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Abstract

In this paper, the continuous classical boundary optimal control problem (CCBOCP) for
triple linear partial differential equations of parabolic type (TLPDEPAR) with initial and
boundary conditions (ICs & BCs) is studied. The Galerkin method (GM) is used to prove the
existence and uniqueness theorem of the state vector solution (SVS) for given continuous
classical boundary control vector (CCBCV). The proof of the existence theorem of a
continuous classical boundary optimal control vector (CCBOCV) associated with the
TLPDEPAR is proved. The derivation of the Fréchet derivative (FrD) for the cost function
(CoF) is obtained. At the end, the theorem of the necessary conditions for optimality
(NCsThOP) of this problem is stated and proved.
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1. Introduction

Different applications for real life problems take a main place in the optimal control
problems, for example in medicine [1]. Robots [2]. Engineering [3]. Economic [4]. And
many others fields.

In the field of mathematics, optimal control problem (OCP) usually governing either by
ordinary differential equations (ODEs) or partial differential equations (PDEs), examples of
OCP which are governined by parabolic, hyperbolic or elliptic PDEs are studied by [5,-7].
Respectively, while OCP which are governing by couple of PDEs (CPDEs) of Parabolic,
hyperbolic or elliptic type are studied by [8-10]. On the other hand, [11-13]. Are studied
boundary OCP associated with CPDEs of these three types; while [14, 15]. Are studied the
OCEP for triple PDEs (TPDEs) of parabolic and elliptic type respectively.

All these works push us to seek about the CCBOCYV for the TLPDEPAR. This work starts
with the state and prove the existence theorem of a unique solution (SVS) for the triple state
equations (TSEs) of PDEs of parabolic type (TLPDEPAR) by using the GM when the
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CCBCYV is fixed, then we deals with the proof of the existence theorem of a CCBOCYV, the
solution vector of the triple adjoint equations (TAPEs) associated the TLPDEPAR s studied.
The derivation of the FrD for the CoF is obtained. At the end, the NCsThOP of this OCP is
sated and proved..

2. Description of the problem:
Let QCR?, x=(x;,x;), Q=[0,T]xQ,1=[0,T], [ =0Q, £ =T x1. The CCBOCP
consists of the TSEs which are given by the following TLPDEPAR

Yie —Ay1+y1—y2—ys = filx, t), inQ (1
Yar — Ay, + ¥, +y3 +y1 = fo(x,1),in Q ()
Y3t —Ays +ys +y1 — ¥, = f3(x,1),in Q (3)
with the BCs and ICs.

) )

ﬁ =y2, aixicos(nl,xj) = uy(x,t),on X 4)
) P

ﬁ =Yy2, aixjcos(nz,x]-) = u,(x,t),on X (5)
P P

a_ry: =y, ai;cos(n3,xj) = uz(x,t),on X (6)
y1(x,0) = y?(x), on Q (7
¥2(x,0) = y9(x), onQ (8)
y3(x! 0) = y??(X), on Q (9)

Where ny, V g = 1,2,3, is an outer normal vector on the boundary X, and (n, x;) is the angle
between n, and the x; —axis, (fy,f2.f3) is a vector of a given function on Qu =
(uy,upu3) € (13(2))’ is the CCBCV and 7 = (31,¥2,¥3) € (H'(Q))® is their
corresponding SVS. The set of admissible CCBCV is defined by

W, = {il = (uy, Uy, us) € (L2(2)3I(uy, Uy, u3) € U = Uy X U, X Uz C R3ace. in I},

where a.e. denotes to almost everywhere.

The CoF is defined by

Go (W) = % ly, — 3’1d||c22 + % ly, — J/Zd”czg +% lys — 3’3d”é + § ||u1||>2: + § ||u2||>2: +
g”u?;llg > ﬁ € WA: B >0 (10)
Let V=V, xV,x Vs = H(Q),V = {#:3 = (v,(x), 1,(x), v3(x)) € (H'())’}.

The weak form (wf) of the boundary value problem (BVP) (1)-(9), when y € (H 1(Q))3 is
given by

V1o v1) + (Vy, Vo) + L v1) — 2o v1) — 73, v10) = (fv1) + (U, v)r, Vog €V

(11.a)
(y1(0),v1) = (7, v1), Vv  EVy (11.b)
(V26 2) + (Vy2, Vo) + (72, v2) + (3, v2) + (Y1, V2) = (f2, v2) + (Up, v2)r, Vv, EV,

(12.2)
2(0),v) = (¥3,v2), Vv, €V, (12.b)
(Var, v3) + (Vy3, Vw3) + (¥3,v3) + (¥1, v3) — V2, v3) = (f3,v3) + (U3, v3)r , V3 E V3

(13.2)
(r3(0),v3) = (¥3,v3), V vz €Vy (13.b)

The following assumption is important to study the existence theorem of the SVS for the wf
(11)—(13).

2.1. Assumption (A): The function f; (Vi = 1,2,3 ) is satisfied the following condition with
respect to (w.r.t.) x & t, that is (i.e.) |f;| < n;(x,t), where (x,t) € Q,n; € L*(Q,R).

3. The Existence Solution for the wf:
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Theorem 3.1: Existence of a Unique Solution for the wf of the SEs: With assumption (A),
for each given CCBCV # € (L? (Z))3, the wf (11)—(13) of the TSEs has a unique SVS y with
yE€ (Lz(ir V))3: Ve = V1e,Y2e,Yae) € (LZ(T:V*))3-

Proof: Let for each n, I_/,)1 =V, xV, xl c V be the set of continuous and piecewise
affine functions in Q, let v;; € Vi =V, i = 1,23, and j = 1,2,...,n, be a basis of 1, let
Vo = Vin» Yan, V3n) be an approximate solution for the solution y, then by GM:

Yin = Xj=161j() v1;(x), (14)
Von = X1 €25 () 12 (%), (15)
Vin = Xj=1 €35 () v3;(%), (16)

where ¢;;(t) are unknown functions of t, Vi =123 ,j =1.2,..,n.
The wt (11) — (13) is approximated by using (14)—(16) as follows:
(Viner V1) + (YY1, V1) + V1 V1) — O2ns V1) — V3o v1) =

(fov) + (u,vdr, Vv €N (17.a)
(y{)nJ vl) = (}’{)'771), v"71 € Vn (17b)
(Vaner V2) + (Vyon, V03) + (Von, V2) + V30, V2) + (V1n, V2) =

(2 v2) + (uz, v2)r, Vv, €W (18.a)
e v2) = (3, v2) Vv, €V, (18.b)
(Vane» V3) + (Vysn, V03) + (Van, V3) + V1 V3) — (Van V3) =

(f5v3) + Uz, v3)r, VU3 €V, (19.a)
V9 v3) = (3, v3) Vus €V, (19.b)

Where y9, = y2,(x) = ¥in(x,0) € V,, € V;  L2(Q) is the projection of y?, thus (y, v;) =
v, Vv €V S Iyl =y eSIly) —villo, Vv €V, .

Substituting (14) — (16) in (17)—(19) respectively, and then setting v, = vy, v, = vy
&v; =v5 VI=12,..,n, the obtained equations are equivalent to the following linear
system (LS) of 1 order ODEs with ICs (which has a unique solution), i.e.

AC;(t) + BC,(t) — DC,(t) — EC3(t) = by, (20.a)
AC;(0) = b?, (20.b)
FC,(t) + GC,(t) + HC3(t) + KCy(t) = by, (21.a)
FC,(0) = b3, (21.b)
MC;(t) + NC3(t) + RC,(t) — WCy(t) = by, (22.2)
MC5(0) = b3, (22.b)
Where

A= (azj)nxn, a;j = (v15,v11), B = (sz)nxna bij =(Vvyj,Vvy) + (v1), v11), D = (dij)nxns
dlj = (Uzp vy) , E= (elj)nxn > €1 = V3j, vy), F= (flj)nxn > flj = (UZj:VZl)a G =
(glj)nxn, gij = (Vo ,Vvy) + (v5,v2), H= (hlj)nxna hi; = (vsj,v21), K = (klj)nxna
kij = (1j,v2), M= (mlj)nxn , myp = (v35,v3), N =M )nxn My = (V35 Vvg) +
(vsj,v31), R = (le)nxn’ 1 = (1, V31), W = W)nsens Wij = (25, v31), b = (b)), b =
(v2.vu), b= bdnxt,  bu = (Fova) + @Wpvdr . GO = (¢(Onx ), Ci(1) =
(Ot s Ci(0) = (i (Onxy )» ¥V 1=1,23 ., i=123.

ﬁ o is bounded:

Since yY € L?(Q), there exists a sequence {v{,}with v €V, , such that v — y?
strongly in L?(€2), then from the projection Theorem [16]. And (17.b),

ly2n — ¥2llo < ly? — v1llo, ¥V vy € V, and then

lytn = ¥illo < lly? —vinllo ,V vin EVac V, Vn

= yd —y9, strongly in L?(Q), implies to

To show the norm

115



Ibn Al-Haitham Jour. for Pure & Appl. Sci. 33 (3) 2020

.. o . . 3
178llo < by similarly [[y3allo < by & 1y3allo < bs, thus ||y || is bounded in (£2()".

The norms ||jl’n(t)||Loo( ) and ||y, (t)||o are bounded:

1L2(Q)
Setting v; = Yqp, V2 = Vo and vz = y3,, in (17), (18) & (19) respectively, integrating w.r.t.
t from O to T, and then adding the obtained three equations, one gets

T, - T »
Jo ne Vuddt + [ 17, ll7dt =

T
fo [(F1y1n) + (ue, Yidr + (f2, Y2n) + (U2, Yandr + (f3, Y3n) + (us, ¥an)rlde, (23)
Using Lemma (1.2) in [11]. For the 1° term in the L.H.S. of (23), and since the 2™ term is
positive, taking T =t € [0,T]. Finally, using assumption (A) for the R.H.S. of (23), it
yields to
L igul dt <

t t t

Uy Jo@f + Iyl ®dxdt + [ [L(wal? + yinl®dydt + [ [,(F + |y2n]?)dxdt +

t t t

Jo JeQuzl? + 1y2nl®)dydt + [ Jo(5 + [yanl®)dxdt + [ [.(lus|? + |y5a|*)dydt 1.
Using the Trace Theorem [17]. Of the R.H.S., to get

17,5 — 17, (01IF < , ,

.1 + 2l + sl + NugllE + uzllf + llusll + follvanlls dt + ¢ fillyanll§ dt +

t t t t
Jollyznllg dt + c [ llyanll dt + [yllyanll§ dt + 3 [ llysnll§ dt.
Since ”T’L”(ZQ < bi s ”ul”% < éiﬁ Vi= 1!2'33 ”5;71(0)”% < ba then

15213 < cf + [, 117113 .,
where c; = by 4+ by + by + ¢, + ¢, + é3 + b and h = max(h}, ks, hY); bl =1+ ¢}, hy =
14+c7,h3=1+c2
Using the continuous Bellman Gronwall Inequality ( BGI ), one gets

7. (OIIF < cie™ = b*(c), Vt €[0,T] or |I)7n(t)||Loo(T_Lz(Q)) < b(c) = I¥a(Ollg < by (c).
The norm [|3, ()l 2y, is bounded :

Again for (23) by using Lemma (1.2) in [11]. For the L.H.S. the same results may be
obtained (from the above steps) and since [|3},(0)]|3 is bounded, equation (23) with t =T,
becomes

- - T, »
17O = 172 0F + 2 [ 17115 dt < [Inllg + n2llE + sl + llugllf + lluzll3 +
lusllf + AllyllG -
Which gives

T = .
S 13117 dt < b3(c), with b3(c) =
The convergence of the solution:

(51 +52+l’73+C’1+é2+C’3+b +hb1(C))

> , thus ”}_}n”LZ(Iy) < bs(¢).

— | 00 - > — . N
Let {Vn}n=1be a sequence of subspaces of V, s.t. V v € V, there exists a sequence {v,}

- -

with #, € V,, Vn and B, — ¥, strongly in V = #, — ¥, strongly in (L2 (Q))3, since for
each n, with I_/;l cV, (17) — (19) has a unique solution 3, = (Y15, Yor» Van), hence

oo

corresponding to the sequence of subspaces {Vn}n there exists a sequence of

=1’
(approximation) problems like (17) — (19), thus by substituting ¥ = ¥, = (V1p, Van, Vzn)s
one has for n = 1,2, ...

Vine: Vin) + (Vyin, V010) + V1 Vin) — O2n Vin) — Van, Vin) =

(flavln) +(u1’171n)1"a v Vin € Vn (24-3)

(y{)w vln) = (yg'vln), v vln € Vn (24b)
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(Vants Von) + (VY20 Vo2n) + Van Van) + V3n V2n) + Vins Van) =

(f2>Van) +(U2, V2r)rs V vy €V (25.a)
V3 Van) = V3, Van)s V vy €W (25.b)
(V3nts Vzn) + (Vy30, V03n) + (V3n Van) + Vi V3n) — Vans Van) =

(f3,V3n) + (U3, V3)rs V vz, €V (26.2)
(V3 Van) = (¥, Van), V vz, €V (26.b)

which has a sequence of solutions {y,}>-;, with ,, but from the above steps we have
IYnll 2¢q) and [[¥, 12y, are bounded, then by Alaoglu’s Theorem (ATh), there exists a

subsequence of {V,}nen, say again {J,}ney st. ¥, — ¥ weakly in (LZ(Q))3 and in
3
(LZ(T, V)) . Multiplying both sides of (24.a), (25.2) & (26.2) by ¢;(t) € C1[0,T], Vi =

1,2,3, respectively, s.t. ¢;(T) = 0, ¢;(0) # 0, integrating both sides w.r.t. ¢t on [0,T], then
integrating by parts the 1% terms in the L.H.S. of each one obtained equation, one gets

- fOT(yln' 17111)(:0,1 (t)dt + fOT[ (Vylnﬂ V1]111) + (yln' vln)](pl (t)dt - fOT(yZn' vln)(pl (t) dt -

fOT(Y3nr V1)1 (t) dt = fOT(fl' V1) @1 (8)dt + fOT(ul: vin)r@1 (0)dt + (Yon, v12)91(0),
27)
= i O v2) @5 (At + [T (Van, W20) + (am, v2n)] 02 (O)dt + [ (am, V)@ (£) dt +
Iy O v2n) @2 (0 dt = [ (f5,02) 02 (O)dt + [ (tz, 2)r02(O)dE + (¥, 120)92(0),
(28)
= Jo Osns 303 (O)dt + [ (VY33 V30) + Y3, V3n)]03(O)dt + [ (V1n, 3n) 03 (8) dt —
[} D2n vsn) @3 (0) dt = [ (fs, vs)@3(D)dt + [ (s, v32)r@s(O)dt + (V3 V30)93(0),
(29)

Since Vi, — V; strongly in L? (Q)} s { Uin(P; — Ui(P; strongly in L2(Q)

Vin — V; strongly in V Vin®; — v;@; strongly in L2(1,V) °
Also, since
yin — y; weakly in L2(Q), and
ylpn — yio weakly in L2(Q), Vi = 1,2,3, then

I3 01 1)@ (At + [T (W10 W010) + Gy V11901 ()t — [ (ams V1) 01 (8) dt —
[} Osns V1)1 (£) dt —

0 v)ei®de + [Ty, V1) + 31, v)]er (Ddt — [ (72, v) @1 () dt —
INORBTAGES (30.a)
fOT(}’Zn V)@ (t)dt + fOT[ (VY2 VV20) + (V2n Van) @2 (B)dt + fOT(}’3n' Van) @2 (8) dt +
fOT(Y1nr UZn)(pz(t) dt —

02, 0)050dt + [ [ (T2, V0) + (32, v)]02 (Ot + [ (75, v2) 2 () dt +

[ v () dt (31.a)
Iy O3 V33Ot + [ [ (T30, V0a3) + (an, V) 930t + [l Vi, V30) @3 (E) dt —
fOT(Yan U3n)(p3(t) dt -

Jy 03, v)@3(0)dt + [, [ (Vys, Vvs) + (v3,v3)]03()dt + [ (1, v3)ps (£) dt —

[ 2, v3)ps () dt (32.a)
tn V1) 91(0) — (72, v1) 91 (0), (30.b)
V2ons V2r)92(0) — (¥3, v2)92(0), (31.b)
V3n V3n)93(0) — (¥3, v3) 95 (0), (32.b)
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since v, — v;, weakly in L2(Q), then

53 [(fo vin) + (g, vi)rl@r (D)dt — [ [(fv1) + (wy, v1)rls (D), (30.c)
I3 [(Far Van) + (i, Vo)l @2 ()t — [ [(Forv2) + (ua, vl (B)d, (3l.0)
I3 [(Fsr van) + (s, va)rl@s ()t — [ [(f3v3) + (us, v3)rles ()dt, (32.0)

which means (30) — (32), converge to (33—35), respectively

— i G v e (Odt + [ (Vys, Vor) + (1, v)]@1 ()t — f (72, 1)y (8) dt —

[ s v)@ (O dt =[] (f,v)91(0)dt + [ (ug, v)rer (Odt + (79, v)9,(0),  (33)
— [ 02 v @a(Odt + [ [ (T2, V) + (72, v)]@2(0)dt + ;) (vs, v2) 2 (6) dt +

[ 00020 dt =[] (f,v2)@2(Odt + [ (U, v)r@; (D)t + (79, v,)9,(0),  (34)
— [ 73, v)@3(0)dt + [ [ (Vys, Vv3) + (75, v3)]@3(8)dt + [ (1, )3 (t) dt —

Jy @2, v)@3(0) dt = [ (f5,v)p3(Odt + f (s, v3)rps(Odt + 35, v3)95(0),  (33)

Casel: Choose ¢; € D[0,T], ie. ¢;(0)=¢;(T)=0, Vi=1,2,3. Substituting in
(33)—(35), using integration by parts for the 1% terms in the L.H.S. of each one of the
obtained equations, one has

e v @ (©dt + [T (Vys, Vo1) + r, v) @1 ()t — [} (75, v (£) dt —

Jo s v dt = [ (f1,v)er (Ot + f] (w, vires (D)t (36)
fOT(YZt» V)2 (B)dt + foT[ (Vy2, Vva) + V2, v2)]2 (B)dt + fOT(Y3: Vo), (t) dt +
fOT(}ﬁ: V), (t) dt = fOT(fz» Vo), (t)dt + fOT(uZ: v )rga(t)dt, (37)
fOT(Y3t' v3)@3(t)dt + fOT[ (Vys, Vw3) + (3, v3)] @3 (0)dt + fOT(YL v3)@s(t) dt —
Jy 02 v)03@®) dt = [ (f5,v3)@3(©)dt + [ (us, va)res (Dt , (38)

i.e. y is asolution of the wf(11) — (13).

Case 2: Choose ¢; € C[0,T], s.t. ;(T) = 0 & ¢;(0) # 0, Vi = 1,2,3. Using integration by
parts for 1% term in the L.H.S. of (36), one gets

- fOT(YL v (t)dt + fOT[ (Vy1, Vvy) + (y1, v1)] s (B)dt — fOT(YZr V1), (t) dt —
fOT(}’3'171)(P1(t) dt = fOT(f1:V1)<P1(t)dt + fOT(u1:171)F(P1(t)dt + (71(0), v1) 91 (0), (39)
Subtracting (33) from (39), one obtains that

02, v)91(0) = (71(0), )91 (0) , 91(0) # 0¥ @1 € C'[0,T] = (7, v1) = (¥,(0),vy),
i.e. the ICs (11.b) holds. By the same above way one can show that (y2,v,) = (y,(0),v,),
(¥2,v3) = (v3(0),v3) which means the ICs (12.b) & (13.b) are holds.

The strongly convergence for y,:

Substituting vy = y1,,,V2 = Vo, and v3 = y3, in (17.2), (18.2)&(19.a2) respectively, adding
the three obtained equations together, and then integrating the obtained equation from 0 to T,
on the other hand substituting v, =y,,v, =y, & v3 =y3; in (1l.a), (12.a) &(13.a)
respectively, adding them together, integrating the obtained equations from 0 to 7, one gets

fOT(:)_}nt: yn) dt + f(;r a(}_}n, }_/)n)dt =
fOT[(f1'3’1n) + (U, Vidr + (fo, Yon) + (U, Yo )r + (f3, V3n) + (U3, V3n)rldt, (40.2)
fOT(S;t' 5;) dt + fOT Cl(}_/) ,}7 )dt =

T
fo [(f1y1) + (e, yr + (F2, ¥2) + (U2, y2)r + (f3,¥3) + (us, y3)rld, (40.b)
using Lemma(1.2) in [11] for the 1% terms in the L.H.S. of (40.a&b), they become

32D = 2H1Fa (N3 + f; aGr, Fo)dt =
fOT[(fl'YM) + (U, Yindr + (F2 Y2n) + W2, Y2rdr + (f3,¥30) + (U3, ¥3n)rldt, (41.a)
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UFDNE = FONE + f, a@Hdt =[] [(fi,y1) + @ yDr + (for¥2) + Qa, y2)r +

(f3,¥3) + (u3, y3)rldt, (41.b)
since

UF(T) = FDIZ = H50(0) = FOIE + [, a(Fy — 5,5, —F) dt = Ay — By — €y, (42)
where

Ay = NFMIZ = U0 O13 + [ a(Fa(), Fn(0))dt

By = 15, (1), (1)) = 15, (0), 7(0) + J a(F (), 7(®)) dt,

C; = F(M), $,(T) — (1)) — X(5(0),5,(0) — 5(0)) + fOT a(y(e), () — y(0))dt,
Since

79 = $,(0) — F° = $(0) strongly in (12(Q))’, (42.2)
Yu(T) = ¥(T)  stronglyin (L2 (Q))S, (42.b)
Then
{ (3:(0),3:71(0) - {(0)) —0 ’ (42.c)

(F(T), $.(T) = ¥(T)) — 0

1%,,(0) — y(O)[I§ — 0

42.d

{ 15.(T) = 5(TIZ — 0 3 #29
Since y,, — y weakly in (LZ(T, V)) , then fOT a(¥(@), ¥, () — y(©))dt — 0, (42.e)

As well as, since ¥, — J weakly in (L? (Q))3 , then
T
fo [(F1y1n) + (e, yadr + (B2, Yan) + (U2, Y2rdr + (f3, ¥30) + (Us, y3n)r Jdt —

Jo LGy + o yr + (o v2) + (i ¥2)r + (f5,75) + (s, y3)rlde, (42.9)
i.e. when n — oo in both sides of (42), one has the following results:

(1) The first two terms in the L.H.S. of (42) are tending to zero from (42.d).

(2) From (41.a)

Eq. A; = fOT[ (fuy1n) + (e, Yindr + (2, Y2n) + (U2, Yordr +(f3, Yan)+(Us, y3)rlde
from

(4;’0 fOT[ (foy1) + (o, yor + (f2,¥2) + (uz, y2)r + (f3,¥3) + (us, y3)rldt,

(3) Eq. Bi— LHS. of (34Lb)= [[[(fuy)+ @i yr + (fo¥2) + (o, y2)r +

(f3,¥3) + (us, y3)rldt,
(4) The 1* two termsin Eq. C; are tending to zero from (42.c), and the last one term also
tend to zero from (42.e), from these results (42) gives when n — o

T - - T - - - - - . T
Jy U3 = 912 dt = [ aGn = 3,9 — $)dt — 0 = 3, — 3 strongly in (L2(T,V))
Uniqueness of the solution: Let y, )2/ are two solutions of the wf (11)—(13) i.e. y; and y;
are satisfied (11.a), or
(3_’1t: v1) + a1(3_/1, V1) — (3_’2:171) - (3_’3; v1) = (fu, v1) + (U, vi)r, Vv, €y
V1o v1) + a1 (F1,v1) — V2, v1) — (3, v1) = (fr, v1) + (Ug, vi)r, Vv, €y
Subtracting the 2™¢ equation from the 1 one and substituting v; = y; — ¥, in the obtained
equation, one gets that
(O =Veyi =)+ a1 =V Y1 =V1) =2 =V 01 = V1) — (V3 = ¥3,91 — V1) =
0, (43)
by the same way, one gets

(V2= V2D, Y2 = V2) t a2(V2 = Y2, Y2 = V2) + (3 = V3,2 = V2) + (1 — V1, ¥2 — ¥2) =
0, (44)

3
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(V3= ¥3)e Y3 —V3) +as(Vs — V3, Y3 = V) + (V1 = V1. ¥3 = ¥3) — (V2 — V2, ¥3 — V3) =
0, (45)
adding (43) — (45), using Lemma(1.2) in [11]. In the 1% term of the obtained equations, to
get

L2415 =5, + 5 -3, =0 (46)
2 dt 0 1 ?

The 2™ term of the L.H.S. of (46) is positive, integrating both sides of (46) w.r.t. t from
0 to t, one gets

[a-srde<o = |G-HO) <0 = [§-F =0 veel,

integrating both sides of (46) from 0 to T, using the given ICs, one has

o112 - >
Jo 19 =30, dt =0= 15 =Fll,2,, =0 = 5 =75

4. Existence of a CCBOCP:

Theorem 4.1: In addition to assumptions (A), assume that ¥ and y + 8y are the SVS
corresponding to the CVS U and U + 8u respectively with i and &u are bounded in
(L2(%))3, then

185 llm(1z2() < LISTNz . L€ R*

16 l,2¢g) < L|isilly Le RY
1891l 20y < LellStilly, Ly € RY
Proof: Let U = (uy,uy, u3) € (L*(2))® be given, then by Theorem3.1, there exists §j =

1 = Yuy Y2 = Yup» Y3 = Yu,) Which is satisfied (11)—(13) and also let f = (¥1,¥,, y3) be
the solution of (11) — (13), corresponds to the CV & = (i, 1, Ti3) € (L2(X))3 i.e.

V1t v1) + (VYL V1) + (G, v1) — (02, v1) — (U3, v1) = (f, v1) + (W, v)rs (47.a)
31(0),vy) = (Y{):Vl) > (47.b)
(Var,v2) + (VY2,Vv2) + (Y2, v2) + (V3,v2) + (Y1, v2) = (f2,v2) + (U, v2)rs (48.2)
(72(0),v5) = (¥, v3) (48.b)
(V36 v3) + (VY3,V3) + (3, v3) + (U1, v3) — (V2, V3) = (f3,v3) + (U3, v3)rs (49.a)
(75(0) ,v3) = (yg:vs ), (49.b)

Subtracting (11.a&b) from (47.a&b), (12.a&b) from (48.a&b) ,and (13.a&b) from (49.a&b)
and setting 6y; =y — Y1, 0¥, =Y, = Y2, 0¥3 =¥3— Y3 , Ouy = Uy —uy ,0up = Uy —
u, and du; = U3 — u5 in the obtained equations, they give

(6y16, V1) + (V8y1, V) + (61, v1) — (62, v1) — (8Y3,v1) = (§uq, vy)r,s (50.a)
(6y1(0),v,) =0, (50.b)
(6Y21,V2) + (V8Y,, Vv3) + (82, v2) + (6y3,v2) + (6y1,v2) = (uy, Vo)r, (5l.a)
(6y2(0),v,) = 0, (51.b)
(0y31,v3) + (V8Yy3, Vv3) + (83, v3) + (8Y1,v3) — (8Y2,v3) = (Sus, v3)r, (52.a)
(8y3(0),v3) = 0, (52.b)

substituting v; = 8y, v, = 8y, & vz = §y; in (3.50), (3.51) & (3.52) respectively, adding
the obtained equations, using Lemma(1.2) in[11]. They give

FaelloVIIG + 1187 1IF = (Sus, 8y1)r + (Suy, 6y, )r + (Sus, Sys)r (53)
Since the 2" term of (53) is positive, integrating w.r.t. t from 0 to t, and then using the
Cauchy Schwartz inequality (CSI), it becomes

td - t t
J5 216513t < 16uslig + [ 16y 11 dt + 16uzli3 + [ 16y2112 dt + [|5uslI3 +

t
INDAEE

which gives by using the Trace Theorem [17].

16y (13 < |161||2 + ¢ fot||637||% dt,V t € [0,T] using the BGI, one gets
167 (DIIF < eT"||613 = L2(|6[13 , e™" = 12, L >0
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or 1165 lm(12ap) < LISl

. - — - T — —2
Since ||5y||i2(Q) < TL?||6ul|%, thus 16l 29y < LlISUlly , TL? =1
Using a similar way which is used in the above steps, gives

T N Ty om 2 - T\ on
Jo &NSFIG+2 [y ll6y Il dt < ||ollg + c* [y 16715 dt

o0 dt
112 -2 4 VA —2 —2 2
= ”6y||L2(T,V) < L,||6ullg where Ly = (1 +L c?)/2
or 116512y, < Lullsilly -
Theorem 4.2: With assumption (A), the operator 1 + ¥y is continuous from ( L?(Z))3 in to
(L% qp2@)’ orinto (L*(T,V))? or into (L2(Q))° .
Proof: Let 62 = & — 1 and ¥ =y — ¥, where ¥ and ¥ are the corresponding SVS to the
CVS % and U respectively, using the first result in Theorem4.1, we get

y m y ifu Lzz; u,

i.e. the operator 1 » yy is Lipschitz continuous (LC) from L?(¥) in to L® (T, L2 (Q)).
Easily, one can get this operator is also LC from L2(Z) into L?(Q) and into L%(1, V).
Lemma 4.1: [10]. The norm |l. ||y is weakly lower semi continuous ( W.L.S.C.).

Lemma 4.2: The CoF which is given by (10) is W.L.S.C.

Proof: From Lemma(4.1), we got that the norm ||d ||y is W.L.S.C., Uy, » U weakly in
L%(%), then by (Theorem 4.2) y, = ¥ = y3 is weakly in LZ(Z), which gives that the norm
l¥ — ¥4 llz is W.L.S.C. (by Lemma4.1), hence G,(u) is W.L.S.C. .

Theorem 4.3: Consider the cost function (10), if G,(u)is coercive, then there exists a
CCBOCV.

Proof: Since G,(1) = 0 and G,(u) is coercive, then there exists a minimizing sequence

(e} = {(uig , Usk , Uz)} € W, Vk such that lim G, (i) = _inf Go(ﬁ), then ||uy|lz <
n-oo UEW 4

C,, C; >0, then by ATh there exists a subsequence of {ii,}, for simplicity say again {ii;}

s.t. U, — U weakly in (L2 (Z))3, as k — oo, from Theorem 3.1, corresponding to the
sequence of controls {u,}, there exists a sequence of solutions {y,}, but the norms
IWk”L”(T,LZ(Q))’ IVillizqgy & IVellizqy, are bounded, then by ATh there exists a

subsequence of {y,}, for simplicity, say again {y,}, such that

3
. — 7 weakly in <L°°(T, LZ(Q))) in (12(Q))", and in (12(,V))
Suppose that (17.a), (18.a) & (19.a) can be rewritten as
Y1k V1) = —(V1 Vo1) — Dk V1) + 2k V1) + V3 v1) + (f1, 1) + (g V1
V2t V2) = = (VY21 V02) — V2k0 V2) — V3k0 V2) — V1i V2) + (f2, V2) + (Uzk, V2)r,
(V3ke: V3) = —(Vysp, Vo3) — (V380 V3) — V1ko V3) + Voo v3) + (f1, 1) + (Usp, v

3
s

Adding the above three equations and integrating both sides of the obtained equation from
0 to T, taking the absolute value, then using CSI. Finally, using assumption (A), it yields

T, > -
|f0 (ykt.v)dt| S WVyaelllVodllg + lyallliville + lyarllolvalle + l1ysklloliville +
IVy2iclloVV2llo + Iyakllolivalle + lysllolvzllo + Iyaellollvalle + [IVysillolVyslio +

”y3k”Q”v3”Q + ||3’1k||Q||V3||Q + ||}’2k||Q||V3”Q + ||771||Q||V1||Q + ||772||Q||V2||Q +
Insllollvally + llugellzllvills + lluzellzllvalls + lluskllsllvslls

Since for each i = 1,2,3, the following inequalities are satisfied
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1Vyicllo < IV¥kllg < IYkllizapy IVVille < IVPllg < P12y > 1Vikllo < IYkllg <
Willizary > Nvillg < 1Wllg < WWllzgyy > lwalls < llls < Ci lwills < 1911z <
AullBll 2y, Imillg < b, then
T - - - - . . . AT -
|y Gieer ) dt| < 12015l 2 1lli2yy + by + by + by + 3R 5l 2y,
T, o . .

Or |fy Ge D)alt| < (12b5(c) +b'(0)) 15l 2,
With ¥l 2qyy < b2(c)&b(c) = by + b, + by + 3C;hy

|Jo Great]
:> —

1,20y,
Since for each k, Y, is a solution of the TSEs (1) — (9), then
V1ker V1) + (YY1, V1) + Y1k 1) — Y2k V1) — I3k V1) = (f, v+ (U, V1)1 (54)
(Voo V2) + (VY2 V02) + (V2r, V2) + (V31 V2) + Y1k, V2) = (f2, V2)+ (Ui, V2 ) s (55)
(Vake» V3) + (Vyar, Vv3) + (Var, v3) + 1k V3) — Voo V3) = (f3, v3)+ (Usk, V), (56)
Let ¢@; € C1[0,T], s.t. 9;(T) =0, ¢;(0) # 0, Vi = 1,2,3, rewriting the 1 terms in the
L.H.S. of (54) — (56) multiplying their both sides by ¢;(t), Vi = 1,2,3, respectively,
integrating both sides w.r.t. t from 0 to T, and integration by parts for the 1% terms in the
L.H.S. of each obtained equations, one gets that

— I G0 v)@1 (Ot + [T (Vy1k, V1) + (1 v1)] 01 (O)dE = [ ages v1) @ (D)dE —

[} Osiov1) @1 (Dt = [ (f1, v)@1 (Ot + [ (Uaeo v1)r1 ()t + (1(0), 1)1 (0), (57)
— I 200 )92 (O)dt + [} [ (T2 V02) + (o v2)]02 (D)t + [ (V31 v2) 92 ()t +

[y G110 v2) @2(O)dt = [/ (f, )02 (O)dt + [ (Uag, v2)r @2 (DAt + (72(0), v2) 02 (0), (58)
— I D31 )05 (O)dt + [, [ (T30, V03) + (3, v3)]903 (D)t + [ (71 v3) @3 (H)dt —

[} 0o v3) 93(0)dt = [ (f5,13)03(O)dt + [ (s, v3)reps (O)dt + (731,(0),v3)03(0), (59)
Since ¥, — ¥ weakly in (L? (Q))3 and in (L2 ({, V))3, then the following convergences are
held

— Jo Q1o vD@1(O)dt + [T (VY11 V01) + G w101 (O)dt = [ (Y2, v1) 01 (B)dt —
fOT(Y3k’ V) @1 (D)dt —

~ [T GuvDei©de + [ [Ty, Vvy) + g, )]0 (©)de — f; (0, v1) @1 (B)dt —

[ s, v1) @ (Dt (60)
— I 210 )92 (O)dt + [} [ (T2 V05) + (o v)]02 (D)t + [ Va1 1) 92 ()t +
fOT(Jﬁk: vy) @ (t)dt — — fOT(YZr )@, (t)dt + foT[ (Vyz, V) +

02, VD102 (D)t + [ (73, v2) 92 ()t + [ (1, v,) @2 (D) dlt,

(61)

— [ D31 )05 (O)dt + [, [ (Ty31, V03) + (ar, v3)]03 (D)t + [ (V1 v3) @3 (H)dt —

[T 0o v3) 93(O)dt — — [ (5, v3)@3(0de + [ [(Vys, Vvs) +

3, v3)] @3 (O)dt + [ (71, v3) @3 (O)dt — [ (2, v3) @3(t)dt ,

< b3 (), with b(c) = 12b,(c) +b'(c) = 1Fellizqyey < ba(c)

(62)

Since y;,(0) is bounded in L?*(Q) Vi =1,2,3, then

1 V1) 91(0) = (7, v1)91(0), (63)
(V2 v2)92(0) — (¥3,12)9,(0), (64)
31 v3)93(0) — (v3, v3)93(0), (65)

and since U, — U weakly in (L?(Z))3, then
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Jy (vt + [ (u v)rdt > [ (fv)dt + [ (g, v)rdt (66)
fOT(fz: vy)dt + f(;r(qu' vy)rdt = foT(fz' v)dt + fOT(uz' vy)rdt, (67)
fOT(f3' v3)dt + fOT(u3k' v3)rdt - fOT(f3' v3)dt + fOT(u3' v3)rdt, (68)

Finally, using (60) (62)(63) — (65).(66) = (68)in (57) = (59). one gets

-, O v1) s (t)dt + Jo [OVy1, Vv1) + (1, v ()dt — [ (72, v1) @1 (8)dE —

fOT(}’3 V1) @1 (t)dt = fOT(fL v, (t)dt + fOT(ulr v)re1(O)dt + (7, v1)e1(0), (69)

= Jy 02,020t + [T (T2, T02) + (2, v) 02 (Ot + [ (73, v2) 92(6)de +

Jo 00 v2) 92(D)dt = J) (2, v2)92(D)dt + f; (uz, v2)rg2(O)dt + (08, v2)92(0).  (70)

— JJ 03, v3)@3(D)dt + [ [ (Vy3,Vvs) + (v3, v3)]@3(D)dE + [ (71, v3) 93 (t)dt —

fOT(YZ: v3) p3(t)dt = fOT(f3» v3)@3(t)dt + fOT(u3: v3)res(t)dt + (¥3, v3)p3(0), (71)

Casel: We choose ¢@; € D[0,T], ie. ¢;(0)=¢;(T) =0, Vi=1,2,3, now by using

integration by parts for the 15¢ terms in the L.H.S. of (69—71), one gets

fOT(}’u' V1)1 (D)dt + foT[ (Vy1, Vuy) + (y1, v1)] s (t)dt — fOT(YZ' V1)1 (t) dt —

fOT(Y3: v, (0) dt = fOT(fp V1) (O)dt + fOT(up v)re,(O)dt Vv, €V, Ve, € D[0,T]
(72)

fOT(YZt: V)2 (t)dt + fOT[ (Vy2, Vvz) + (v2, v2)]@2 (D)dt + fOT(}’3; V)@ (t) dt +

fOT(}’p V)@, (t) dt = fOT(f2: V)@, (8)dt + fOT(uz; v)rg2(H)dt Vv, €V, Ve, € D[0,T]
(73)

Iy V30 v3)os (O dt + [, [ (Ty5,V05) + (v3,v3)] 03 ()t + [ (1, v3) s (£) dt —

J, 02,003t dt = [ (f5,v5)p35()dt + [ (s, v3)r@s(H)dt, Vs € V, Vo5 € D[0,T]

(74)
Then

Ve v1) + (VyL Vo) + 1, v1) — U2, v1) — (03, v1) = (f, v1) + (Ug, v _
Vv, €V ,ae . onl

V26, v2) + (Vy2, V) + (¥2, v2) + (¥3,v2) + (Y1, v2) = (f2, v2) + (U2, Vo)1 3
Vv, EV ,a.e.onl

(Var, v3) + (Vys, Vw3) + (¥3,v3) + (y1,v3) — V2, v3) = (f3,v3) + (Us, v3)r, )
Vvs €V ,a.e.onl
i.e.y is satisfied the wf of the TSEs .
Case2: We choose ¢@; € C1[1], st. @;(T)=0 & ¢;(0)#0, Vi=123, by using
integration by parts for the 15¢ terms in the L.H.S. of (72—74), one has
T . T T
= J, GuvDe©dt + [ [ (Vyy, Vv1) + (1, vl (0)dt — [ 72, v1) @1 ()dt —
T T T
Jo O3, v1) @1(O)dt = [ (fr, v @1 (®)dt + [ (ug, v)re1(D)dt + (¥1(0), v)91(0), (75)
T . T T
— Jy G2, v2) @2 ()dt + [ [ (Vy2, Vo) + (v2, v2) @2 (B)dt + [ (v3,v2) @2 (£)dt +
T T T
Jo 1 v2) p2(O)dt = [ (f2,v2) P2 ()dt + [ (uz, v2)rp2()dt + (¥2(0), v2)92(0), (76)
T . T T
= Jy O3, v3)3(®)dt + [ [ (Vys, Vv3) + (v3,v3)]@3(D)dt + [ (v1,v3) 03(t)dt —
T T T
Jo O2,v3) p3(O)dt = [ (f3,v3)@5(O)dt + [ (us, v3)res(D)dt + (y3(0),v3)93(0),  (77)
And subtracting (75) — (77) from (69) — (71) respectively, one gets

1, v1)91(0) = (¥1(0), v1)91(0) , 91(0) #0,V ¢; €D[0,T] = y? =y,(0) =y (x) ,
by the same above way one can show that y2 = y,(0) = yd(x) and yJ = y3(0) = y2(x) .
Then y is a solutions of the wf of the TSEs, since Go(u) is W.L.S.C. from Lemma 4.2 and

i, — U weakly in (L? (Z))3, then
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Go(w) < lim 1nf Go(uk) = lim Go (i) = 1nf Go(u)

—00 uk

= Go(W) < _inf Go(u) min Go(1) , then & is a CCBOCV .
UEW 4 UEW 4

5. NCsThOP:

In order to state the NCcThOP for CCBOCV, the FrD of the CoF is derived and the
NCcThOP is proved .
Theorem 5.1: Consider CoF (10), then the TAPEs of the TSEs are given by

—Zy — Dz + 21+ 23 + 23 = (V1 — Yia) » .in Q (78)
—Zy —Dzy + 2 — 2y — 23 = (V2 — YV2a) > In Q (79)
—Z3¢ —Az3+ 23— 21+ 2, = (Y3 — Y3a4) , in Q (80)
z1(x,T) =0, in Q (81)
z,(x,T)=0, in Q (82)
z3(x,T) =0, in Q (83)
:%: =Yz, Z—?Lcos(nl,xl) =0, on X (84)
2 2

ﬁ =Yz, a—zzcos(nz,x) =0, on X (85)
2 023

a—fjc =YL 5 cos(n3, x) =0, onZx (86)

Then (uy, uy, u3) € W, and the FrD of the CoF is given by (Go(), 617)2 = (Z + Bu, 6U)g
Proof: The wf of (78) — (86) for v; € V;, Vi = 1,23, is given by

—z1t,v1) + (VZz1,Vv1) + (21, V1) + (22, v1) + (23, V1) = (V1 — Y1a) V1)s (87)
(226, V2) + (VZ3,V0,) + (25, v2) — (21, v2) — (23,V2) = (V2 — V2a, V2), (88)
(231, v3) + (Vz3,Vv3) + (23, v3) — (21, v3) + (22,V3) = (V3 — V34, V3) » (89)

The existence of a unique solution of (87—89) can be proved by the same manner which is
used in the proof of Theorem 3.1.

Now substituting v; = z;, v, = 2z, and v3 = z3 in (50.a), (51.a) and (52.a) respectively, to
get

(6Y1¢,21) + (V8Y1,Vzy) + (6y1,21) — (6Y2,21) — (8y3,21) = (Suy, z)r, (90.a)
(6Y26,22) + (V8Y2,V2Zy) + (82, 23) + (8y3,22) + (8y41,2,) = (Buy, zo)r, (90.b)
(6y3¢, z3) + (V8y3,Vz3) + (8y3, 23) + (8y1,23) — (8Y2,23) = (Sus, Z3)r, (90.¢)

Also, substituting v; = §y;, v, = 6y, and v; = §y; in (87),(88)&(89) respectively, to get
—(211, 6y1) + (Y21, VEy,) + (21, 6y1) + (22, 6y1) + (23, 6y1) = (V1 — Y10 6Y1)> (91.a)
—(22¢,6Y2) + (V23,V8Y;) + (22, 6y2) — (24, 8Y2) — (23,6Y2) = (V2 — Y24, 6Y2), (91.b)
—(231, 6y3) + (Vz3,V8y3) + (23, 6y3) — (21,0Y3) + (22,0Y3) = (¥3 — Y34, 6y3),  (9l.c)
Integrating both sides of equations (90.a,b & c) and (91.a,b & ¢), w.r.t. t from O to T, using
integration by parts for the 1% terms of the L.H.S. of each of the obtained equations from
(91.a), (91.b) & (91.c), then subtracting each one of the obtained equations from its
corresponding equation (90.a,b & c), and adding all the obtained equations, give

T T
[ [(8uy, z)r + (Suy, 22)r + (Sus, z3)r] dt = [ [(y1 — Y14, 6y1) + (V2 — Y24, 6Y2) +
0 0

(73 = ¥3a,6¥3)] dt, (92)
Now, adding together each of the pair of equations (11.a&50.a), (12.a&51.a) and
(13.a&52.a), one has

(71 +6y1)e,v1) + (V1 + 6y1), Vv1) + (71 + 6y1,v1) — (V2 + 6y2,v1) — (3 + 6y3, 1)

= (fu,v1) + (ug + 6wy, v)r, (93)
(72 + 6y2)e, v2) + (V(y2 + 6Y2), Vv,) + (y2 + 8y2,v2) + (y3 + 8y3,v2) + (v + 6y1,v2)
= (f2,v2) + (uz + duz, vo)r (94)

124



Ibn Al-Haitham Jour. for Pure & Appl. Sci. 33 (3) 2020

((y3 + 6y3)e,v3) + (V(y3 + 6y3), Vvs) + (¥3 + 8y3,v3) + (y1 + 6y1,v3) — (V2 + 62, v3)
= (f3,v3) + (uz + 8usz, v3)r, 95)

Which means the CV (u; + duq,u, + du,, us + duz) gives that the solution ( y, + 8y, ,

Y2 + 6y, y3 + 8y3) of (93) - (95).

On the other hand, from (92) and the CoF, we have

Go(d + 6U) — Go(U) = (Suy, z1)x + (Suy, 22)5 + (Sus, 23)x + (Buy, Suy)s
+(Buy, Suy)s + (Bug, Suz)s + 21167115 + £I154]13

= (81, D)z + (B, 61z + 31167115 + £l 52|

Or

Go( + 61) — Go() = (Z + i, 6u)x + 3116V g + ZllSullE -

From Theorem 4.1, we have

671G = e (80)[|51lly and 2[|52IF = &, (51|51l

With & (61) = 2M?||5lly , where & (61), &,(6u) — 0 as ||5illy — O

Then

Go(U + 6U) — Go(U) = (Z + Pu, 5u)y + £(6U)||6||x

Where & (6U) + &,(6u) = €(6u) — 0as ||6ully — 0

Using the definition of FrD of G,, one has

(Go(@), 61), = (Z + B, 61)y .

Theorem 5.2: The NCsThOP for the CCBOCYV of the above problem is Go(@) = Z + S =
0 withy =y and Z = Z3 .
Proof: If U is an CCBOCYV of the problem, then
Go(T) = min G,@) Vi € (12(%))’,
UEW 4

ie. Go(W)=0=> Z+pu=0
From Theorem 5.1 (Z + ,81:1),517)2 >0 withéi =w—1u

> (Z+pi,w), > (Z+pi,a),, Ve (1°®)".

6. Conclusions

In this paper, The GM is employed to prove the existence theorem of a unique solution
for a SVS of the TLPDEPAR when the CCBOCYV is fixed. The existence theorem of a
CCBOCV governed by the TLPDEPAR is developed and proved. The existence and
uniqueness of a solution for the TAPEs associated with the TLPDEPAR is studied, the FrD
for the CoF is obtained. At the end, the NCsThOP of the CCBOCYV problem is stated and
proved.
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