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Abstract 

     In this paper, the continuous classical boundary optimal control problem (CCBOCP) for 
triple linear partial differential equations of parabolic type (TLPDEPAR) with initial and 
boundary conditions (ICs & BCs) is studied. The Galerkin method (GM) is used to prove the 
existence and uniqueness theorem of the state vector solution (SVS) for given continuous 
classical boundary control vector (CCBCV). The proof of the existence theorem of a 
continuous classical boundary optimal control vector (CCBOCV) associated with the 
TLPDEPAR is proved. The derivation of the Fréchet derivative (FrD) for the cost function 
(CoF) is obtained. At the end, the theorem of the necessary conditions for optimality 
(NCsThOP) of this problem is stated and proved. 

 
Keywords: Continuous Classical Boundary Optimal Control, Triple Linear Partial 
Differential Equations, Galerkin Method, Necessary Conditions for Optimality. 
 

1. Introduction 
       Different applications for real life problems take a main place in the optimal control 
problems, for example in medicine [1]. Robots [2]. Engineering [3]. Economic [4]. And 
many others fields. 
       In the field of mathematics, optimal control problem (OCP) usually governing either by 
ordinary differential equations (ODEs) or partial differential equations (PDEs), examples of 
OCP which are governined by parabolic, hyperbolic or elliptic PDEs are studied by [5,-7]. 
Respectively, while OCP which are governing by couple of PDEs (CPDEs) of Parabolic, 
hyperbolic or elliptic type are studied by [8-10]. On the other hand, [11-13]. Are studied 
boundary OCP associated with CPDEs of these three types; while [14, 15]. Are studied the 
OCP for triple PDEs (TPDEs) of parabolic and elliptic type respectively. 

      All these works push us to seek about the CCBOCV for the TLPDEPAR. This work starts 
with the state and prove the existence theorem of a unique solution (SVS) for the triple state 
equations (TSEs) of PDEs of parabolic type (TLPDEPAR) by using the GM when the
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 CCBCV is fixed, then we deals with the proof of the existence theorem of a CCBOCV, the 
solution vector of the triple adjoint equations (TAPEs) associated the TLPDEPAR is studied. 
The derivation of the FrD for the CoF is obtained. At the end, the NCsThOP of this OCP is 
sated and proved..   
 
2. Description of the problem:  
Let  Ω ⊂ ℝଶ,  𝓍 ൌ ሺ𝑥ଵ ,, 𝑥ଶሻ,  𝑄 ൌ ሾ0, Tሿ ൈ Ω, Ĩ ൌ ሾ0, Tሿ, Γ ൌ 𝜕Ω, Σ ൌ Γ ൈ Ĩ. The CCBOCP 
consists of the TSEs which are given by the following TLPDEPAR  
𝑦ଵ௧ െ ∆𝑦ଵ ൅ 𝑦ଵ െ 𝑦ଶ െ 𝑦ଷ ൌ 𝑓ଵሺ𝑥, 𝑡ሻ,  in 𝑄                                 (1) 
𝑦ଶ௧ െ ∆𝑦ଶ ൅ 𝑦ଶ ൅ 𝑦ଷ ൅ 𝑦ଵ ൌ 𝑓ଶሺ𝑥, 𝑡ሻ, in 𝑄                                  (2) 
𝑦ଷ௧ െ ∆𝑦ଷ ൅ 𝑦ଷ ൅ 𝑦ଵ െ 𝑦ଶ ൌ 𝑓ଷሺ𝑥, 𝑡ሻ, in 𝑄                                 (3) 
with the BCs and ICs. 
డ௬భ

డ௡ೌ
ൌ ∑  డ௬భ

డ௫ೕ
cos൫𝑛ଵ, 𝑥௝൯ ൌ 

ଶ
పୀଵ 𝑢ଵሺ𝑥, 𝑡ሻ, on Σ                                                          (4) 

డ௬మ

డ௡್
ൌ ∑  డ௬మ

డ௫ೕ
cos൫𝑛ଶ, 𝑥௝൯ ൌ 

ଶ
పୀଵ 𝑢ଶሺ𝑥, 𝑡ሻ, on Σ                                                       (5) 

డ௬య

డ௡೎
ൌ ∑  డ௬య

డ௫ೕ
cos൫𝑛ଷ, 𝑥௝൯ ൌ 

ଶ
పୀଵ 𝑢ଷሺ𝑥, 𝑡ሻ, on Σ                                  (6) 

𝑦ଵሺ𝑥, 0ሻ ൌ 𝑦ଵ
଴ሺ𝑥ሻ,  on Ω                                                         (7) 

𝑦ଶሺ𝑥, 0ሻ ൌ 𝑦ଶ
଴ሺ𝑥ሻ,  on Ω                                   (8) 

𝑦ଷሺ𝑥, 0ሻ ൌ 𝑦ଷ
଴ሺ𝑥ሻ,  on Ω                                   (9) 

Where 𝑛ℊ, ∀ ℊ ൌ 1,2,3, is an outer normal vector on the boundary Σ, and (𝑛ℊ, 𝑥௝ሻ is the angle 
between 𝑛ℊ and the 𝑥௝ െaxis, (𝑓ଵ,𝑓ଶ,𝑓ଷ) is a vector of a given function on Ω,𝑢ሬ⃗ ൌ

ሺ𝑢ଵ, 𝑢ଶ, 𝑢ଷሻ ∈ ൫𝐿ଶሺΣሻ൯
ଷ
 is the CCBCV and �⃗� ൌ ሺ𝑦ଵ, 𝑦ଶ, 𝑦ଷሻ ∈ ൫𝐻ଵሺ𝑄ሻ൯

ଷ
 is their 

corresponding SVS. The set of admissible CCBCV is defined by 
 𝑊ሬሬሬ⃗஺ ൌ ሼ𝑢ሬ⃗ ൌ ሺ𝑢ଵ, 𝑢ଶ, 𝑢ଷሻ ∈ ሺ𝐿ଶሺΣሻሻଷ∣ሺ𝑢ଵ, 𝑢ଶ, 𝑢ଷሻ ∈ 𝑈ሬሬ⃗ ൌ 𝑈ଵ ൈ 𝑈ଶ ൈ 𝑈ଷ ⊂ 𝑅ଷa.e. in  Σሽ,  
where a.e. denotes to almost everywhere. 
The CoF is defined by 
𝐺଴ ሺ𝑢ሬ⃗ ሻ ൌ భ

మ
 ‖𝑦ଵ െ 𝑦ଵௗ‖ொ 

ଶ ൅ భ
మ
 ‖𝑦ଶ െ 𝑦ଶௗ‖ொ 

ଶ ൅ భ
మ
 ‖𝑦ଷ െ 𝑦ଷௗ‖ொ 

ଶ ൅  ഁ
మ
 ‖𝑢ଵ‖ஊ 

ଶ ൅  ഁ
మ
 ‖𝑢ଶ‖ஊ 

ଶ ൅

 ഁ
మ
 ‖𝑢ଷ‖ஊ 

ଶ ,     𝑢ሬ⃗  ∈ 𝑊ሬሬሬ⃗஺,  𝛽 ൐ 0                                                                                                 (10)             

Let   𝑉ሬ⃗ ൌ 𝑉ଵ ൈ 𝑉ଶ ൈ 𝑉ଷ ൌ 𝐻ଵሺΩሻ, 𝑉ሬ⃗ ൌ ሼ�⃗�: �⃗� ൌ ሺ𝑣ଵሺ𝑥ሻ, 𝑣ଶሺ𝑥ሻ, 𝑣ଷሺ𝑥ሻሻ ∈  ൫𝐻ଵሺΩሻ൯
ଷ

ሽ. 

The weak form (wf) of the boundary value problem (BVP) (1)-(9), when  �⃗�  ∈ ൫𝐻ଵሺ𝑄ሻ൯
ଷ
  is 

given by 
〈𝑦ଵ௧, 𝑣ଵ〉 ൅ ሺ∇𝑦ଵ, ∇𝑣ଵሻ ൅ ሺ𝑦ଵ, 𝑣ଵሻ െ ሺ𝑦ଶ, 𝑣ଵሻ െ ሺ𝑦ଷ, 𝑣ଵሻ ൌ ሺ𝑓ଵ, 𝑣ଵሻ ൅ ሺ𝑢ଵ, 𝑣ଵሻ୻, ∀ 𝑣ଵ ∈ 𝑉ଵ       
                                                                                                                                           (11.a) 
ሺ𝑦ଵሺ0ሻ, 𝑣ଵሻ ൌ ሺ𝑦ଵ

଴, 𝑣ଵሻ,   ∀ 𝑣ଵ ∈ 𝑉ଵ                                 (11.b) 
〈𝑦ଶ௧, 𝑣ଶ〉 ൅ ሺ∇𝑦ଶ, ∇𝑣ଶሻ ൅ ሺ𝑦ଶ, 𝑣ଶሻ ൅ ሺ𝑦ଷ, 𝑣ଶሻ ൅ ሺ𝑦ଵ, 𝑣ଶሻ ൌ ሺ𝑓ଶ, 𝑣ଶሻ ൅ ሺ𝑢ଶ, 𝑣ଶሻ୻,  ∀ 𝑣ଶ ∈ 𝑉ଶ  
                                                                                                                                           (12.a) 
ሺ𝑦ଶሺ0ሻ, 𝑣ଶሻ ൌ ሺ𝑦ଶ

଴, 𝑣ଶሻ,    ∀ 𝑣ଶ ∈ 𝑉ଶ                            (12.b)  
〈𝑦ଷ௧, 𝑣ଷ〉 ൅ ሺ∇𝑦ଷ, ∇𝑣ଷሻ ൅ ሺ𝑦ଷ, 𝑣ଷሻ ൅ ሺ𝑦ଵ, 𝑣ଷሻ െ ሺ𝑦ଶ, 𝑣ଷሻ ൌ ሺ𝑓ଷ, 𝑣ଷሻ ൅ ሺ𝑢ଷ, 𝑣ଷሻ୻ , ∀ 𝑣ଷ ∈ 𝑉ଷ    
                                                                                                                                          (13.a) 
ሺ𝑦ଷሺ0ሻ, 𝑣ଷሻ ൌ ሺ𝑦ଷ

଴, 𝑣ଷሻ,    ∀  𝑣ଷ ∈ 𝑉ଷ                           (13.b)  
The following assumption is important to study the existence theorem of the SVS for the wf 
(11)−(13). 
2.1. Assumption (A): The function 𝑓௜ (∀ 𝑖 ൌ 1,2,3  ) is satisfied the following condition with 
respect to (w.r.t.) 𝑥 & 𝑡, that is (i.e.) |𝑓௜| ൑ 𝜂௜ሺ𝑥, 𝑡ሻ,  where  ሺ𝑥, 𝑡ሻ ∈ 𝑄, 𝜂௜ ∈ 𝐿ଶሺ𝑄, ℝሻ. 
3. The Existence Solution for the wf: 
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Theorem 3.1: Existence of a Unique Solution for the wf of the SEs: With assumption (A), 

for each given CCBCV 𝑢ሬ⃗ ∈ ൫𝐿ଶሺΣሻ൯
ଷ

, the wf (11)–(13) of the TSEs has a unique SVS �⃗� with 

�⃗� ∈ ቀ𝐿ଶሺĨ, 𝑉ሻቁ
ଷ

,  �⃗�௧ ൌ ሺ𝑦ଵ௧ , 𝑦ଶ௧ , 𝑦ଷ௧ሻ ∈ ቀ𝐿ଶሺĨ, 𝑉∗ሻቁ
ଷ
.  

Proof: Let for each n,   𝑉ሬ⃗௡ ൌ  𝑉௡ ൈ 𝑉௡ ൈ 𝑉௡ ⊂ 𝑉ሬ⃗  be the set of continuous and piecewise 
affine functions in Ω, let 𝑣௜௝ ∈ 𝑉௜௡ ൌ 𝑉௡, 𝑖 ൌ 1,2,3, and  𝑗 ൌ 1,2, … , 𝑛, be a basis of 𝑉௡, let 
�⃗�௡ ൌ ሺ𝑦ଵ௡, 𝑦ଶ௡, 𝑦ଷ௡ሻ be an approximate solution for the solution �⃗�,  then by GM: 
𝑦ଵ௡ ൌ ∑ 𝑐ଵ௝ሺ𝑡ሻ௡

௝ୀଵ 𝑣ଵ௝ሺ𝑥ሻ,                                           (14) 
𝑦ଶ௡ ൌ ∑ 𝑐ଶ௝ሺ𝑡ሻ௡

௝ୀଵ 𝑣ଶ௝ሺ𝑥ሻ,                            (15) 

𝑦ଷ௡ ൌ ∑ 𝑐ଷ௝ሺ𝑡ሻ௡
௝ୀଵ 𝑣ଷ௝ሺ𝑥ሻ,                            (16) 

where 𝑐௜௝ሺ𝑡ሻ are unknown functions of 𝑡,  ∀ 𝑖 ൌ 1,2,3  , 𝑗 ൌ 1,2, … , 𝑛.  
The wf (11ሻ െ ሺ13) is approximated by using (14)െሺ16) as follows:  
〈𝑦ଵ௡௧, 𝑣ଵ〉 ൅ ሺ∇𝑦ଵ௡, ∇𝑣ଵሻ ൅ ሺ𝑦ଵ௡, 𝑣ଵሻ െ ሺ𝑦ଶ௡, 𝑣ଵሻ  െ ሺ𝑦ଷ௡, 𝑣ଵሻ ൌ   
ሺ𝑓ଵ, 𝑣ଵሻ ൅ ሺ𝑢ଵ, 𝑣ଵሻ୻ ,  ∀ 𝑣ଵ ∈ 𝑉௡                                                                                       (17.a ) 
ሺ𝑦ଵ௡

଴ , 𝑣ଵሻ ൌ ሺ𝑦ଵ
଴, 𝑣ଵሻ,                     ∀ 𝑣ଵ ∈ 𝑉௡                          (17.b) 

〈𝑦ଶ௡௧, 𝑣ଶ〉 ൅ ሺ∇𝑦ଶ௡, ∇𝑣ଶሻ ൅ ሺ𝑦ଶ௡, 𝑣ଶሻ ൅ ሺ𝑦ଷ௡, 𝑣ଶሻ  ൅ ሺ𝑦ଵ௡, 𝑣ଶሻ ൌ   
ሺ𝑓ଶ, 𝑣ଶሻ ൅ ሺ𝑢ଶ, 𝑣ଶሻ୻,  ∀ 𝑣ଶ ∈ 𝑉௡                                                                                       (18.a) 
ሺ𝑦ଶ௡

଴ , 𝑣ଶሻ ൌ ሺ𝑦ଶ
଴, 𝑣ଶሻ ,                     ∀ 𝑣ଶ ∈ 𝑉௡                                    (18.b) 

〈𝑦ଷ௡௧, 𝑣ଷ〉 ൅ ሺ∇𝑦ଷ௡, ∇𝑣ଷሻ ൅ ሺ𝑦ଷ௡, 𝑣ଷሻ ൅ ሺ𝑦ଵ௡, 𝑣ଷሻ  െ ሺ𝑦ଶ௡, 𝑣ଷሻ ൌ   
ሺ𝑓ଷ, 𝑣ଷሻ ൅ ሺ𝑢ଷ, 𝑣ଷሻ୻ ,  ∀ 𝑣ଷ ∈ 𝑉௡                                                                                       (19.a) 
ሺ𝑦ଷ௡

଴ , 𝑣ଷሻ ൌ ሺ𝑦ଷ
଴, 𝑣ଷሻ ,                     ∀ 𝑣ଷ ∈ 𝑉௡                          (19.b) 

Where 𝑦௜௡
଴ ൌ 𝑦௜௡

଴ ሺ𝑥ሻ ൌ 𝑦௜௡ሺ𝑥, 0ሻ ∈ 𝑉௡ ⊂ 𝑉௜ ⊂ 𝐿ଶሺΩሻ is the projection of  𝑦௜
଴, thus ሺ𝑦௜௡

଴ , 𝑣௜ሻ ൌ
ሺ𝑦௜

଴, 𝑣௜ሻ,    ∀ 𝑣௜ ∈ 𝑉௡   ⟺ ∣∣ 𝑦௜௡
଴ െ 𝑦௜

଴ ∣∣଴൑∣∣ 𝑦௜
଴ െ 𝑣௜ ∣∣଴ , ∀ 𝑣௜ ∈ 𝑉௡ . 

Substituting (14ሻ െ ሺ16) in (17)െሺ19) respectively, and then setting 𝑣ଵ ൌ 𝑣ଵ௟, 𝑣ଶ ൌ 𝑣ଶ௟ 
& 𝑣ଷ ൌ 𝑣ଷ௟ ∀ 𝑙 ൌ 1,2, … , 𝑛, the obtained equations are equivalent to the following linear 
system (LS) of 1st  order  ODEs  with ICs (which has a unique solution), i.e. 
𝐴𝐶ଵ

´ ሺ𝑡ሻ ൅ 𝐵𝐶ଵሺ𝑡ሻ െ 𝐷𝐶ଶሺ𝑡ሻ  െ  𝐸𝐶ଷሺ𝑡ሻ ൌ 𝑏ଵ ,            (20.a) 
𝐴𝐶ଵሺ0ሻ ൌ 𝑏ଵ

଴ ,                 (20.b) 
𝐹𝐶ଶ

´ ሺ𝑡ሻ ൅ 𝐺𝐶ଶሺ𝑡ሻ ൅ 𝐻𝐶ଷሺ𝑡ሻ ൅  𝐾𝐶ଵሺ𝑡ሻ ൌ 𝑏ଶ ,            (21.a) 
𝐹𝐶ଶሺ0ሻ ൌ 𝑏ଶ

଴ ,                 (21.b)  
𝑀𝐶ଷ

´ ሺ𝑡ሻ ൅ 𝑁𝐶ଷሺ𝑡ሻ ൅ 𝑅𝐶ଵሺ𝑡ሻ  െ  𝑊𝐶ଶሺ𝑡ሻ ൌ 𝑏ଷ ,            (22.a) 
𝑀𝐶ଷሺ0ሻ ൌ 𝑏ଷ

଴ ,                  (22.b) 
Where 
𝐴 ൌ ൫𝑎௟௝൯

௡ൈ௡
, 𝑎௟௝ ൌ ሺ𝑣ଵ௝, 𝑣ଵ௟ሻ, 𝐵 ൌ ൫𝑏௟௝൯

௡ൈ௡
,  𝑏௟௝ ൌ(∇𝑣ଵ௝, ∇𝑣ଵ௟ሻ ൅ ሺ𝑣ଵ௝, 𝑣ଵ௟), 𝐷 ൌ ሺ𝑑௟௝ሻ௡ൈ௡, 

𝑑௟௝ ൌ ሺ𝑣ଶ௝, 𝑣ଵ௟ሻ ,  𝐸 ൌ ሺ𝑒௟௝ሻ௡ൈ௡ , 𝑒௟௝ ൌ 𝑣ଷ௝, 𝑣ଵ௟),  𝐹 ൌ ሺ𝑓௟௝ሻ௡ൈ௡ ,  𝑓௟௝ ൌ ሺ𝑣ଶ௝ , 𝑣ଶ௟ሻ, 𝐺 ൌ
൫𝑔௟௝൯

௡ൈ௡
,  𝑔௟௝ ൌ ൫𝛻𝑣ଶ௝  , 𝛻𝑣ଶ௟൯ ൅ ሺ𝑣ଶ௝ , 𝑣ଶ௟),  𝐻 ൌ ൫ℎ௟௝൯

௡ൈ௡
,  ℎ௟௝ ൌ ሺ𝑣ଷ௝, 𝑣ଶ௟ሻ,  𝐾 ൌ ൫𝑘௟௝൯

௡ൈ௡
, 

 𝑘௟௝ ൌ ሺ𝑣ଵ௝, 𝑣ଶ௟), 𝑀 ൌ ൫𝑚௟௝൯
௡ൈ௡

  , 𝑚௟௝ ൌ ሺ𝑣ଷ௝, 𝑣ଷ௟ሻ, 𝑁 ൌ ሺ𝑛௟௝ሻ௡ൈ௡, 𝑛௟௝ ൌ ሺ𝛻𝑣ଷ௝, 𝛻𝑣ଷ௟ሻ ൅

ሺ𝑣ଷ௝, 𝑣ଷ௟ሻ,  𝑅 ൌ ൫𝑟௟௝൯
௡ൈ௡

, 𝑟௟௝ ൌ ሺ𝑣ଵ௝, 𝑣ଷ௟), 𝑊 ൌ ሺ𝑤௟௝ሻ௡ൈ௡, 𝑤௟௝ ൌ ሺ𝑣ଶ௝, 𝑣ଷ௟), 𝑏௜
଴ ൌ ሺ𝑏௜௟ 

଴ ),  𝑏௜௟
଴ ൌ

 ሺ 𝑦௜
଴ , 𝑣௜௟ ሻ, 𝑏௜ ൌ ሺ𝑏௜௟ሻ௡ൈଵ, 𝑏௜௟ ൌ ሺ𝑓௜, 𝑣௜௟ሻ ൅ ሺ𝑢௜, 𝑣௜௟ሻ୻ , C௜

´ሺtሻ ൌ ሺc௜୨
´ ሺtሻ୬ൈଵ ሻ, 𝐶௜ሺtሻ ൌ

ሺ𝑐௜௝ሺtሻ୬ൈଵ ሻ, 𝐶௜ሺ0ሻ ൌ ሺ𝑐௜௝ሺ0ሻ୬ൈଵ ሻ,  ∀ 𝑙 ൌ 1,2,3 … 𝑛,   𝑖 ൌ 1,2,3.  

To show the norm ቛ𝐲𝐧
𝟎ሬሬሬሬ⃗ ቛ

𝟎
 is bounded: 

Since 𝑦ଵ
଴ ∈ 𝐿ଶሺΩሻ, there exists a sequence ሼ𝑣ଵ௡

଴ ሽ with 𝑣ଵ௡
଴ ∈ 𝑉௡ , such that  𝑣ଵ௡

଴ ⟶ 𝑦ଵ
଴ 

strongly in 𝐿ଶሺΩሻ, then from the projection Theorem [16]. And (17.b),  
‖𝑦ଵ௡

଴ െ 𝑦ଵ
଴‖଴ ൑ ‖𝑦ଵ

଴ െ 𝑣ଵ‖଴, ∀  𝑣ଵ ∈ 𝑉, and then 
 ‖𝑦ଵ௡

଴ െ 𝑦ଵ
଴‖଴ ൑ ‖𝑦ଵ

଴ െ 𝑣ଵ௡
଴ ‖଴  , ∀   𝑣ଵ௡

଴ ∈ 𝑉௡ ⊂  𝑉,  ∀𝑛 
⇒ 𝑦ଵ௡

଴ ⟶ 𝑦ଵ
଴,  strongly in  𝐿ଶሺΩሻ,  implies to  
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‖𝑦ଵ௡
଴ ‖଴ ൑  𝑏ଵ, similarly ‖𝑦ଶ௡

଴ ‖଴  ൑ 𝑏ଶ & ‖𝑦ଷ௡
଴ ‖଴ ൑ 𝑏ଷ, thus ቛ𝑦௡

଴ሬሬሬሬ⃗ ቛ
𝟎
 is bounded in ൫𝐿ଶሺΩሻ൯

ଷ
. 

The norms ‖𝒚ሬሬ⃗ 𝒏ሺ𝒕ሻ‖
𝑳ಮቀĨ,𝑳𝟐ሺΩሻቁ

 and ‖𝒚ሬሬ⃗ 𝒏ሺ𝒕ሻ‖𝑸 are   bounded: 

Setting  𝑣ଵ ൌ 𝑦ଵ௡, 𝑣ଶ ൌ 𝑦ଶ௡ and 𝑣ଷ ൌ 𝑦ଷ௡ in (17), (18) & (19) respectively, integrating  w.r.t.  
𝑡  from  0 to 𝑇, and then adding the obtained three equations, one gets  

׬ 〈�⃗�௡௧, �⃗�௡〉𝑑𝑡 ൅ ׬ ‖�⃗�௡‖ଵ
ଶ𝑑𝑡

்
଴

்
଴ ൌ  

׬ ሾሺ𝑓ଵ, 𝑦ଵ௡ሻ்
଴ ൅ ሺ𝑢ଵ, 𝑦ଵ௡ሻ୻ ൅ ሺ𝑓ଶ, 𝑦ଶ௡ሻ ൅ ሺ𝑢ଶ, 𝑦ଶ௡ሻ୻ ൅ ሺ𝑓ଷ, 𝑦ଷ௡ሻ ൅ ሺ𝑢ଷ, 𝑦ଷ௡ሻ୻ሿ𝑑𝑡,         (23) 

Using Lemma (1.2) in [11]. For the 1st term in the L.H.S. of (23), and since the 2nd term is 
positive, taking 𝑇 ൌ 𝑡 ∈ ሾ0, 𝑇ሿ. Finally, using assumption (A) for the  R.H.S. of (23), it  
yields to 
భ
మ ׬ ೏

೏೟‖௬ሬ⃗ ೙ሺ௧ሻ‖బ
మ௧

଴ 𝑑𝑡 ൑ 
భ
మ
ሾ׬ ׬ ሺ𝜂ଵ

ଶ 
ஐ ൅ |𝑦ଵ௡|ଶሻ𝑑𝑥𝑑𝑡

௧
଴ ൅ ׬ ׬ ሺ|𝑢ଵ|ଶ ൅

 
୻

௧
଴

|𝑦ଵ௡|ଶሻ𝑑𝛾𝑑𝑡 ൅ ׬ ׬ ሺ𝜂ଶ
ଶ 

ஐ
௧

଴ ൅ |𝑦ଶ௡|ଶሻ𝑑𝑥𝑑𝑡 ൅

׬  ׬ ሺ|𝑢ଶ|ଶ 
୻

௧
଴ ൅ |𝑦ଶ௡|ଶሻ𝑑𝛾𝑑𝑡 ൅ ׬ ׬ ሺ𝜂ଷ

ଶ 
ஐ

௧
଴ ൅ |𝑦ଷ௡|ଶሻ𝑑𝑥𝑑𝑡 ൅ ׬ ׬ ሺ|𝑢ଷ|ଶ 

୻
௧

଴ ൅ |𝑦ଷ௡|ଶሻ𝑑𝛾𝑑𝑡 ]. 
Using the Trace Theorem [17]. Of the R.H.S.,  to get  
‖�⃗�௡ሺ𝑡ሻ‖଴

ଶ െ ‖�⃗�௡ሺ0ሻ‖଴
ଶ ൑ 

‖𝜂ଵ‖ொ
ଶ ൅ ‖𝜂ଶ‖ொ

ଶ ൅ ‖𝜂ଷ‖ொ
ଶ ൅ ‖𝑢ଵ‖ஊ

ଶ ൅ ‖𝑢ଶ‖ஊ
ଶ ൅ ‖𝑢ଷ‖ஊ

ଶ ൅ ׬ ‖𝑦ଵ௡‖଴
ଶ௧

଴ 𝑑𝑡 ൅ 𝑐ଵ
ଶ ׬ ‖𝑦ଵ௡‖଴

ଶ௧
଴ 𝑑𝑡 ൅

׬ ‖𝑦ଶ௡‖଴
ଶ௧

଴ 𝑑𝑡 ൅ 𝑐ଶ
ଶ ׬ ‖𝑦ଶ௡‖଴

ଶ௧
଴ 𝑑𝑡 ൅ ׬ ‖𝑦ଷ௡‖଴

ଶ௧
଴ 𝑑𝑡 ൅ 𝑐ଷ

ଶ ׬ ‖𝑦ଷ௡‖଴
ଶ௧

଴ 𝑑𝑡. 

Since ‖𝜂௜‖ொ
ଶ ൑ 𝑏ሖ ௜ , ‖𝑢௜‖ஊ

ଶ ൑ �́�௜, ∀ 𝑖 ൌ 1,2,3, ‖�⃗�௡ሺ0ሻ‖଴
ଶ ൑ 𝑏, then 

 ‖�⃗�௡ሺ𝑡ሻ‖଴
ଶ ൑ 𝑐ଵ

∗ ൅ ℏ ׬ ‖�⃗�௡‖଴
ଶ௧

଴ 𝑑𝑡, 

where 𝑐ଵ
∗ ൌ 𝑏ሖଵ ൅ 𝑏ሖ ଶ ൅ 𝑏ሖ ଷ ൅ �́�ଵ ൅ �́�ଶ ൅ �́�ଷ ൅ 𝑏 and ℏ ൌ maxሺℏଵ

∗, ℏଶ
∗ , ℏଷ

∗ ሻ; ℏଵ
∗ ൌ 1 ൅ 𝑐ଵ

ଶ,  ℏଶ
∗ ൌ

1 ൅ 𝑐ଶ
ଶ , ℏଷ

∗ ൌ 1 ൅ 𝑐ଷ
ଶ.  

Using the continuous Bellman Gronwall Inequality ( BGI ),  one gets   
‖�⃗�௡ሺ𝑡ሻ‖଴

ଶ ൑ 𝑐ଵ
∗𝑒ℏ் ൌ 𝑏ଶሺ𝑐ሻ,  ∀ 𝑡 ∈ ሾ0, 𝑇ሿ or ‖�⃗�௡ሺ𝑡ሻ‖

𝑳ಮቀĨ,𝑳𝟐ሺΩሻቁ
൑ 𝑏ሺ𝑐ሻ ⇒ ‖�⃗�௡ሺ𝑡ሻ‖𝑸 ൑ 𝑏ଵሺ𝑐ሻ.  

The norm ‖�⃗�௡ሺ𝑡ሻ‖𝑳𝟐ሺĨ,𝑽ሻ is bounded : 

Again for (23) by using Lemma (1.2) in [11]. For the L.H.S. the same results may be 
obtained (from the above steps) and since  ‖�⃗�௡ሺ0ሻ‖଴

ଶ is bounded, equation (23)   with  𝑡 =T ,  
becomes  
‖�⃗�௡ሺ𝑡ሻ‖଴

ଶ െ ‖�⃗�௡ሺ0ሻ‖଴
ଶ ൅ 2 ׬ ‖�⃗�௡‖ଵ

ଶ்
଴ 𝑑𝑡 ൑ ‖𝜂ଵ‖ொ

ଶ ൅ ‖𝜂ଶ‖ொ
ଶ ൅ ‖𝜂ଷ‖ொ

ଶ ൅ ‖𝑢ଵ‖ஊ
ଶ ൅ ‖𝑢ଶ‖ஊ

ଶ ൅
‖𝑢ଷ‖ஊ

ଶ ൅  ℏ‖�⃗�௡‖𝑸
ଶ  . 

Which gives 

׬ ‖�⃗�௡‖ଵ
ଶ்

଴
𝑑𝑡 ൑  𝑏ଷ

ଶሺ𝑐ሻ, with 𝑏ଷ
ଶሺ𝑐ሻ ൌ  

ቀ௕ሖ భ ା௕ሖ మା௕ሖ యା௖́భା௖́మା௖́యା௕ ାℏ௕భሺ௖ሻቁ

ଶ
,  thus ‖�⃗�௡‖𝑳𝟐ሺĨ,𝑽ሻ ൑ 𝑏ଷሺ𝑐ሻ. 

The convergence of the solution: 

Let ൛𝑉ሬ⃗௡ൟ
௡ୀଵ

ஶ
be a sequence of subspaces of  𝑉ሬ⃗ , s.t.  ∀    �⃗� ∈  𝑉,ሬሬሬ⃗  there exists a sequence ሼ�⃗�௡} 

with �⃗�௡ ∈ 𝑉ሬ⃗௡ ,  ∀ 𝑛 and �⃗�௡ ⟶ �⃗�, strongly in 𝑉ሬ⃗  ⇒ �⃗�௡ ⟶ �⃗�, strongly in ൫𝐿ଶሺΩሻ൯
ଷ
, since for 

each 𝑛, with 𝑉ሬ⃗௡ ⊂ 𝑉ሬ⃗ , (17ሻ െ ሺ19) has a unique solution �⃗�௡ ൌ ሺ𝑦ଵ௡, 𝑦ଶ௡, 𝑦ଷ௡ሻ,  hence  

corresponding  to  the sequence of subspaces ൛𝑉ሬ⃗௡ൟ
௡ୀଵ

ஶ
, there exists a sequence of 

(approximation) problems like (17ሻ െ ሺ19),  thus by substituting  �⃗� ൌ �⃗�௡ ൌ ሺ𝑣ଵ௡, 𝑣ଶ௡, 𝑣ଷ௡ሻ, 
one has for  𝑛 ൌ 1,2, …   
〈𝑦ଵ௡௧, 𝑣ଵ௡〉 ൅ ሺ∇𝑦ଵ௡, ∇𝑣ଵ௡ሻ ൅ ሺ𝑦ଵ௡, 𝑣ଵ௡ሻ െ ሺ𝑦ଶ௡, 𝑣ଵ௡ሻ െ ሺ𝑦ଷ௡, 𝑣ଵ௡ሻ ൌ   
(𝑓ଵ,𝑣ଵ௡) ൅ሺ𝑢ଵ, 𝑣ଵ௡ሻ୻,                       ∀   𝑣ଵ௡  ∈ 𝑉௡                                                            (24.a) 
ሺ𝑦ଵ௡

଴ , 𝑣ଵ௡ሻ ൌ ሺ𝑦ଵ
଴, 𝑣ଵ௡ሻ,                    ∀   𝑣ଵ௡  ∈ 𝑉௡                                     (24.b) 
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〈𝑦ଶ௡௧, 𝑣ଶ௡〉 ൅ ሺ∇𝑦ଶ௡, ∇𝑣ଶ௡ሻ ൅ ሺ𝑦ଶ௡, 𝑣ଶ௡ሻ ൅ ሺ𝑦ଷ௡, 𝑣ଶ௡ሻ ൅ ሺ𝑦ଵ௡, 𝑣ଶ௡ሻ ൌ   
(𝑓ଶ,𝑣ଶ௡) ൅ሺ𝑢ଶ, 𝑣ଶ௡ሻ୻,                      ∀   𝑣ଶ௡  ∈ 𝑉௡                                                              (25.a) 
ሺ𝑦ଶ௡

଴ , 𝑣ଶ௡ሻ ൌ ሺ𝑦ଶ
଴, 𝑣ଶ௡ሻ,                    ∀   𝑣ଶ௡  ∈ 𝑉௡                         (25.b) 

〈𝑦ଷ௡௧, 𝑣ଷ௡〉 ൅ ሺ∇𝑦ଷ௡, ∇𝑣ଷ௡ሻ ൅ ሺ𝑦ଷ௡, 𝑣ଷ௡ሻ ൅ ሺ𝑦ଵ௡, 𝑣ଷ௡ሻ െ ሺ𝑦ଶ௡, 𝑣ଷ௡ሻ ൌ   
(𝑓ଷ,𝑣ଷ௡) ൅ ሺ𝑢ଷ, 𝑣ଷ௡ሻ୻,                      ∀   𝑣ଷ௡  ∈ 𝑉௡                                                             (26.a) 
ሺ𝑦ଷ௡

଴ , 𝑣ଷ௡ሻ ൌ ሺ𝑦ଷ
଴, 𝑣ଷ௡ሻ,                     ∀   𝑣ଷ௡  ∈ 𝑉௡                         (26.b) 

which has a sequence of solutions ሼ�⃗�௡ሽ௡ୀଵ
ஶ , with   �⃗�௡,  but from the above steps we have  

‖�⃗�௡‖𝑳𝟐ሺ𝑸ሻ and ‖�⃗�௡‖𝑳𝟐ሺĨ,𝑽ሻ  are bounded, then by Alaoglu’s Theorem (ATh), there  exists a 

subsequence of ሼ�⃗�௡ሽ௡∈ே, say again ሼ�⃗�௡ሽ௡∈ே s.t.  �⃗�௡ ⟶  �⃗�  weakly in ൫𝐿ଶሺ𝑄ሻ൯
ଷ
 and  in 

ቀ𝐿ଶሺĨ, 𝑉ሻቁ
ଷ

 . Multiplying both sides of (24.a), (25.a) & (26.a)  by 𝜑௜ሺ𝑡ሻ ∈ 𝐶ଵሾ0, 𝑇ሿ, ∀𝑖 ൌ

1,2,3, respectively, s.t. 𝜑௜ሺ𝑇ሻ ൌ 0 , 𝜑௜ሺ0ሻ ് 0, integrating both sides w.r.t.  𝑡 on ሾ0, 𝑇ሿ, then 
integrating by parts the 1st terms in the L.H.S. of each one obtained equation, one gets 

െ ׬ ሺ𝑦ଵ௡, 𝑣ଵ௡ሻ𝜑ଵ
ˊ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଵ௡, ∇𝑣ଵ௡ሻ ൅ ሺ𝑦ଵ௡, 𝑣ଵ௡ሻሿ𝜑ଵሺ𝑡ሻ𝑑𝑡 െ
்

଴ ׬ ሺ𝑦ଶ௡, 𝑣ଵ௡ሻ𝜑ଵሺ𝑡ሻ்
଴ 𝑑𝑡 െ

׬ ሺ𝑦ଷ௡, 𝑣ଵ௡ሻ𝜑ଵሺ𝑡ሻ்
଴ 𝑑𝑡 ൌ ׬ ሺ𝑓ଵ, 𝑣ଵ௡ሻ𝜑ଵሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑢ଵ, 𝑣ଵ௡ሻ୻𝜑ଵሺ𝑡ሻ𝑑𝑡 

்
଴

்
଴ ൅ ሺ𝑦ଵ௡

଴ , 𝑣ଵ௡ሻ𝜑ଵሺ0ሻ,      

                                                                                                                                           (27) 

െ ׬ ሺ𝑦ଶ௡, 𝑣ଶ௡ሻ𝜑ଶ
ˊ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଶ௡, ∇𝑣ଶ௡ሻ ൅ ሺ𝑦ଶ௡, 𝑣ଶ௡ሻሿ𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑦ଷ௡, 𝑣ଶ௡ሻ𝜑ଶሺ𝑡ሻ்
଴ 𝑑𝑡 ൅

்
଴  

׬ ሺ𝑦ଵ௡, 𝑣ଶ௡ሻ𝜑ଶሺ𝑡ሻ்
଴ 𝑑𝑡 ൌ ׬ ሺ𝑓ଶ, 𝑣ଶ௡ሻ𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑢ଶ, 𝑣ଶ௡ሻ୻𝜑ଶሺ𝑡ሻ𝑑𝑡 

்
଴

்
଴ ൅ ሺ𝑦ଶ௡

଴ , 𝑣ଶ௡ሻ𝜑ଶሺ0ሻ,        

                     (28) 

െ ׬ ሺ𝑦ଷ௡, 𝑣ଷ௡ሻ𝜑ଷ
ˊ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଷ௡, ∇𝑣ଷ௡ሻ ൅ ሺ𝑦ଷ௡, 𝑣ଷ௡ሻሿ𝜑ଷሺ𝑡ሻ𝑑𝑡 ൅
்

଴ ׬ ሺ𝑦ଵ௡, 𝑣ଷ௡ሻ𝜑ଷሺ𝑡ሻ்
଴ 𝑑𝑡 െ

׬ ሺ𝑦ଶ௡, 𝑣ଷ௡ሻ𝜑ଷሺ𝑡ሻ்
଴ 𝑑𝑡 ൌ ׬ ሺ𝑓ଷ, 𝑣ଷ௡ሻ𝜑ଷሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑢ଷ, 𝑣ଷ௡ሻ୻𝜑ଷሺ𝑡ሻ𝑑𝑡 

்
଴

்
଴ ൅ ሺ𝑦ଷ௡

଴ , 𝑣ଷ௡ሻ𝜑ଷሺ0ሻ,     

                               (29) 

Since  
𝑣௜௡ ⟶ 𝑣௜  strongly in 𝐿ଶሺΩሻ
𝑣௜௡ ⟶ 𝑣௜ strongly in 𝑉         

ൠ ⇒ ቊ
𝑣௜௡𝜑௜

´ ⟶ 𝑣௜𝜑௜
´  strongly in 𝐿ଶሺ𝑄ሻ 

  𝑣௜௡𝜑௜ ⟶ 𝑣௜𝜑௜ strongly in 𝐿ଶሺĨ, 𝑉ሻ 
 ,   

Also, since 
𝑦௜௡ ⟶ 𝑦௜  weakly in  𝐿ଶሺ𝑄ሻ,  and  
𝑦௜௡

଴ ⟶ 𝑦௜
଴  weakly in  𝐿ଶሺ𝑄ሻ, ∀ 𝑖 ൌ 1,2,3,  then 

׬ ሺ𝑦ଵ௡, 𝑣ଵ௡ሻ𝜑ଵ
´ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଵ௡, ∇𝑣ଵ௡ሻ ൅ ሺ𝑦ଵ௡, 𝑣ଵ௡ሻሿ𝜑ଵሺ𝑡ሻ𝑑𝑡 െ
்

଴ ׬ ሺ𝑦ଶ௡, 𝑣ଵ௡ሻ𝜑ଵሺ𝑡ሻ்
଴ 𝑑𝑡 െ

׬ ሺ𝑦ଷ௡, 𝑣ଵ௡ሻ𝜑ଵሺ𝑡ሻ்
଴

𝑑𝑡 ⟶  

׬ ሺ𝑦ଵ, 𝑣ଵሻ𝜑ଵ
´ ሺ𝑡ሻ𝑑𝑡 ൅ ׬  ሾ

்
଴

ሺ∇𝑦ଵ, ∇𝑣ଵሻ ൅ ሺ𝑦ଵ, 𝑣ଵሻሿ𝜑ଵሺ𝑡ሻ𝑑𝑡 െ
்

଴ ׬ ሺ𝑦ଶ, 𝑣ଵሻ𝜑ଵሺ𝑡ሻ்
଴ 𝑑𝑡 െ

׬ ሺ𝑦ଷ, 𝑣ଵሻ𝜑ଵሺ𝑡ሻ்
଴ 𝑑𝑡 ,                                                                                                        (30.a) 

׬ ሺ𝑦ଶ௡ , 𝑣ଶ௡ሻ𝜑ଶ
´ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଶ௡, ∇𝑣ଶ௡ሻ ൅ ሺ𝑦ଶ௡, 𝑣ଶ௡ሻሿ𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅
்

଴ ׬ ሺ𝑦ଷ௡, 𝑣ଶ௡ሻ𝜑ଶሺ𝑡ሻ்
଴ 𝑑𝑡 ൅

׬ ሺ𝑦ଵ௡, 𝑣ଶ௡ሻ𝜑ଶሺ𝑡ሻ்
଴ 𝑑𝑡 ⟶  

׬ ሺ𝑦ଶ, 𝑣ଶሻ𝜑ଶ
´ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଶ, ∇𝑣ଶሻ ൅ ሺ𝑦ଶ, 𝑣ଶሻሿ𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅
்

଴ ׬ ሺ𝑦ଷ, 𝑣ଶሻ𝜑ଶሺ𝑡ሻ்
଴ 𝑑𝑡 ൅

׬ ሺ𝑦ଵ, 𝑣ଶሻ𝜑ଶሺ𝑡ሻ்
଴ 𝑑𝑡 ,                                                                                                         (31.a) 

׬ ሺ𝑦ଷ௡, 𝑣ଷ௡ሻ𝜑ଷ
´ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଷ௡, ∇𝑣ଷ௡ሻ ൅ ሺ𝑦ଷ௡, 𝑣ଷ௡ሻሿ𝜑ଷሺ𝑡ሻ𝑑𝑡 ൅
்

଴ ׬ ሺ𝑦ଵ௡, 𝑣ଷ௡ሻ𝜑ଷሺ𝑡ሻ்
଴ 𝑑𝑡 െ

׬ ሺ𝑦ଶ௡, 𝑣ଷ௡ሻ𝜑ଷሺ𝑡ሻ்
଴ 𝑑𝑡 ⟶  

׬ ሺ𝑦ଷ, 𝑣ଷሻ𝜑ଷ
´ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଷ, ∇𝑣ଷሻ ൅ ሺ𝑦ଷ, 𝑣ଷሻሿ𝜑ଷሺ𝑡ሻ𝑑𝑡 ൅
்

଴ ׬ ሺ𝑦ଵ, 𝑣ଷሻ𝜑ଷሺ𝑡ሻ்
଴ 𝑑𝑡 െ

׬ ሺ𝑦ଶ, 𝑣ଷሻ𝜑ଷሺ𝑡ሻ்
଴ 𝑑𝑡 ,                                                                                                          (32.a) 

ሺ𝑦ଵ௡
଴ , 𝑣ଵ௡ሻ𝜑ଵሺ0ሻ ⟶ ሺ𝑦ଵ

଴, 𝑣ଵሻ𝜑ଵሺ0ሻ,                                                                                  (30.b) 
ሺ𝑦ଶ௡

଴ , 𝑣ଶ௡ሻ𝜑ଶሺ0ሻ ⟶ ሺ𝑦ଶ
଴, 𝑣ଶሻ𝜑ଶሺ0ሻ,                                                                                 (31.b) 

ሺ𝑦ଷ௡
଴ , 𝑣ଷ௡ሻ𝜑ଷሺ0ሻ ⟶ ሺ𝑦ଷ

଴, 𝑣ଷሻ𝜑ଷሺ0ሻ,                                                                                 (32.b) 
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since   𝑣௜௡ ⟶ 𝑣௜ ,  weakly in  𝐿ଶሺΩሻ,  then 

׬ ሾሺ𝑓ଵ, 𝑣ଵ௡ሻ ൅ ሺ𝑢ଵ, 𝑣ଵ௡ሻ୻ሿ𝜑ଵሺ𝑡ሻ𝑑𝑡
்

଴ ⟶ ׬ ሾሺ𝑓ଵ, 𝑣ଵሻ ൅ ሺ𝑢ଵ, 𝑣ଵሻ୻ሿ𝜑ଵሺ𝑡ሻ𝑑𝑡
்

଴ ,                       (30.c)    

׬ ሾሺ𝑓ଶ, 𝑣ଶ௡ሻ ൅ ሺ𝑢ଶ, 𝑣ଶ௡ሻ୻ሿ𝜑ଶሺ𝑡ሻ𝑑𝑡
்

଴ ⟶ ׬ ሾሺ𝑓ଶ, 𝑣ଶሻ ൅ ሺ𝑢ଶ, 𝑣ଶሻ୻ሿ𝜑ଶሺ𝑡ሻ𝑑𝑡
்

଴ ,                      (31.c) 

׬ ሾሺ𝑓ଷ, 𝑣ଷ௡ሻ ൅ ሺ𝑢ଷ, 𝑣ଷ௡ሻ୻ሿ𝜑ଷሺ𝑡ሻ𝑑𝑡
்

଴ ⟶ ׬ ሾሺ𝑓ଷ, 𝑣ଷሻ ൅ ሺ𝑢ଷ, 𝑣ଷሻ୻ሿ𝜑ଷሺ𝑡ሻ𝑑𝑡
்

଴ ,                      (32.c) 
which  means (30ሻ െ ሺ32), converge to (33െ35), respectively 

െ ׬ ሺ𝑦ଵ, 𝑣ଵሻ𝜑ଵ
ˊ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଵ, ∇𝑣ଵሻ ൅ ሺ𝑦ଵ, 𝑣ଵሻሿ𝜑ଵሺ𝑡ሻ𝑑𝑡 െ
்

଴ ׬ ሺ𝑦ଶ, 𝑣ଵሻ𝜑ଵሺ𝑡ሻ்
଴ 𝑑𝑡 െ

׬ ሺ𝑦ଷ, 𝑣ଵሻ𝜑ଵሺ𝑡ሻ்
଴ 𝑑𝑡 ൌ ׬ ሺ𝑓ଵ, 𝑣ଵሻ𝜑ଵሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑢ଵ, 𝑣ଵሻ୻𝜑ଵሺ𝑡ሻ𝑑𝑡 

்
଴

்
଴ ൅ ሺ𝑦ଵ

଴, 𝑣ଵሻ𝜑ଵሺ0ሻ,         (33) 

െ ׬ ሺ𝑦ଶ, 𝑣ଶሻ𝜑ଶ
ˊ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଶ, ∇𝑣ଶሻ ൅ ሺ𝑦ଶ, 𝑣ଶሻሿ𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅
்

଴ ׬ ሺ𝑦ଷ, 𝑣ଶሻ𝜑ଶሺ𝑡ሻ்
଴ 𝑑𝑡 ൅

׬ ሺ𝑦ଵ, 𝑣ଶሻ𝜑ଶሺ𝑡ሻ்
଴ 𝑑𝑡 ൌ ׬ ሺ𝑓ଶ, 𝑣ଶሻ𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑢ଶ, 𝑣ଶሻ୻𝜑ଶሺ𝑡ሻ𝑑𝑡 

்
଴

்
଴ ൅ ሺ𝑦ଶ

଴, 𝑣ଶሻ𝜑ଶሺ0ሻ,        (34) 

െ ׬ ሺ𝑦ଷ, 𝑣ଷሻ𝜑ଷ
ˊ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଷ, ∇𝑣ଷሻ ൅ ሺ𝑦ଷ, 𝑣ଷሻሿ𝜑ଷሺ𝑡ሻ𝑑𝑡 ൅
்

଴ ׬ ሺ𝑦ଵ, 𝑣ଷሻ𝜑ଷሺ𝑡ሻ்
଴ 𝑑𝑡 െ

׬ ሺ𝑦ଶ, 𝑣ଷሻ𝜑ଷሺ𝑡ሻ்
଴ 𝑑𝑡 ൌ ׬ ሺ𝑓ଷ, 𝑣ଷሻ𝜑ଷሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑢ଷ, 𝑣ଷሻ୻𝜑ଷሺ𝑡ሻ𝑑𝑡 

்
଴

்
଴ ൅ ሺ𝑦ଷ

଴, 𝑣ଷሻ𝜑ଷሺ0ሻ,        (35) 

 Case1: Choose 𝜑௜ ∈ 𝐷ሾ0, 𝑇ሿ, i.e. 𝜑௜ሺ0ሻ ൌ 𝜑௜ሺ𝑇ሻ ൌ 0, ∀𝑖 ൌ 1,2 ,3. Substituting in 
(33)െሺ35), using integration by parts for the 1st terms in the L.H.S. of each one of the 
obtained equations, one has 

׬ 〈𝑦ଵ௧, 𝑣ଵ〉𝜑ଵሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ
்

଴
ሺ∇𝑦ଵ, ∇𝑣ଵሻ ൅ ሺ𝑦ଵ, 𝑣ଵሻሿ𝜑ଵሺ𝑡ሻ𝑑𝑡 െ

்
଴ ׬ ሺ𝑦ଶ, 𝑣ଵሻ𝜑ଵሺ𝑡ሻ்

଴ 𝑑𝑡 െ

׬ ሺ𝑦ଷ, 𝑣ଵሻ𝜑ଵሺ𝑡ሻ்
଴ 𝑑𝑡 ൌ ׬ ሺ𝑓ଵ, 𝑣ଵሻ𝜑ଵሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑢ଵ, 𝑣ଵሻ୻𝜑ଵሺ𝑡ሻ𝑑𝑡 

்
଴

்
଴ ,                                   (36) 

׬ 〈𝑦ଶ௧, 𝑣ଶ〉𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ
்

଴
ሺ∇𝑦ଶ, ∇𝑣ଶሻ ൅ ሺ𝑦ଶ, 𝑣ଶሻሿ𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅

்
଴ ׬ ሺ𝑦ଷ, 𝑣ଶሻ𝜑ଶሺ𝑡ሻ்

଴ 𝑑𝑡 ൅

׬ ሺ𝑦ଵ, 𝑣ଶሻ𝜑ଶሺ𝑡ሻ்
଴ 𝑑𝑡 ൌ ׬ ሺ𝑓ଶ, 𝑣ଶሻ𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑢ଶ, 𝑣ଶሻ୻𝜑ଶሺ𝑡ሻ𝑑𝑡 

்
଴

்
଴ ,                                  (37) 

׬ 〈𝑦ଷ௧, 𝑣ଷ〉𝜑ଷሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ
்

଴
ሺ∇𝑦ଷ, ∇𝑣ଷሻ ൅ ሺ𝑦ଷ, 𝑣ଷሻሿ𝜑ଷሺ𝑡ሻ𝑑𝑡 ൅

்
଴ ׬ ሺ𝑦ଵ, 𝑣ଷሻ𝜑ଷሺ𝑡ሻ்

଴ 𝑑𝑡 െ

׬ ሺ𝑦ଶ, 𝑣ଷሻ𝜑ଷሺ𝑡ሻ்
଴

𝑑𝑡 ൌ ׬ ሺ𝑓ଷ, 𝑣ଷሻ𝜑ଷሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑢ଷ, 𝑣ଷሻ୻𝜑ଷሺ𝑡ሻ𝑑𝑡 
்

଴
்

଴
,                                  (38) 

i.e. �⃗�  is a solution  of  the wf (11ሻ െ ሺ13) . 
Case 2: Choose 𝜑௜ ∈ 𝐶ଵሾ0, 𝑇ሿ, s.t. 𝜑௜ሺ𝑇ሻ ൌ 0 & 𝜑௜ሺ0ሻ ് 0, ∀𝑖 ൌ 1,2,3. Using integration by 
parts for 1st  term in the L.H.S. of (36), one gets  

െ ׬ ሺ𝑦ଵ, 𝑣ଵሻ𝜑ଵ
ˊ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଵ, ∇𝑣ଵሻ ൅ ሺ𝑦ଵ, 𝑣ଵሻሿ𝜑ଵሺ𝑡ሻ𝑑𝑡 െ
்

଴ ׬ ሺ𝑦ଶ, 𝑣ଵሻ𝜑ଵሺ𝑡ሻ்
଴ 𝑑𝑡 െ

׬ ሺ𝑦ଷ, 𝑣ଵሻ𝜑ଵሺ𝑡ሻ்
଴ 𝑑𝑡 ൌ ׬ ሺ𝑓ଵ, 𝑣ଵሻ𝜑ଵሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑢ଵ, 𝑣ଵሻ୻𝜑ଵሺ𝑡ሻ𝑑𝑡 

்
଴

்
଴ ൅ ሺ𝑦ଵሺ0ሻ, 𝑣ଵሻ𝜑ଵሺ0ሻ,    (39) 

Subtracting (33) from (39),  one obtains that   
ሺ𝑦ଵ

଴, 𝑣ଵሻ𝜑ଵሺ0ሻ ൌ ሺ𝑦ଵሺ0ሻ, 𝑣ଵሻ𝜑ଵሺ0ሻ , 𝜑ଵሺ0ሻ ് 0,∀ 𝜑ଵ ∈ 𝐶ଵሾ0, 𝑇ሿ ⇒  ሺ𝑦ଵ
଴, 𝑣ଵሻ ൌ ሺ𝑦ଵሺ0ሻ, 𝑣ଵሻ, 

i.e. the ICs (11.b) holds. By the same above  way one can show that ሺ𝑦ଶ
଴, 𝑣ଶሻ ൌ ሺ𝑦ଶሺ0ሻ, 𝑣ଶሻ, 

ሺ𝑦ଷ
଴, 𝑣ଷሻ ൌ ሺ𝑦ଷሺ0ሻ, 𝑣ଷሻ which   means  the  ICs (12.b) & (13.b) are holds.    

The strongly convergence for �⃗�𝐧:  
Substituting  𝑣ଵ ൌ 𝑦ଵ௡ ,𝑣ଶ ൌ 𝑦ଶ௡ and 𝑣ଷ ൌ 𝑦ଷ௡ in (17.a), (18.a)&(19.a) respectively, adding 
the three obtained equations together, and then integrating the obtained equation from 0 to 𝑇, 
on the other hand substituting  𝑣ଵ ൌ 𝑦ଵ ,𝑣ଶ ൌ 𝑦ଶ & 𝑣ଷ ൌ 𝑦ଷ in (11.a), (12.a) &(13.a) 
respectively, adding them together, integrating the obtained equations from 0 to 𝑇,  one gets 

׬ 〈�⃗�௡௧, �⃗�௡〉்
଴  𝑑𝑡 ൅ ׬ 𝑎ሺ�⃗�௡, �⃗�௡ሻ𝑑𝑡 ൌ

்
଴   

׬ ሾሺ𝑓ଵ, 𝑦ଵ௡ሻ
்

଴ ൅ ሺ𝑢ଵ, 𝑦ଵ௡ሻ୻ ൅ ሺ𝑓ଶ, 𝑦ଶ௡ሻ ൅ ሺ𝑢ଶ, 𝑦ଶ௡ሻ୻ ൅ ሺ𝑓ଷ, 𝑦ଷ௡ሻ ൅ ሺ𝑢ଷ, 𝑦ଷ௡ሻ୻ሿ𝑑𝑡,          (40.a)  

׬ 〈�⃗�௧, �⃗�〉்
଴  𝑑𝑡 ൅ ׬ 𝑎ሺ�⃗� , �⃗� ሻ𝑑𝑡 ൌ

்
଴   

׬ ሾሺ𝑓ଵ, 𝑦ଵሻ
்

଴ ൅ ሺ𝑢ଵ, 𝑦ଵሻ୻ ൅ ሺ𝑓ଶ, 𝑦ଶሻ ൅ ሺ𝑢ଶ, 𝑦ଶሻ୻ ൅ ሺ𝑓ଷ, 𝑦ଷሻ ൅ ሺ𝑢ଷ, 𝑦ଷሻ୻ሿ𝑑𝑡,                     (40.b) 

using Lemma(1.2) in [11]  for the 1st  terms in the L.H.S. of (40.a&b),  they become 

 భ
మ
‖�⃗�௡ሺ𝑇ሻ‖଴

ଶ െ భ
మ
‖�⃗�௡ሺ0ሻ‖଴

ଶ ൅ ׬ 𝑎ሺ�⃗�௡, �⃗�௡ሻ𝑑𝑡 ൌ
்

଴  

׬ ሾሺ𝑓ଵ, 𝑦ଵ௡ሻ
்

଴ ൅ ሺ𝑢ଵ, 𝑦ଵ௡ሻ୻ ൅ ሺ𝑓ଶ, 𝑦ଶ௡ሻ ൅ ሺ𝑢ଶ, 𝑦ଶ௡ሻ୻ ൅ ሺ𝑓ଷ, 𝑦ଷ௡ሻ ൅  ሺ𝑢ଷ, 𝑦ଷ௡ሻ୻ሿ𝑑𝑡,           (41.a) 
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  భ
మ
‖�⃗�ሺ𝑇ሻ‖଴

ଶ െ భ
మ
‖�⃗�ሺ0ሻ‖଴

ଶ ൅ ׬ 𝑎ሺ�⃗�, �⃗�ሻ𝑑𝑡 ൌ
்

଴ ׬ ሾሺ𝑓ଵ, 𝑦ଵሻ
்

଴ ൅ ሺ𝑢ଵ, 𝑦ଵሻ୻ ൅ ሺ𝑓ଶ, 𝑦ଶሻ ൅ ሺ𝑢ଶ, 𝑦ଶሻ୻ ൅
ሺ𝑓ଷ, 𝑦ଷሻ ൅ ሺ𝑢ଷ, 𝑦ଷሻ୻ሿ𝑑𝑡,                                                                                                     (41.b) 
since 

  భ
మ
‖�⃗�௡ሺ𝑇ሻ െ �⃗�ሺ𝑇ሻ‖଴

ଶ െ భ
మ
‖�⃗�௡ሺ0ሻ െ �⃗�ሺ0ሻ‖଴

ଶ ൅ ׬ 𝑎ሺ�⃗�௡ െ �⃗�, �⃗�௡ െ �⃗�ሻ்
଴ 𝑑𝑡 ൌ  𝐴ଵ െ  𝐵ଵ െ  𝐶ଵ,  (42) 

where  

 𝐴ଵ ൌ భ
మ
‖�⃗�௡ሺ𝑇ሻ‖଴

ଶ െ భ
మ
‖�⃗�௡ሺ0ሻ‖଴

ଶ ൅ ׬ 𝑎൫�⃗�௡ሺ𝑡ሻ, �⃗�௡ሺ𝑡ሻ൯𝑑𝑡
்

଴  

𝐵ଵ ൌ భ
మ൫�⃗�௡ሺ𝑇ሻ, �⃗�ሺ𝑇ሻ൯ െ భ

మ൫�⃗�௡ሺ0ሻ, �⃗�ሺ0ሻ൯  ൅ ׬ 𝑎൫�⃗�௡ሺ𝑡ሻ, �⃗�ሺ𝑡ሻ൯
்

଴ 𝑑𝑡,  

𝐶ଵ ൌ భ
మ൫�⃗�ሺ𝑇ሻ, �⃗�௡ሺ𝑇ሻ െ �⃗�ሺ𝑇ሻ൯ െ భ

మ൫�⃗�ሺ0ሻ, �⃗�௡ሺ0ሻ െ �⃗�ሺ0ሻ൯ ൅ ׬ 𝑎൫�⃗�ሺ𝑡ሻ, �⃗�௡ሺ𝑡ሻ െ �⃗�ሺ𝑡ሻ൯𝑑𝑡
்

଴ , 
Since 

  �⃗�௡
଴ ൌ �⃗�௡ሺ0ሻ ⟶ �⃗�଴ ൌ �⃗�ሺ0ሻ strongly in ൫𝐿ଶሺΩሻ൯

ଷ
,                                                          (42.a)                           

 �⃗�௡ሺ𝑇ሻ ⟶ �⃗�ሺ𝑇ሻ      strongly in     ൫𝐿ଶሺΩሻ൯
ଷ
,                                                                     (42.b)  

Then 

ቊ
൫�⃗�ሺ0ሻ, �⃗�௡ሺ0ሻ െ �⃗�ሺ0ሻ൯ ⟶ 0 

 ൫�⃗�ሺ𝑇ሻ, �⃗�௡ሺ𝑇ሻ െ �⃗�ሺ𝑇ሻ൯ ⟶ 0  
,                                                                                        (42.c) 

ቊ
‖�⃗�௡ሺ0ሻ െ �⃗�ሺ0ሻ‖଴

ଶ ⟶ 0
 ‖�⃗�௡ሺ𝑇ሻ െ �⃗�ሺ𝑇ሻ‖଴

ଶ ⟶ 0  
,                                                                                               (42.d)  

Since �⃗�௡ ⟶ �⃗�  weakly in  ቀ𝐿ଶሺĨ, 𝑉ሻቁ
ଷ
, then ׬ 𝑎൫�⃗�ሺ𝑡ሻ, �⃗�௡ሺ𝑡ሻ െ �⃗�ሺ𝑡ሻ൯𝑑𝑡

்
଴ ⟶ 0,              (42.e) 

As well as, since �⃗�௡ ⟶ �⃗� weakly in ൫𝐿ଶሺ𝑄ሻ൯
ଷ

 ,  then  

׬ ሾሺ𝑓ଵ, 𝑦ଵ௡ሻ்
଴ ൅ ሺ𝑢ଵ, 𝑦ଵ௡ሻ୻ ൅ ሺ𝑓ଶ, 𝑦ଶ௡ሻ ൅ ሺ𝑢ଶ, 𝑦ଶ௡ሻ୻ ൅ ሺ𝑓ଷ, 𝑦ଷ௡ሻ ൅ ሺ𝑢ଷ, 𝑦ଷ௡ሻ୻ ሿ𝑑𝑡 ⟶ 

׬ ሾ
்

଴
ሺ𝑓ଵ, 𝑦ଵሻ ൅ ሺ𝑢ଵ, 𝑦ଵሻ୻ ൅ ሺ𝑓ଶ, 𝑦ଶሻ ൅ ሺ𝑢ଶ, 𝑦ଶሻ୻ ൅ ሺ𝑓ଷ, 𝑦ଷሻ ൅ ሺ𝑢ଷ, 𝑦ଷሻ୻ሿ𝑑𝑡,                       (42.f) 

i.e. when  𝑛 → ∞  in both sides of  (42),  one has the following  results: 
(1) The first two terms in the L.H.S. of (42) are tending to zero from (42.d). 
(2) From (41.a)  

 Eq.  𝐴ଵ  ൌ ׬ ሾ
்

଴
ሺ𝑓ଵ, 𝑦ଵ௡ ሻ ൅ ሺ𝑢ଵ, 𝑦ଵ௡ ሻ୻ ൅ ሺ𝑓ଶ, 𝑦ଶ௡ሻ ൅ ሺ𝑢ଶ, 𝑦ଶ௡ሻ୻ ൅(𝑓ଷ, 𝑦ଷ௡)൅ሺ𝑢ଷ, 𝑦ଷሻ୻ሿ𝑑𝑡 

from
⟶

ሺ42. fሻ
׬ ሾ

்
଴

ሺ𝑓ଵ, 𝑦ଵሻ ൅ ሺ𝑢ଵ, 𝑦ଵሻ୻ ൅ ሺ𝑓ଶ, 𝑦ଶሻ ൅ ሺ𝑢ଶ, 𝑦ଶሻ୻ ൅ ሺ𝑓ଷ, 𝑦ଷሻ ൅ ሺ𝑢ଷ, 𝑦ଷሻ୻ሿ𝑑𝑡 ,  

(3) Eq.  𝐵ଵ ⟶ L.H.S. of (3.41.b) ൌ ׬ ሾ
்

଴
ሺ𝑓ଵ, 𝑦ଵሻ ൅ ሺ𝑢ଵ, 𝑦ଵሻ୻ ൅ ሺ𝑓ଶ, 𝑦ଶሻ ൅ ሺ𝑢ଶ, 𝑦ଶሻ୻ ൅

ሺ𝑓ଷ, 𝑦ଷሻ ൅ ሺ𝑢ଷ, 𝑦ଷሻ୻ሿ𝑑𝑡,  
(4)  The  1st  two   terms in Eq.  𝐶ଵ are tending to zero from (42.c),  and the last one term also 
tend to zero from (42.e), from these results (42) gives when 𝑛 → ∞ 

׬ ‖�⃗�௡ െ �⃗�‖ଵ
ଶ்

଴ 𝑑𝑡 ൌ ׬ 𝑎ሺ�⃗�௡ െ �⃗�, �⃗�௡ െ �⃗�ሻ𝑑𝑡 ⟶ 0
்

଴  ⇒ �⃗�௡ ⟶ �⃗� strongly in  ቀ𝐿ଶሺĨ, 𝑉ሻቁ
ଷ
.  

Uniqueness of the solution: Let �⃗�, 𝑦ത⃗ are two solutions of the wf (11)െሺ13)  i.e. 𝑦ଵ and 𝑦തଵ 
are satisfied (11.a),  or  
〈𝑦ଵ௧, 𝑣ଵ〉 ൅ 𝑎ଵሺ𝑦ଵ, 𝑣ଵሻ െ ሺ𝑦ଶ, 𝑣ଵሻ െ ሺ𝑦ଷ, 𝑣ଵሻ ൌ ሺ𝑓ଵ, 𝑣ଵሻ ൅ ሺ𝑢ଵ, 𝑣ଵሻ୻ ,           ∀ 𝑣ଵ ∈ 𝑉ଵ    
〈𝑦തଵ௧, 𝑣ଵ〉 ൅ 𝑎ଵሺ𝑦തଵ, 𝑣ଵሻ െ ሺ𝑦തଶ, 𝑣ଵሻ െ ሺ𝑦തଷ, 𝑣ଵሻ ൌ ሺ𝑓ଵ, 𝑣ଵሻ ൅ ሺ𝑢ଵ, 𝑣ଵሻ୻ ,            ∀ 𝑣ଵ ∈ 𝑉ଵ     
Subtracting the 2௡ௗ equation from the 1st one and substituting  𝑣ଵ ൌ 𝑦ଵ െ 𝑦തଵ in the obtained 
equation, one gets that   
〈ሺ𝑦ଵ െ 𝑦തଵሻ௧ , 𝑦ଵ െ 𝑦തଵ〉 ൅ 𝑎ଵሺ𝑦ଵ െ 𝑦തଵ, 𝑦ଵ െ 𝑦തଵሻ െ ሺ𝑦ଶ െ 𝑦തଶ, 𝑦ଵ െ 𝑦തଵሻ െ ሺ𝑦ଷ െ 𝑦തଷ, 𝑦ଵ െ 𝑦തଵሻ ൌ
0,                                                                                                                                          (43) 
by the same way, one gets  
〈ሺ𝑦ଶ െ 𝑦തଶሻ௧ , 𝑦ଶ െ 𝑦തଶ〉 ൅ 𝑎ଶሺ𝑦ଶ െ 𝑦തଶ, 𝑦ଶ െ 𝑦തଶሻ ൅ ሺ𝑦ଷ െ 𝑦തଷ, 𝑦ଶ െ 𝑦തଶሻ ൅ ሺ𝑦ଵ െ 𝑦തଵ, 𝑦ଶ െ 𝑦തଶሻ ൌ
0,                                                                        (44) 
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〈ሺ𝑦ଷ െ 𝑦തଷሻ௧ , 𝑦ଷ െ 𝑦തଷ〉 ൅ 𝑎ଷሺ𝑦ଷ െ 𝑦തଷ, 𝑦ଷ െ 𝑦തଷሻ ൅ ሺ𝑦ଵ െ 𝑦തଵ, 𝑦ଷ െ 𝑦തଷሻ െ ሺ𝑦ଶ െ 𝑦തଶ, 𝑦ଷ െ 𝑦തଷሻ  ൌ
0,                                                                                                                                          (45) 
adding (43ሻ െ ሺ 45),  using Lemma(1.2) in [11]. In  the 1st term of  the obtained equations, to 
get 

 భ
మ
 ೏
೏೟ฮ�⃗� െ 𝑦ത⃗ฮ

଴

ଶ
൅ ฮ�⃗� െ 𝑦ത⃗ฮ

ଵ

ଶ
ൌ 0,                                                                                           (46) 

The 2nd   term of the L.H.S. of (46) is positive, integrating both sides of (46)  w.r.t.   𝑡  from  
0  to  𝑡 , one gets 

׬ ೏
೏೟ ฮ௬ሬ⃗ ି௬തሬ⃗ ฮబ

మ௧
଴ 𝑑𝑡 ൑ 0  ⇒   ฮ൫�⃗� െ 𝑦ത⃗൯ሺ𝑡ሻฮ

଴

ଶ
൑ 0   ⇒    ฮ�⃗� െ 𝑦ത⃗ฮ

଴

ଶ
ൌ 0      ∀𝑡 ∈ Ĩ ,  

integrating both sides of (46) from 0 to 𝑇, using the given ICs,  one has  

׬  ฮ�⃗� െ 𝑦ത⃗ฮ
ଵ

ଶ்
଴ 𝑑𝑡 ൌ 0 ⇒ ฮ�⃗� െ 𝑦ത⃗ฮ

𝑳𝟐ሺĨ,𝑽ሻ
ൌ 0   ⇒ �⃗� ൌ 𝑦ത⃗ .   

4. Existence of a CCBOCP:  
Theorem 4.1: In addition to assumptions (A), assume that �⃗� and �⃗� ൅ δ�⃗� are the SVS 
corresponding to the CVS  𝑢ሬ⃗   and  𝑢ሬ⃗ ൅ δ𝑢ሬ⃗  respectively with 𝑢ሬ⃗  and  δ𝑢ሬ⃗  are bounded in 
ሺ𝐿ଶሺΣሻሻଷ, then 
‖δ�⃗�  ‖𝑳ಮቀĨ,𝑳𝟐ሺΩሻቁ

൑ 𝐿‖δ𝑢ሬ⃗ ‖ஊ ,   𝐿 ∈  ℝା 

‖δ�⃗�‖𝑳𝟐ሺ𝑸ሻ ൑ 𝐿‖δ𝑢ሬ⃗ ‖ஊ   ,          𝐿 ∈  ℝା 

‖δ�⃗�‖𝑳𝟐ሺĨ,𝑽ሻ ൑ 𝐿ଵ‖δ𝑢ሬ⃗ ‖ஊ ,        𝐿ଵ ∈  ℝା 
Proof: Let 𝑢ሬ⃗ ൌ ሺ𝑢ଵ, 𝑢ଶ, 𝑢ଷሻ ∈ ሺ𝐿ଶሺΣሻሻଷ be given, then by Theorem3.1, there exists  �⃗� ൌ
ሺ𝑦ଵ ൌ 𝑦௨భ

, 𝑦ଶ ൌ 𝑦௨మ
, 𝑦ଷ ൌ 𝑦௨య

ሻ which is satisfied (11)െሺ13) and also let 𝑦ത⃗ ൌ ሺ𝑦തଵ, 𝑦തଶ, 𝑦തଷሻ be 

the solution of (11ሻ െ ሺ13), corresponds to the CV  𝑢തሬ⃗ ൌ ሺ𝑢തଵ, 𝑢തଶ, 𝑢തଷሻ ∈ ሺ𝐿ଶሺΣሻሻଷ  i.e.  
〈𝑦തଵ௧, 𝑣ଵ〉 ൅ ሺ∇𝑦തଵ, ∇𝑣ଵሻ ൅ ሺ𝑦തଵ, 𝑣ଵሻ െ ሺ𝑦തଶ, 𝑣ଵሻ െ ሺ𝑦തଷ, 𝑣ଵሻ ൌ ሺ𝑓ଵ, 𝑣ଵሻ ൅ ሺ𝑢തଵ, 𝑣ଵሻ୻,              (47.a)               
ሺ𝑦തଵሺ0ሻ , 𝑣ଵሻ ൌ ሺ𝑦ଵ

଴, 𝑣ଵሻ ,                                                                                                    (47.b) 
〈𝑦തଶ௧, 𝑣ଶ〉 ൅ ሺ∇𝑦തଶ, ∇𝑣ଶሻ ൅ ሺ𝑦തଶ, 𝑣ଶሻ ൅ ሺ𝑦തଷ, 𝑣ଶሻ ൅ ሺ𝑦തଵ, 𝑣ଶሻ ൌ ሺ𝑓ଶ, 𝑣ଶሻ ൅ ሺ𝑢തଶ, 𝑣ଶሻ୻,             (48.a) 
ሺ𝑦തଶሺ0ሻ , 𝑣ଶሻ ൌ ሺ𝑦ଶ

଴, 𝑣ଶሻ ,                                                                                                   (48.b) 
〈𝑦തଷ௧, 𝑣ଷ〉 ൅ ሺ∇𝑦തଷ, ∇𝑣ଷሻ ൅ ሺ𝑦തଷ, 𝑣ଷሻ ൅ ሺ𝑦തଵ, 𝑣ଷሻ െ ሺ𝑦തଶ, 𝑣ଷሻ ൌ ሺ𝑓ଷ, 𝑣ଷሻ ൅ ሺ𝑢തଷ, 𝑣ଷሻ୻,             (49.a) 
ሺ𝑦തଷሺ0ሻ , 𝑣ଷሻ ൌ ሺ𝑦ଷ

଴, 𝑣ଷ ሻ,                                                                                                   (49.b) 
Subtracting (11.a&b) from (47.a&b), (12.a&b) from (48.a&b) ,and (13.a&b) from (49.a&b) 
and setting  𝛿𝑦ଵ ൌ 𝑦തଵ െ 𝑦ଵ ,  𝛿𝑦ଶ ൌ 𝑦തଶ െ 𝑦ଶ, 𝛿𝑦ଷ ൌ 𝑦തଷ െ 𝑦ଷ , 𝛿𝑢ଵ ൌ 𝑢തଵ െ 𝑢ଵ , 𝛿𝑢ଶ ൌ 𝑢തଶ െ
𝑢ଶ  and 𝛿𝑢ଷ ൌ 𝑢തଷ െ 𝑢ଷ in  the obtained equations, they give  
〈𝛿𝑦ଵ௧, 𝑣ଵ〉 ൅ ሺ∇δ𝑦ଵ, ∇𝑣ଵሻ ൅ ሺ𝛿𝑦ଵ, 𝑣ଵሻ െ ሺ𝛿𝑦ଶ, 𝑣ଵሻ െ ሺ𝛿𝑦ଷ, 𝑣ଵሻ ൌ ሺ𝛿𝑢ଵ, 𝑣ଵሻ୻,                 (50.a) 
ሺ𝛿𝑦ଵሺ0ሻ, 𝑣ଵሻ ൌ 0,                                                                                                              (50.b)  
〈𝛿𝑦ଶ௧, 𝑣ଶ〉 ൅ ሺ∇δ𝑦ଶ, ∇𝑣ଶሻ ൅ ሺ𝛿𝑦ଶ, 𝑣ଶሻ ൅ ሺ𝛿𝑦ଷ, 𝑣ଶሻ ൅ ሺ𝛿𝑦ଵ, 𝑣ଶሻ ൌ ሺ𝛿𝑢ଶ, 𝑣ଶሻ୻,                 (51.a) 
ሺ𝛿𝑦ଶሺ0ሻ, 𝑣ଶሻ ൌ 0,                                                                                                              (51.b) 
〈𝛿𝑦ଷ௧, 𝑣ଷ〉 ൅ ሺ∇δ𝑦ଷ, ∇𝑣ଷሻ ൅ ሺ𝛿𝑦ଷ, 𝑣ଷሻ ൅ ሺ𝛿𝑦ଵ, 𝑣ଷሻ െ ሺ𝛿𝑦ଶ, 𝑣ଷሻ ൌ ሺ𝛿𝑢ଷ, 𝑣ଷሻ୻,                 (52.a)                           
ሺ𝛿𝑦ଷሺ0ሻ, 𝑣ଷሻ ൌ 0,                                                                                                              (52.b)  
substituting 𝑣ଵ ൌ 𝛿𝑦ଵ, 𝑣ଶ ൌ 𝛿𝑦ଶ & 𝑣ଷ ൌ 𝛿𝑦ଷ in (3.50), (3.51) & (3.52)  respectively, adding 
the obtained equations, using Lemma(1.2) in[11]. They give   
భ 
మ

 ೏
೏೟

‖𝛿�⃗�‖଴
ଶ ൅ ‖𝛿�⃗�‖ଵ

ଶ ൌ ሺ𝛿𝑢ଵ, 𝛿𝑦ଵሻ୻ ൅ ሺ𝛿𝑢ଶ, 𝛿𝑦ଶ ሻ୻ ൅ ሺ𝛿𝑢ଷ, 𝛿𝑦ଷሻ୻  ,                                  (53)  
Since the 2nd term of (53) is positive, integrating w.r.t.  𝑡 from  0  to 𝑡 , and then using the 
Cauchy Schwartz  inequality (CSI),  it becomes 

׬ 
ௗ

ௗ௧

௧
଴

‖𝛿�⃗�‖଴
ଶ𝑑𝑡 ൑ ‖𝛿𝑢ଵ‖ஊ

ଶ ൅ ׬ ‖𝛿𝑦ଵ‖୻
ଶ௧

଴ 𝑑𝑡 ൅ ‖𝛿𝑢ଶ‖ஊ
ଶ ൅ ׬ ‖𝛿𝑦ଶ‖୻

ଶ௧
଴ 𝑑𝑡 ൅ ‖𝛿𝑢ଷ‖ஊ

ଶ ൅

׬ ‖𝛿𝑦ଷ‖୻
ଶ௧

଴ 𝑑𝑡, 
which gives by using the Trace Theorem [17]. 
‖𝛿�⃗� ሺ𝑡ሻ‖଴

ଶ ൑ ‖𝛿𝑢ሬ⃗ ‖𝚺
ଶ ൅ 𝑐ଶ ׬ ‖𝛿�⃗�‖଴

ଶ௧
଴ 𝑑𝑡, ∀  𝑡 ∈ ሾ0, 𝑇ሿ  using  the BGI, one gets   

‖𝛿�⃗� ሺ𝑡ሻ‖଴
ଶ ൑ 𝑒்௖మ

‖𝛿𝑢ሬ⃗ ‖𝚺
ଶ ൌ 𝐿ଶ‖𝛿𝑢ሬ⃗ ‖𝚺

ଶ , 𝑒்௖మ
ൌ 𝐿ଶ , 𝐿 ൐ 0     
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or     ‖𝛿�⃗� ‖𝑳ಮቀĨ,𝑳𝟐ሺΩሻቁ
൑ 𝐿‖𝛿𝑢ሬ⃗ ‖𝚺  

Since ‖𝛿�⃗�‖𝑳𝟐ሺ𝑸ሻ
ଶ ൑  𝑇𝐿ଶ‖𝛿𝑢ሬ⃗ ‖𝚺

ଶ ,  thus ‖𝛿�⃗�‖𝑳𝟐ሺ𝑸ሻ ൑ 𝐿‖𝛿𝑢ሬ⃗ ‖𝚺 ,  𝑇𝐿ଶ ൌ 𝐿
ଶ
   

Using a similar way which is used in the above steps, gives 

׬ ೏
೏೟

்
଴

‖𝛿�⃗� ‖଴
ଶ ൅ 2 ׬ ‖𝛿�⃗� ‖

்
଴ ଵ

ଶ
𝑑𝑡 ൑ ‖𝛿𝑢ሬ⃗ ‖𝚺

ଶ ൅ 𝑐ଶ ׬ ‖𝛿�⃗�‖଴
ଶ்

଴
 𝑑𝑡      

⇒  ‖𝛿�⃗�‖𝑳𝟐ሺĨ,𝑽ሻ
ଶ ൑ 𝐿ଵ

ଶ
‖𝛿𝑢ሬ⃗ ‖𝚺

ଶ    where   𝐿ଵ
ଶ

ൌ ሺ1 ൅ 𝐿
ଶ

𝑐ଶሻ/2   

or    ‖𝛿�⃗� ‖𝑳𝟐ሺĨ,𝑽ሻ ൑ 𝐿ଵ‖𝛿𝑢ሬ⃗ ‖𝚺 .  
Theorem 4.2: With assumption (A), the operator 𝑢ሬ⃗ ↦ �⃗�௨ሬሬ⃗   is continuous from ሺ 𝐿ଶሺΣሻሻଷ in to  
ሺ𝐿ஶ

ሺĨ,𝑳𝟐ሺΩሻሻሻଷ or in to  ሺ𝐿ଶሺĨ, 𝑉ሻሻ𝟑 or  in to ሺ𝐿ଶሺ𝑄ሻሻ𝟑  . 

Proof: Let 𝛿𝑢ሬ⃗  ൌ 𝑢തሬ⃗  െ 𝑢ሬ⃗  and �⃗� ൌ 𝑦ത⃗ െ �⃗�, where 𝑦ത⃗ and �⃗� are the corresponding SVS to the 
CVS   𝑢തሬ⃗   and  𝑢ሬ⃗   respectively, using  the first  result  in Theorem4.1, we get 
𝑦ത⃗

௅ಮቀĨ,௅మሺΩሻቁ
ሱ⎯⎯⎯⎯⎯⎯⎯ሮ �⃗�   if  𝑢തሬ⃗

௅మሺஊሻ
ሱ⎯⎯ሮ 𝑢ሬ⃗  ,   

i.e. the operator   𝑢ሬ⃗ ↦ �⃗�௨ሬሬ⃗   is Lipschitz  continuous (LC) from  𝑳𝟐ሺ𝚺ሻ  in to  𝐋ஶ ቀĨ, 𝐋𝟐ሺΩሻቁ. 

Easily, one can get   this operator is also LC from 𝑳𝟐ሺ𝚺ሻ into  𝑳𝟐ሺ𝑸ሻ and into  𝑳𝟐ሺĨ, 𝑽ሻ.    
Lemma 4.1: [10]. The norm ∥. ∥𝟎

  is weakly lower semi continuous ( W.L.S.C. ). 
Lemma 4.2: The CoF which is given by (10) is W.L.S.C.  
Proof: From Lemma(4.1), we got that the norm ‖𝑢ሬ⃗  ‖𝚺  is W.L.S.C., 𝑢ሬ⃗ ௞ → 𝑢ሬ⃗   weakly in  
𝑳𝟐ሺ𝚺ሻ,  then by (Theorem 4.2) �⃗�௞ → �⃗� ൌ �⃗�௨ሬሬ⃗    is weakly in 𝑳𝟐ሺ𝚺ሻ, which gives that the norm  
‖�⃗� െ �⃗�ௗ ‖𝚺  is  W.L.S.C.  ( by Lemma 4.1 ),  hence 𝐺଴ሺ𝑢ሬ⃗ ሻ   is  W.L.S.C.  . 
Theorem 4.3: Consider the cost function (10), if 𝐺଴ሺ𝑢ሬ⃗ ሻis coercive, then there exists a 
CCBOCV. 
Proof: Since 𝐺଴ሺ𝑢ሬ⃗ ሻ ൒ 0 and 𝐺଴ሺ𝑢ሬ⃗ ሻ  is coercive, then there exists  a minimizing sequence 
ሼ𝑢ሬ⃗ ௞ሽ ൌ ሼሺ𝑢ଵ௞ , 𝑢ଶ௞ , 𝑢ଷ௞ሻሽ ∈ 𝑊ሬሬሬ⃗஺, ∀𝑘  such that lim

௡→ஶ
𝐺଴ሺ𝑢ሬ⃗ ௞ሻ ൌ inf

௨ഥሬሬ⃗ ∈ௐሬሬሬ⃗ ಲ

𝐺଴൫𝑢തሬ⃗ ൯, then  ‖𝑢ሬ⃗ ௞‖𝚺 ൑

Ĉଵ,  Ĉଵ  ൐0, then by ATh there exists a subsequence of  ሼ𝑢ሬ⃗ ௞ሽ, for simplicity  say again  ሼ𝑢ሬ⃗ ௞ሽ  

s.t.   𝑢ሬ⃗ ௞ ⟶ 𝑢ሬ⃗   weakly in ൫𝐿ଶሺΣሻ൯
ଷ
, 𝑎s  𝑘 → ∞,  from Theorem 3.1, corresponding to the 

sequence of  controls   ሼ𝑢ሬ⃗ ௞ሽ,  there exists a sequence of solutions ሼ�⃗�௞ሽ, but the norms 
‖�⃗�௞‖

𝑳ಮቀĨ,𝑳𝟐ሺΩሻቁ
, ‖�⃗�௞‖𝑳𝟐ሺ𝑸ሻ & ‖�⃗�௞‖𝑳𝟐ሺĨ,𝑽ሻ  are bounded, then by ATh there exists a 

subsequence of ሼ�⃗�௞ሽ, for simplicity, say again ሼ�⃗�௞ሽ,  such that   

�⃗�௞ ⟶ �⃗�  weakly in   ൬𝐿ஶቀĨ, 𝐿ଶሺΩሻቁ൰
ଷ

, in ൫𝐿ଶሺ𝑄ሻ൯
ଷ

, and   in ቀ𝐿ଶሺĨ, 𝑉ሻቁ
ଷ
, 

Suppose that  (17.a), (18.a) & (19.a) can be rewritten as  
〈𝑦ଵ௞௧, 𝑣ଵ〉 ൌ െሺ∇𝑦ଵ௞, ∇𝑣ଵሻ െ ሺ𝑦ଵ௞, 𝑣ଵሻ ൅ ሺ𝑦ଶ௞, 𝑣ଵሻ ൅ ሺ𝑦ଷ௞, 𝑣ଵሻ ൅ ሺ𝑓ଵ, 𝑣ଵሻ ൅ ሺ𝑢ଵ௞, 𝑣ଵሻ୻ ,  
〈𝑦ଶ௞௧, 𝑣ଶ〉 ൌ െሺ∇𝑦ଶ௞, ∇𝑣ଶሻ െ ሺ𝑦ଶ௞, 𝑣ଶሻ െ ሺ𝑦ଷ௞, 𝑣ଶሻ െ ሺ𝑦ଵ௞, 𝑣ଶሻ ൅ ሺ𝑓ଶ, 𝑣ଶሻ ൅ ሺ𝑢ଶ௞, 𝑣ଶሻ୻ ,  
〈𝑦ଷ௞௧, 𝑣ଷ〉 ൌ െሺ∇𝑦ଷ௞, ∇𝑣ଷሻ െ ሺ𝑦ଷ௞, 𝑣ଷሻ െ ሺ𝑦ଵ௞, 𝑣ଷሻ ൅ ሺ𝑦ଶ௞, 𝑣ଷሻ ൅ ሺ𝑓ଵ, 𝑣ଵሻ ൅ ሺ𝑢ଷ௞, 𝑣ଵሻ୻ , 
 
Adding the above three equations and integrating both sides of the obtained equation from 
0  to 𝑇, taking the  absolute value, then using CSI. Finally, using assumption (A), it yields  

ቚ׬ 〈�⃗�௞௧, �⃗�〉𝑑𝑡
்

଴ ቚ ൑ ‖∇𝑦ଵ௞‖ொ‖∇𝑣ଵ‖ொ ൅ ‖𝑦ଵ௞‖ொ‖𝑣ଵ‖ொ ൅ ‖𝑦ଶ௞‖ொ‖𝑣ଵ‖ொ ൅ ‖𝑦ଷ௞‖ொ‖𝑣ଵ‖ொ ൅

 ‖∇𝑦ଶ௞‖ொ‖∇𝑣ଶ‖ொ ൅ ‖𝑦ଶ௞‖ொ‖𝑣ଶ‖ொ ൅ ‖𝑦ଷ௞‖ொ‖𝑣ଶ‖ொ ൅ ‖𝑦ଵ௞‖ொ‖𝑣ଶ‖ொ ൅ ‖∇𝑦ଷ௞‖ொ‖∇𝑣ଷ‖ொ ൅
‖𝑦ଷ௞‖ொ‖𝑣ଷ‖ொ ൅ ‖𝑦ଵ௞‖ொ‖𝑣ଷ‖ொ ൅ ‖𝑦ଶ௞‖ொ‖𝑣ଷ‖ொ ൅ ‖𝜂ଵ‖ொ‖𝑣ଵ‖ொ ൅ ‖𝜂ଶ‖ொ‖𝑣ଶ‖ொ  ൅
‖𝜂ଷ‖ொ‖𝑣ଷ‖ொ  ൅ ‖𝑢ଵ௞‖ஊ‖𝑣ଵ‖ஊ  ൅ ‖𝑢ଶ௞‖ஊ‖𝑣ଶ‖ஊ ൅ ‖𝑢ଷ௞‖ஊ‖𝑣ଷ‖ஊ   .  
 
Since for each  𝑖 ൌ 1,2,3,  the following inequalities are satisfied 
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 ‖∇𝑦௜௞‖ொ ൑ ‖∇�⃗�௞‖𝑸 ൑ ‖�⃗�௞‖𝑳𝟐ሺĨ,𝑽ሻ, ‖∇𝑣௜‖ொ ൑ ‖∇�⃗�‖𝑸 ൑ ‖�⃗�‖𝑳𝟐ሺĨ,𝑽ሻ , ‖𝑦௜௞‖ொ ൑ ‖�⃗�௞‖𝑸 ൑
‖�⃗�௞‖𝑳𝟐ሺĨ,𝑽ሻ , ‖𝑣௜‖ொ ൑ ‖�⃗�‖𝑸 ൑ ‖�⃗�‖𝑳𝟐ሺĨ,𝑽ሻ , ‖𝑢௜௞‖ஊ ൑ ‖𝑢ሬ⃗ ௞‖𝚺 ൑ Ĉଵ, ‖𝑣௜‖𝚺 ൑ ‖�⃗�‖𝚺 ൑
ĥଵ‖�⃗�‖𝑳𝟐ሺĨ,𝑽ሻ, ‖𝜂௜‖ொ ൑ 𝑏௜

´ , then 

ቚ׬ 〈�⃗�௞௧, �⃗�〉்
଴ 𝑑𝑡ቚ ൑ 12‖�⃗�௞‖𝑳𝟐ሺĨ,𝑽ሻ‖�⃗�‖𝑳𝟐ሺĨ,𝑽ሻ  ൅ ሺ𝑏ଵ

´ ൅ 𝑏ଶ
´ ൅ 𝑏ଷ

´ ൅ 3Ĉଵĥଵሻ‖�⃗�‖𝑳𝟐ሺĨ,𝑽ሻ  

Or  ቚ׬ 〈�⃗�௞௧, �⃗�〉𝑑𝑡
்

଴ ቚ ൑ ቀ12𝑏ଶሺ𝑐ሻ ൅ 𝑏´ሺ𝑐ሻቁ ‖�⃗�‖𝑳𝟐ሺĨ,𝑽ሻ      

With ‖�⃗�௞‖𝑳𝟐ሺĨ,𝑽ሻ ൑ 𝑏ଶሺ𝑐ሻ&𝑏´ሺ𝑐ሻ ൌ 𝑏ଵ
´ ൅ 𝑏ଶ

´ ൅ 𝑏ଷ
´ ൅ 3Ĉଵĥଵ 

⇒  
ቚ׬ 〈௬ሬ⃗ ೖ೟,௩ሬ⃗ 〉ௗ௧

೅
బ ቚ

‖௩ሬ⃗ ‖𝑳𝟐ሺĨ,𝑽ሻ
൑ 𝑏ଷሺ𝑐ሻ, with 𝑏ଷሺ𝑐ሻ ൌ 12𝑏ଶሺ𝑐ሻ ൅ 𝑏´ሺ𝑐ሻ ⇒   ‖�⃗�௞௧‖𝑳𝟐ሺĨ,𝑽∗ሻ ൑ 𝑏ଷሺ𝑐ሻ       

Since for each  𝑘,  �⃗�௞  is a solution of the TSEs (1ሻ െ ሺ9), then  
〈𝑦ଵ௞௧, 𝑣ଵ〉 ൅ ሺ∇𝑦ଵ௞, ∇𝑣ଵሻ ൅ ሺ𝑦ଵ௞, 𝑣ଵሻ െ ሺ𝑦ଶ௞, 𝑣ଵሻ െ ሺ𝑦ଷ௞, 𝑣ଵሻ ൌ (𝑓ଵ, 𝑣ଵ)+ ሺ𝑢ଵ௞, 𝑣ଵሻ୻ ,       (54) 
〈𝑦ଶ௞௧, 𝑣ଶ〉 ൅ ሺ∇𝑦ଶ௞, ∇𝑣ଶሻ ൅ ሺ𝑦ଶ௞, 𝑣ଶሻ ൅ ሺ𝑦ଷ௞, 𝑣ଶሻ ൅ ሺ𝑦ଵ௞, 𝑣ଶሻ ൌ (𝑓ଶ, 𝑣ଶ)+ ሺ𝑢ଶ௞, 𝑣ଶሻ୻ ,      (55) 
〈𝑦ଷ௞௧, 𝑣ଷ〉 ൅ ሺ∇𝑦ଷ௞, ∇𝑣ଷሻ ൅ ሺ𝑦ଷ௞, 𝑣ଷሻ ൅ ሺ𝑦ଵ௞, 𝑣ଷሻ െ ሺ𝑦ଶ௞, 𝑣ଷሻ ൌ (𝑓ଷ, 𝑣ଷ)+ ሺ𝑢ଷ௞, 𝑣ଷሻ୻ ,     (56) 
Let  𝜑௜ ∈ 𝐶ଵሾ0, 𝑇ሿ, s.t.  𝜑௜ሺ𝑇ሻ ൌ 0 , 𝜑௜ሺ0ሻ ് 0 , ∀𝑖 ൌ 1,2,3, rewriting the 1st terms in the 
L.H.S. of (54ሻ െ ሺ56)  multiplying their both sides by 𝜑௜ሺ𝑡ሻ,  ∀𝑖 ൌ 1,2,3, respectively, 
integrating both sides w.r.t. 𝑡  from  0  to  𝑇,  and integration by parts for the 1st  terms in the 
L.H.S. of each obtained equations,  one gets that  

െ ׬ ሺ𝑦ଵ௞, 𝑣ଵሻ𝜑ଵ
´ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଵ௞, ∇𝑣ଵሻ ൅ ሺ𝑦ଵ௞, 𝑣ଵሻሿ𝜑ଵሺ𝑡ሻ𝑑𝑡 െ
்

଴ ׬ ሺ𝑦ଶ௞, 𝑣ଵሻ்
଴ 𝜑ଵሺ𝑡ሻ𝑑𝑡 െ

׬ ሺ𝑦ଷ௞, 𝑣ଵሻ்
଴ 𝜑ଵሺ𝑡ሻ𝑑𝑡 ൌ ׬ ሺ𝑓ଵ, 𝑣ଵሻ𝜑ଵሺ𝑡ሻ𝑑𝑡 ൅

்
଴ ׬ ሺ𝑢ଵ௞, 𝑣ଵሻ୻𝜑ଵሺ𝑡ሻ𝑑𝑡

்
଴ ൅ ሺ𝑦ଵ௞ሺ0ሻ, 𝑣ଵሻ𝜑ଵሺ0ሻ, (57)   

െ ׬ ሺ𝑦ଶ௞, 𝑣ଶሻ𝜑ଶ
´ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଶ௞, ∇𝑣ଶሻ ൅ ሺ𝑦ଶ௞, 𝑣ଶሻሿ𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅
்

଴ ׬ ሺ𝑦ଷ௞, 𝑣ଶሻ்
଴ 𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅

׬ ሺ𝑦ଵ௞, 𝑣ଶሻ்
଴ 𝜑ଶሺ𝑡ሻ𝑑𝑡 ൌ ׬ ሺ𝑓ଶ, 𝑣ଶሻ𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅

்
଴ ׬ ሺ𝑢ଶ௞, 𝑣ଶሻ୻𝜑ଶሺ𝑡ሻ𝑑𝑡

்
଴ ൅ ሺ𝑦ଶ௞ሺ0ሻ, 𝑣ଶሻ𝜑ଶሺ0ሻ, (58) 

െ ׬ ሺ𝑦ଷ௞, 𝑣ଷሻ𝜑ଷ
´ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଷ௞, ∇𝑣ଷሻ ൅ ሺ𝑦ଷ௞, 𝑣ଷሻሿ𝜑ଷሺ𝑡ሻ𝑑𝑡 ൅
்

଴ ׬ ሺ𝑦ଵ௞, 𝑣ଷሻ்
଴ 𝜑ଷሺ𝑡ሻ𝑑𝑡 െ

׬ ሺ𝑦ଶ௞, 𝑣ଷሻ்
଴ 𝜑ଷሺ𝑡ሻ𝑑𝑡 ൌ ׬ ሺ𝑓ଷ, 𝑣ଷሻ𝜑ଷሺ𝑡ሻ𝑑𝑡 ൅

்
଴ ׬ ሺ𝑢ଷ௞, 𝑣ଷሻ୻𝜑ଷሺ𝑡ሻ𝑑𝑡

்
଴ ൅ ሺ𝑦ଷ௞ሺ0ሻ, 𝑣ଷሻ𝜑ଷሺ0ሻ, (59)   

Since �⃗�௞ ⟶ �⃗�   weakly in ൫𝐿ଶሺ𝑄ሻ൯
ଷ
 and in ቀ𝐿ଶሺĨ, 𝑉ሻቁ

ଷ
, then the following convergences are 

held 

െ ׬ ሺ𝑦ଵ௞, 𝑣ଵሻ𝜑ଵ
´ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଵ௞, ∇𝑣ଵሻ ൅ ሺ𝑦ଵ௞, 𝑣ଵሻሿ𝜑ଵሺ𝑡ሻ𝑑𝑡 െ
்

଴ ׬ ሺ𝑦ଶ௞, 𝑣ଵሻ்
଴ 𝜑ଵሺ𝑡ሻ𝑑𝑡 െ

׬ ሺ𝑦ଷ௞, 𝑣ଵሻ்
଴ 𝜑ଵሺ𝑡ሻ𝑑𝑡   ⟶   

െ ׬ ሺ𝑦ଵ, 𝑣ଵሻ𝜑ଵ
´ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଵ, ∇𝑣ଵሻ ൅ ሺ𝑦ଵ, 𝑣ଵሻሿ𝜑ଵሺ𝑡ሻ𝑑𝑡 െ
்

଴ ׬ ሺ𝑦ଶ, 𝑣ଵሻ்
଴ 𝜑ଵሺ𝑡ሻ𝑑𝑡 െ

׬ ሺ𝑦ଷ, 𝑣ଵሻ்
଴ 𝜑ଵሺ𝑡ሻ𝑑𝑡 ,                                                                                                             (60)                          

െ ׬ ሺ𝑦ଶ௞, 𝑣ଶሻ𝜑ଶ
´ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଶ௞, ∇𝑣ଶሻ ൅ ሺ𝑦ଶ௞, 𝑣ଶሻሿ𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅
்

଴ ׬ ሺ𝑦ଷ௞, 𝑣ଶሻ்
଴ 𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅

׬ ሺ𝑦ଵ௞, 𝑣ଶሻ்
଴ 𝜑ଶሺ𝑡ሻ𝑑𝑡   ⟶   െ ׬ ሺ𝑦ଶ, 𝑣ଶሻ𝜑ଶ

´ ሺ𝑡ሻ𝑑𝑡 ൅  ׬ ሾ
்

଴
ሺ∇𝑦ଶ, ∇𝑣ଶሻ ൅

்
଴

ሺ𝑦ଶ, 𝑣ଶሻሿ𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑦ଷ, 𝑣ଶሻ்
଴ 𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑦ଵ, 𝑣ଶሻ்

଴ 𝜑ଶሺ𝑡ሻ𝑑𝑡,                                                                           
(61)                                                                              

െ ׬ ሺ𝑦ଷ௞, 𝑣ଷሻ𝜑ଷ
´ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଷ௞, ∇𝑣ଷሻ ൅ ሺ𝑦ଷ௞, 𝑣ଷሻሿ𝜑ଷሺ𝑡ሻ𝑑𝑡 ൅
்

଴ ׬ ሺ𝑦ଵ௞, 𝑣ଷሻ்
଴

𝜑ଷሺ𝑡ሻ𝑑𝑡 െ

׬ ሺ𝑦ଶ௞, 𝑣ଷሻ்
଴ 𝜑ଷሺ𝑡ሻ𝑑𝑡   ⟶  െ ׬ ሺ𝑦ଷ, 𝑣ଷሻ𝜑ଷ

´ ሺ𝑡ሻ𝑑𝑡 ൅ ׬  ሾ
்

଴
ሺ∇𝑦ଷ, ∇𝑣ଷሻ ൅

்
଴

ሺ𝑦ଷ, 𝑣ଷሻሿ𝜑ଷሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑦ଵ, 𝑣ଷሻ்
଴ 𝜑ଷሺ𝑡ሻ𝑑𝑡 െ ׬ ሺ𝑦ଶ, 𝑣ଷሻ்

଴ 𝜑ଷሺ𝑡ሻ𝑑𝑡 ,                                                                           
(62)                                                                                    
Since  𝑦௜௞ሺ0ሻ is bounded  in  𝐿ଶሺΩሻ  ∀ 𝑖 ൌ 1,2,3,   then 
ሺ𝑦ଵ௞

଴ , 𝑣ଵሻ𝜑ଵሺ0ሻ ⟶ ሺ𝑦ଵ
଴, 𝑣ଵሻ𝜑ଵሺ0ሻ,                                                                                       (63) 

ሺ𝑦ଶ௞
଴ , 𝑣ଶሻ𝜑ଶሺ0ሻ ⟶ ሺ𝑦ଶ

଴, 𝑣ଶሻ𝜑ଶሺ0ሻ,                                                                                      (64) 
ሺ𝑦ଷ௞

଴ , 𝑣ଷሻ𝜑ଷሺ0ሻ ⟶ ሺ𝑦ଷ
଴, 𝑣ଷሻ𝜑ଷሺ0ሻ,                                                                                      (65) 

and since   𝑢ሬ⃗ ௞ ⟶ 𝑢ሬ⃗   weakly  in ሺ𝐿ଶሺΣሻ ሻଷ,   then 
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׬  ሺ𝑓ଵ, 𝑣ଵሻ𝑑𝑡 ൅ ׬ ሺ𝑢ଵ௞, 𝑣ଵሻ୻𝑑𝑡 → 
்

଴
்

଴ ׬ ሺ𝑓ଵ, 𝑣ଵሻ𝑑𝑡 ൅ ׬ ሺ𝑢ଵ, 𝑣ଵሻ୻𝑑𝑡  ,
்

଴
்

଴                                    (66) 

׬ ሺ𝑓ଶ, 𝑣ଶሻ𝑑𝑡 ൅ ׬ ሺ𝑢ଶ௞, 𝑣ଶሻ୻𝑑𝑡 → 
்

଴
்

଴ ׬ ሺ𝑓ଶ, 𝑣ଶሻ𝑑𝑡 ൅ ׬ ሺ𝑢ଶ, 𝑣ଶሻ୻𝑑𝑡 ,
்

଴
்

଴                                     (67)  

׬ ሺ𝑓ଷ, 𝑣ଷሻ𝑑𝑡 ൅ ׬ ሺ𝑢ଷ௞, 𝑣ଷሻ୻𝑑𝑡 → 
்

଴
்

଴ ׬ ሺ𝑓ଷ, 𝑣ଷሻ𝑑𝑡 ൅ ׬ ሺ𝑢ଷ, 𝑣ଷሻ୻𝑑𝑡 ,
்

଴
்

଴                                     (68) 
Finally, using (60) െሺ62),( 63ሻ െ ሺ65),(66ሻ െ ሺ68) in  (57ሻ െ ሺ59),  one gets  

െ ׬ ሺ𝑦ଵ, 𝑣ଵሻ𝜑ଵ
´ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଵ, ∇𝑣ଵሻ ൅
்

଴
ሺ𝑦ଵ, 𝑣ଵሻሿ𝜑ଵሺ𝑡ሻ𝑑𝑡 െ ׬ ሺ𝑦ଶ, 𝑣ଵሻ்

଴ 𝜑ଵሺ𝑡ሻ𝑑𝑡 െ

׬ ሺ𝑦ଷ , 𝑣ଵሻ்
଴ 𝜑ଵሺ𝑡ሻ𝑑𝑡 ൌ ׬ ሺ𝑓ଵ, 𝑣ଵሻ𝜑ଵሺ𝑡ሻ𝑑𝑡 ൅

்
଴ ׬ ሺ𝑢ଵ, 𝑣ଵሻ୻𝜑ଵሺ𝑡ሻ𝑑𝑡  

்
଴ ൅ ሺ𝑦ଵ

଴, 𝑣ଵሻ𝜑ଵሺ0ሻ,        (69) 

െ ׬ ሺ𝑦ଶ, 𝑣ଶሻ𝜑ଶ
´ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଶ, ∇𝑣ଶሻ ൅
்

଴
ሺ𝑦ଶ, 𝑣ଶሻሿ𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑦ଷ, 𝑣ଶሻ்

଴ 𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅

׬ ሺ𝑦ଵ, 𝑣ଶሻ்
଴ 𝜑ଶሺ𝑡ሻ𝑑𝑡 ൌ ׬ ሺ𝑓ଶ, 𝑣ଶሻ𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅

்
଴ ׬ ሺ𝑢ଶ, 𝑣ଶሻ୻𝜑ଶሺ𝑡ሻ𝑑𝑡  

்
଴ ൅ ሺ𝑦ଶ

଴, 𝑣ଶሻ𝜑ଶሺ0ሻ,         (70) 

െ ׬ ሺ𝑦ଷ, 𝑣ଷሻ𝜑ଷ
´ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଷ, ∇𝑣ଷሻ ൅
்

଴
ሺ𝑦ଷ, 𝑣ଷሻሿ𝜑ଷሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑦ଵ, 𝑣ଷሻ்

଴ 𝜑ଷሺ𝑡ሻ𝑑𝑡 െ

׬ ሺ𝑦ଶ, 𝑣ଷሻ்
଴

𝜑ଷሺ𝑡ሻ𝑑𝑡 ൌ ׬ ሺ𝑓ଷ, 𝑣ଷሻ𝜑ଷሺ𝑡ሻ𝑑𝑡 ൅
்

଴ ׬ ሺ𝑢ଷ, 𝑣ଷሻ୻𝜑ଷሺ𝑡ሻ𝑑𝑡
்

଴
൅ ሺ𝑦ଷ

଴, 𝑣ଷሻ𝜑ଷሺ0ሻ,           (71) 
Case1: We choose 𝜑௜ ∈ 𝐷ሾ0, 𝑇ሿ , i.e. 𝜑௜ሺ0ሻ ൌ 𝜑௜ሺ𝑇ሻ ൌ 0 , ∀𝑖 ൌ 1,2,3, now by using 
integration by parts for the 1௦௧ terms in the L.H.S. of (69െ71), one gets  

׬ 〈𝑦ଵ௧, 𝑣ଵ〉𝜑ଵሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ
்

଴
ሺ∇𝑦ଵ, ∇𝑣ଵሻ ൅ ሺ𝑦ଵ, 𝑣ଵሻሿ𝜑ଵሺ𝑡ሻ𝑑𝑡 െ

்
଴ ׬ ሺ𝑦ଶ, 𝑣ଵሻ𝜑ଵሺ𝑡ሻ்

଴ 𝑑𝑡 െ

׬ ሺ𝑦ଷ, 𝑣ଵሻ𝜑ଵሺ𝑡ሻ்
଴ 𝑑𝑡 ൌ ׬ ሺ𝑓ଵ, 𝑣ଵሻ𝜑ଵሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑢ଵ, 𝑣ଵሻ୻𝜑ଵሺ𝑡ሻ𝑑𝑡 

்
଴

்
଴ , ∀𝑣ଵ ∈ 𝑉, ∀𝜑ଵ ∈ 𝐷ሾ0, 𝑇ሿ   

                     (72) 

׬ 〈𝑦ଶ௧, 𝑣ଶ〉𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ
்

଴
ሺ∇𝑦ଶ, ∇𝑣ଶሻ ൅ ሺ𝑦ଶ, 𝑣ଶሻሿ𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅

்
଴ ׬ ሺ𝑦ଷ, 𝑣ଶሻ𝜑ଶሺ𝑡ሻ்

଴ 𝑑𝑡 ൅

׬ ሺ𝑦ଵ, 𝑣ଶሻ𝜑ଶሺ𝑡ሻ்
଴ 𝑑𝑡 ൌ ׬ ሺ𝑓ଶ, 𝑣ଶሻ𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑢ଶ, 𝑣ଶሻ୻𝜑ଶሺ𝑡ሻ𝑑𝑡 

்
଴ ,

்
଴ ∀𝑣ଶ ∈ 𝑉, ∀𝜑ଶ ∈ 𝐷ሾ0, 𝑇ሿ  

                     (73) 

׬ 〈𝑦ଷ௧, 𝑣ଷ〉𝜑ଷሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ
்

଴
ሺ∇𝑦ଷ, ∇𝑣ଷሻ ൅ ሺ𝑦ଷ, 𝑣ଷሻሿ𝜑ଷሺ𝑡ሻ𝑑𝑡 ൅

்
଴ ׬ ሺ𝑦ଵ, 𝑣ଷሻ𝜑ଷሺ𝑡ሻ்

଴ 𝑑𝑡 െ

׬ ሺ𝑦ଶ, 𝑣ଷሻ𝜑ଷሺ𝑡ሻ்
଴

𝑑𝑡 ൌ ׬ ሺ𝑓ଷ, 𝑣ଷሻ𝜑ଷሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑢ଷ, 𝑣ଷሻ୻𝜑ଷሺ𝑡ሻ𝑑𝑡,
்

଴
்

଴
∀𝑣ଷ ∈ 𝑉, ∀𝜑ଷ ∈ 𝐷ሾ0, 𝑇ሿ    

                   (74) 
Then   
〈𝑦ଵ௧, 𝑣ଵ〉 ൅ ሺ∇𝑦ଵ, ∇𝑣ଵሻ ൅ ሺ𝑦ଵ, 𝑣ଵሻ െ ሺ𝑦ଶ, 𝑣ଵሻ െ ሺ𝑦ଷ, 𝑣ଵሻ ൌ ሺ𝑓ଵ, 𝑣ଵሻ ൅ ሺ𝑢ଵ, 𝑣ଵሻ୻,       
                                                                                                                                       ∀𝑣ଵ ∈ 𝑉 , a.e. on Ĩ      
〈𝑦ଶ௧, 𝑣ଶ〉 ൅ ሺ∇𝑦ଶ, ∇𝑣ଶሻ ൅ ሺ𝑦ଶ, 𝑣ଶሻ ൅ ሺ𝑦ଷ, 𝑣ଶሻ ൅ ሺ𝑦ଵ, 𝑣ଶሻ ൌ ሺ𝑓ଶ, 𝑣ଶሻ ൅ ሺ𝑢ଶ, 𝑣ଶሻ୻,       
                                                                                                                                       ∀𝑣ଶ ∈ 𝑉 , a.e. on Ĩ       
〈𝑦ଷ௧, 𝑣ଷ〉 ൅ ሺ∇𝑦ଷ, ∇𝑣ଷሻ ൅ ሺ𝑦ଷ, 𝑣ଷሻ ൅ ሺ𝑦ଵ, 𝑣ଷሻ െ ሺ𝑦ଶ, 𝑣ଷሻ ൌ ሺ𝑓ଷ, 𝑣ଷሻ ൅ ሺ𝑢ଷ, 𝑣ଷሻ୻,       
                                                                                                                                       ∀𝑣ଷ ∈ 𝑉 , a.e. on Ĩ              
i.e.�⃗� is satisfied the wf of the TSEs . 
Case2: We choose 𝜑௜ ∈ 𝐶ଵሾ Ĩ ሿ , s.t.   𝜑௜ሺ𝑇ሻ ൌ 0 & 𝜑௜ሺ0ሻ ് 0,  ∀𝑖 ൌ 1,2,3 , by using 
integration by parts for the 1௦௧ terms in the L.H.S. of (72െ74),  one has  

െ ׬ ሺ𝑦ଵ, 𝑣ଵሻ𝜑ଵ
´ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଵ, ∇𝑣ଵሻ ൅
்

଴
ሺ𝑦ଵ, 𝑣ଵሻሿ𝜑ଵሺ𝑡ሻ𝑑𝑡 െ ׬ ሺ𝑦ଶ, 𝑣ଵሻ்

଴ 𝜑ଵሺ𝑡ሻ𝑑𝑡 െ

׬ ሺ𝑦ଷ , 𝑣ଵሻ்
଴ 𝜑ଵሺ𝑡ሻ𝑑𝑡 ൌ ׬ ሺ𝑓ଵ, 𝑣ଵሻ𝜑ଵሺ𝑡ሻ𝑑𝑡 ൅

்
଴ ׬ ሺ𝑢ଵ, 𝑣ଵሻ୻𝜑ଵሺ𝑡ሻ𝑑𝑡 

்
଴ ൅ ሺ𝑦ଵሺ0ሻ, 𝑣ଵሻ𝜑ଵሺ0ሻ,    (75) 

െ ׬ ሺ𝑦ଶ, 𝑣ଶሻ𝜑ଶ
´ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଶ, ∇𝑣ଶሻ ൅
்

଴
ሺ𝑦ଶ, 𝑣ଶሻሿ𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑦ଷ, 𝑣ଶሻ்

଴ 𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅

׬ ሺ𝑦ଵ, 𝑣ଶሻ்
଴ 𝜑ଶሺ𝑡ሻ𝑑𝑡 ൌ ׬ ሺ𝑓ଶ, 𝑣ଶሻ𝜑ଶሺ𝑡ሻ𝑑𝑡 ൅

்
଴ ׬ ሺ𝑢ଶ, 𝑣ଶሻ୻𝜑ଶሺ𝑡ሻ𝑑𝑡 

்
଴ ൅ ሺ𝑦ଶሺ0ሻ, 𝑣ଶሻ𝜑ଶሺ0ሻ,   (76) 

െ ׬ ሺ𝑦ଷ, 𝑣ଷሻ𝜑ଷ
´ ሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሾ

்
଴

ሺ∇𝑦ଷ, ∇𝑣ଷሻ ൅
்

଴
ሺ𝑦ଷ, 𝑣ଷሻሿ𝜑ଷሺ𝑡ሻ𝑑𝑡 ൅ ׬ ሺ𝑦ଵ, 𝑣ଷሻ்

଴ 𝜑ଷሺ𝑡ሻ𝑑𝑡 െ

׬ ሺ𝑦ଶ, 𝑣ଷሻ்
଴ 𝜑ଷሺ𝑡ሻ𝑑𝑡 ൌ ׬ ሺ𝑓ଷ, 𝑣ଷሻ𝜑ଷሺ𝑡ሻ𝑑𝑡 ൅

்
଴ ׬ ሺ𝑢ଷ, 𝑣ଷሻ୻𝜑ଷሺ𝑡ሻ𝑑𝑡

்
଴ ൅ ሺ𝑦ଷሺ0ሻ, 𝑣ଷሻ𝜑ଷሺ0ሻ,     (77) 

And subtracting (75ሻ െ ሺ77) from (69ሻ െ ሺ71) respectively, one gets  
ሺ𝑦ଵ

଴, 𝑣ଵሻ𝜑ଵሺ0ሻ ൌ ሺ𝑦ଵሺ0ሻ, 𝑣ଵሻ𝜑ଵሺ0ሻ  , 𝜑ଵሺ0ሻ ് 0, ∀ 𝜑ଵ  ∈ 𝐷ሾ0, 𝑇ሿ  ⇒ 𝑦ଵ
଴ ൌ 𝑦ଵሺ0ሻ ൌ 𝑦ଵ

଴ሺ𝑥ሻ  , 
by the same above way one can show that  𝑦ଶ

଴ ൌ 𝑦ଶሺ0ሻ ൌ 𝑦ଶ
଴ሺ𝑥ሻ and   𝑦ଷ

଴ ൌ 𝑦ଷሺ0ሻ ൌ 𝑦ଷ
଴ሺ𝑥ሻ  . 

Then �⃗�  is a solutions of the wf of the TSEs,  since  𝐺଴ሺ𝑢ሬ⃗ ሻ is W.L.S.C. from Lemma 4.2 and 

𝑢ሬ⃗ ௞ ⟶ 𝑢തሬ⃗   weakly  in ൫𝐿ଶሺΣሻ൯
ଷ
,  then 
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𝐺଴ሺ𝑢ሬ⃗ ሻ ൑ lim
௞→ஶ

inf
௨ሬሬ⃗ ೖ∈ௐሬሬሬ⃗ ಲ

𝐺଴ሺ𝑢ሬ⃗ ௞ሻ ൌ lim
௞→ஶ

𝐺଴ሺ𝑢ሬ⃗ ௞ሻ ൌ   inf
௨ഥሬሬ⃗ ∈ௐሬሬሬ⃗ ಲ

𝐺଴൫𝑢തሬ⃗ ൯  

 ⇒ 𝐺଴ሺ𝑢ሬ⃗ ሻ ൑ inf
௨ഥሬሬ⃗ ∈ௐሬሬሬ⃗ ಲ

𝐺଴൫𝑢തሬ⃗ ൯ ൌ min
௨ഥሬሬ⃗ ∈ௐሬሬሬ⃗ ಲ

𝐺଴൫𝑢തሬ⃗ ൯ , then 𝑢ሬ⃗   is a CCBOCV .    

5. NCsThOP:  
In order to state the  NCcThOP  for CCBOCV, the FrD of the CoF is derived and the 
NCcThOP  is proved .  
Theorem  5.1: Consider CoF (10),  then the TAPEs  of the TSEs are given by 
െ𝑧ଵ௧ െ ∆𝑧ଵ ൅ 𝑧ଵ ൅ 𝑧ଶ ൅ 𝑧ଷ ൌ ሺ𝑦ଵ െ 𝑦ଵௗሻ ,   in  𝑄                                                             (78) 
െ𝑧ଶ௧ െ ∆𝑧ଶ ൅ 𝑧ଶ െ 𝑧ଵ െ 𝑧ଷ ൌ ሺ𝑦ଶ െ 𝑦ଶௗሻ ,  in   𝑄                                                             (79) 
െ𝑧ଷ௧ െ ∆𝑧ଷ ൅ 𝑧ଷ െ 𝑧ଵ ൅ 𝑧ଶ ൌ ሺ𝑦ଷ െ 𝑦ଷௗሻ ,  in   𝑄                                                             (80) 
𝑧ଵሺ𝑥, 𝑇ሻ ൌ 0  ,         in Ω                                                                                                      (81) 
𝑧ଶሺ𝑥, 𝑇ሻ ൌ 0  ,         in Ω                                                                                                      (82) 
𝑧ଷሺ𝑥, 𝑇ሻ ൌ 0  ,         in Ω                                                                                                      (83) 
డ௭భ

డ௡ೌ
 ൌ  ∑  డ௭భ

డ௫ഢ
cosሺ𝑛ଵ, 𝑥పሻ 

ଶ
పୀଵ ൌ 0 ,   on  Σ                                                                            (84) 

డ௭మ

డ௡್
 ൌ  ∑   డ௭మ

డ௫ഢ
cosሺ𝑛ଶ, 𝑥పሻ 

ଶ
పୀଵ ൌ 0 ,   on  Σ                                                                           (85) 

డ௭య

డ௡೎
 ൌ  ∑   డ௭య

డ௫ഢ
cosሺ𝑛ଷ, 𝑥పሻ 

ଶ
పୀଵ ൌ 0  ,    on  Σ                                                                         (86)                           

Then ሺ𝑢ଵ, 𝑢ଶ, 𝑢ଷሻ ∈ 𝑊ሬሬሬ⃗஺  and the FrD of the CoF is given by ൫𝐺଴
´ ሺ𝑢ሬ⃗ ሻ, 𝛿𝑢ሬ⃗ ൯

𝚺
ൌ ሺ𝑧 ൅ 𝛽𝑢ሬ⃗ , 𝛿𝑢ሬ⃗ ሻ𝚺 

Proof: The wf of (78ሻ െ ሺ86) for  𝑣௜ ∈ 𝑉௜ ,     ∀ 𝑖 ൌ 1,2,3,  is given by   
െ〈𝑧ଵ௧, 𝑣ଵ〉 ൅ ሺ∇𝑧ଵ, ∇𝑣ଵሻ ൅ ሺ𝑧ଵ, 𝑣ଵሻ ൅ ሺ𝑧ଶ, 𝑣ଵሻ ൅ ሺ𝑧ଷ, 𝑣ଵሻ ൌ  ሺ𝑦ଵ െ 𝑦ଵௗ, 𝑣ଵሻ,                      (87) 
െ〈𝑧ଶ௧, 𝑣ଶ〉 ൅ ሺ∇𝑧ଶ, ∇𝑣ଶሻ ൅ ሺ𝑧ଶ, 𝑣ଶሻ െ ሺ𝑧ଵ, 𝑣ଶሻ െ ሺ𝑧ଷ, 𝑣ଶሻ ൌ  ሺ𝑦ଶ െ 𝑦ଶௗ, 𝑣ଶሻ,                      (88) 
െ〈𝑧ଷ௧, 𝑣ଷ〉 ൅ ሺ∇𝑧ଷ, ∇𝑣ଷሻ ൅ ሺ𝑧ଷ, 𝑣ଷሻ െ ሺ𝑧ଵ, 𝑣ଷሻ ൅ ሺ𝑧ଶ, 𝑣ଷሻ ൌ  ሺ𝑦ଷ െ 𝑦ଷௗ, 𝑣ଷሻ ,                     (89) 
The existence of a unique solution of (87െ89) can be proved by the same manner which is 
used in the proof of Theorem 3.1. 
 Now substituting  𝑣ଵ ൌ 𝑧ଵ, 𝑣ଶ ൌ 𝑧ଶ and 𝑣ଷ ൌ 𝑧ଷ in (50.a), (51.a) and (52.a) respectively, to 
get 
〈𝛿𝑦ଵ௧, 𝑧ଵ〉 ൅ ሺ∇δ𝑦ଵ, ∇𝑧ଵሻ ൅ ሺ𝛿𝑦ଵ, 𝑧ଵሻ െ ሺ𝛿𝑦ଶ, 𝑧ଵሻ െ ሺ𝛿𝑦ଷ, 𝑧ଵሻ ൌ ሺ𝛿𝑢ଵ, 𝑧ଵሻ୻ ,                 (90.a)                  
〈𝛿𝑦ଶ௧, 𝑧ଶ〉 ൅ ሺ∇δ𝑦ଶ, ∇𝑧ଶሻ ൅ ሺ𝛿𝑦ଶ, 𝑧ଶሻ ൅ ሺ𝛿𝑦ଷ, 𝑧ଶሻ ൅ ሺ𝛿𝑦ଵ, 𝑧ଶሻ ൌ ሺ𝛿𝑢ଶ, 𝑧ଶሻ୻,                 (90.b)             
〈𝛿𝑦ଷ௧, 𝑧ଷ〉 ൅ ሺ∇δ𝑦ଷ, ∇𝑧ଷሻ ൅ ሺ𝛿𝑦ଷ, 𝑧ଷሻ ൅ ሺ𝛿𝑦ଵ, 𝑧ଷሻ െ ሺ𝛿𝑦ଶ, 𝑧ଷሻ ൌ ሺ𝛿𝑢ଷ, 𝑧ଷሻ୻,                 (90.c)              
Also, substituting 𝑣ଵ ൌ 𝛿𝑦ଵ, 𝑣ଶ ൌ 𝛿𝑦ଶ and 𝑣ଷ ൌ 𝛿𝑦ଷ in (87),(88)&(89) respectively, to get  
െ〈𝑧ଵ௧, 𝛿𝑦ଵ〉 ൅ ሺ∇𝑧ଵ, ∇𝛿𝑦ଵሻ ൅ ሺ𝑧ଵ, 𝛿𝑦ଵሻ ൅ ሺ𝑧ଶ, 𝛿𝑦ଵሻ ൅ ሺ𝑧ଷ, 𝛿𝑦ଵሻ ൌ ሺ𝑦ଵ െ 𝑦ଵௗ, 𝛿𝑦ଵሻ,        (91.a)   
െ〈𝑧ଶ௧, 𝛿𝑦ଶ〉 ൅ ሺ∇𝑧ଶ, ∇𝛿𝑦ଶሻ ൅ ሺ𝑧ଶ, 𝛿𝑦ଶሻ െ ሺ𝑧ଵ, 𝛿𝑦ଶሻ െ ሺ𝑧ଷ, 𝛿𝑦ଶሻ ൌ ሺ𝑦ଶ െ 𝑦ଶௗ, 𝛿𝑦ଶሻ,       (91.b)       
െ〈𝑧ଷ௧, 𝛿𝑦ଷ〉 ൅ ሺ∇𝑧ଷ, ∇𝛿𝑦ଷሻ ൅ ሺ𝑧ଷ, 𝛿𝑦ଷሻ െ ሺ𝑧ଵ, 𝛿𝑦ଷሻ ൅ ሺ𝑧ଶ, 𝛿𝑦ଷሻ ൌ ሺ𝑦ଷ െ 𝑦ଷௗ, 𝛿𝑦ଷሻ,       (91.c)        
Integrating both sides of equations (90.a,b & c) and (91.a,b & c), w.r.t.  𝑡 from 0 to 𝑇, using 
integration by parts for the 1st terms of the L.H.S. of each of the obtained equations from 
(91.a), (91.b) & (91.c), then subtracting each one of the obtained equations from its 
corresponding equation (90.a,b & c), and adding all the obtained equations, give 

׬ ሾሺ𝛿𝑢ଵ, 𝑧ଵሻ୻ ൅ ሺ𝛿𝑢ଶ, 𝑧ଶሻ୻ ൅ ሺ𝛿𝑢ଷ, 𝑧ଷሻ୻ሿ்
଴  𝑑𝑡 ൌ ׬ ሾሺ𝑦ଵ െ 𝑦ଵௗ, 𝛿𝑦ଵሻ ൅ ሺ𝑦ଶ െ 𝑦ଶௗ, 𝛿𝑦ଶሻ ൅

்
଴

ሺ𝑦ଷ െ 𝑦ଷௗ, 𝛿𝑦ଷሻሿ  𝑑𝑡,                                                                                                             (92)           

 Now, adding together each of the pair of equations (11.a&50.a), (12.a&51.a) and 

(13.a&52.a), one has 

〈ሺ𝑦ଵ ൅ 𝛿𝑦ଵሻ௧, 𝑣ଵ〉 ൅ ሺ∇ሺ𝑦ଵ ൅ 𝛿𝑦ଵሻ, ∇𝑣ଵሻ ൅ ሺ𝑦ଵ ൅ 𝛿𝑦ଵ, 𝑣ଵሻ െ ሺ𝑦ଶ ൅ 𝛿𝑦ଶ, 𝑣ଵሻ െ ሺ𝑦ଷ ൅ 𝛿𝑦ଷ, 𝑣ଵሻ 

ൌ ሺ𝑓ଵ, 𝑣ଵሻ ൅ ሺ𝑢ଵ ൅ 𝛿𝑢ଵ, 𝑣ଵሻ୻,                                                                                              (93)     

〈ሺ𝑦ଶ ൅ 𝛿𝑦ଶሻ௧, 𝑣ଶ〉 ൅ ሺ∇ሺ𝑦ଶ ൅ 𝛿𝑦ଶሻ, ∇𝑣ଶሻ ൅ ሺ𝑦ଶ ൅ 𝛿𝑦ଶ, 𝑣ଶሻ ൅ ሺ𝑦ଷ ൅ 𝛿𝑦ଷ, 𝑣ଶሻ ൅ ሺ𝑦ଵ ൅ 𝛿𝑦ଵ, 𝑣ଶሻ   

ൌ ሺ𝑓ଶ, 𝑣ଶሻ ൅ ሺ𝑢ଶ ൅ 𝛿𝑢ଶ, 𝑣ଶሻ୻  ,                                                                                           (94) 



   

125 
  

Ibn Al-Haitham Jour. for Pure & Appl. Sci. 33 (3) 2020 

〈ሺ𝑦ଷ ൅ 𝛿𝑦ଷሻ௧, 𝑣ଷ〉 ൅ ሺ∇ሺ𝑦ଷ ൅ 𝛿𝑦ଷሻ, ∇𝑣ଷሻ ൅ ሺ𝑦ଷ ൅ 𝛿𝑦ଷ, 𝑣ଷሻ ൅ ሺ𝑦ଵ ൅ 𝛿𝑦ଵ, 𝑣ଷሻ െ ሺ𝑦ଶ ൅ 𝛿𝑦ଶ, 𝑣ଷሻ  

ൌ ሺ𝑓ଷ, 𝑣ଷሻ ൅ ሺ𝑢ଷ ൅ 𝛿𝑢ଷ, 𝑣ଷሻ୻,                                                                                             (95)    

Which means the CV (𝑢ଵ ൅ 𝛿𝑢ଵ,𝑢ଶ ൅ 𝛿𝑢ଶ, 𝑢ଷ ൅ 𝛿𝑢ଷሻ gives that the solution ( 𝑦ଵ ൅ 𝛿𝑦ଵ , 
𝑦ଶ ൅ 𝛿𝑦ଶ ,  𝑦ଷ ൅ 𝛿𝑦ଷሻ of (93) – (95). 
On the other hand, from (92) and the CoF, we have 
𝐺଴ሺ𝑢ሬ⃗ ൅ 𝛿𝑢ሬ⃗ ሻ െ 𝐺଴ሺ𝑢ሬ⃗ ሻ ൌ ሺ𝛿𝑢ଵ, 𝑧ଵሻஊ ൅ ሺ𝛿𝑢ଶ, 𝑧ଶሻஊ ൅ ሺ𝛿𝑢ଷ, 𝑧ଷሻஊ ൅ ሺ𝛽𝑢ଵ, 𝛿𝑢ଵሻஊ  
                                         ൅ሺ𝛽𝑢ଶ, 𝛿𝑢ଶሻஊ ൅ ሺ𝛽𝑢ଷ, 𝛿𝑢ଷሻஊ ൅ భ

మ
‖𝛿�⃗�‖ொ

ଶ ൅ ഁ
మ
‖𝛿𝑢ሬ⃗ ‖ஊ

ଶ  
                                   ൌ ሺ𝛿𝑢ሬ⃗ , 𝑧ሻஊ ൅ ሺ𝛽𝑢ሬ⃗ , 𝛿𝑢ሬ⃗ ሻஊ ൅ భ

మ
‖𝛿�⃗�‖ொ

ଶ ൅ ഁ
మ
‖𝛿𝑢ሬ⃗ ‖ஊ

ଶ  
Or 
𝐺଴ሺ𝑢ሬ⃗ ൅ 𝛿𝑢ሬ⃗ ሻ െ 𝐺଴ሺ𝑢ሬ⃗ ሻ ൌ ሺ𝑧 ൅ 𝛽𝑢ሬ⃗ , 𝛿𝑢ሬ⃗ ሻ𝚺 ൅ భ

మ
‖𝛿�⃗�‖𝑸

ଶ ൅   ഁ
మ
‖𝛿𝑢ሬ⃗ ‖𝚺

ଶ . 
From Theorem 4.1, we have 
 భ
మ
‖𝛿�⃗�‖𝑸

ଶ ൌ 𝜀ଵሺ𝛿𝑢ሬ⃗ ሻ‖𝛿𝑢ሬ⃗ ‖𝚺  and  ഁ
మ
‖𝛿𝑢ሬ⃗ ‖𝚺

ଶ ൌ 𝜀ଶሺ𝛿𝑢ሬ⃗ ሻ‖𝛿𝑢ሬ⃗ ‖𝚺                 
With   𝜀ଵሺ𝛿𝑢ሬ⃗ ሻ ൌ భ

మ 
𝑀ഥଶ‖𝛿𝑢ሬ⃗ ‖𝚺 , where 𝜀ଵሺ𝛿𝑢ሬ⃗ ሻ, 𝜀ଶሺ𝛿𝑢ሬ⃗ ሻ ⟶ 0   as    ‖𝛿𝑢ሬ⃗ ‖𝚺 ⟶ 0  

Then  
 𝐺଴ሺ𝑢ሬ⃗ ൅ 𝛿𝑢ሬ⃗ ሻ െ 𝐺଴ሺ𝑢ሬ⃗ ሻ ൌ ሺ𝑧 ൅ 𝛽𝑢ሬ⃗ , 𝛿𝑢ሬ⃗ ሻ𝚺 ൅ 𝜀ሺ𝛿𝑢ሬ⃗ ሻ‖𝛿𝑢ሬ⃗ ‖𝚺 
Where   𝜀ଵሺ𝛿𝑢ሬ⃗ ሻ ൅ 𝜀ଶሺ𝛿𝑢ሬ⃗ ሻ ൌ 𝜀ሺ𝛿𝑢ሬ⃗ ሻ ⟶ 0 as   ‖𝛿𝑢ሬ⃗ ‖ஊ ⟶ 0   
Using the definition of FrD of  𝐺଴,  one has  
൫𝐺଴

´ ሺ𝑢ሬ⃗ ሻ, 𝛿𝑢ሬ⃗ ൯
𝚺

ൌ ሺ𝑧 ൅ 𝛽𝑢ሬ⃗ , 𝛿𝑢ሬ⃗ ሻ𝚺  .  

                            
Theorem 5.2: The NCsThOP for the CCBOCV of the above problem is 𝐺଴

´ ሺ𝑢ሬ⃗ ሻ ൌ 𝑧 ൅ 𝛽𝑢ሬ⃗ ൌ
0 with �⃗� ൌ �⃗�௨ሬሬ⃗  and  𝑧 ൌ 𝑧௨ሬሬ⃗  . 
Proof: If  𝑢ሬ⃗   is an CCBOCV of the problem, then   

𝐺଴൫𝑢തሬ⃗ ൯ ൌ min
௨ሬሬ⃗ ∈ௐሬሬሬ⃗ ಲ

𝐺଴ሺ𝑢ሬ⃗ ሻ   ∀𝑢ሬ⃗ ∈ ൫𝐿ଶሺΣሻ൯
ଷ
,  

i.e.  𝐺଴
´ ൫𝑢തሬ⃗ ൯ ൌ 0  ⇒        𝑧 ൅ 𝛽𝑢തሬ⃗ ൌ 0     

From Theorem 5.1 ൫𝑧 ൅ 𝛽𝑢തሬ⃗  , 𝛿𝑢ሬ⃗ ൯
ஊ

൒ 0  with 𝛿𝑢ሬ⃗ ൌ 𝑤ሬሬ⃗ െ 𝑢തሬ⃗  

⇒ ൫𝑧 ൅ 𝛽𝑢തሬ⃗   , 𝑤ሬሬ⃗ ൯
𝚺

 ൒ ൫𝑧 ൅ 𝛽𝑢തሬ⃗  , 𝑢തሬ⃗  ൯𝚺
 ,  ∀ 𝑤ሬሬ⃗ ∈ ൫𝐿ଶሺΣሻ൯

ଷ
. 

 
6. Conclusions  
      In this paper, The GM is employed to prove the existence theorem of a unique solution 
for a SVS of the TLPDEPAR when the CCBOCV is fixed. The existence theorem of a 
CCBOCV governed by the TLPDEPAR is developed and proved. The existence and 
uniqueness of a solution for the TAPEs associated with the TLPDEPAR is studied, the FrD 
for the CoF is obtained. At the end, the NCsThOP of the CCBOCV problem is stated and 
proved. 
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