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Abstract  

      In this paper, several types of space-time fractional partial differential equations has been 
solved by using most of special double linear integral transform” double  Sumudu ”. Also, we 
are going to argue the truth of these solutions by another analytically method “invariant 
subspace method”. All results are illustrative numerically and graphically. 

Key words fractional calculus, fractional partial differential equation, Sumudu transform, 
invariant subspace. 

1. Introduction 
       As known, linear integral transformation is used to solve differential equations, by 
convert the Linear partial differential equation into algebraic equation which can be solved 
easily. So, the integral transforms such as Mellin, Laplace, Fourier and Sumudu were vastly 
applied to obtain the solution of differential equations, which are used in astronomy, physics 
and also in engineering. 
Partial differential equations are considered one of the most significant topics in mathematics 
and others. Motivated by no general methods for solve these equations, integral transform 
method is one of the most familiar method in order to get the solution of such equations [1-3]. 
Double Laplace transform method and double Sumudu transform method (DSTM) were used 
to solve wave and Poisson equations [4, 5]. 
Moreover, the relation between these linear integral transformations and their applications to 
differential equations have been determined and studied by [6]. In this study we focus on 
double Sumudu  integral transform in addition to using analyses method [7]. Invariant 
subspace method (ISM)” to solve some of important time-space and mixed fractional partial 
differential equations, and we are going to argue the results solution in these two methods 
graphically and numerically.  
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2. Some Basic Concepts 
1. Important Facts of the Fractional Calculus [8, 9]. 
In this section, we give some important definitions and notation which are needed in our 
work. 
Definition 1: [8]. The Riemann–Liouville fractional integral of order α for a function f is 
defined as : 

𝐽ఈ 𝑓ሺ𝑡ሻ ൌ
1

Γሺ𝛼ሻ
නሺ𝑡 െ 𝑥ሻఈିଵ

௧

଴

𝑓ሺ𝑥ሻ𝑑𝑥                𝛼, 𝑡 ൐ 0 

 The R-L fractional integral operator has the following properties: 

1. J஑  is linear 

2. J଴ ൌ I  

3. lim
ఈ→଴

𝐽ఈ ൌ J଴  

Definition 2:  [8]. The Caputo fractional derivative of positive order 𝛼 for a function f is 
defined as : 

                        𝐷௧
ఈ𝑓ሺ𝑡ሻ ൌ 𝐽௡ିఈ𝐷௡𝑓ሺ𝑡ሻ ൌ ൝

ଵ

୻ሺ௡ିఈሻ ׬
௙ሺ೙ሻሺ௫ሻ

ሺ௧ି௫ሻ೙షഀశభ   𝑑𝑥            𝑛 ് 𝛼, 𝑛 ∈ N 
௧

଴

𝑓ሺ௡ሻሺ𝑥ሻ                                            𝑛 ൌ 𝛼
 

Some properties of fractional Caputo derivative and fractional R-L integral are: 

1. 𝐽ఈ𝑡ఉ ൌ ୻ሺଵାఉሻ

୻ሺଵାఉାఈ
𝑡ఈାఉ                          𝛼 ൐ 0,   𝛽 ൐ െ1, 𝑡 ൐ 0 

2. 
ୢಉ

ୢ୲ಉ tஒ ൌ ൝
୻ሺଵାஒሻ

୻ሺଵାஒି஑
tஒି஑                       n െ 1 ൏ α ൏ n,    β ൐ n െ 1,      β ∈ R

0                                       n െ 1 ൏ α ൏ n,    β ൑ n െ 1, β ∈ N
 

3. 
பಉ

ப୲ಉ ሺJ஑ሻ ൌ I 

4. J஑ ൬
ୢಉ

ୢ୲ಉ fሺtሻ൰ ൌ fሺtሻ െ ∑ ୲౟

୧!
f ሺ୧ሻሺ0ሻ୬ିଵ

୧ୀ଴  

5. 
డഀ

డ௧ഀ ቆ
డഁ

డ௧ഁ 𝑓ሺ𝑡ሻቇ ൌ డഁ

డ௧ഁ ൬
డഀ

డ௧ഀ 𝑓ሺ𝑡ሻ൰ ൌ డഀశഁ

డ௧ഀశഁ 𝑓ሺ𝑡ሻ       𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑑 𝑡ℎ𝑎𝑡  𝑓ሺ௜ሻ ൌ 0, 𝑖 ൌ

0,1, … , 𝑛 െ 1, 𝛼 ൅ 𝛽 ൑ 𝑛, 𝑛 ∈ 𝑁 
 
Definition 3:  [8,9]. A two parameters Mittag-Leffler function is defined as: 
 

𝐸ఈ,ఉሺ𝑥ሻ ൌ ෍
𝑥௞

Γሺ𝛼𝑘 ൅ 𝛽ሻ
           𝛼, 𝛽 ∈ 𝐶, 𝑅ሺ𝛼ሻ, 𝑅ሺ𝛽ሻ ൐ 0

ஶ

௞ୀ଴

 

 
Lemma 1:  [8,9]. A Mittag-Leffler function has an interesting properties :  
 

1. 𝐸ఈ,ଵሺ𝑥ሻ ൌ 𝐸ఈሺ𝑥ሻ 3. 𝐸ଶ,ଵሺ𝑥ଶሻ ൌ 𝑐𝑜𝑠ℎሺ𝑥ሻ 5. 𝐸ଶ,ଵሺ𝑥ଶሻ ൌ 𝑐𝑜𝑠ሺ𝑥ሻ 
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2. 𝐸ଵ,ଵሺ𝑥ሻ ൌ 𝑒௫   4. 𝑥𝐸ଶ,ଵሺ𝑥ଶሻ ൌ 𝑠𝑖𝑛ℎሺ𝑥ሻ 6. 𝑥𝐸ଶ,ଵሺ𝑥ଶሻ ൌ 𝑠𝑖𝑛ሺ𝑥ሻ 

Lemma 2:  [9]. The Caputo derivatives of Mittag-Leffler are given as: 
 

1. 𝐸ఈ,ఉ
ሺ௡ሻሺ𝑥ሻ ൌ ∑ ሺ௞ା௡ሻ!௫ೖ

௞!୻ሺఈ௞ାఈ௡ାఉሻ
             𝑛 ∈ 𝑁ஶ

௞ୀ଴  

2. 
ௗഀ

ௗ௧ഀ ൫𝐸ఈሺ𝑎𝑡ఈሻ൯ ൌ 𝑎𝐸ఈሺ𝑎𝑡ఈሻ    𝛼 ൐ 0,     𝑎 ∈ 𝑅 

3. 
ௗം

ௗ௧ം ቀ 𝑡ఉିଵ𝐸ఈ,ఉሺ𝑎𝑡ఈሻቁ ൌ 𝑡ఉିఊିଵ𝐸ఈ,ఉିఊሺ𝑎𝑡ఈሻ        𝛾 ൐ 0 

 

1.  On the Single and Double Sumudu Transform  
The Sumudu transform introduced firstly by the Watugala [1,2]. Which can be used to solve 
the ordinary and partial differential equations with ordinary and fractional order. 
The following definitions and properties of single and double Sumudu transform are 
necessary for our work. For all, we consider Sumudu transform of a function and its inverse is 
exist, i. e., the considered function is of exponent order. 
 
Definition 4: [10]. A function 𝑓ሺ𝑥ሻ is said to be of exponent order 𝛼 ൐ 0  if there exist non-
negative constants 𝑀, 𝛼 and 𝑇 such that |𝑓ሺ𝑥ሻ| ൑ 𝑀𝑒ఈ௫        𝑥 ൒ 𝑇. 
 For example, all polynomials   𝑒௔௫  where 𝑎 is a constant, sine and cosine functions and 
products of these functions are of exponential order. 

An example of a function not of exponential order is 𝑒௫మ
.  This function grows too rapidly. 

 
Definition 5: [3]. The Sumudu transform for the exponent order function 𝑓 ሺ𝑥ሻ is given by 

Sሼfሺxሻሽ ൌ Tሺuሻ ൌ ଵ
୳

න ୣ
ష౮
౫  ୤ሺ୶ሻ    ୢ୶                ୶வ଴

ಮ

బ

 

And the inverse Sumudu transform of T(u) is defined by: 

𝑆ିଵሼ𝑇ሺ𝑢ሻሽ ൌ 𝑓ሺ𝑥ሻ ൌ ଵ
ଶగ௜

න ௘ೣೠ்ሺ
భ
ೠ

ሻ
೏ೠ
ೠ

స෍ ቈ೐ೣೠ 
೅ሺೠሻ

ೠ
቉           ೃ೐ሺೠሻಬೌ

ೃ೐ೞ೔೏ೠ೐ೞ

ೌశ೔ಮ

ೌష೔ಮ

 

 
The Sumudu transform of the important function ”Mittag-Leffler function ” is given by 

S൛tஒିଵE஑,ஒሺλtሻൟ ൌ
uஒିଵ

1 െ λu஑ 

Sumudu transform for some famous functions are included in the following table. 
 

Table 1.  Sumudu transform for some special functions. 

𝒇ሺ𝒙ሻ 𝑺ሼ𝒇ሺ𝒙ሻሽ ൌ 𝑻ሺ𝒖ሻ 𝒇ሺ𝒙ሻ 𝑺ሼ𝒇ሺ𝒙ሻሽ ൌ 𝑻ሺ𝒖ሻ 

1 1 𝒙𝜶 𝚪ሺ𝟏 ൅ 𝜶ሻ𝒖𝜶 

𝒆𝒙 
𝟏

𝟏 െ 𝒂𝒖
 𝐬𝐢𝐧 𝒂𝒙 

𝒂𝒖
𝟏 ൅ 𝒂𝟐𝒖𝟐 
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𝐜𝐨𝐬 𝒂𝒙 
𝟏

𝟏 ൅ 𝒂𝟐𝒖𝟐 𝐬𝐢𝐧𝐡 𝒂𝒙 
𝒂𝒖

𝟏 െ 𝒂𝟐𝒖𝟐 

𝒙𝜶𝒆𝒂𝒙

𝚪ሺ𝟏 ൅ 𝜶ሻ
 

𝒖𝜶

ሺ𝟏 െ 𝒂𝒖ሻ𝟏ା𝜶 𝐜𝐨𝐬𝐡 𝒂𝒙 
𝟏

𝟏 െ 𝒂𝟐𝒖𝟐 

 
 
Definition 6:  [3]. The double Sumudu transform for the function 𝑓 ሺ𝑡, 𝑥ሻ is given by:  

𝑆ଶሼ𝑓ሺ𝑥, 𝑡ሻሽ ൌ 𝑇ሺ𝑢, 𝑣ሻ ൌ ଵ
௨௩

න න ௘షቀ
ೣ
ೠశ

೟
ೡቁ

ಮ

బ

ಮ

బ

𝑓ሺ𝑥, 𝑡ሻ𝑑𝑡 𝑑𝑥 

We state here some of the important properties of double Sumudu transform which are needed 
1. 𝑆ଶሼ𝑓ሺ𝑎𝑥ሻ𝑔ሺ𝑏 𝑡ሻሽ ൌ 𝑇ሺ𝑎𝑢ሻ𝐺ሺ𝑏𝑣ሻ 
2. 𝑆ଶሼ𝐼௫

ఈ𝑓ሺ𝑥, 𝑡ሻሽ ൌ 𝑢ఈ𝑇ሺ𝑢, 𝑣ሻ 
 

Theorem 1:  [11]. If the double Sumudu transform of the function f (x; t) given by 
𝑆ଶሼ 𝑓 ሺ𝑥, 𝑡ሻ ൌ 𝑇ሺ𝑢, 𝑣ሻ, then:  

1. 𝑆ଶሼ𝑥௡𝑓ሺ𝑥, 𝑡ሻሽ ൌ 𝑢௡ ∑ 𝑎௞
௡ 𝑢௞௡

௞ୀ଴
డೖ

డ௨ೖ 𝑇ሺ𝑢, 𝑣ሻ 

2. 𝑆ଶሼ𝑥௡𝑡௠𝑓ሺ𝑥, 𝑡ሻሽ ൌ 𝑢௡𝑣௠ ∑ 𝑎௞
௡ 𝑏௟

௠𝑢௞𝑣௟௡
௞ୀ଴

డೖశ೗

డ௨ೖ ௩೗ 𝑇ሺ𝑢, 𝑣ሻ     where  𝑎଴
௡ ൌ 1, 𝑎௡

௡ ൌ 1,

𝑎ଵ
௡ ൌ 𝑛! 𝑛,       𝑎௞

௡ ൌ 𝑎௞ିଵ
௡ିଵ ൅ ሺ𝑚 ൅ 𝑘ሻ𝑎௞

௡ିଵ,      similarly for 𝑏௟
௠ 

 
The double Sumudu transform of the partial Caputo fractional derivatives are given in the 
following theorem : 
 
Theorem 2:  [4]. Let the exponent order function 𝑓 ሺ𝑥, 𝑡ሻ has a continuous partial derivative 
on 𝑅ା ൈ 𝑅ା and   𝑛 െ 1 ൏ 𝛼 ൏  𝑛, 𝑚 െ 1 ൏ 𝛽 ൏  𝑚,  then: 

3. 𝑆ଶሼ𝐷௫
ఈ𝑓ሺ𝑥, 𝑡ሻሽ ൌ 𝑢ିఈൣ𝑇ሺ𝑢, 𝑣ሻ െ ∑ 𝑢௜௡ିଵ

௜ୀ଴ 𝑇௜ሺ0, 𝑣ሻ൧ 

4. 𝑆ଶቄ𝐷௧
ఉ𝑓ሺ𝑥, 𝑡ሻቅ ൌ 𝑣ିఉൣ𝑇ሺ𝑢, 𝑣ሻ െ ∑ 𝑣௝௠ିଵ

௝ୀ଴ 𝑇௝ሺ𝑢, 0ሻ൧ 

5. SଶቄD୲
ஒD୶

஑fሺx, tሻቅ ൌ  uି஑vିஒ ቂTሺu, vሻ െ ∑ u୧୬ିଵ
୧ୀ଴ T୧ሺ0, vሻ െ ∑ v୨୫ିଵ

୨ୀ଴ T୨ሺu, 0ሻ ൅

                                                        ∑ ∑  u୧v୨୫ିଵ
୨ୀ଴

ப౟శౠ

ப୲ౠ ப୶౟ fሺ0,0ሻ୬ିଵ
୧ୀ଴ ቃ 

Where 𝑇௜ሺ0, 𝑣ሻ ൌ 𝑆ଶ ቄ
డ೔

డ௫೔ 𝑓ሺ0, 𝑡ሻቅ   and   𝑇௝ሺ𝑢, 0ሻ ൌ 𝑆ଶ ቄ
డೕ

డ௧ೕ 𝑓ሺ𝑥, 0ሻቅ 

1.  On Invariant Subspace Method 

In 2018, authors, [ 7, 9]. Developed the invariant subspace method for finding exact solutions 
to some nonlinear partial differential equations with fractional-order mixed partial derivatives 
(including both fractional space derivatives and time derivatives). These equations are in the 
form: 

෍ 𝜆௜
𝜕ఈା௝

𝜕𝑡ఈା௝

௡

௝ୀ଴

 𝑢ሺ𝑥, 𝑡ሻ ൌ 𝑁 ቆ𝑥, 𝑢,
𝜕ఉ

𝜕𝑥ఉ 𝑢,
𝜕ఉାଵ

𝜕𝑥ఉାଵ 𝑢, … ,
𝜕ఉା௠

𝜕𝑥ఉା௠ 𝑢  ቇ ൅ 𝜇
𝜕ఈ

𝜕𝑡ఈ ቆ
𝜕ఉ

𝜕𝑥ఉ 𝑢ቇ         ሺ1ሻ 

𝑎 ൏ 𝛼 ൑ 𝑎 ൅ 1,   𝑏 ൏ 𝛽 ൑ 𝑏 ൅ 1,     𝑎, 𝑏, 𝑚 , 𝑛 ∈ 𝑁, 𝜆௜ , 𝜇 ∈ 𝑅 



   

131 

  

Ibn Al-Haitham Jour. for Pure & Appl. Sci. 33 (3) 2020 

 Theorem 3: [9]. Suppose   𝐼௡ାଵ  ൌ  𝐿ሼ𝜙଴ሺ𝑥ሻ, 𝜙ଵሺ𝑥ሻ, . . , 𝜙௡ሺ𝑥ሻ  ሽ is a finite- dimensional 

linear space, and it is invariant with respect to the operators 𝑁ሾ𝑢ሿ and 
డഁ

డ௫ഁ 𝑢,  then FPDE (1) 

has an exact solution as follows: 

𝑢ሺ𝑥, 𝑡ሻ ൌ ෍ 𝑘௜ሺ𝑡ሻ𝜙௜ሺ𝑥ሻ

௡

௜ୀ଴

                                                                                                                ሺ2ሻ 

Where  ሼ𝑘௜ሺ𝑡ሻሽ  satisfies the following system of FDEs : 
 

෍ 𝜆௜
𝜕ఈା௝

𝜕𝑡ఈା௝ 𝑘௜ሺ𝑡ሻ

௡

௝ୀ଴

ൌ 𝜓௜൫𝑘଴ሺ𝑡ሻ, 𝑘ଵሺ𝑡ሻ, 𝑘ଶሺ𝑡ሻ, … , 𝑘௡ሺ𝑡ሻ൯ ൅ 𝜇
𝑑ఈ𝜓௡ାଵା௜

𝑑𝑡ఈ  ,   𝑖 ൌ 0,1, … , 𝑛       ሺ3ሻ 

Where  ሼ𝜓଴, 𝜓ଵ, … , 𝜓௡  ሽ, ሼ𝜓௡ାଵ, 𝜓௡ାଶ, … , 𝜓ଶ௡ାଵሽ  are the expansion coefficients of 𝑁ሾ𝑢ሿ and 
డഁ

డ௫ഁ 𝑢 respectively with respect to ሼ𝜙଴ሺ𝑥ሻ, 𝜙ଵሺ𝑥ሻ, . . , 𝜙௡ሺ𝑥ሻ  ሽ 

6. Numerical Examples 
       In this section, we consider that the inverse double Sumudu  transform is exist.  
We apply this transform and technique of invariant subspace method to solve some of the 
fractional diffusion heat and wave equations in one dimension with initial and boundary 
conditions and fractional parabolic-hyperbolic differential equations. 
 
Example 1:   Consider the homogeneous fractional wave equation: 

𝐷௧
ఈ𝑓ሺ𝑥, 𝑡ሻ ൌ 𝐷௫

ఉ𝑓ሺ𝑥, 𝑡ሻ 1 ൏ 𝛼, 𝛽 ൑ 2                 ሺ4ሻ 

With the initial and boundary conditions 

      𝑓ሺ𝑥, 0ሻ ൌ 𝑥𝐸ఉ,ଶ൫െ𝑥ఉ൯,      𝑓௧ሺ𝑥, 0ሻ ൌ 2  , 𝑓ሺ0, 𝑡ሻ ൌ 2𝑡,     𝑓௫ሺ0, 𝑡ሻ ൌ 𝐸ఈሺെ𝑡ఈሻ  

Solution by Double Sumudu Transform Method. 

Operating double Sumudu transform of Equation (4), and using Theorem 2, we get: 

vି஑ሾTሺu, vሻ െ T଴ሺu, 0ሻ െ vTଵሺu, 0ሻሿ ൌ uିஒሾTሺu, vሻ െ T଴ሺ0, vሻ െ uTଵሺ0, vሻሿ                      (5) 

By applying the single Sumudu transform for conditions, and using properties of Mittag-
Leffler function, we get: 

T଴ሺu, 0ሻ ൌ
u

1 ൅ uஒ ,      Tଵሺu, 0ሻ ൌ 2,       T଴ሺ0, vሻ ൌ 2v,    Tଵሺ0, vሻ ൌ
v

1 ൅ v஑                       ሺ6ሻ     

By substitute (6) in (5), we obtain 

vି஑ ቂTሺu, vሻ െ ሺ2v ൅
u

1 ൅ uஒሻቃ ൌ uିஒ ቂTሺu, vሻ െ ሺ2v ൅
u

1 ൅ v஑ሻቃ 

൫uஒ െ v஑൯Tሺu, vሻ ൌ uஒ ቀ2v ൅
u

1 ൅ uஒቁ െ v஑ሺ2v ൅
u

1 ൅ v஑ሻ 

ൌ 2v൫uஒ െ v஑൯ ൅
u൫uஒ െ v஑൯

ሺ1 ൅ uஒሻሺ1 ൅ v஑ሻ
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Tሺu, vሻ ൌ 2v ൅ ୳

ଵା୳ಊ

ଵ

ଵା୴ಉ                    (7) 

The inverse double Sumudu transformation of (7) yields the exact solution of (4) as: 

fሺx, tሻ ൌ 2t ൅ xEஒ,ଶ൫െxஒ൯E஑ሺെt஑ሻ 

When 𝛼 ൌ  𝛽 ൌ  2 , the exact solution for standard wave equation 𝑓௧௧  ൌ  𝑓௫௫   is: 

fሺx, tሻ ൌ 2t ൅ sinሺxሻcosሺtሻ. 

Solution by Invariant Subspace Method: 

Let  𝐼ଶ ൌ ൛1, 𝑥ఉൟ  is invariant subspace under the operator 𝑁ሾ𝑓ሿ ൌ డഁ

డ௫ഁ 𝑓 as: 

For 𝑓 ∈ 𝐼ଶ,  then 𝑁ሾ𝑓ሿ ൌ ൣ𝑘଴ ൅ 𝑘ଵ𝑥ఉ൧ ൌ డഁ

డ௫ഁ ൫𝑘଴ ൅ 𝑘ଵ𝑥ఉ൯ ൌ Γሺ1 ൅ βሻ𝑘ଵ  ∈ 𝐼ଶ   

Then by [4]. We conclude the following FDEs: 

ௗഀ

ௗ௧ഀ 𝑘଴ሺ𝑡ሻ ൌ Γሺ1 ൅ βሻ𝑘ଵሺ𝑡ሻ       (8) 

ௗഀ

ௗ௧ഀ 𝑘ଵሺ𝑡ሻ ൌ 0 ⟹  𝑘ଵሺ𝑡ሻ ൌ 𝑎 ൅ 𝑏𝑡     (9) 

Substitute (9) in (8), we obtain 

𝑘଴ሺ𝑡ሻ ൌ ௔୻ሺଵାஒሻ

୻ሺଵା஑ሻ
𝑡ఈ ൅ ௕୻ሺଵାஒሻ

୻ሺଶା஑ሻ
𝑡ఈାଵ ൅ 𝑐 ൅ 𝑑𝑡    for any arbitrary constants , 𝑏, 𝑐, 𝑑 

So, the exact solution for equation (4) is: 

𝑓ሺ𝑥, 𝑡ሻ ൌ 𝑘଴ሺ𝑡ሻ ൅ 𝑘ଵሺ𝑡ሻ𝑥ఉ ൌ
𝑎Γሺ1 ൅ βሻ
Γሺ1 ൅ αሻ

𝑡ఈ ൅
𝑏Γሺ1 ൅ βሻ
Γሺ2 ൅ αሻ

𝑡ఈାଵ ൅ 𝑐 ൅ 𝑑𝑡 ൅ ሺ𝑎 ൅ 𝑏𝑡ሻ𝑥ఉ 

If we change the invariant subspace, we get anew exact solution of the same equation (4) as if 

we consider the new subspace such as 𝐼ଶ ൌ ൛1, 𝑥𝐸ఉ,ଶሺെ𝑥ఉሻൟ,   

 Also, this subspace is an invariant under the operator N, since 

𝑁ሾ𝑓ሿ ൌ 𝐷௫
ఉൣ𝑘଴ ൅ 𝑘ଵ 𝑥𝐸ఉ,ଶሺെ𝑥ఉሻ൧ ൌ െ𝑘ଵ𝑥ଵିఉ𝐸ఉ,ଶିఉ൫െ𝑥ఉ൯ ൌ െ𝑘ଵ𝑥ఉ𝐸ఉ,ଶ൫െ𝑥ఉ൯  ∈  𝐼ଶ 

and we have the following new FDEs : 

𝑑ఈ

𝑑𝑡ఈ 𝑘଴ሺ𝑡ሻ ൌ 𝑎 ൅ 𝑏𝑡 

𝑑ఈ

𝑑𝑡ఈ 𝑘ଵሺ𝑡ሻ ൌ െ𝑘ଵሺ𝑡ሻ ⟹ 𝑘ଵሺ𝑡ሻ ൌ 𝐸ఈሺെ𝑡ఈሻ 

Hence, the exact solution in this case is: 

𝑓ሺ𝑥, 𝑡ሻ ൌ 𝑘଴ ൅ 𝑘ଵ 𝑥𝐸ఉ,ଶ൫െ𝑥ఉ൯ ൌ 𝑎 ൅ 𝑏𝑡 ൅ 𝐸ఈሺെ𝑡ఈሻ𝑥𝐸ఉ,ଶ൫െ𝑥ఉ൯ 

From our conditions, we get 
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𝑓ሺ𝑥, 0ሻ ൌ 0 ⟹ 𝑎 ൌ 0,    𝑓ሺ0, 𝑡ሻ ൌ 2𝑡 ⟹ 𝑏 ൌ 2 

So, the exact solution is 

𝑓ሺ𝑥, 𝑡ሻ ൌ 2𝑡 ൅ 𝐸ఈሺെ𝑡ఈሻ𝑥𝐸ఉ,ଶ൫െ𝑥ఉ൯ 

Which agree with that by double Sumudu transform. 
Table 2. Showing the absolutely error of some of 10-order approximate solutions of Equation 
(4), for various values of 𝛼, 𝛽. 

Also, 3-D plotting of these solutions are illustrated in Figure 1. 

Table 2. Absolutely error of 10-order approach solutions of Equation (4). 

 

 

 

Figure 1. Exact solution and 10-order approximate solutions of Equation (4) for various values of 𝛼, 𝛽. 
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Example 2:  Consider the following inhomogeneous fractional wave equation: 

𝐷௧
ఈ𝑓ሺ𝑥, 𝑡ሻ െ 𝐷௫

ఉ𝑓ሺ𝑥, 𝑡ሻ ൌ 6𝑡 ൅ 2𝑥         1 ൏  𝛼, 𝛽 ൑ 2                                                         ሺ10ሻ 

With conditions 

𝑓ሺ𝑥, 0ሻ ൌ 0, 𝑓௧ሺ𝑥, 0ሻ ൌ 𝑥𝐸ఉ,ଶ൫െ𝑥ఉ൯,   𝑓ሺ0, 𝑡ሻ ൌ 𝑡ଷ,       𝑓ሺ0, 𝑡ሻ ൌ 𝑡ଶ ൅ 𝑡𝐸ఈ,ଶሺെ𝑡ఈሻ 

Solution by Double Sumudu Transform Method. 
By analogous in previous examples, we get 

𝑣ିఈ ቀ𝑇ሺ𝑢, 𝑣ሻ െ
𝑢𝑣

1 ൅ 𝑢ఉቁ ൌ 𝑢ିఉ ቆ𝑇ሺ𝑢, 𝑣ሻ െ 6𝑣ଷ െ 𝑢 ቀ2𝑣ଶ ൅
𝑣

1 ൅ 𝑣ఈቁቇ ൅ 6𝑣 ൅ 2𝑢 

൫𝑢ఉ െ 𝑣ఈ൯𝑇ሺ𝑢, 𝑣ሻ ൌ
𝑢ଵାఉ𝑣
1 ൅ 𝑢ఉ െ 𝑣ఈ ቀ6𝑣ଷ ൅ 2𝑢𝑣ଶ ൅

𝑢𝑣
1 ൅ 𝑣ఈቁ ൅ 2𝑢ఉ𝑣ఈሺ𝑢 ൅ 3𝑣ሻ 

ൌ
𝑢𝑣൫𝑢ఉ െ 𝑣ఈ൯

ሺ1 ൅ 𝑢ఉሻሺ1 ൅ 𝑣ఈሻ
൅ 2𝑣ఈሺ𝑢 ൅ 3𝑣ሻ൫𝑢ఉ െ 𝑣ఈ൯ 

𝑇ሺ𝑢, 𝑣ሻ ൌ
𝑢

1 ൅ 𝑢ఉ

𝑣
1 ൅ 𝑣ఈ ൅ 2𝑣ఈሺ𝑢 ൅ 3𝑣ሻ                                                                       ሺ11ሻ 

 

The inverse double Sumudu transform of Eq.(11) reads 

𝑓ሺ𝑥, 𝑡ሻ ൌ 𝑥𝐸ఉ,ଶ൫െ𝑥ఉ൯𝑡𝐸ఈ,ଶሺെ𝑡ఈሻ ൅
2𝑥𝑡ఈ

Γሺ1 ൅ 𝛼ሻ
൅

6𝑡ଵାఈ

Γሺ2 ൅ 𝛼ሻ
 

Note that, when ൌ  𝛽 ൌ  2 , we have 𝑓 ሺ𝑥, 𝑡ሻ  ൌ  𝑥𝑡ଶ  ൅ 𝑡ଷ  ൅ 𝑠𝑖𝑛 𝑥 𝑠𝑖𝑛𝑡 which agree with the 
exact solution of standard non-homogeneous wave equation   𝑓௧௧ െ 𝑓௫௫ ൌ 2ሺ𝑥 ൅ 3𝑡ሻ. 
 
Solution by invariant subspace method 
    The inhomogeneous fractional partial differential equation (10), cannot be solved by 
invariant subspace method directly, in this case we find the solution of homogeneous equation 
directly by invariant subspace method and then we can be use any suitable numerical method 
”Variation iteration method”, i. e, coupled invariant subspace method with variation iteration 
method(ISVIM) to find an approximate solution of the original equation. 
Table 3. Contains the absolutely error of some of 10-order approximate solutions of eq.(10) 
for various values of  α,β. 
3-D plotting of these solutions are illustrated in Figure 2. 
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Table 3. Absolutely error of 10-order approximate solutions of Equation 10. 

 
 

 
Figure 2. Exact solution and 10-order approximate solutions of Equation 10, for various values of 𝛼, 𝛽. 

 
Example 3:  Consider the following mixed partial fractional differential equation 

𝐷௧
ఉ𝐷௫

ఈ 𝑓ሺ𝑥, 𝑡ሻ ൅ 𝑓ሺ𝑥, 𝑡ሻ ൌ 0,          0 ൏ 𝛼, 𝛽 ൑ 1                                                             ሺ12ሻ 

With conditions 

𝑓ሺ0, 𝑡ሻ ൌ 𝐸ଶఉ൫𝑡ଶఉ൯,     𝑓ሺ𝑥, 0ሻ ൌ 𝐸ଶఈሺ𝑥ଶఈሻ      
Solution by double Sumudu Transform Method: 
 
By Theorem (2) one can obtain 

uି஑vିஒሾTሺu, vሻ െ Tሺu, 0ሻ െ vTሺu, 0ሻሿ ൅ Tሺu, vሻ ൌ 0 

൫1 ൅ uି஑vିஒ൯𝑇ሺ𝑢, 𝑣ሻ ൌ
1

1 െ 𝑣ଶఉ ൅
1

1 െ 𝑢ଶఈ െ 1 ൌ
1 െ 𝑢ଶఈ𝑣ଶఉ

ሺ1 െ 𝑣ଶఉሻሺ1 െ 𝑢ଶఈሻ
 

𝑇ሺ𝑢, 𝑣ሻ ൌ ൬
1

1 െ 𝑣ଶఉ൰ ൬
1

1 െ 𝑢ଶఈ൰ െ ቆ
𝑣ఉ

1 െ 𝑣ଶఉቇ ൬
𝑢ఈ

1 െ 𝑢ଶఈ൰                                         ሺ13ሻ 

Operating inverse double Sumudu transformation of (13) reads the exact solution of (12) as: 
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𝑓ሺ𝑥, 𝑡ሻ ൌ 𝐸ଶఉ൫𝑡ଶఉ൯𝐸ଶఈሺ𝑥ଶఈሻ െ 𝑡ఉ𝐸ଶఉ,ଵାఉ൫𝑡ଶఉ൯ 𝑥ఈ𝐸ଶఈ,ଵାఈሺ𝑡ଶఈሻ  

For 𝛼 ൌ 𝛽 ൌ 1, we obtain the standard differential equation     𝑓௧௫ ൅ 𝑓 ൌ 0, which has the 
exact solution as  

𝑓ሺ𝑥, 𝑡ሻ ൌ coshሺ𝑥 െ 𝑡ሻ. 
 
Solution by Invariant Subspace Method: 
Using Theorem (3), Eq. (12) in the operators form is: 

Nሾfሿ ൅ డഁ

డ௧ഁ ቀ
డഀ

డ௫ഀ 𝑓ቁ ൌ 0     where    Nሾfሿ ൌ 𝑓 

By consider 𝐼ଶ ൌ ሼ1, 𝐸ఈሺ𝑥ఈሻ, 𝐸ఈሺെ𝑥ఈሻ  ሽ   is invariant subspace under the operators 𝑁ሾ𝑓ሿ 

and 
డഀ

డ௫ഀ 𝑓   since 

∀𝑓 ൌ 𝑎 ൅ 𝑏𝐸ఈሺ𝑥ఈሻ ൅ 𝑐𝐸ఈሺെ𝑥ఈሻ      ∈  𝐼ଶ                 𝑎, 𝑏, 𝑐 are arbitrary constants 

𝑁ሾ𝑓ሿ ൌ 𝑓 ∈  𝐼ଶ  ,
𝜕ఈ

𝜕𝑥ఈ 𝑓 ൌ 𝑏𝐸ఈሺ𝑥ఈሻ െ 𝑐𝐸ఈሺെ𝑥ఈሻ ,    ∈  𝐼ଶ 

 
According to the invariant subspace method and by considering 𝑓 ൌ ∑ 𝐶௜

௡ିଵ
௜ୀ଴ ሺ𝑡ሻ𝜙௜ሺ𝑥ሻ we 

have the following FDEs 
𝐶଴ሺ𝑡ሻ ൌ 0 

𝑑ఉ

𝑑𝑡ఉ 𝐶ଵሺ𝑡ሻ ൅ 𝐶ଵሺ𝑡ሻ ൌ 0 ⟹ 𝐶ଵሺ𝑡ሻ ൌ 𝐴𝐸ఉሺെ𝑡ఉሻ 

𝑑ఉ

𝑑𝑡ఉ 𝐶ଶሺ𝑡ሻ െ 𝐶ଶሺ𝑡ሻ ൌ 0 ⟹ 𝐶ଶሺ𝑡ሻ ൌ 𝐵𝐸ఉሺ𝑡ఉሻ 

 
So, the solution of Eq.(12) is: 

𝒇ሺ𝒙, 𝒕ሻ ൌ 𝐶଴ሺ𝑡ሻ൅𝐶ଵሺ𝑡ሻ𝐸ఈሺ𝑥ఈሻ ൅ 𝐶ଶሺ𝑡ሻ𝐸ఈሺെ𝑥ఈሻ 

ൌ 𝐴𝐸ఉ൫െ𝑡ఉ൯𝐸ఈሺ𝑥ఈሻ ൅ 𝐵𝐸ఉሺ𝑡ఉሻ𝐸ఈሺെ𝑥ఈሻ 

From our conditions, we have 

𝑓ሺ𝑥, 0ሻ ൌ 𝐸ଶఈሺ𝑥ଶఈሻ ൌ
1
2

ሾ𝐸ఈሺ𝑥ఈሻ ൅ 𝐸ఈሺെ𝑥ఈሻሿ ൌ 𝐴𝐸ఈሺ𝑥ఈሻ ൅ 𝐵𝐸ఈሺെ𝑥ఈሻ 

Thus,  𝐴 ൌ 𝐵 ൌ ଵ

ଶ
   and  𝑓ሺ𝑥, 𝑡ሻ ൌ ଵ

ଶ
ൣ𝐸ఉ൫െ𝑡ఉ൯𝐸ఈሺ𝑥ఈሻ ൅ 𝐸ఉ൫𝑡ఉ൯𝐸ఈሺെ𝑥ఈሻ൧ 

For  𝛼 ൌ 𝛽 ൌ 1 

𝑓ሺ𝑥, 𝑡ሻ ൌ
1
2

ሺ𝑒௫ି௧ ൅  𝑒௧ି௫ሻ ൌ cosh ሺ𝑥 െ 𝑡ሻ 

which agree with that in double Sumudu transform method. 
Exact solution and 10-order approximate solutions of Equation 14, are shown in Figure 3. For 
various values of 𝛼, 𝛽.  
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Figure 3.  Exact solution and 10-order approximate solutions of Equation 14, for various values of  𝛼, 𝛽. 

 
Example 4:  Consider the following fractional mixed derivatives diffusion equation 

𝐷௧
ఈ𝑓 ൌ 𝐷௫

ఉ𝑓 ൅ 𝐷௧
ఈ𝐷௫

ఉ𝑓          0 ൏ 𝛼 ൑ 1, 1 ൏ 𝛽 ൑ 2                                        ሺ14ሻ 
With conditions 

𝑓ሺ0, 𝑡ሻ ൌ 1 ൅
Γሺ1 ൅ 𝛽ሻ
Γሺ1 ൅ 𝛼ሻ

𝑡ఈ,     𝑓௫ሺ0, 𝑡ሻ ൌ 0, 𝑓ሺ𝑥, 0ሻ ൌ 1 ൅ 𝑥ఉ 

Solution by Double Sumudu Transform Method: 
Operating single Sumudu transform of conditions, we get 

𝑻𝟎ሺ𝟎, 𝒗ሻ ൌ 𝟏 ൅ Γሺ1 ൅ 𝛽ሻ𝑣ఈ, 𝑻𝟏ሺ𝟎, 𝒗ሻ ൌ 𝟎, 𝑻𝟎ሺ𝒖, 𝟎ሻ ൌ 𝟏 ൅ Γሺ1 ൅ 𝛽ሻ𝒖𝜷 
Using Theorem (2), we get 

𝑣ିఈሾ𝑇ሺ𝑢, 𝑣ሻ െ 𝑇଴ሺ𝑢, 0ሻሿ ൌ 𝑢ିఉሾ𝑇ሺ𝑢, 𝑣ሻ െ 𝑇଴ሺ0, 𝑣ሻ െ 𝑢𝑇ଵሺ0, 𝑣ሻሿ ൅ 𝑣ିఈ𝑢ିఉሾ𝑇ሺ𝑢, 𝑣ሻ െ
𝑇଴ሺ0, 𝑣ሻ െ 𝑢𝑇ଵሺ0, 𝑣ሻ െ 𝑇଴ሺ𝑢, 0ሻ ൅ 1ሿ  
 

൫1 ൅ 𝑣ఈ ൅ 𝑢ఉ൯𝑇ሺ𝑢, 𝑣ሻ

ൌ 𝑣ఈ൫1 ൅ 𝑣ఈΓሺ1 ൅ 𝛽ሻ൯ ൅ ൫𝑣ఈ ൅ 𝑢ఉ൯Γሺ1 ൅ 𝛽ሻ ൅ 1 െ 𝑢ఉሺ1 ൅ 𝑢ఉΓሺ1 ൅ 𝛽ሻሻ 

ൌ ൫1 ൅ 𝑣ఈ ൅ 𝑢ఉ൯ሺ1 ൅ ൫𝑣ఈ ൅ 𝑢ఉ൯Γሺ1 ൅ 𝛽ሻሻ 

𝑇ሺ𝑢, 𝑣ሻ ൌ 1 ൅ ൫𝑣ఈ ൅ 𝑢ఉ൯Γሺ1 ൅ 𝛽ሻ 

 
Taking inverse double Sumudu transform of the last equation, we can obtain the exact 
solution of (14) as 

𝒇ሺ𝒙, 𝒕ሻ ൌ 1 ൅ 𝑥ఉ ൅
Γሺ1 ൅ 𝛽ሻ
Γሺ1 ൅ 𝛼ሻ

𝑡ఈ 

which agree with that for [9]. 
3-D plotting of the exact solution and 10-order approximate solutions for Equation (14) for 
various values of 𝛼, 𝛽, are contained in Figure 4. 
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Figure 4.  Exact solution and some of approximate solution of Equation 16, for various values of 𝛼, 𝛽. 

 
 
7. Conclusion 
     In this paper, the comparison between the analytical subspace method and double Sumudu 
transform method has been achieved. From this study, we insure that the double Sumudu 
transform method is an efficient tool to obtain an exact solutions of many types of linear 
fractional partial differential equations that have complicated using other numerical methods, 
however, more of homogeneous type of constant coefficients fractional partial differential 
equations can be solved analytically with the invariant subspace method than the Sumudu 
transform. 
In both methods, our example illustrated that the solutions which have been achieved  in 
terms of the infinite series Mittag-Leffler function and we have done this by truncated 10-
order approximate of this function. This is the reason for explaining the variance of the 
absolute error for  numerical solutions. 
Of course, for nonlinear case, we must couple the Sumudu transform with any known 
numerical method, which need not it with invariant subspace method.    
Furthermore, the invariant subspace method is more suitable for solving some of fractional 
differential equations with variable coefficients than the double Sumudu transform method. 
Figures and tabulated results, show how the two methods are have high accuracy. All data 
type  achieved by help of Mathcad 15 and Matlab programs.  
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