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Abstract

In this paper, we proposed a new class of weighted Rayleigh distribution based on two
parameters, scale and shape parameters which are introduced in Rayleigh distribution. The
main properties of this class are investigated and derived.
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1. Introduction

The Rayleigh distribution is an important distribution as a lifetime sample modeling. Many
researchers developed various generalizations of Rayleigh probability density functions to
increase the flexibility in life time sample modeling [1]. Introduced a new class of density
functions depending on shape parameter in the normal distribution, and then called it
weighted normal distribution or (skew-normal distribution). [2]. Used the idea of Azzalini to
find the shape parameter to an exponential distribution and called it weighted exponential
distribution, as well as put the general mathematical formula to treat the weighted statistical
distributions which are as follow:

fwX) = Prix, < 0x,] f(x)F (6 x1) (1)

Where f,,(X) is weighted probability density function.

f(x;) isstandard probability density function for r. v(x;).

f(0x;) iscumulative distribution function with respect to weighted parameter 8 for standard
distribution.

P.(x, < 6x;) probability for r.v(x,) with respect to the r. v(x;) and weighted function(8).
[3]. Study weighed Weibull distribution by using the idea of Azzalini, and introduce the basic
properties for this model. [4]. Study the skew-ness parameter of a gamma distribution by
employing the idea of Azzalini, which creates a new class of weighed gamma distribution.
[5]. Propose the extension of Weibull distribution weighted and (the main derived) main
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properties of this class are derived [6]. Estimate Linley’s approximation method for weighted
exponential distribution by using Monte Carlo simulation study. [7]. Introduce two shape
parameters to the existing weighted exponential distribution to develop the Beta weighted
exponential distribution using the legit of beta function.[8]. propose model named
exponentiated weighted exponential distribution and some of the basic statistical properties of
the proposed model are studied and provided. [9]. Focus on Bayes estimation of weighed
exponential distribution with fuzzy data. [10]. Derive two parameters inverted weighted
exponential distribution and its various statistical properties are established. [11]. Present a
new generalization weighted Weibull distribution.The aim of this paper is to propose a new
weighted Rayleigh distribution depending on the idea of Azzalini and apply the general
formula of Gupta and Kundu in equation (1) to find the skew ness parameter in Rayleigh
density function, then study some basic statistical properties of this distribution. The rest of
this article is organized as follows: we include in section two the weighted Rayleigh
distribution with application, Cumulative distribution function, reliability function and hazard
function. In section three, the moment, mean, and variance. In section four, the moment
generating functions. In section five, the factorial moment generating function, skew ness
kurtosis, and characteristic-function and in section six, the quintile function, mode and
median.
2. Weighted Rayleigh Distribution

In this section, we introduce of the probability density function and the cumulative
distribution function of weighted Rayleigh distribution (WRD).

Lemma (1)
Suppose that x; and x, are random sample of size two of Rayleigh distribution with
2
parameter 6, then the priax; > x,] = aZ+1 where aajl is weighted Rayleigh distribution.

Proof:
priax; > x;] =prix; <ax]

prix; <ax;]= f f f(x1,%2) dxpdxy

allxq allx,
oo X1

9.2 9.2
prix, < ax] =f f Ox, e 21 Ox, e 22 dx,dx,
Xy

(00
9.2 9.2
prix, <ax;] =] 6x;e 271 Ox, e 272 dx, | dx,

axq

(00
—sz —5X
prix, <ax1]=f0x1e21—622 dxy

[ee]
e a2
prix, <ax;]=| Ox;e 27t |1 — e 2 1]dx1

(o] (o]
_8.2 6 202
prix, < ax] = f Ox, e 2" dx, —f 0x, e 2xi(a +1)dx1
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o)

-1 0 2/ >
pris <anl =1= |7 [ om @ 4 De e
1 a?
pri: <ax1]=1_[a2+1]=a2+1
11 a*+1
prix, <ax;] a® = a2

a+1

Then the proposed new weighted Rayleigh distribution is defined as follows:

a’+1 4 4
flx;a,0) = 2 0x e 2% [1 — e"f"z"‘z]

(2)
Now, proving that the weighted Rayleigh distribution is probability density function as
follows:

] ‘]
i a2:1 9 xe 2 [1 - e_ExZ“Z] dx =1
a
2 v 6 v 0
2 a-lz_ ! {f Oxe 2 dx —f Gxez* (4°+1) dx}
a? + 1{ 1 } a’+1 a?
= — = *k =
a? a+1 o’ a?+1
Lemma (2)

The cumulative distribution function of weighted Rayleigh distribution is as follows:
Proof:

F(x; @,0) = PrX <x] = [ f(wdu
6 6
F(x; a,0) = f;wi—:l) 6 ue 2’ (1 - e‘E”Z“Z) du

6 6
a2 +1{(@®+1)— (@ +1)e 7 +e2¥ @) _q

. ’9 —
Flx @) a? az+1
0 2 0 2 2
a’+1 (a’?+1e 2% e 2* (@+1) 4
Flx a,6)= az a? + a? Caz
0.2 0.,2(,2
2 x4 —zx%(a®+1)
F(x; a,6) =1— (a?+1)e" 2 aze 2 3)
The reliability and hazard functions are as follows:
R(x) =1-F(x)
(a? + 1)e—gx2 _ e—gxz(a2+1)
RG) = — “)
_f®)
h(x) = RGO
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9
Ox(a? + 1) [1 - e_fxzdz]

h(x) = (5)

[(az +1) - e“gxzaz]

3. Moment Method
Now, we derived the moment a bout zero, then we find the mean and the variance of the

Weighted Rayleigh distribution which is as follows:

°° 2

2 8. 2q2
Ox e~ 2x [1—e_2x

E(XT) = f

1 ® 0 2
E(X") = @ + {f x"™1 ge” > * dx —J. X1 ge Y dx}
o o

1

ey =227 5= (o, as= (3

|

1

_ 2 2 1 _ 2 2 1
ltu= _x @ +1), (6(a2+1)) u ’dx_(e(a2+1)) zﬁdu
1 1
E(x) a“+1 f°° (2 % o _y(Z) 1 p
o) = z o
g 6) 2y
1 r+1 1
O I A=
fo B(a?+1) u € O(a?+1)) 2+u u
T 1 1
EXV)—a2+1 “(2)5 g(Z)? %6 _y(Z)fl _%d
X)) =—3 g y2\g) y20e(g) 5y 2 dy
T 1 1
°° 2 \Z 2 \oroioo 2Vl
— 2 U2 _— — 2
fo (0(a2+1)) (9(a2+1)) wusve <H(a2+1)) U ca
T © T oo
E(XT)—QZH{(Z)EIZ 5 e vod ) 20e7=d
a2z \g) )Y "¢ 2V 9(a2+1) (a2+1) ¢
TO T
Eary = 1 (Zfr( +1) (2)E r( +1)
2 9 2 e (a2+1)2+1
a’?+1 2% r 1
FOm) =——(5) rG+D|1-———— (6)
(a2 + 1)z+!

Whenr = 1, then

a?+1/2\2 _3 1
EQ) = a? (9) F(E) [1 B (a2 + 1)3/2]

110



Ibn Al-Haitham Jour. for Pure & Appl. Sci. 33 (2) 2020

a’+1 (2 %1 1
E00= 22 (2) v [1-—]
a’+1[m % 1
E(X)= a? [E] [1 _(a2+1)3/2] 7
whenr = 2,then
a’?+1/2 1
sy = ) rofi - b
o 2(a®+2)
The variance:
var (X) = E(X?) — [E(X)]?
2
_2@?+2) (@*+1D?%n 1
) I 7]
4a*(a?+2)-m (012+1)%—1]2
var(X) = ©)

20a*(a?+1)

4-The Moment Generated Function

We derived the moment generating function for weighted Rayleigh distribution which is as
follows:

oo

m.g.f.= E[e*¥] =fetx f(x)dx

o

By using Taylor series:

x tx tx? tx3 x"
E(e )=f 1+F 74'? +7 f(x)dx
tT
m.g.f = o E(x")
r=0
o0 r
_ t" (l2+1<2)7r(7’+1) 1 1
mgf _TZOT' az 9 2 (az + 1)T/2+1
r
a?+10t" /2\2 _r 1
= — (=) '{=4+1)|1—-—r 10
m9g a? 7! <6) (2+ )[ (a2+1)r/2+1] (10)

5- Factorial Moment Generating Function:

(00

M, (£) = E(t¥) = f £ F () dx

o

[oe]

M, (t) = f e £(x)dx

o
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[o0]

2 2 r r
M, (t) = f <1+x€nt+ $+---+ %+ ...)f(x)dx
t r
M@_z(") B
a? +1 - (Ent)" r 1
M (t) = —+1)[1-—— (11)
Z ( ) 7+ (0(2+1)5+1l

Then the Coefficient of skew ness of this distribution is as follows:

C.S=-5. My=EX-EX)))}, M,=EX—E(X)))?

(M3)2

_E(X-E(X)))3, _
“FxE0yE (12)

_ My _ EX-EX))*
C-K= Gy = Gocreon 7 (13)

The characteristic function of this distribution is as follow:
Qx © = B(e™) = [ e f (ydx

oo P4\ 2 402 P\ AT
Qx (t)=f<1+itx+(lt;!x +---(lti!x )f(X)dx

o

@ = > pun
=0

()T a2+ 12\ ' 1
QX (t) - Z r! a? (5) F(E + 1) 1= (a2 + 1)%+1-
2+1°°(zt)T2T r ' 1
Qx () = Z (0) F(E+ 1) 1—m_ (14)

6-Quintile Function

The quintile of this distribution is denoted by x = F~! (v), v=F (x):

0 0
(a + 1)e_§x2 — e 2¥ (@)

F(x)=1- 72

- gxz(a2+1)

2 e _
(a¢+1De 2 e
o2

V=1-
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_8 2 _0 2.2
e 2% [(a2+1)—e 2% —a?(1-v)=0 (15)

The equation (15) is difficult to solve, and then, to solve it is by using the numerical
methods after compensation the estimate of 8, @ in it. To find the mode of this distribution we
apply f'(x) = 0 which is as follows:

a’+1
a2

6
nf (x) = n(K)+ fnb + ¥nx — gxz + ¢n [1—e_5x2“2]

Let K =

0
dénf (x) 1 Oxate 2%
e gk —
dx X 1 _e—ixzaz
0
dénf (x) 0 1 ox + Oxaze 2% “o
dx ' X X B

1- e_%xzaz
6
e Z%% [1 - gx2— 6x%a?] — (1 — 6x2) = 0 (16)
The equation (16) can be solved using numerical methods because it very difficult.

To find the median of this distribution, we apply F(x) = % which is as follows:

FG) = -
=3
(a? + 1)(3_gx2 — e_gxz(“zﬂ) 1
a? )
_9,2 —sz(a2+1)
e 2 a — e 2 —0.5a? =
[(2+1) ] 0.5¢% = 0 17)

The equation (17) solves it by using numerical methods.

Conclusion

Weighted distributions are employed mostly in study of reliability, bio-medicine, meta-
analysis, econometrics, survival analysis, renewal processes, physics, ecology and branching
processes. A weighted model based on the Rayleigh distribution is proposed in this work and
the statistical properties of this model are presented. Some non-Bayesian and Bayesian
methods may be used to estimate the parameter of proposed model in the future work.
Furthermore, the proposed model may be employed for a real data depending on accurate
goodness-of-fit test
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