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Abstract

In this article, the notions of soft closed sets are introduced by using soft ideal and soft
semi-open sets, which are soft-7-semi-g-closed sets "sJsg-closed” where many of the
properties of these sets are clarified. Some games by using soft- 7-semi, soft separation
axioms: like SG(To ,x), SG(To ,7). Using many figures and proposition to study the
relationships among these kinds of games with some examples are explained.

Keywords: Soft ideal, Soft-T;-space , Soft-7-semi-g-T;-space , SG(T;,x) SG(T;, 7). Where
i ={0,1,2}.

1.Introduction

In 2011, Shaber [1] introduced soft topological spaces. Shaber have been introduced to
study many topological properties by using soft set like derived sets, compactness, separation
axioms and other properties. [2-4]. Also, Kandil used the soft ideal which is a family of soft
sets that meet hereditary and finite additively property of x to study the notion of soft logical
function [5], which was the starting point for studying the properties of soft ideal topological
spaces (x,T,H,J) and defined new types of near open soft sets and studied their properties
as [6-8].

2.Preliminaries.
Definition 2.1. [9] Let y # @ and H be a set of parameters. Such that is p(y) the
power setof y and P & H. A pair (T,H) (briefly I'%) is a soft set over y where, ' isa
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function givenby T :H - p(x). So,Tae={T(A):h € P S H ,T:H - p(x) }.The
family of all soft sets (Is denoted by SS(x)#).

Definition 2.2. [9] Let (I,H),(G,H) € SS(X)#. Then (I, H) is a soft subset of , (G, H),
(briefly(T, 7)) &, (G, H)),if'(A) EG(A),forall 4 € 3 . Now (T, H) is a soft subset of
, (G, 3) and ,(G, ) is a soft super set of (T, 7), ([, H) € (G, H).

Definition 2.3. [10] The complement of a soft set (I',#) (Is denoted by (I,)") and
(T,H) = (I",H) where T": 7 — p(x) is a function such that " (#) = y - T'(&), for each
# € H and I is a soft complement of T

Definition 2.4. [1] Let (I',H) be a soft over yand x € y. Thenx € (T, H) whenever, x €
I'(A) foreach A4 € H.

Definition 2.5. [1] (I, H) y is a NULL soft set (briefly @ or @s) if for each 4 € H,
['(A) =@ (null set).

Definition 2. 6. [1] A soft set (I', ) over y is an absolute soft set (briefly ¥ or yz) If for
each#s € H , T(h) = x.

Definition 2.7. [1] Let T be a collection of soft sets over y with same #, then T € SS(y)#
is a soft topology on y if;
i. ¥,0 €T where, 9(A) = @and ¥(A) = x, foreach 4 € H,
ii. Ugep (O, H) € T whenever, (0u,H) € T Va € A,
iii. (I,H)N(G,H)) € T foreach ([,H),(G,H) € T.
(x,T,H) is a soft topological space if (0,H) € T then (0,H) is an open Soft set.

Definition 2.8. [11] Let (x,7,H) Dbeasofttopological space.Asoftset (T,H)
over y is a soft closed set in ¥, if its complement (T, H)' € T , the family of all soft closed
sets (Is denoted by SC(y) #).

Definition 2.9. [11] For any (x,T,H) . Let (I',H)" € j, then the soft closure of (I', H)’,
(briefly cl (T, H)) ,(Is defined as cl((T, 7)) = N { (G, H) : (G,H) € SC(), (ILH) €
(G, H)}.

Definition 2.10. [11] For any (x ,T,H) . Let(T, H) € SS(x) #, then the soft interior of (T, H)
,(oriefly int(T', H)) ,(Is defined as int((T, H))) =0 {(G,H): (G,H) € T, (G,H) € ([,H)}.

Definition 2.11. [2] Two soft sets (Z,H) , (V,H) in SS(x)z. Are said to be soft disjoint, if
(Z,H) N (N, H) =@ written Z(A) N N (A) ={@}, foreach A € H.

Definition 2.12. [2] Two soft point Aac, Ax € J are distinct, written Aac = A, if 3 (M, H)
and (V, H) are two soft disjoint sets, such that Ax € (M, H)and AE (N, H).
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Definition 2.13. [5] Let 7 be a non-null family of soft sets over x with parameter H , then
J € SS(y) xis a soft ideal whenever,
(1) If (T, 7) € 7 and (G, H) € 7 implies,(I,H) U (G, H) €.
(2 If (T,H) €T and (G, ) E (T, H) implies (G,H) ET .
Any (x,T,H) with a soft ideal 7 is a soft ideal topological space (briefly (x , T, H, 7)).

Definition 2.14. [51 Any (X, T,H) with a soft ideal 7 is
namelya soft ideal topological space (briefly (x, T, H, 7)).

Definition 2.15. [12] For any (x,7,H), then (T, H) isa soft semi-open set (briefly SS-
open set) if ([,H) € cl(int(T,H)) . A complement of a soft semi-open set is a soft semi-
closed (briefly ss-closed et ). The collection of each soft semi -open sets in (x,T,H)
(briefly SSO(y)) . The collection of each soft semi-closed sets (briefly SSC(y) #).

Definition 2.16. [2] A soft topological space (x,7,H) over y is a soft- To-space if for
each A, An € j such that Aac #+ A, there exists a soft open set (), H) such that A €
(@, H) and Ax & (@, H) or Arx & (0), H) and Ax € (), H).

Theorem 2.17. [2] A soft topological space (x,T,H) over y is a soft- To-space if and only
if for each Aac, Ax € j such that Aac # A, there exists a soft closed set (V,#) such that
A€ (V,H), Av € V,H)or A& (V,H), Ax E (V,H).

Definition 2.18. [2] A soft topological space (x,T,H) over y is a soft-T"1-space if for each
A, Aix € Fsuchthat Ax = Ax 3 (P,H), (®),H) € T whenever, Airxc € (P,H) , An &
(P,H) and Anm € (W), H) , An E (W), H).

Theorem 2.19. [2] A space (x,T,H) is a soft-T1-space if and only if for all Aac, Axn € F
such that Aar #+ Ax. 3 (P,H) , (V,H) are two soft closed sets whenever, Aia € (P, H)
,An & (P,3) and Ain € (V,H) , An € (V,H).

Definition 2.20. [2] Let (x,T,H) be a soft topological space over y is said to be soft-T 2-
space if, for each 4 , Ax € j such that Am # Ax. 3 (P,H) , (®,H) € T whenever, A
€ (P, H)hm, Ax € (W), H) and (P, H) 0 (&), H) = {@}.

Proposition 2.21. [2] For all soft- 7;,;-space is a soft- 7;-space and i € {0,1,2}
Proof. Obvious.

Note that for all soft- T1-space is a soft- To-space and for all a soft- 7"2-space is a soft- T'1-
space. The converse is not true hold in general.

3. On soft ideal semi-g-closed set.

Definition 3.1: In soft ideal topological space (x,T,H,7), let (T,H) € SSO(x), then (', H)
is a soft-7-semi-g-closed set (briefly s7sg-closed). If cl(I'H) — (O,H) € J whenever,
TH) - (0O,H) €7 and (O,H) € SSO(). X — (I,H)is a soft-J-semi-g-open set
(briefly sIsg-open set). The family of each sJsg- closed sets (briefly sisgc(x)) .The family of
each sJsg-open soft sets (briefly sIsgo(x)).
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Example 3.2: For any space (x,7,3,7), wherex = {1,2}, H = {41, A2}, T={0XT}, 7 =
(@, K} such that (T, H) = {(#1,{2}), (A2, )} and (K, H) = {(A1,{B)), (f2,{1})} then $SO(x) =
T,sIsg-cQ#=  {9.% (P.H), (W,H), (Z,H), (D,H), (§H), (W,H), (G, H)} such
that (P, #H)={(£1,{1}).(A2{11}.(®, H)={(1,0).(A2{DB}}.(Z, H)={ (A1, 0).(A2. {1} (D, H) =
{(h1, X0, (A2, {2D},(E, H)={(A1,{1}).(A2{B}} (W, H)={(41{1}),(A2,{2})} and (G, H)=
{(41{1}) (A2}

Remark 3.3: For any (x,7,%,7) then
i. Each closed soft set is a s7sg-closed.
ii. Each open soft set is a sJsg-open.

Proof (i) Let (P,H) be any closed soft set in (x,7,#,7) and (O, H) be a soft semi-open set such
that (P,H) - (O,H) € 7, butcl(P,H) = (P,H), since (P,H) is a closed soft set so, cl(P,H)-
(O, H) = (P, H)-(0,H) € 7.This implies (P, H) is a soft-7-semi-g-closed soft set.

(ii)Let (O,H) be any open soft set in (x,T,H,J) then ¥ — (O, H)is a closed soft set. By (i) (X -
(0, H)) is a ssg-closed set thus (O, H)is a sIsg-open soft set .

The converse of Remark 3.3 is not hold. See Example 3. 2

i. Let (P, H)={(#1, {1}), (K2, {1})} is a sTsg-closed set, but (P, H) is not closed soft set.

ii. Let (P, H)={(A1,{2}), (A2, {2})} is asTsg-open set, but (P,H) ¢ T.

4. Separation Axioms with soft-J- Semi-g-open Sets

Definition 4.1. A space (x,7,H,7) is a soft-7-semi-g-T o-space (briefly s7sg-To-space) , if
for each Aim + Ax and Ane , Axn € 7,3 (O,H) € sIsg-o(x)# wWhenever, Aim € (O, H) ,
hn & (O,H)orhin & (O,H), AvE (O,H).

Example 4.2.In (x,7,H,7) Let y = {123}, H = {h1, A2}, T = {0, 7, (P,H), (®),H) }
where, (P, H) = {(A1.{1}) , (A2 . (1D} (®, H) = {(A1{1,2}) , (A2 {1,2}) and 7 = {@}. Then
SSO()x = { (LK) ; L& (I, H)}. So, sIsg-c(x = {0, ¥.(P,H) , (®W,H) } and
sIsg-o(x)s = T, hence (x,T,H,7) is a sIsg-To-space. Since V Am # £ , I (D, H) €
sJsg-o(x)# Whenever, fixc € (O,H) , in & (O,H) or Aire & (O,H), Ain € (O, H).

Proposition 4.3.1f (x, T, H) is a soft-To-space then (y ,T,H,7) is a sIsg-To-space.

Proof : Let Anm , An € J such that Am # An since (y,T,H) is a soft-To-space, then
3 (O,H) € T whenever, Ax € (O,H) , in & (O,H) or Airnc & (O,H) AxnE (O,H).
By Remark 2.3, (O, ) is a sIsg-open set such that Aa € (O,H) and Ax & (O,H) or
A & (O,H) and Ax € (O, H).

Theorem 4.4 (x,T,H,7) is a sIsg-To-space if and only if for each Aa # An there is a
sIsg-closed set (V,H) such that Aa € (V,H), Ax & (V,H) or Ax& (V,H), A
€ (V,H).

Proof :( = ) Let Am, Ax € J such that Amxm # #Awn sinceyisa sIsg-To-space,
then 3 (D, H) € sIsg-o(x)x Whenever, Ax € (O,H) and Ax & ((O,H) or Anx &
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(O,H) and Ax € (O,H), then3 (V,H) € sIsg-c(x)s whenever, Ax € (V,H) and Axn
& (V,H) or ha & (V,H), An € (O,H) where, (¥ —(0,H)) = (V, H).

() Let 4, Ax € j such that Aa # Ax and there is a s7sg-closed set (V,H) such that
A€ (V,H), An & (V,H)or i & (V,H), Axn € (O,H). Then there is sIsg-open set
(7 —(V,H)) = (O,H) such that Ax € (O, H), Anx & (O,H) or Anx & (O,H), An
€ (O H).

Definition 4.5. (x,T,H,7) is a soft-7-semi-g-T'1-space (briefly sJsg-T1-space),If for each
Am , An € Fand Anc = An. Then there are sIsg-open sets (0'1,H), (02,H) whenever, Aac
€ (0L, H) — (02,H)) and Ax € ((02,7) — (O'1,7)).

Example 4.6. A space (y,7,H,J) when y = H= N the set of all natural number T = T"scof = {
Ta:T'(#)is finiteset v A} U {@ Yand 7 = {@}. So, (x,T,H,7) is a sIsg-T1-space. If for
each 4 , Ax € j and Aim # Ax. Then there are sJsg-open sets (f —U) , (f — V) such that U
C Am,V C Axand U,V are two finite sets whenever, Axm € (¥ — V), Ax & (f — V) and
A & (F—U), AvE (F—U)and (¥ - V) N (¥ - U) # {0}.

Proposition 4.7. If (x,T,H) isasoft-T1-space then (x,T,H,J) is a soft-7-semi-g-T1-
space.

Proof : Let Aac, An € j such that Aa # An since (x,T,H) is a soft-T1-space, then 3
(O, H), (02,70) € Tsuch that Ax € ((01,H) — (02,7)) and Ax € ((02,H) — (01,H)). By
Remark 3.3, (01,H) and (02, H) are sJsg-open sets , and the proof is over .

Proposition 4.8. If (x ,7,H,7) is a sIsg-T1-space then it is a s7sg-To-space.

Proof : Let Aia , An € F such that Aac # An since (x,T,H,7) is a sIsg-T1-space, then
3 (0, H), (02, H) € sIsg-o(x)# such that, Ar € ((01,H) — (02,7)) and Axn € ((02,7) —
(O, 7). Then 3 (0, H) € sTsg-o(x)s -open set whenever, Aac € (O,H) , Anx & (O,3) or
i € (OH), An € (OH).

The conclusions in proposition 4.8, is not reversible by example 4.2. (x,7,H,7) is a
sJsg-To-space, but is not sIsg-T1-space. Since 3 Anm # An ; Aime = {1,2} and Ax = {3}
there is no (U, H) and (V,H) such that A € (U H), An € (UH) and Ax € (V,H), Ar
€ (V,H).

Theorem 4.9. A space (x,T,H,7) is a sIsg-T1-space if and only if for each Aac , Ax € ¥
and /Aa # A there are two s7sg-closed sets (V1, H) , (V2, H) such that Aac € ((V, H) N
V2, H))and Ax € ((V2,H) n (Vi H)).

Proof :

(=) Let 4, Ax € j such that Ax # Ax since (x,T,H,T) is asoft- T1-space, then 3
(0L, H), (02, H) € sIsg-o(x)x whenever, Ax € (01, H) — (02,H)) and Ax € ((02,7) —
(O, H)). Then there is a sIsg-closed sets (V1,H) , (V2,H) whenever, Am € ((V1,H) -
(V2, 1)) and Ax € (V2, H) - (V1,H)) where, (¥ - (02,H)) = (V2,H) and (¥ - (01,H))
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= (Vy,H). Then there are two sJsg-closed sets (Vi,H) , (V2,H) such that Aa €
(VL H) n (V, 7)) and Ax € (Vo,H) n (Vi H)).

(&) Let Anx , Ax € j such that Aa # Ax and there are two sJsg-closed sets (V1, H) ,
(V2,3) such that Ax € (VLK) N (V2',H)) and Ax € ((V2,H) 0 (V1,H)) .Then
there are sJ7sg-open sets (0'1,7) , (02, H) whenever, Aax € ((01,H) — (02,H)) and Axn
€ ((02,7) — (01,7)) where, (¥ - (V2,H)) =(02,H) and (¥ - (V1, H)) = (01, H).

Definition 4.10. (y ,T,H,7) is a soft-J-semi-g-T2-space ( briefly sJsg-T2-space ).If for any
#m #+ A there are sTsg-open sets (O1,H) , (O2,7) such that Aa € (O1,K) , An € (D2,H)
and (O1,H) N(O2,H) ={3}.

Example 4.11. A space (x,7,H,7); x = {1 .2 3}, T = {@, 7} and 7 = SS(y)s .Then
SSO(x)# = T. So, sIsg-c(x)x = sIsg-o(x)sx = SS(x)#. Then (x,T,H,T) is a sIsg-T -
space.

Remark 4.12. If (x ,T,H) is a soft-T2-space, then (y ,T,H,7) is a sIsg-T 2-space.

Proof : Let Aa , An € ¥ Whenever, Aa # Ax since (x,T,H,7) is a soft-T2-space , then
3 (D1,H),(D2.H) € T such that Ax € (OL,HK), Ax € (D2,K) and (O,K) N(O2,H) = {3},
by remark 3.3, there are sJsg-open sets (O1,H),(02,%), such that A € (OnH), An
€ (D2,H) and (D1, ) A(D2,H) = {B}.

Remark 4.13. If (x ,7,H,7) is a sIsg-T2-space then it is a sIsg-T1-space.
Proof : Let Aar , Anx € F whenever, Ain # Ansince (x,T,H,7) is a sIsg-T2-space ,then
there are sisg-open sets (01,7) , (O2,H) such that A» € (01,H), Ax € (02,H) and
(01,H) N(02,H7) = { @ }. Implies, Aac € (01,H) — (02,7)) and Ax € ((02,H) — (01,H)).
The conclusions in Remark 4.13, is not reversible by example 3.6.
A space (y,T,7,7) is a sTsg-T1-space. If for each A4, Ax € j and Anm # Awn. Then there
are sJsg-open sets (Y —U) , (¥ — V) whenever, , Ax €E(¥ - V), An & (¥ — V) and A & (¥
~U), Av E (F—U)and (F — V) N (¥ — U) # {0}.Which is not sTsg- T2-space. Since for
any two sJsg-open sets (01,7) , (02,7) such that Aa € (01,H) , Ax € (02,) then
(OL,H) N(02,3) # @ . We have previously noted that y is a sTsg- Ti-space whenever it is a
Ti+1-space (Vi = 0,1 and 2).
The opposite is not generally achieved by example below.

Example 4.14. (x ,T,H,3) is a sIsg-Ti-space (i € {0,1,2}), where, x = {1,2,3},T =
{@, 7} and 7 = SS(x)s . since, sTsg-c(x)s = sIsg-0(x)s = SS(x)#. But the space
(x,T,H) is not soft- Ti-space (i € {0,1,2}).

The following chart shows the relationships among the various types of notions of our
previously mentioned.
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isCx, T, H) is(y, T, H) is(y,T,H)
soft-T2-spacea soft-T'1-spacea soft-T'o-spacea
isCx, T, H,7) is(y,T,H,7) is(x,T,H,7)
—> —>
-T2-spacea sJsg -T'1-spacea sJsg -To-spacea sIsg

Figure 1: soft- Ti-space

5. Games in soft ideal topological spaces
In this section, a new game by linking them with soft separation axioms via open
(respectively, s7sg-open) sets was inserted.

Definition 5.1. For a soft ideal space (x, T, H,7), determane a game SG(To, x ) (respectively
SG(T0,7)) as follows:

Player / and Player I are play an inning for each positive integer numbers in the r-th
inning:

The first step, Player 7 Choose (£y¢), # (#5), Where, (Aar),, (An)r € ¥ .

In the second step, Player /7 Chooses B, a soft open (respectively sisg-open set) containing
only one of the two elements (£x), , (Ap)y-

Then Player /7 wins in the soft game $G (70, x ) (respectively SG(To,7) if B={ B1, B2, B3
,... By,.....} be a collection of a soft open set (respectively, s7sg-open) set in  such that v ,
(Ar)r » (Ba)y € x,3 B, € B containing only one of two element (), , (An),
Otherwise, Player 7 wins.

Example 5.2. Let SG(T 0, x ) (respectively SG(T o, 7)) be a soft game where, x = {1,2,3},
H ={ A, A}, T={0,%.(P,H) (©, H) (2, H)} where, (P,H) = {(A{1}),(A2{1}}
(@, ) = {(A1.{3}).(22{3})}, (2, H) = {(A1.{1,3}).(A2{1,3)} and T = {B}. Then
SSO={{1} ET,H)and {3} €T (A)VA,{3} ET, H)and {1} €T (A) VA ,{1,3} €
(T, H)}U {@}, then sTsgc(x)s = SC(x)z and sIsgo(X)z = T.

Then in the first inning:
The first step, Player 7 Choose £Aac # An Where, £, Ax € j such that A = {1} and Ax =
{2}.
In the second step, Player // Choose (P, H) = {(41,{1}),(#2,{1})} a soft open (respectively,
sJsg-open set)).

In the second inning:
The first step, Player 7 Chooses £ a # £o Where, A , Ao € j§ such that ac = {1} and Ao
= {3}.
In the second step, Player /7 Choose (), H) = {(#1,{3}),(#2,{3})} which is a soft open
(Respectively, s7sg-open set).
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In the third inning: The first step, Player 7 choose A » # £0 where, A, A0 € F such
that Ax = {2} and 40 = {3}.
In the second step, Player /7 Choose (®), H) = {(#1,{3}),(#2,{3})} which is a soft open
(respectively, sJsg-open set)).

In the fourth inning: The first step, Player 7 Choose /A # Az where, 4 , Az € j such
that /s = {1} and Az = {2,3}.
In the second step, Player /7 Choose (P, H) = {(#1,{1}),(#2,{1})} which is a soft open
(respectively, sJsg-open set)).

In the fifth inning: The first step, Player / Choose Ax # #s where, A , Ais € ¥ such
that Ax = {2} and As = {1,3}.
In the second step, Player /7 Choose (Z,H) = {(#1,{1,3}),(#2,{1,3})} which is a soft open
(respectively, sJsg-open set)).

In the sixth inning: The first step, Player 7 Choose 4o # A where, 4 , A € j such
that /0 = {3} and A = {1,2}.
In the second step, Player /7 Choose (), H) = {(#1,{3}),(#2,{3})} which is a soft open
(respectively, sJsg-open set)).

Then B = {,(P,H) ,(®, H) ,(Z, H)} is the winning strategy for Player /7 in SG(To,x)
(respectively SG(T0,7)). Hence Player /7 T SG(T0,x ) (respectively SG(To,7)).
Example 5.3. Let SG(To0, x) (respectively SG(T0,7)) is a game where, x = {1,2,3} , H =
{h1, A2}, T ={0, % (@, H)} where, (®), H) = {(A1{3}),(A2,{31)}and I = {@} then
sTsgc(x)z = SC(x)# and sIsgo(x)x =T .

In the first inning: The first step, Player 7 Choose Aac # Ax Where, A, Ax € j since

#m = {1} and An = {2}.

In the second step, Player // cannot find (O, ') which is a soft open (Respectively,
sJsg-open set)) containing one of £ac , Ax . Hence Player 7 T SG(To,x ) (respectively

$G(T0,7)).
Remark 5.4. For a space (x,T,H,7):

i. IfPlayer 1 T SG(To,x) then Player /7 1 SG(To,7).

ii. IfPlayer 7 TSG(To,x)thenPlayer 7 T SG (To,7).
Remark 5.5. For a space (x, 7T, H,7), if Player I | SG(T0,x) then Player /7 1 SG(T0,7).
Theorem 5.6. A space (x,T,H) (respectively (x,T,H,7)) is To-space (respectively, sIsg-
To-space) if and only if Player 77 T SG(T0,x ) (respectively, SG(To,7)).
Proof: (=) in the r-th inning Player in SG(To0,x ) (respectively, SG(T0,7)) Choose (%)~
# (Ay), Where, (Aae)r , (Aa), € J, Playerin 17 in SG(To,x) (respectively, SG(To, 7))
choose (O,, H) is a soft open (respectively, sJsg-open set ) containing only one of the two
elements (Ay)r , (). Since (x, T, ) is a soft To-space (respectively, sTsg-T o-space).
ThenifB={ (0, H) ,(0,,H) , (03, H) ,....,(0,, H) ,..} is the winning strategy for
Player in /7 in SG(To,x ) (respectively, SG(T0,7)). Hence Player 77 T SG(To,x)
(respectively, SG(To,7)).
(&) Clear.
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Corollary 5.7. For a space (x,T,H):

i- Player 7 1SG(To ,x) if and only if ¥V Asm # Ax where, Aine, AN E y I (A, H) is a
closed set where Aac € (A, H) and Ax & (A, ).

ii- Player 77 T SG(To,7) if and only ifV Axm # Ax where, v, Av€E ¥ I (B,H) is a
sJsg-closed set where Aac € (B, H) and Ax & (B, H).

Proof:

I. (=) Let As = Ax where, Ainc, An € yx . Since Player 7/ T SG(To, ), then by Theorem
5.6, the space (x, T, H) is a soft- To-space. Then Theorem 1.17, is applicable.
(<) By Theorem 2.17, the space (x,T,H) is a soft- To-space. Then Theorem 4.6, is
applicable.

Ii. (=) Let inc # Ax where, finc, in € y . Since Player 2 T SG(T0,7), then by Theorem
4.1.6, the space (x,T,H) is a sIsg-To-space. Then Theorem 4.4, is applicable.

(&) By Theorem 4.4, the space (x,T,H) is a sIsg-To-space. Then Theorem 4.6, is
applicable.

Corollary 5.8.

i- Aspace (x,7T,H) is a soft-To-space if and only if Player 7 %+ SG(To,x).

ii- A space (x,T,H,7) is a sIsg-To-space if and only if Player 7 % SG(To,7).

Proof: By Theorem 5.6, the proof is over.

Theorem 5.9. For a space (x,7,H,7) :

i- Aspace (x,T,H) is not soft-To-space if and only if Player 7 T SG(T0,x).

ii- A space (x,T,H,7) is not sIsg-To-space if and only if Player 7 T SG(To,7).

Proof:

I- (=) in the r-th inning Player 7 in SG(To,x) choose (i), #= (in), Where, (Apr),
(Ax)r € F, Player 7 in SG(To ,x) cannot find (O,,H) is a soft open set (A;), €
(Ura%) J (’hN)r é (Or’}[) or (’h]v[)r é (Orv}[)1 (’hN)r € (O‘rij{)-

(Zear)r, (An)r, because (x, T, H) is not soft-To-space. Hence Player 7 T SG(To,%).
(<) Clear.

ii- (=) in the r-th inning Player 7 in SG(T0,7) choose (%), # (Ain)y Where, (Aar)y
(Ax)r € ¥, Player I in SG(T0,9) cannot find (O,,H) is a sJsg open set (fiy), €
(0.H) , (ha)r & (07.H) or (ipe), € (07,H), (), € (07,H), because (x, T, H)
IS not sJsg-T o-space. Hence Player 7 T SG(T0,7).

(&) Clear.

Corollary 5.10.

i- Aspace (x,T,H) is not soft-To-space if and only if Player 7/ + SG(T0,x).
ii- A space (x,T,H,7) isnot sIsg-To-space if and only if Player /7 ¥ SG(T0,7).
Proof: By Theorem 5.9, the proof is over.

Definition 5.11. For a soft ideal space (x,T,H,7), determine a game SG(T1 ,x)
(respectively, SG(71,7) ) as follows:

Player [/ and Player [/l are play an inning with each positive integer numbers in the
r th inning: The first step, Player 7 Choose (£y¢), # (An), Where, (A0, , (An)r € ¥
In the second step, Player /7 Choose (A, H), (B,,H) are two soft open (respectively, ssg-
open ) sets such that (45), € (A, H) - (B, H))and (Ay), € (B, H) - (A, TH)).
Then Player /7 wins in the soft game SG(7°1,x ) (respectively, SG(T'1,7))
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if B={{(A,H), (B, H)}, {(A,H), (B, H)}, ..., {(AH), (B, H)}, ... } be a collection of
a soft open (respectively, sJsg-open ) sets in x such that V (), # (Atnr) Where, (L),
(hn)r E X H(AH), (BrH)}EB such that (Au), € (A H) - (B.H))
and (Ay), € ((B.H) - (A,,H)). Otherwise, Player /7 wins in the soft game SG(T1,x)
(respectively, SG(T'1, 7)).

Example 5.12. Let a game SG(71, x )(respectively, SG(7'1, 7)) be a game where, x = {1,2,3}
. H ={ A, A}, T =$$0x, J=1{0}. Then $$O(x) = sTsg-c()s = sIsg-0(x)» =
S0

In the first inning: The first step, Player 7/ Chooses #Aam # #Ax where, fise, Anv € §
such that Aiac = {1} and Axn = {2}
In the second step, Player /7 Choose (A,H), (B,H) such that A(A) = {1}, B(A) = {2}
V £ which are soft open (respectively, sIsg-open ) sets.

In the second inning: The first step, Player 7/ Choose £ar # #0 Where, 4 , fi0 € J such
that ia = {2} and 40 = {3}
In the second step, Player /7 Choose (B,H), (C,H) such that B(4) = {2},C(#) = {3} V £
which are soft open (respectively, s7sg-open ) sets.

In the third inning: The first step, Player 7/ Choose Ax # £o Where, A , A0 € jJ such
that Ax = {1} and 40 = {3}.
In the second step, Player /7 Choose (A,H), (C,H) such that A(#4) = {1}, C(A) = {3} V A
which are soft open (respectively, sJsg-open ) sets.

In the fourth inning: The first step, Player 7/ Choose Aar # A= Where, 4 , Az € jF such
that Aia = {1} and Az = {2,3}.
In the second step, Player /I Choose (A,H),(D,H) such that A(4) = {1}, D(4) = {2,3}
V £ which are soft open (respectively, sisg-open ) sets.

In the fifth inning: The first step, Player 7 Choose Ax # #s where, A , As € j such
that x = {2} and As = {1,3}.
In the second step, Player /7 Choose (B,H), (€,H) such that B(4) = {2}, E(A) ={1,3} V A
which are soft open (respectively, sisg-open ) sets.

In the sixth inning: The first step, Player 7 Choose 4o # A where, 4, Aic € j such
that /0 = {3} and A = {1,2}.
In the second step, Player // Choose (C,H), (F,H) such that ¢(4) = {3}, F(A)={12}V £
which are soft open (respectively, s7sg-open ) sets.
Then B = {{(A, H), (B, H)}, {(B, 3), (C, 3}, {(A, H), (C, H)}, {(A, ), (D, H)},
{(B,H), (&, H)},{(C,H),(F,H)}} is the winning strategy for Player /7 in SG(T1 ,x)
(respectively, SG(7'1,7)). Hence Player /I T SG(T1,x )(respectively, SG(T'1,7)).
By the same way in Example 4.3, Player / T SG(T1,x) and Player 7 T SG(T1,7).

Remark 5.13. For a space (x,T,H,7) :
I- IfPlayer /7T SG(T1,x) thenPlayer /7 T SG(T1,7).
ii- If Player 7 T SG(T1,3)then Player 7 T SG(T1,x).

Remark 5.14. For a space (x, 7,7, 7), if Player I 1 SG(T1,x ) then Player /7 | SG(T1,7).
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Theorem 5.15. A space (x,7,H) (respectively, (x,7T,#,7)) is a soft-T1 space
(respectively, sJsg-T1-space) if and only if Player 7 T SG(T'1,% ) (respectively, SG(T1,7)).
Proof: (=) in the r-th inning Player 7 in SG(T1 ,x) (respectively, SG(71,7)) choose
YV (Aa)r = () Where, (Ap)r » (Ay), € F, Player I7 in SG(T1 ,x) (respectively,
SG(T1,7)) choose (A, ,H), (B, H) are two soft open (respectively, sIsg-open) sets such
that (Ayr), € (A H) - (B, H))and (Ay), € ((B.,H) - (A, H)).Since (x,T,H) a
soft-7'1 space (respectively,sJsg-T1-space).Then B =
{(A130), (B I} (A H) , (B2, H)}

s e {(ARH), (B, H)}, ... } is the winning strategy for Player /7 in$G(T'1,x) (respectively,
SG(T1,7)). Hence Player I T SG(T1,x) (respectively, SG(T1,7)).

(<) Clear.

Corollary 5.16. For a space (x, T, H,7):

i- Player I 1SG(T1 ,x) if VAm+ Ax where Anr, Axv € ¥, 3 (AH), (B,H) are two
closed sets such that Aa € ((A,H) - (B,H)) and Ax € ((B,H) - (A,H)).

ii- Player 7 1G(T1,7) if VAm %= Ax where Aac, Av € F, 3 (A,H),(B,J)} are two
sJsg-closed sets where, Aam € ((A,H) - (B,H)) and Ax € ((B,) - (AH)).

Proof:

I. (=) Let Aac = An Where Aac, An € F. Since Player 27 T SG(T'1,%), then by Theorem
4.1.15, the space (x, T, H) is a soft-T'1 space. Then Theorem 2.19, is applicable.
(<) By Theorem 2.19, the space (x,T,H) is a soft-T'1 space. Then Theorem 5.15, is
applicable.

Ii. (=)Let Aax = Axn where Aac, A € F. Since Player 27 1 SG(T1,7) , then by Theorem
5.15, the space (x, T, H) is a sJsg-T'1-space. Then Theorem 4.9, is applicable.
(&) By Theorem 4.9, the space (x,7T,H) is a sJsg-T1-space. Then Theorem 5.15, is
applicable.

Corollary 5.17.

i- Aspace (x,7T,H) is a soft-T1-space if and only if Player 7 % SG(T1,%).
ii- A space (x,T,H,7) is a sJsg-T1-space if and only if Player 7 % SG(T'1, 7).
Proof: By Theorem 5.15, the proof is over.

Theorem 5.18. For a space (x, T, H,7):

i- Aspace (x,T,H) is not soft-T"1-space if and only if Player 7 T SG(T1,X).

ii- A space (x,T,H,7) is not sJsg-T1-space if and only if Player 7 T SG(T'1, 7).

Proof:

i. (=) in the r-th inning Player 7 in SG(T'1,%x) choose (4xr), = (Ai), Where, (Aar), ,
(Ax)r € ¥, Player I in SG(T'1,x) cannot find (A, ,H), (B, ) are two soft open sets
such that (45), € (A, H) - (B, H)) and (), € ((B.H) - (A,,H)), because
(x,T,H) is not soft-T"1-space. Hence Player 7 T SG(T1,x).

(<) Clear.

ii. (=) in the r-th inning Player 7 in SG(71,9) choose (%), # (), Where, (Apr),,
(Ax), € ¥, Player Il in SG(T1,7) cannot find (A, H), (B,,H) are two sIsg-open sets
such that (A0), € (A, H) - (B, H)) and (Ay), € (B, H) - (A, H)), because
(x,T,H) is not soft- T'1-space. Hence Player 7 T SG(T'1, 7).
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(&) Clear.
Corollary 5.19.
i- Ifaspace (x,T,7) is not soft- T1-space if and only if Player /7 + SG(T1, x).
ii- If a space (x,T,H,7) is not sTsg-T1-space if and only if Player 77 + SG(T'1, 7).
Proof: Similar way of proof Theorem 5.18.

Definition 5.20. For a soft ideal space (x,T,H,7), determine a game SG(T2,x)
(respectively, SG (T2, 7)) as follows:

Player [/ and Player /I are play an inning with each positive integer numbers in the
r th inning: The first step, Player 7 Choose (%), # (Ax), Where, (), (An)r € X.

In the second step, Player /7 Choose (A,,H), (B,,H) are two soft open (respectively,
sJsg-open ) sets such that (A), € (A, H), (Ax), € (B, H) and (A, H) N (B,,H) =
{@}. Then Player 7 wins in the game SG(72,x ) (respectively, SG(T2,7) ) if
B={(AH),BH)}L{(BH)ECH)}L{(AH),(C,H)}} be a collection of a soft open
(respectively, sIsg-open) sets in y such that V (4y0), # (An), Where, (ye),r, (Bn)r € ¥,
A{(A,H), (B, )} €B such that (Ay), € (A.H) and (fy), € (B, H) and
(A, H) 0 (B, H) = {@}. Otherwise, Player 7 wins in the game $G(7'2,x) (respectively,
5G(T2,7)).

By example 5.12. V Aa # #Ax where, s, An € J there exist (M, ), (N, H) are soft
Ax € (M, H) and Ax € (N, H) such that (M, H) D (W, H) = {@}. So, then B =
{(A,30), (B, 3} {(B, ), (C, H)}L{(A, H), (C, H)}, {(A, ), (D, H) L {(B, H), (€, )},
{(C, F), (F, H)}}.

Is the winning strategy for Player /7 in SG(T'2,x ) (respectively, SG(T2,7)). Hence Player

I TSG(T2,x) (respectively, SG(T2,7)).
By the same way in Example 5.3, Player 7 T SG(72,x) and Player 7 T SG(T2, 7).

Remark 5.21. For a space (x,T,H,7):
i- IfPlayer 7 T SG(T2,x) thenPlayer I T SG(T2,7).
li- IfPlayer 7 T SG(T2,7) then Player 7 T SG(T2,x).

Remark 5.22. For a space ((x,T,H,7), if Player /T L SG(T2,%x ) then Player /7 | SG(T2, 7).

Theorem 5.23. A space (x,7,H) (respectively, (x,7T,7#,7)) is a soft-T2-space
(respectively, sIsg-T2-space) if and only if Player I T SG(T2,x) (respectively, SG(T2,7)).
Proof: (=) in the r-th inning Player 7 in SG(T2, x ) (respectively, SG(T'2, 7)) choose (£yr),
# (Ay)-Where, (Aar), , (An), € ¥, Player I in SG(T2,x) (respectively, SG(T2 7))
choose (A, H), (B,,H) are two soft open (respectively, sJsg-open) sets such that
(fiae)r € (A, H) and (fy), € ((BH)and (A, H) N (B, H) = {@}. Since (x,T,H)
a soft-T2 space (respectively,sJsg-T1-space).Then B = {{(A,H), (B1,H)}, {(A,,H)

, (B2, )}, oo, {(AFH), (B, H)}, ...} Is the winning strategy for Player 7 inSG(T2,x)
(respectively, SG(T2,7)). Hence Player 7 T SG(T2,x) (respectively, SG(T 2, 7)).

(<) Clear.

Corollary 5.24.

i- Aspace (x,T,H) is asoft-T2 space if and only if Player 7 + SG(T2, ).
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ii- Aspace (x,T,H,T) is a sisg-T2-space if and only if Player 7 ¥ SG(T2, 7).
Proof: By Theorem 4.23, the proof is over.

Theorem 5. 25. For a space (x, T, H,7):

i- Aspace (x,T,H) is not soft-T2-space if and only if Player 7 T SG(T'2,%).

ii- Aspace (x,T,H,TJ) isnota sisg-T2-space if and only if Player 7 T SG(T2,7).

Proof:

I- (=) in the r-th inning Player 7 in SG(T2,x ) choose (#yr), # (#ip), Where, (L),
(Ax), € F,Player I in SG(T2,%) cannot find (A7), (B, H) are two soft-open sets
such that (Ay;), € (A.H) ., (Ay)y € (B.H) and (A, H) N (B, H) = {0},
because (x, T, H) is not soft-T'2-space. Hence Player 7 T SG (T2, ).

(&) Clear.

Ii- (=) in the r-th inning Player 7 in SG(T2,9) choose (#y), # (£ )-Where, (L), ,
(Ax)r € ¥, Player II in SG(T2,7) cannot find (A,.,H), (B,,H) are two sJsg-open sets
such that (), € (A H), (Ay),r € (B,H) and (A, H) 1 (B, H) = {@}, because
(x,T,H) is anot soft-T2 space. Hence Player 7 T SG(T2,7).

(<) Clear.

Corollary 5.26.

i- Aspace (x,T,H) is anot soft-T2 space if and only if Player 77  SG(T2,%).
ii- Aspace (x,T,H,T) is not a sIsg-T2-space if and only if Player /7 ¥ SG(T2,7).
Proof: By Theorem 5.25, the proof is over.

Remark 5.27. For a space (x,T,H,7):
i. If Player I TSG(T;.1,x) (respectively,SG(T;,1,7) ) then Player I TSG(T; x)
(respectively, SG(7;,7) ), where i = {0,1}.
ii. If Player /7 T SG(T;, x); then Player 17 T SG(T;,7), where i = {0,1,2}.
The following (figure) clarifies a relationships in Theorem 5.6, Theorem 5.15, Theorem
5.23 and Remark 5.27.

Player /% Player /% Player /%

—>
5672, ST, $G(T0,X)

Player /1 Player /1 Player /1
—>

(0, T,H) is a T, H)isa T, H)isa

soft-T;, space soft-7; space ' soft-T, space

T, H,7) is T, H,9) is T, H,9) is

sisg T, space sJsg T; space {134 sisg J, space
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T T 1
Playe? 771 PlayeY 771 Playd 771
$G(T2,7) $G(T1,7) $G(T0,7)
Player 7/ % Player /% Player / %
SG(T5,7) SG(T4,7) SG(Ta, T)

Figure 2: The winning strategy for Player 77
Remark 5.28. For a space (x,7,79):
i- If Player 7 1T SG(T;, x) (respectively, SG(T;,7) ) then Player 7 T SG(T;yq1,X)
(respectively, SG(7;,1,7) ), where i = {0,1}.
ii- If Player 7 T $G(J;,9) then Player 7 T SG(T;, x), where i = {0,1,2}.
The following (figure) clarifies a relationships in Theorem 5.9, Theorem 5.18, Theorem
5.26 and Remark 5.28.

Player /7 % Player /7% Player /7 %
5G(T2,%) SG(T1,X) $G(T0,x)
Player /17 Player /1 Player /1
SG(T2,%) SG(T1, 0 ) $G(T0, %)
(x,T,3) isnota (x,T,3) isnota (¢, T,3) isnot a
soft-T, space soft-7; space |*€—| soft-T; space
(x, T,7€,9) is not (x, T, 3, 9)is not (x, T, 7€, 3)is not
asisg J; space asJsg J; space ' asisg Jy space
Player /1 Player /7 T Player /1
5G(72,7) $G(71,7) 5G(70,7)
Player /7% Player /7% Player /7%

4_
5G(72,7) SG(71,7) $G(T0,7)

Figure 3: The winning strategy for Player 7
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