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Abstract

In this work, the notion Ni:pre -g-openset is defined by using nano topological space and
some properties of this set are studied also, nano {-pre-g-5-set and nano f:pre-g-u-closedset are
two concepts that are defined by using Ni:pre -g -open set; many examples have been cited to
indicate that the reverse of the propositions and remarks is not achieved. In addition, new

application example of nano {-pre -g -closed set was studied.

Keywords: Nano {-pre-g-open set, nano {pgd-set, nano {pgu-closed set, nano-open,
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1. Introduction

In1933, kuratowski [1]. Introduced the concept of an ideal { on anon empty set X, where
the hereditary and finite additively property were achieved.
In 1945, the notion of operator ( )*: P(X) — P(X), was introduced by Vaidyanathaswamy
[2]. And namely local function.
In 2013, Thivagar and Richard [3]. Introduced on X. nano forms of weakly open sets,
Parimala and Jafari [4]. In 2018, introduced on some new notions in nano ideal topological
spaces.

An ideal { # @ such that { € P(X) was defined as the following:
i.if 4,B €f, thenAUBET
ii. if A€{ andB C A thenB € [1,2].

The closure operator cl*( ) for a topology T*({,T), namely the * topology, finer than T,
is defined by cl*(A) = AUA*({T), and then, T*({,T) = {Ac=X : cI"(X-4) = (X-4A)}.
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The collection B (I, T) = {A-B; A € Tand B € {} is a basis for T*(T,{), when there is no
chance for confusion. The simple A* write for A*(T,{) and T* for T*({,T). The notion
(X, T,) will denote to a topological space (X, T) with an ideal { on X with no separation
properties assumed and called an ideal topological space or an ideal space for short.

The elements of T* are namely T*-open sets. If (X-A) is T*-open set, then A is namely
T*-closed and so it is closed in the space (X, T*). A subset A of an ideal space (X, T,{) is a
T*-closed if and only if A*c A.

A subset A of an ideal space (X, T,{) is said to be T*dense if cI*(A) = X , it is clear that, in a
space (X, T, D), if I={@}, then T =T*({,T). If A<X, int*(A) (respectively, cl*(A) will
denote the interior (respectively , the closure) of & in (X, T*), so the mapping ()*: P(X) —
P(X), is used to generalize the concept of topology and create a new topology namely T* €
T such that the shortcut (X, T, {) is the ideal topological space [5-7].

By using lower and upper approximation with equivalence relation in 2013 [3,8]. A new
space emerged, which is a nano topological space. In this research and by taking advantage
of the previous concepts, another type of near nano open set is presented, which is the above

space with ideal Nf:pre -g-closed set and will clarify the most important characteristics of
these sets.

2. Preliminaries
Definition 2.1. [3, 8]. Let X # @, and R be an equivalence relation, where R € X X X and

R is reflexive, symmetric and transitive on X, A S X,

1. The upper approximation of A for R is symbolizes R(A), which is, R(A) =
Uvex (R(®):R () N A& = 0}

2. The lower approximation of A for R is symbolizes R(A), which is, R(A) =
Uyex (R (0:R (x) € A},

3. The boundary of A for R is symbolizes Bg 4, which is, Ba.s) = R(A) — R(A).
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Figure 1. Approximation of A.

Definition2.2. [3]. LetX # @, R be an equivalence relation onX, Tz 4 = {X,6,R(A),

%, $R(A)} such that A & X. Then Ty ) is a topology on X namely nano topology of
A and (X, Ty &) 1s namely nano topological space. The elements of Tg 4 are namely
nano-open sets symbolize N-open sets.The complement of an N-openset is namely
nano-closed symbolize N-closed. A nano-interior of a sub set 4 of X, symbolizes N-int(A)

and nano-closure of a subset A of X symbolizes N-cl(4).
We can find all nano topological spaces (X, T (4)), for any X # 0, A € X and R be an

equivalence relation on X, by the following example:

Example2.3. Let X = {x1,%,,%3}, A € X, R= {(x1,%1), (%2, %2), (X3, %3), (X1, %2), (X2, %1) }.
Then R(Xl) = {Xl,Xz} = R(XZ)’ R(*s) = {X3}
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Table 1.Nano topological spaces .

A ) R Bray Trhw
{0} {0} {0} {0} {X. 9}

X {X} {X} {0} {X. 9}
{x:} {x1, %} {0} {x1, %} {X, 0, {(x1,%,}}
{x2} {x1, %2} {0} {x1, %2} {X,0, {(x1,%}}
{x3} {x3} {x3} {0} {X,0,{x}}

{x1, %2} {x1, %2} {x1, %} {0} {X.9, {x1,%,}}
{x1, %3} X} {x3} (xu %2} {X 0, {x:3}, {x1, % }}
{x2, %3} X} {x3} (xu %2} {X 0, {x3}, {x1, %:}}

Definition 2.4. [3.4]. LetA<S X , (X Tp) be ananotopological space. Then A
is a namely nano preopenset if A S N-int(N-cl(A)), the complements of A is
namely nano pre closed set. The shortcuts N-pO(X) respectively N-pC(X) is for the
collection of each N-pre-open(respectively N-pre-closed)sets. A space (X, Tg (A),D

is namely ideal nano topological space , whenever {is an ideal on X,

Definition4.1. [9]. Let (X, Tg(x)) be a nano topological spaces and B < X. Then a
nano-kernal of B= N {l,l: Bell I1eTy (A)} and symbolizes N-Ker(B).

From Table 2. We can calculate and note all nano pre-open set and nano pre closed set:

For (X, Tr (A)), where X = {x1, %2, %3}, R= {(x1,%1), (x2,%2), (x3,%3), (1, %2), (X2, %1) }-
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Table 2. Nano pre-open set.

A Tr NpO(X) NpC(X)
{0} {X 0} pX) pX)
X {X, 0} p(X) p(X)
(x,) {X0, {x,%,}} AX 0, (x4}, {2}, (%1, %2} AX 0D, (x4}, (%2}, (%3}, (%1, %3}
! {x1, %3}, {2, %3}} {x2,%3}}
X1, Xp {x' (D' {Xl}' {XZ}' {Xlﬂ XZ}’ '{Xv @; {Xl}l {Xz}; {XS}' {Xll XS}

o} | KOG Bour%a), (5 53} B xa))

{x3} {X0,{x3}} X0, {x3}, {x1, %3}, {x2, %3}} X0, {x:}, {x2}, (%1, %23}
{xq,%,} {X0,{x1,%:}} {X ?ﬁ;if;i i’;:}xz}: X9, {X1}'{{;(22’});3{;€}:«;}’ {x1, %3},
(k1 %3} | {X, 0, {x3}, (%0, %1} p(X) p(X)

{%2,%3} (X, 0, (%3}, {%1, %)} p(X) p(X)

3. Nano {preg open set.

In this section and by using the notion of nano ideal topological space and N-pre-open set
we will study N-ipg-closed set with some of it is properties.

Definition3.1. In (X, Tg (), D), let A € X. Then A is namely nano f-pre-g-closed set

symbolize Nipg- closed if cl(A)-II € i whenever A-II € { and 1] is a nano pre-open subset of
X.

A° is namely nano fpre-g-openset symbolize N-ipg-open. The collection of all
nano fpg-closed sets respectively nano fpg-open sets in (X,Tg (5, ) symbolizes N-[pgC(X)
respectively N-[pg0(X).

From Table 3. We can calculate and note that all nano {-pre-g-closed set and it is complement
space(X, Tr () 0, whereX = {x;,%,,%3}, R=
{(x1,%1), (x2,%2), (%3,%3), (%1, %2), (%2, 1)}, f= {0, {x13}.

nano f-pre-g-openset  from the
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Table 3.Nano {-pre-g-closed set.

A Tr @ NpO(X) N-L:pre-g-closedset N-f-pre-g-openset
{0} {X 0} p(X) {X 0, {x2,%3}} {X0,{x}}
X {X 0} p(X) {X 0, {x2,%x3}} {X, 0, {x}}

x4} {X, 0, {x1,%.}}

AX @, (%1} (%2}, {%1, %2}
{x1, %3}, {x2, %33}

{X 0, {x3}, {x2,%3}}

(X0, {1} {x1,%;

{XZ} { X ’ (Z), {Xlﬂ XZ}}

X0, (x4}, {x2}, {x1, %2},

{x1, %3}, {2, %3}}

{ X' (Z)v {XS}v {XZ' X3}}

{ X' (D' {Xl}' {Xl! X2

{(x3} {X0,{:}}

X0, {x3}, {(x1, %3}, {%2, %3 }}

{X 0, {x2}, {x1, %2},

{x2,%3}}

{X 0, {x:} {x3},
{x1,%3}}

{x1, %) (X0, {x1,%:}}

X0, {x:} {x2}, {(x1, %2},

{x1, %3}, {2, %3}}

{ X-! Q! {X3}, {XZI XS}}

{ X' (D' {Xl}' {Xl! X2

L %3} {X 0, {x3}, {x1, %,

pX)

{ XJ Q), {XZ }, {X3}0

{x, %2} {2, %31}

{X 0, {x:} {x3}

{x1, %2}, {x1,%3}}

{x2, %3} { X, @, {x3}, {x1,%;

p(X)

{ X, Q)! {XZ}' {X3}s

{x, %} (%0, %31}

{X 0, {x1} {x3},

{x1, %} {x1, %31}

All nano f-pre-g-closed set and nano {-pre-g-open set from the space(X, Tx (), 1), where X =
{le X2 X3}: R = {(X1: Xl)' (XZf XZ)' (X3' X3)' (le XZ)! (XZ' Xl)}af = {®: {Xl}}

Remark3.2: For (X, Tx %) { )

i. Every nano closed set is an N-fpg-closed.

ii. Every nano open set is an N-f[pg-open.

Proof (i): let A be any nano closed set in (X, T,{) and II be a nano-pre-open set such that
A1l € 1, but cl(A) = 4, so cl(A)-1I = A-1I € { This implies, A is an nano--pre-g- closed set.
Proof (ii): let II be any nano open set in (X, T, ), then 1I¢ is a nano closed set. This implies
that I1¢ is an nano- f-pre -g -closed set, thus, I] is an nano-i- pre -g-open set.

Reverse of Remark3.2 is not correct from Table 3. If A = {x3} then {x,, x5} is N-ipg-closed
not nano closed and {x;, %3} is N-ipg-open not nano open.

4. Nano-- pre- g- Kernal of Set.
In this section and by using the topics described earlier as nano ideal space and

N-fpg-open set, many of the topological properties will be presented.

Definition 4.1. Let (X, Tx (A),i) be a nano ideal topological space and B S X. Then
nano f-pre-g-kernal of B is symbolized by N-[pg-Ker(B)= N {II: B € II, 11 € N-fpg-0(X)}. It
is clear that B = N-fpg-Ker(B) whenever B € N-ipg0(X).

Remark 4.2. If BS X of a space (X, Tg x,{). Then nano f-pregkernal(B) S nano
kernal(B) .
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Proof: Let x & NKer(B),x € X thenx ¢ N{Il: BC 1, Band Il € Ta ) then3I L€ Ty ),
BC ], x ¢ 1. Since every N-open set in (X, Tg x) is N-fpglopen in (X, Tg s, 1), then
311 € N-ipg®(X), B II; x ¢ 1], thenx & N{ll : B < I],and I € N-fpg-0(X)}.Thus x &
N-fpg-Ker(B).

From Table 3. let A={x;}, Tz () = { X, D, {x1, %:}}, N-fpg-0(X) = { X, &, {x1}, {x1, % }}, if

B = {x,}, then N-ker(B) =n {II: B S Il and Il € Ty ()} = {x4,%,}, but

N-fpre-gkernal = n {II: B € [l and I] € N-[pg-0(X)} = {x,}, So N-ker (B) &

N-fpg-Ker (B).

Definition4.4. For any B € X of (X, Tg (4, {)- B is namely nano fpgs-setif B =
Nipg-Ker(B).

Theorem4.5. The union of any two nano-fpg-closed sets is an nano-{pg-closed set.

Proof: Let A and B are two nano-fpg-closed set in (X, T, {) and I]is a nano-pre-open subsets
of X, where (AUB)-II€f{ then A-11€{ and B-I1 €1 so nanocl(A)-II €l and
nanocl(B)-I1 €,  therefore, (nano cl(A)-11) U (nano cI(B)-1I) €{, sonanocl(AU
B)-1I € . Hence, A U B is anano pg-closed set.

Corollary 4.6. The intersection of any two nano-{ pg-open sets is a nano-{ pg-open set.
Proof: Let A and B be two nano-fpre-g-open sets in (X,T,{), so A%, B¢ are nano-f-pre-g-
closed sets, therefore, A U B¢ is anano-f-pre-g- closed set by Theorem 4.5, Hence (A N B)°
is a nano-:pre-g- closed set, so A N B is a nano--pre-g- open set.

Remark4.7. If X is a finite set then B = Nipg-Ker(B) iff B € N-ipg0O(X).
The prove of Remark 4.7 by using definition 4.4 and corollary 4.6.
Definition4.8. For any BC X of a space (X, Tr @y f), the set B is namely

nano {pgp-closed if B =M N W, where M is nano {pgé-set and W is a nano {pg-closedset.

From Table 4. We can calculate and note that N-ipg-Ker(B) for a subset of X where A =
{x1, %2}, Ty = { X, D, {x1,%,}}, N--pre-g-open = { X, @, {x1}, {x1,%,}} and N-fpre-g-closed
{X 0, {x3} .{x2,x3}}
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Table 4.Nano {-pre-g-kernal.

B N-Ker(B)set N-fpg-Ker(B)set
{0} {0} {0}
X X X
{x} (1%} {x}
{x2} {x1, %} {x1, %2}
{x3} X X
(%1, %} (%1, %} {x1,%,}
{1, %3} X X
{x2,%3} X X

From Table 4. The sets X, @, {x;} and{x,,x,} are N-Ipg8-sets. And X, @, {x;}, {x,}, {x3}
{x1,%,}, {x2, x3} are N-fpgp-closed sets but {x;, x3} is not N-fpgp-closed since M and W
such that M is a N-fpg8-sets and W is a N-ipg-closed and {x;,x3} = M N W.

Remark 4.9. For any space (X, Tx (4), D:

i. Every nano fpg-closed set is nano ipg p-closed.

ii. Every nano {pg-open set is nano {pgp-closed.

iii. Every nano {pg8-set is nano fpg-piclosed.

Proof:

(i): (=) Let B be an N-pgclosed set. Since X = N-ipg-Ker(X) and B = X N B such that X
is N-ipgs-set and B is N-fpg-closed set, hence B is nano fpg-pclosed.

(ii): () Let B is nano {pg-open set. Then B = nano {pg-Ker(B) by Remark 4.7, X finite.
Then B is an N-fpg&-set, so B is N-ipgp-closed, by (part i).

(iii): (=) Let B = N-ipgKer(B). But B = B n X and X is N-f[pg-closed. So B is

a N-fpg-pclosed.

Example 4.10. From Table 3. And Table 4.

(i) where & = {x;,x3}, Ty w = {X« ?,{xs}, {XDXZ}} ,N-fpg—O(X,) =

{ XI wl {Xl }! {X3}! {Xll XZ}! {Xll X3}} and N'fpg'C(X) = { Xl @p {X3}r {le X2 }r {XZI X3}r {XZ}}a Where
B = {x,}, then {x,} is N-fpg-piclosed. And since {x,} is N-ipg6-set but it is not

N-fpg-closed set.
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(i) If A = {x1, %}, Tx w = {X» D, {x1, Xz}} > N—fpg—O(X) = {X‘, @, {x1}, {x4, Xz}} and
N-fpg-C(X) = { X, @, {x3}, {x2, x3}}, where B = {x;} then B is N-fpg-uclosed since {x3} =

{x3} N X such that {x3} € N-fpg-C(X) and X is a N-fpgS-set but it is not N-fpg-open set and it
is not N-ipg6-set.

Proposition 4.11: For (X, T (), Dif X is a finite set and B € X; B is an N-fpg-closed set,
then B = N-fpg-ker(B) N W, where W is N-ipg-closedset.

Proof: since B is N-fpg-uiclosed, then B = M N W such that M is N-[pg8-set and W is a
N-fpg-closed set this implies that B € M = N-{pg-ker(M) and B € N-ipg-ker(B) which is the
smallest N-fpg-open set containing B. So N-fpg-ker(B) € N-fpg-ker(M) and B = M N W there
for B = N-pg-ker(B) N W, since B € N-ipg-ker(B) and M € N-ipg-ker(M).

5. The Application in N-[pg-closed set.
Example 5.1.

Tonsillitis is a common disease in children and adults. People get inflammation that causes
them difficulty in eating and sometimes unable to chew food. Also, you may experience a
high temperature with a change in the body with diarrhea and joint pain if the inflammation is
very strong. Treatment lasts one to two weeks. To detect the most common symptoms of
tonsillitis, we can take advantage of the concept of nano {pg-open set according to the
following table, which shows the most common symptoms that may be associated with
tonsillitis.

The following table gives information about four patient people {x; , x,, X3, x4}, we will
refer to the symbol ¥ if the symptoms are clear to the person and indicate the symbol ¥ if the
symptoms do not appear:

Table 5. Information of Tonsillitis.

patient Temperature Emaciation Diarrhea Inability to Joint pin Tonsillitis
person (T N) (D) swallow(I) Q) S)
X1 High ¥ ¥ ¥ ¥ ¥
X, Very High ¥ N ¥ N ¥
X3 High ¥ N N N N
Xy Normal ¥ N N N N
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Let X = {x;,%,,%3,%,} be the set of patient person with tonsillitis, let A = {x,,x,} and R be

the equivalence relation on X, Such that R ={(x;xj):x;,% have the same appear

symptoms}.Then the set of equivalence classes corresponding to R is given by X /R =

{{ X1} {x2}, {x3}, {X4}}' Tx w = {X; @, {xz,x4}}, f= {9, {x1}}- NPO(X) ={ X 0,{x2}, {x4},

{Xp Xz}a{xlr X4}; {Xz' X3}: {XZr X4}: {X3' X4}: {Xp X2, X3},{X1: X2, x4},{x1, X3, X4}r {Xz' X3, X4}}

,prgC X) = { X, @, {x3}, {x1, %3}, {x2, %3, X4}}, prgO X) = {X 0, {x1}, {(x2, %2}, {x1, %2, %4 }}

If we delete (Temperature(T)), then we get X /R — (T) ={{x3, x4, (%1} { xz}}. Hence
Tr H—-(T) = {X 0, {x2} {x3, %4}, {x2, %3, %4}}. NPO(X):{ X0, {Xz}' {X3}r {X4}: {x1, %3}, {x2, %3}

%2, %} {xa, xa 1 {x1, %0, %4}, {x2, %3, %} {x1, %2, %4}, }. NipgC X=X, D, {x1, %2}, {x1}, {x2} )

{x3, X4} {Xlr X3 X4},{X2» x3,%4}}. NipgO(X)={X, @, {x,}, {x.}, {Xl' x2} {x3, %4}, {X1, %3, %4}

, {xz, X3, X4}

If we delete (Joint pain (J)), then we get X /R—{J} = {{ %1}, {x2}, {x3}, {x4}}. Hence
Tr w-g) = (X 0 (2, %43} = T (). NpOK)={ X, B, {x2}, {xa}, {x1, %2}, (51, %4}, {32, %3}

%o, x4}, {3, %}, {30, %0, %3}, {0, %0, %0 1 {xq, %3, %4}, {XZr X3, X4}}, prgC X)=

{ X, 0, {x3}, {x1, %3}, {x2,%3, *4}}, prgO(X) ={X, 0, {x1}, {x2, %4}, {21, %2, %4 }}.

If we delete (Diarrhea (D)), then we get X/R—D= {{ %1} {x2}, {x3}, {x4}} and

hence T -y={ X @, {x2, %23} = Tz ().

NPO(X) =X 0, {x2}, {xa}, {x1, %2} {x1, %43, {x2, %3}, {x2, %4}, {x3, %} {0, %2, %3} {0, %2, %4}

A%q, X3, %4, {XZ: X3, X4}}, prgC(X): { X, @, {x3}, {x1, %3}, {x2, %3, X4}}, prgO(X) =

{X 0, {x:} {x2, %4}, {x1, %2, %43} A

If we delete (Inability to swallow (I)), then we get X /R — (I) = {{x,}, {x4}, {x2,x3}}. Hence
T @w-m = { X0, {X4}: {XZ' x3}, {x2,%3, X4}}> NPO(X):{ X0, {Xz}' {xs}, {X4}: {x2, %3}

%2, % b {xa, x4 1 {x2, %3, x4} {x1, %2, %4}, {x1, %3, %43}

prgC (X.):{ X, 0, {x1, %2, %3}, {x1, x4}, {x1}, {X4}5{X2: x3}, {x2, X3, %4 }}.

prgO (X):{X» D, {x1}, {X4}, {x2, %3}, {X1r X0 X3}: {x2, %3, %4}, {x1, %43}

If we delete the attribute Emaciation (N), then we get, X /R — {N} ={{ %1}, {x2}, {x3}, {x4}},

hence Tg (-l % B, {x2, %43} = Tr (5. NDO(X) = { X, 0, {x2}, (x4}, {x1, %2}, {51, x4 1. {x2, %3}

%o, x4}, {3, %}, {30, %0, %3}, {x 0, %0, %0 1 {xq, %3, %4}, {XZr X3, X4}}, prgC X)=

{ X, 0, {x3}, {x1, %3}, {x2,%3, *4}}, prgO(X) = { X, @, {x1}, (%2, x4}, {x1, %, X4}}-

Therefore, from table above we get a core(R) = {T, I}, we investigate that, (temperature(T))

and (Inability to swallow(Il)) are the sufficient and necessary to say that a patient have

tonsillitis(S), since Nipg0O(X) = {X, D, {x1}, {x23}, {x, %2}, {3, x4}, {x1, %3, x4}, {xz,x3,x4},

where Ty w-m = { X, 0, {x2}, {x3, x4}, {x2, %3, X4}} and NTPQO(X) = {X.: @, {x1}, {X4}

{x2, %3}, {Xl' X9, X3}: {x2,x3, %4}, {x1,%3}}.Where,

Ta - :{ X, 0,{x,} {x, x3}, {x2, %3, X4}}-

Table 6. explains the difference for the nano {pg0(X) according to difference equivalent
classes.
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Table 6. Effective symptoms.

Equivalent cla Nano topolog| Nano ipgC(X) Nano ipg0(X)
R Tx
i/{{ o B B A B L L
R Ts =
X\ /R - (T) { x .Q)R %Q_}(T{)X 3 { Xw 0! {Xl}: {XZ}: {Xlﬁ X2}9{X3! X4-}9 { Xw @: {Xl}' {Xz}, {Xll XZ}:{X3’ X4}5
= {{x3, %4}, (x4}, ’{X’z x23 ’x4}3}’ {x1, %3, %4}, {%2, X3, %4 }} {x2,%3, %4}, {%1, X3, %43}
X./R - Tr @®-0

= {{ X1}, (%2}, {%3

{ Xu Q! {XZ! X4—}} 3

{X, 0, {x3}, (x4, %3},{x2, %3, %, }}

{ X' (Dv {Xl}: {XZ! X4—}5{X1! X2, X4}}

Tr w-

XR-() |7 " % ‘”'}{’{‘1}' {"4}'} (X0, {x,} {x)

= {{Xl }’ {X4—}' {X2: X, Q), {X4}, {Xz‘ X3 {XZZ,'Xj );4}’1{;12"*:}}’ {XZ' X3 }' {Xl' XZJ XS};
{x,,%3,%,}} {Xz: X3, X4} , {x0, %43}

X /R— (D) TR w-0)~

= {{ X1} {%2} {x3

{ Xu Q! {XZ! X4—}} 3

{X, 0, {x3}, (x4, %3},{x2, X3, %, }}

{ X' (Dv {Xl}: {XZ! X4—}5{X1! X2, X4}}

X/R—(N)
= {{ X1}, (%2}, {%3

Tran-av)
{X,0,{x5,%4}} 7

{X, 0, {x3}, (x4, %3},{x2, X3, %, }}

{ X' (Dv {Xl}: {XZ! X4—}5{X1! X2, X4}}
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