑋ሻ ൌ
2ሺ𝛼ଶ ൅ 2ሻ
𝜃ሺ𝛼ଶ ൅ 1ሻ

െ
ሺ𝛼ଶ ൅ 1ሻଶ

∝ସ

𝜋
2𝜃

൥1 െ
1

ሺ𝛼ଶ ൅ 1ሻ
ଷ
ଶ

൩

ଶ

               

𝑣𝑎𝑟ሺ𝑋ሻ ൌ  
ସఈర൫ఈమାଶ൯ିగቈ൫ఈమାଵ൯

య
మିଵ቉

మ

 

ଶఏఈరሺఈమାଵሻ
                                                                                          (9) 

 
4-The Moment Generated Function                                                                                     

   We derived the moment generating function for weighted Rayleigh distribution which is as 
follows: 

𝑚. 𝑔. 𝑓. ൌ 𝐸ሾ𝑒௧௑ሿ ൌ න 𝑒௧௫

ஶ

°

 𝑓ሺ𝑥ሻ𝑑𝑥 

By using Taylor series:  

𝐸ሺ𝑒௧௑ሻ ൌ න ቆ1 ൅
𝑡𝑥
1!

൅
𝑡𝑥ଶ

2!
൅

𝑡𝑥ଷ

3!
൅ ⋯ ൅

𝑡𝑥௥

𝑟!
ቇ

ஶ

°

𝑓ሺ𝑥ሻ𝑑𝑥 

𝑚. 𝑔. 𝑓 ൌ ෍
𝑡௥

𝑟!

ஶ

௥ୀ଴

 𝐸ሺ𝑥௥ሻ 

𝑚. 𝑔. 𝑓 ൌ ෍
𝑡௥

𝑟!

ஶ

௥ୀ଴

   
𝛼ଶ ൅ 1

𝛼ଶ ൬
2
𝛳

൰

௥
ଶ

Γ ቀ
𝑟
2

൅ 1ቁ ቈ1 െ
1

ሺ𝛼ଶ ൅ 1ሻ௥
ଶൗ ାଵ

  ቉          

𝑚. 𝑔. 𝑓 ൌ
𝛼ଶ ൅ 1

𝛼ଶ ෍
𝑡௥

𝑟!

ஶ

௥ୀ଴

   ൬
2
𝛳

൰

௥
ଶ

Γ ቀ
𝑟
2

൅ 1ቁ ቈ1 െ
1

ሺ𝛼ଶ ൅ 1ሻ௥
ଶൗ ାଵ

  ቉                                               ሺ10ሻ 

 
5- Factorial Moment Generating Function:                                                                                      

𝑀௫ሺ𝑡ሻ ൌ 𝐸ሺ𝑡௫ሻ ൌ න 𝑡௫

ஶ

°

𝑓ሺ𝑥ሻ𝑑𝑥 

𝑀௫ሺ𝑡ሻ ൌ න 𝑒ℓ௡௧ೣ
𝑓ሺ𝑥ሻ𝑑𝑥

ஶ

°
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𝑀௫ሺ𝑡ሻ ൌ න ቆ1 ൅ 𝑥 ℓ𝑛𝑡 ൅ 
𝑥ଶሺℓ𝑛𝑡ሻଶ

2!
൅ ⋯ ൅ 

𝑥௥ሺℓ𝑛𝑡ሻ௥

𝑟!
൅ ⋯ . . … ቇ

ஶ

°

𝑓ሺ𝑥ሻ𝑑𝑥 

 

𝑀௫ሺ𝑡ሻ ൌ ෍
ሺℓ𝑛𝑡ሻ௥

𝑟!

ஶ

௥ୀ଴

𝐸ሺ𝑥௥ሻ 
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𝛼ଶ  ෍
ሺℓ𝑛𝑡ሻ௥
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ஶ

௥ୀ଴

൬
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𝜃

൰

௥
ଶ

𝛤 ቀ
𝑟
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൅ 1ቁ ൥1 െ
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ሺ𝛼ଶ ൅ 1ሻ
௥
ଶାଵ

൩                                                             ሺ11ሻ 

 
  Then the Coefficient of skew ness of this distribution is as follows:                                                

𝐶. 𝑆 ൌ  ெయ

ሺெమሻ
య
మ

 ,   𝑀ଷ ൌ 𝐸ሺ𝑋 െ 𝐸ሺ𝑋ሻሻሻ3,   𝑀ଶ ൌ 𝐸ሺ𝑋 െ 𝐸ሺ𝑋ሻሻሻଶ 

𝐶. 𝑆=
ாሺ௑ିாሺ௑ሻሻሻଷ,

ாሺ௑ିாሺ௑ሻሻሻଷ,
  =1                                                                                                               (12) 

𝐶. 𝐾 ൌ  ெర

ሺெమሻమ ൌ ாሺ௑ିாሺ௑ሻሻሻర

ሺாሺ௑ିாሺ௑ሻሻሻ  ሻమ                                                                                                            ሺ13ሻ  

  
  

The characteristic function of this distribution is as follow: 

𝑄௑ ሺ𝑡ሻ ൌ 𝐸൫𝑒௜௧௫൯ ൌ න 𝑒௜௧௫ 𝑓 ሺ𝑥ሻ𝑑𝑥

ஶ

°

 

𝑄௑ ሺ𝑡ሻ ൌ න ቆ1 ൅ 𝑖𝑡𝑥 ൅
ሺ𝑖𝑡ሻଶ𝑥ଶ

2!
൅ ⋯

ሺ𝑖𝑡ሻ௥𝑥௥

𝑟!
 ቇ 𝑓ሺ𝑥ሻ𝑑𝑥

ஶ

°

 

 𝑄௑ ሺ𝑡ሻ  ൌ     ෍
ሺ𝑖𝑡ሻ௥

𝑟!

ஶ

௥ୀ଴

𝐸ሺ𝑋௥ሻ 

𝑄௑ ሺ𝑡ሻ ൌ ෍
ሺ𝑖𝑡ሻ௥
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௥ୀ଴

𝛼ଶ ൅ 1
𝛼ଶ ൬

2
𝜃

൰
௥

𝛤ሺ
𝑟
2

൅ 1ሻ ൥1 െ
1

ሺ𝛼ଶ ൅ 1ሻ
௥
ଶାଵ

൩ 

𝑄௑ ሺ𝑡ሻ ൌ
𝛼ଶ ൅ 1

𝛼ଶ ෍
ሺ𝑖𝑡ሻ௥

𝑟!

ஶ

௥ୀ଴

൬
2
𝜃

൰
௥

𝛤 ቀ
𝑟
2

൅ 1ቁ ൥1 െ
1

ሺ𝛼ଶ ൅ 1ሻ
௥
ଶାଵ

൩                                                  ሺ14ሻ 

 
6-Quintile Function 
 
  The quintile of this distribution is denoted by  𝑥 ൌ 𝐹ିଵ ሺ𝑣ሻ, v= 𝐹 ሺ𝑥ሻ:                                    

𝐹ሺ𝑥ሻ ൌ 1 െ ቎
ሺ𝛼 ൅ 1ሻ𝑒ି ఏଶ ௫మ

െ  𝑒ି ఏଶ ௫మ൫ఈమାଵ൯

𝛼ଶ ቏ 

𝑉 ൌ 1 െ ቎
ሺ𝛼ଶ ൅ 1ሻ𝑒ି ఏଶ ௫మ

െ  𝑒ି ఏଶ ௫మ൫ఈమାଵ൯

𝛼ଶ ቏ 
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𝑒ି 
ఏ
ଶ ௫మ

൤ሺ𝛼ଶ ൅ 1ሻ െ  𝑒ି 
ఏ
ଶ ௫మఈమ

൨ െ 𝛼ଶ ሺ1 െ 𝑣ሻ ൌ 0                                                                        ሺ15ሻ 

   The equation (15) is difficult to solve, and then, to solve it is by using the numerical 
methods after compensation the estimate of 𝜃, 𝛼 in it. To find the mode of this distribution we 
apply 𝑓′ሺ𝑥ሻ ൌ 0 which is as follows:  

𝐿𝑒𝑡  𝐾 ൌ  
𝛼ଶ ൅ 1

𝛼ଶ  

ℓ𝑛𝑓 ሺ𝑥ሻ ൌ  ℓ𝑛 ሺ𝐾ሻ ൅  ℓ𝑛𝜃 ൅  ℓ𝑛 𝑥 െ  ఏ

ଶ
𝑥ଶ ൅  ℓ𝑛 ൤1 െ 𝑒ି ഇ

మ
 ௫మఈమ

 ൨  

     
𝑑ℓ𝑛𝑓 ሺ𝑥ሻ

𝑑𝑥
ൌ  

1
𝑥

െ  𝜃𝑥 ൅ 
𝜃𝑥𝛼ଶ𝑒ି ఏଶ ௫మఈమ

1 െ 𝑒ି ఏଶ ௫మఈమ
 

    
𝑑ℓ𝑛𝑓 ሺ𝑥ሻ

𝑑𝑥
ൌ 0  ,

1
𝑥

െ  𝜃𝑥 ൅  
𝜃𝑥𝛼ଶ𝑒ି ఏଶ ௫మఈమ

1 െ 𝑒ି ఏଶ ௫మఈమ
ൌ 0 

     𝑒ି 
ఏ
ଶ ௫మఈమ

 ሾ1 െ 𝜃𝑥ଶെ 𝜃𝑥ଶ𝛼ଶሿ െ ሺ1 െ 𝜃𝑥ଶሻ ൌ 0                                                                        ሺ16ሻ 
   The equation (16) can be solved using numerical methods because it very difficult. 

To find the median of this distribution, we apply 𝐹ሺ𝑥ሻ ൌ ଵ

ଶ
 which is as follows: 

𝐹ሺ𝑥ሻ ൌ  
1
2

 

1 െ ቎
ሺ𝛼ଶ ൅ 1ሻ𝑒ି ఏଶ ௫మ

െ  𝑒ି ఏଶ ௫మ൫ఈమାଵ൯

𝛼ଶ ቏ ൌ
1
2

 

𝑒ି ఏଶ ௫మ
൤ሺ𝛼ଶ ൅ 1ሻ െ  𝑒ି ఏଶ ௫మ൫ఈమାଵ൯൨ െ 0.5𝛼ଶ ൌ 0                                                                           ሺ17ሻ 

  The equation (17) solves it by using numerical methods. 
 
Conclusion  
     Weighted distributions are employed mostly in study of reliability, bio-medicine, meta-
analysis, econometrics, survival analysis, renewal processes, physics, ecology and branching 
processes. A weighted model based on the Rayleigh distribution is proposed in this work and 
the statistical properties of this model are presented. Some non-Bayesian and Bayesian 
methods may be used to estimate the parameter of proposed model in the future work. 
Furthermore, the proposed model may be employed for a real data depending on accurate 
goodness-of-fit test 
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