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Abstract

The purpose of this research is to introduce a concept of general partial metric spaces as a
generalization of partial metric space, give some results and properties and find relations
between the general partial metric space, partial metric spaces and D-metric spaces.
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1 Introduction and preliminaries

Metric spaces are very important in mathematics introduced and studied by the French
mathematicians. Many researchers tried to generalized the metric space to different types for
example, b-metric space defined by Stefan Czerwik [1], G-metric space defined by Mustafa
and Sims [2], 2-metric space defined by Gahler [3], D*-metric space[4], partial metric space
defined by Mathews[5] and D-metric space defined by Dhage [11]

First , give some definitions and properties of the partial metric spaces that can be found in [5-
10]

A non-empty set Y is said to be partial metric space if there exists a function p:Y? —
[0, o) satisfies the following condition:

pla=po pla,a)= p(a,B)=pB.,B)
p2 p(a,a) <p(a,p)

p3 p(a, B) =p(B, @)

p4 p(a,B) <p(a,w)+p W,B)-p(p)

Va,Bandu € Y ,where p is a partial metricon Y .

A basic example of a partial metric space is (R*, p), where p(a, ) = max{a, B} Va,B € R*
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Also, the partial metric space p on Y generates a T, topology 7,0n Y, which has as a base of
family open balls{B,(a,€) : a €Y, € >0}, where B,(a,e) ={B € Y:p(a,B) <p(a, a) +
€e}Va €Y and e > 0.(see [9])

The sequence {an} in a partial metric space (Y, p) converge sequence if

limy_o p(a,a,) = p(a,a)

The sequence {a,} in a partial metric space (Y, p) is said to be Cauchy sequences if

lim,, 1, 00 P(y, @yy) eXists (finite).

The partial metric space (Y, p) is said to be complete if every cauchy sequence {«,,} convergent
toapointain.

A mapping F: (Y,p) = (Y ,p’) is said to be continuous at ay€Y, if for everye > 0, there
exists § > 0 such that

F(By(ag,6)) € B,(Fay, €). (See [10])
If p is a partial metric space, then the function p®: Y2 — R* defined by
p*(a,B) = 2p(a,B) -p(a,a) -p(B,B)
isametriconY (See [6])

Not that, the sequence {a,} is a Cauchy sequence in a partial metric space(Y, p) if and only if
{an} is a Cauchy sequence in the metric space(Y, p®). (See [9], [10])

A partial metric space (Y,p) is said complete if and only if the metric space (Y,p®) is
complete. Furthermore,lim,,_, ., p*(ay, @) = 0 if and only if

p(a, a) = limy_op(ay a) = lim, m oD (&, a)- (see[9],[10])
Second, we recall definition of D-metric space that can be found in [11], [12], [13]

A non-empty set Y is said to be D-metric space if there exists a function D:Y3 -
[0, ) satisfies the following conditions:

D1.D(a,B,y) =0 a=L=y
D2.D(a,B,y) =D(B,a,y) =D(yv,a,B) =D (B,y,a) = ... (SBmmetrp)
D3.D(a,B,y) =< D(u,B,v) + D(a,i,y) + D(a, B, 1)

Va,B,yand u € Y, where D is D-metricon Y .

Y if for givene > 0, A sequence {a,} in D-metric space (Y, D) is said converge to a€ there
exists a positive integer m, such thatD (a,, &, @) < € Vm = my,n = my. [13]

A sequence {a,} in D-metric space (Y, D) is said Cauchy if for given € > 0; there exists an
positive integer mo such that D(a,,, @y, @;) < € Ym = mg,n = mg, 1 = m,.[13]

A sequence {a,} in D-metric space (Y, D) is said to be complete if every Cauchy sequence in
Y converges to a point ¢ in Y.

A sequence {a,} in D-metric space (Y,D) converges strongly to an element « in Y if
(D (an, dm, a) » 0asn,m — . (ii) {D(B, B, @)} convergesto D(B,B,a) V € Y.[13]

A sequence {a,} in D-metric space (Y, D) is said to be very strongly converges to an element
ainY if
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() D(ap, am,a) = 0 asn,m — . (ii)){D(B,z,a,)} converges to D(B,z,a) Vf,z €
Y .[13]

2. Generalize Partial Metric Spaces

Definition 1

A non-empty set Y is said to be a general partial metric space if there exists a function
D,: Y3 — [0, ) satisfy the following condition:

Dpl1. Dp(a,a,a) = Dp(a,B,y) =Dp( B,B,B) =Dy(v,v,¥) ©a=p =y
Dp2. Dy(a,a,a) < Dy(a,B,y)

Dp3. Dy(a,B,v) = Dp(a,v,B) = Dpy(B,a,y) = Dp(B,v, @) = ...(Spmmetrp)
Dp4. Dy(a,B,v) < Dp(, B,v) + Dp(a, i, v) + Dp( @, B, 1) — Dp(p pt 1)

Va,p,y and u €Y, where D,, is general partial metric space on Y.
So, given an example of a general partial metric space we obtain
Example 2
Let Y = [0, ) and define a function D, on Y3 by D,(a, B,y) = maa{a,B,v}
Then D,, is a general partial metric space on Y.
Solution:

1) since maa{a, f,y} = maa{a, a,a} = maa{B, B, [} = maa{y,y,y}if and only if
= B = ythen D,(a,B,y) = Dp(a,a,a@) = D,(B,B,6) = Dp(y,v,y)if and only if
=B =v

(04
a
2) D,(a,a,a) = maa{a,a,a} =a < maa{a,f,y} = Dy(a,B,7) .
3) Trivial
4) Since maa{a, f,y} < maa{y, B,y}+ maa{a,u, vy} + maaf{a, B, u}- maa{y, u, u}
Then Dy (a, B,7) + Dp(pt, it 1) < Dp(u, B,v) + Dp(a, 1, ¥) + Dy (@, B, 1) []
Definition 3

Let (Y, D,) be a general partial metric space, then
(1) A sequence {a,} in (Y, D,) converges to a point a € Yif
limy m o0 Dp (@, @, @) = Dy (a, @, @)
(2) A sequence {a,} in (Y, D,) is Cauchy sequence if
limy 1 1 500 Dy (@, @, @) eXists (finite)

(3) A general partial metric space (Y, D,) is said to be complete if every Cauchy sequence is
converge to a point ¢ in Y.

(4) A sequence {a,} in (Y, D,) is astrongly converge to « if
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I. Dy(an, am,a) = Dy(a,a,a)asn,m - o
ii. Dp(B,B,an) > Dp(B,B,a)asn > VB EY

(5) A sequence {a,,} in (Y, Dp) is avery strongly converge to « if

I. Dy(ap, am,a) > Dy(a,a,a) asn,m > w©
ii. Dp(B,v,an) > Dp(B,y,@)asn > VB,y €Y

(6) For @ € Y and € > 0, the open ball of the general partial metric space with center a and
radius € is Bp,(a,€) ={B €Y :Dp(a,B,B) <Dp(a,a,a)+ e}

(7) A mapping F: (Y ,D,) — (Y',D,") is said to be continuous at « if for each open ball

Bp,(F(a),€)in (Y',D,’) there exists aball By, (a,€) in (Y, Dy such that

F(Bp,(@,€) € By, (F(@),€).
Not that, if {a},} is aconverge sequence in(Y, D,,) then the converge point is not unique.
Example4

Let Y =[0,0) with D,(a,B,y) = maafa,p,y} then (Y,D,) is a general partial

metric observe that if the sequence {1 + n—lz },a = 1then Dy (ay, am, a) = limy omaa{l +
Hence, every a € [1, o) is a convergent point for the sequence {1 + n—lz}.
Thus, the converge point is not unique.
Theorem 5

Every converge sequence in (Y, D,,) is a Cauchy sequence.

1+ #,a}zasz(a,a,a).

Proof:

Let (Y, D,,) be a general partial metric space and {a,} is a converge sequence to a and
e> 0.

Since {a,,} is converge to a then there exists k € N such that
|Dp(an,am,a) - Dy(a,a,a) | <evnm>k
So that

Dp(an; A, al) < Dp(al Am, al) + Dp(an’ a, al) + Dp(an' Am, a) - Dp(al a, a)
< 2Dy(a,a,) +€ vnm,l > K

Hence, limy, m 150 Dp (@, am, ;) exists, thus {a,,} is a Cauchy sequence. []
Remark 6

It is clear from the definition that every strong converge sequence is a converge but the
opposite is not true, as we see in example (4) that a sequence {«,,} = {1 + n—12} IS a converge to
2 but not strongly a converge to 2, to see this
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Take 1l < B < 2,limp,oDp(B,B,an) = B # 2 =D,(B,F,2)
Thus, a, = {1+ %} is not strongly converging to 2.
Theorem 7

If {a,,} is a strongly converge, then the converge point is unique.

Proof

Let {a,} be a strongly converge to w, z

{Dp(ﬁ B ,an)}is real sequence converge to D, (8,8, w),D, (B, B,z) since the converge point
is unique

~Dyp(B,B,w) = Dp(B,B,2) VP

Take B = zthenD,(z,2,w) = Dy(3,2,3) .1

Take p = wthenD,(w,w,w) = D,(w,w,3) ... 2

by defying D,(z,%,2) < D,(B,B.2) VB

If3 = wthenD,(z,3,2) <D,(w,w,z) = Dy(w,w,w)
~ Dy(3,2,3) < Dy(w,w,w) ..3

Also, D,(w,w,w) < D,(B,6,w) VB

Ifg = zthenD,(w,w,w) < D,(3,2,w) = Dy(3,2,%)
“Dp(w,w,w) < Dy(3,%,2) ... 4

bp 3,4; we have D,(w,w,w) = D,(2,%,%)
~Dy(w,w,z) =D,(w,w,w) =Dy(3,3,3),thus w = z. []
Example 8

Let Y = [0,00) and D, (a, B ,y) = maa{a, B,y}then (Y, D,) is general partial metric space
1

as we see in example 2, if ap= 2=, then the sequence {a,} is a very strongly converge tol.
1 1

Indeed D, (aty, @y, @) = maa {25, 2m, 1} -1= D,(1,1,1) asn,m -

1
Also Dy (B,y, an) = maa{B,y,2n} — maa{f,y,1}asn >0 VB,y€ Y
Remark 9

It is clear from definition that every very strong converge sequence is a strongly
converge, so that If {a,,} is very strongly converge then the converge point is unique.

Theorem 10
Let (Y, D,,) be general partial metric space, if D,,(a,f,y) = Othen a = B =y

Proof
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We have D, (a,a,a) < Dy(a,B,y) =0 ,D,(8,8,B8) <D,(a,B,y) =0 and
Dp(y,v.,v) = Dp(a,B,y) =0
= Dy(a,a,a) = Dy(B,B,8) = Dp(y,v,v) = Dp(a, B,y) =0
Thereforea = B =y. []
Remark 11
If « = § =y, then D,(a,S,y) may not be zero.

3. Relations between D-metric, partial metric and general partial metric spaces
Theorem 12

Let (Y,D,) be a general partial metric space, then the functions D9: Y3 — [0, ) given by
DI(a,B,y) =Dy(a,a,B) + Dp(a,a,y) + Dy(B.B,a) + Dp(B,B.,y) +
Dp(y,y,a) +Dp(]/;]/:ﬁ) - ZDp(CZ,(l,(X) - ZDp(ﬁrﬁ 'ﬁ) - 2Dp(y']/')/)' (11)

Is a D-metric space on Y
Proof

1) Since Dy(a,a,B)- Dy(a,a,a) 2 0,D,(a,a,y)- Dy(a,a,a) =20,
D,(B.,B,a)- Dy(B,B.B) =0,
D,(B.B,v)- Dp(B.B.B) =0,
Dy(v.,v,a) - Dp(v,v,¥) 20and D,(y,v,B) - Dp(¥.,v,¥) 20 soD(a,B,y) 2 0.
2)If D(a,B,¥) =0

then Dp(a,a,f) + Dp(a,a,y) + Dp(fB, B, a) + Dpy(B,B,v) + Dp(v,v,a)
+ Dp(v,v B) - 2Dp(a,a,a) - 2D, (B, B,B) - 2Dp(y,v v) = 0

Take D,( a,a,B) + Dp( @, a,y) — 2D, (@, a,@) = 0

= 2D,(a,a,a) = Dy(a,a,B) + Dy(a,a,y)..1

D,(a ay) +Dy(B,B,a) —2D,(a aa) = 0

> 2D (a,a,@) = Dy(a,a,y) + D,(B, B, @)...2

From 1&2,we get D,( @,a,B) + Dy(a, a,y) = D,( @, a,y) + D, (B, B, @)

then D,(a,a,B) = D,(B,B,a) ...3

Since D,(a,a,a) = Dy(a,a,B) + Dy(a,B,B) = D,(a,a,B) + Dp( @, a,B)
=2D,(a,a,p)

D,(a, a, a) =D,(a, @, B)..4

Now, take Dy(B,B,¥) + Dy( B, @) — 2D,( B, B, B) = 0
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= 2Dp(B,B,B) = Dp(B.B,y) + Dp(B, B, @) ...5
Dy(a,a,B) + Dp(B,B,v) = 2Dy (B, B, B) = 0O

= 2Dy (B, B, B) = Dp(a, a0, B) + Dp(B,B,Y) ... 6

From 5&6,we get D,(B,B,a) + D,(B, B,v) = Dp(a,a,B) + D,(B, B,V)
then D,(B,f,a) = Dy(a,a,f) ...7

Since 2D, (B, B, B) = Dy,(B, B, @) + Dy(a, a, B) =Dy(a, a, ) + Dy(a, a, B)

= 2Dy(a,a,pB)

= D,(B,B,B)=Dy(a,a,p)..8

From 4&8,we getD,(a,a,a) = D,(a, a, B) = D,(B,B,B)

so by definition a = f8...9

and take Dp(y,y, @) + Dp(v,v, B) = 2Dp(y,7,¥) =0

=2D,(r, v, V) =Dp(v,y, @) +Dp(vy, B)if B = «

Then 2Dy (v,v,v) =Dp(v,v, @) + Dp(v,v,@) = 2Dp(v,v, @)

= Dp(v,v,Y) =Dp(v,v, @) ...10

and D,(a,a,f) + Dy(a,y,y) —2D,(a,a,a) =0

= 2Dy(a,a,a) =Dy(a,a,B) + Dp(a,y, V) if B = «
Then,2D,(a,a,a) = D,(a,a,a) + D,(a,y,v)

= Dp(a,a,a) = Dyp(a,y,7) ... 11

From 10&11,we getDp(y, YY) = D, v, a) = D, (a,a,a)

so by definition a =y ...12

Then by 9&12we geta = 3 = .

3) Trivial
4) by definition since Dp,(u,u,f) + Dp(u,p,v) — 2Dp(,pt,u) =0
Dy(B,B 1) + Dy (B, B, 1) — 2D, (B, B, B) = 0

Dpy(v v, 1) +Dp(v,v, 1) = 2Dp(y,v,¥) 20

D,(a,a,u)+Dy(a, a,m)-2D,(a, a, ) 20,

Dy(u,pu,a) + Dp(pt, b, ¥)-2Dp (1, 1) 2 0

Dp(p,p,a) + Dp(u,p, B) - 2Dp(u,p,p) 20
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When combined, it is more than and equal to zero and when adding these values
Dp( a'a'ﬁ);Dp( (Z,(Z,)/),Dp(ﬁ 'ﬁ ra)'Dp(ﬁ ;ﬁ ,)/),Dp(]/,]/,(l),Dp()/,)/,ﬁ),—ZDp(0{,0{,0{),
—2D,(B,B,B),—2D,(y ,v ,¥) to two parties,we get

Dp(a,a,B)+ Dy(a,a,y)+Dp(B,B,a) +Dp(B.B,¥)+ Dp(y,v,a)
+ Dp(]/,)/,,g)— ZDP(C(,C(,C()— ZDp(ﬁ’ﬁ 'B)_ ZDp(]/,]/,)/)

<Dy(a,a,B)+D,(a,a,y)+D,(B,B,a)+D,(B,B,7)

+Dy(y,v,a)

+Dpy,y,ﬁ)—2Dp(a,a,a)— 2Dp(ﬁ'ﬁ'ﬁ)_2Dp(yvyv)/) +Dp(.uuur:8)+Dp(/lr/er)
+D,(B,B, 1) +Dp(B,B, 1) +Dp(v, v, 1) +Dp(v,v, 1) +Dp(a,a,p) +Dy(a,a,p)
+Dp(u,u,a) +Dp(1,1by) +Dp(p,p,a) + Dp(u, 1, B)

- 2Dp(ﬂ!ﬂ!ﬂ)_ ZDp(ﬁlﬁ '.B)_ 2Dp(]/,]/,)/)— ZDP(CX,CZ,CZ)— 2Dp(,ll,[l,/l)— ZDp(.u:/'l'H)
= [Dp(u, 1, B) + Dp(p,pt,¥) + Dp(B, B, 1) + Dp(B,B,Y)

+Dp (v, v, 1)

+Dp(]/;yrﬁ)_ ZDP(,LL,M,M)— 2Dp(ﬁrﬁ rﬁ)_ ZDp(VrV'V)] + [Dp(a'al/l)

+Dy(a,a,y) +Dy(u, @) + Dp(ipt,v) + Dp(y,v,a)

+ Dp(v v, 1) - 2Dp(a,a,a) - 2Dy (u, 1, 1) = 2Dy (v, v, V)]

+ [Dp(a,a,B) + Dp(a,a,u) + Dy(B,B,a) + Dy(B.B, 1)

+ Dp(ﬂuu'a) + Dp(,u,,u,ﬁ)—ZDp(a,a,a)— ZDp(ﬁ rﬁ'ﬁ)_ZDp(H'ﬂlﬂ)]
=>DI(a, B,y) < DI(u, B,y) +D9(a,uy) +D9(a, B, 1) []

Corollary 13

Let (Y, D,) be a general partial metric space, the function D9: Y3 — [0, ) given by
D9(a,B,y) = Dy(a,B,v) + Dp(a,a, B) + Dp(a, a,¥) + Dy (B, B, @) + D, (B, B, ¥)
+ Dp(y:Y: CZ) + Dp(y'y'ﬁ) - ZDp( a,a, 0{) - ZDp(ﬁ'ﬁ'ﬁ) - 3Dp()/,)/, y)

is D — metric space. 1.2)
Proof: the prove is similar to theorem 12
Remark 14

It is clear from definition that every D-metric space (Y,D) is a general partial metric
space(Y, D,), but the converse is not true. as we saw in example 2, by definition of D-metric
spaceifa =B =ythenD(a,B,y) =0
Suppose « =5 = p =y then D,(5,5,5) = maa{5,5,5} =5 # 0
Lemma 15

Let (Y,D,) be a general partial metric space if {D,(ay, ,am,an)} > a asm — o
and {DY(ay, am,a;)} is a Cauchy sequence asn,m,l — oo, then D,(ay, am,a;) > a as
n,m,l — o where D9define in corollary 13.

Proof

Since D, (at, , @, ;) > a as m — oo, then from everye > 0 there exists n, € N such
that
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|Dp(am,am,am)—a| <§ vm > ng,and D9(a,, am, ;) < % vn,ml > ng
€
E > Dg(an: Om, al)

= Dp(an: O, 0(1) + Dp(an» Ay am) + Dp(an» Un, al) + Dp(“m' A, an)
+ Dp(m, Ay @) + Dyp(ay, ay, ay)
+ Dy(ay, ay, &) = 2Dy (y, A, &) = 2Dy (@, Qomy @) = 3Dy (g, g, ).

€
= Dp(an, m, a;) = Dy (@, Aoy X)) < 5

So that |Dp(tn, @m, a1) — a|=|Dp(@n, @, @) — Dy (@, Ay ) + Dy (Wi, @y, @) — @| <
€ €
10y o ) Dy s |+ 1y o) ] < 2+ < ¢

Hence D, (ay, apm, @) = a asn,m,l — o []
Theorem 16
Let (Y, D,) be a general partial metric space, then

i) A sequence {a,} is a Cauchy sequence in a general partial metric space (Y, D,,) if and only if
{a,} is a Cauchy sequence in (Y, D9).

i) A general partial metric space (Y, D) is complete if (Y, DY) is complete.
Where D9define in corollary 13
Proof i

First, we must prove that each Cauchy sequence in (Y, D,) is Cauchy in (Y, D9).
Then, there exists « € R such that, Ve > 0 there isn, € N with
|Dp(an, A,y X)) — a'| < 16—4 v n, m, | > ng. Hence,

|Dg(an' O, al) |: |Dp (an' Om, al) + Dp (an' Un, am) + Dp (an' Un, al) + Dp (“m: O, an) +
Dp (amr Om, 0([) + Dp (al' a, an) + Dp(al' ap, am) - ZDp (an' Un, an) - ZDp (“m: Tm, am) -
3D, (ay, ay, al)| < |Dp(an, A, ) — a:| + |Dp(an, Ay, Ay) — a| + |Dp(an, A, a) — a| +
|Dp(am, Ay, Oy) — a| + |Dp(a:m, A, A) — a| + |Dp(al,al,an) - a| + |Dp(0(l, a;, Apy) —
a|-2|Dp(a'n, A @) — a| - 2|Dp(am, Ay Am) — @] — 3|Dp(al,al,al) — «a i <evnm,l
= No

Hence, {a,} is a Cauchy sequence in(Y, D9).

Conversely, now we must prove {a,} is Cauchy sequence in (Y, D,)

Since {a,} is a Cauchy sequence in (Y,D9) so Ve > 0,3 n, € N such that

€
DI(a,, A, a;) <E vn,m,l > n,

€
E >Dg(an' Am, al)

Dp (an' Ay al) + Dp (an» an, am) + Dp (an' an, al) + Dp (am; Ay an)
Dp (am’ ey al) + Dp (al’ ay, an)
Dp (al: ay, am) - 2Dp (an» an, an) - 2Dp (“m' ey am) - 3Dp (al' ay, 0(1)
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= Dp(an, tm, a;) = Dp(ay, @y, ay) < DI(ay, am, a;) <§

By compensation D, (ay, ay, ) to two parties, we have

Dy(an, am, a;) < DI(a,, am, ;) + Dy (ay, an, ay) <§ + Dy (atn, @y, ay)
And since Dy (p, G, @) < Dp(ap, am, ;) SO

Dy () @y Q) < Dp(aty, O, ) < DI (ay, ap, @) + Dp(ayn, o, ay)

€

<
2

+ Dy (o, an, an)

= Dp(Am, Ay, Ay) S§+Dp(an,an,an) vn,m > n,

Let ap = Dp(apn, an,an) € Rsuchthat|a - a,| < %

~{ ay,} is a Cauchy sequence, - {a,} = a, Dy(am, @, ay) > @ € R

Then by lemma 15, D, (ay,, am, ay,) is Cauchy sequence in (Y, D,). []
i

If {a;,} is a Cauchy sequence in (Y, D,), then it is a Cauchy sequence in (Y, D9) and since D-
metric (Y, DY) is complete then there exists « € Y such that

lim, 50 D9 (ap, ap, @) = 0, hence

limn,m_,oo[Dp(an, A, @) + Dp(n, ap, @) + Dp(ap, an, @) + Dp(am, am, ay) +
Dy(am, am, @) + Dp(a,a,a,) +
Dy(a,a,an) - 2D, (ay, n, an) = 2Dy (A, Aoy, @) = 3Dp(a,a,a)] = 0

There for limy, 1 0 [Dp (@, A, @) = Dp(a, @, @)] = 0

=liMmy moe Dp(an, am, @) = Dy(a,a, a) hence (Y, D,) is converge
Thus (Y, D) is complete.

Corollary 17

we can get from the proof of theorem 16, (ii), limy;, el[Dp(an, am, @) —
D, (@, @, @) |=limy, —00) [Dp (an, m, @) = Dp(@m, @, )] =
limy m o[ Dp(An, @) = Dp(ay, an, ay)] = 0, such that  limy 1 e Dp(ay, Gy, @)
limpy, S0y Dp(@my Ay @) = limyy 0 Dy (@, @, @) = Dp(a, @, ).

Propositions 18

If {a,} is Cauchy sequence in (Y,D9), then limy, m o Dp(an, n, ap)
=limy e Dp (@, @y, ay).

Proof

Since {a,} is Cauchy sequence in (Y, DY) then lim,, ;100 D9 (ap, app, ;) = 0
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And Dg(anr A, al) =
D, (an, an, @) + D, (an, an, a;) + D, () A, ) + D, (Om, Ay ) + D, (ap, ap, an) +
Dp (al' ap, am)_ Dp (an' An, an)_ 2Dp (am: Am, am)_ 2Dp (al' a, al)-

ANnd Dy, (atn, @y, ) — Dy (@, @y, an) < DI (ay, am, a;) then
limy m oDy (A, Oy, @) - Dy (aty, ay, ) > 0
Similarly limy, 1 00Dy (@, @y, An) = Dy (o, Qi y) = 0

Since Dy, (A, @, Q) = Dy (A, @y, @) = Dy (@, Qo @) + Dy (t, @y ) —

Dp (anr n, am) - Dp (an» an, an) then limn,m—wo [Dp (@m, o, am) - Dp (“n: an, an)] =
limn,m—wo [Dp (am: ey am) - Dp (an' U, am)] + limn,m—mo [Dp (an' An, am) -

Dp (an, an, an)] —0

So that limy, ;.00 [Dp (A, Ay An) — Dy (@, Ay )] — 0
Let a, = Dy (an, ap, ay)
“an-ay] > 0asn,m— ©

Hence {a,} is a Cauchy sequence in R, therefor {D,(a,, ay, a,)} converge to a.

Also, limy,_,c, Dp(ay , Qy, ) =
limn,m—wo [Dp (an: Un, am) + Dp (“n: Un, an) - Dp (an' An, an)]
Then [D,, (an, &y, @)=~ Dp(an, apn, ay)] — 080 limy, 00Dy (A, Ay ) = @

ThUS Limy a0 D (s @y W) = Lty Dy (@, i, @) ]
Theorem 19
If (Y, p) be partial metric space then
Dy(a, B,v) = p(a,p) + pla,y) + p(B.v)- pla,a)- P(B,B)- p(v,y) (1.3)
is general partial metric space.
DSince p(e,f) - p(a,a) 20, p(a,y)- p(y,¥) 20, p(B,v)- p(5, ) =0
then D,(a,B,y) =0
2)let Dy(a,B,y) = Dp(a,a,a) = Dp(B,B,B) = Dp(v,v,V)
since Dp(a,a,a) = Dp(B,B, ) = Dp(r,v,¥) = 0
= D,(a,B,y)=0
=>p(ap) +p(B,y) + p(ay)-pla,a)-pB.L) - pr,¥)= 0
= pla,p)-pla,a)= 0= p(a,p)=plaa)..1,
= pla,y)- pr,¥)=0= p(ay) = p(.y)..2
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andp(B,y)- p(B,B) =0 = p(B,y)=p(B B)..3

From1 p(a, ) = p(a, B) and by definition p(a, @) = p(a,B) < p(a,y) + p(y,
B)— p(r.v)

Since p(a,y) = p(y,v) &p(B,v) = p(B,B) we get p(a,a) = p(B,p)

From2 p(B, B) = p(B,y) and by definition p(B, B) = p(B,v) < p(B, a) +
p(a,y) — pr(a, a)

bp 1&2 we getp(B,B) = (v,v)

From3p(y,y) = p(a,y)and by definition p(y,y) = p(a,y) < p(a, B)+
p(B,v) —p(B, B)

by 1&3we getp(v,v) = p(a, a)
Hencep(a,a) = p(B, B) = p(v,v)

Thus p(a,a) = p(a,B) = p(B,B) by definition a = B,and p(B,B) = p(B,y)
= p(y,y) by definition B =y thenwe get a = B =Y.

3) Trivial

4) since p(u,y)- p(v,y) 20,p(u,B)- p(u, ) =20,p(a,u)- p(a,a) =0,
p(,v)- p(u,pn) 20,p(B,)- p(B.B) =0,
p(a,u)- p(u,u) =0

When combined, it is more than and equal to zero and when added these values
p(a,B),p(B.,v),p(a,y),—p(a,a),—p(B,B),—p(y,v)to both said ,we get

p(a,B) + p(B,y) + p(a,y)- p(a,a)- p(B.B)- p(v,v) < p(ap) +
p(B,y) + p(a,y)- p(a, a)- p(B, B)- p(yv,v) + pu,v)-plr.v) +
p(a,w)- p(a,a) + p(B,w)-p(B.B) + p(u.B)- p(u,u) +

pu,y)- p(u, 1) + pCa,p)- pu,w.

:Dp(“ug'y)

<[p@w.B) + p(u,y) + p(v.B)-p(, W) - p(B.B)- p(y, V)] + [p(a,w)
+ p(a,y) + p(u,v)- p(a,a)- p(u, ) - py, V)] + [p(a,B) + p(a,w)
+ p(B.uw)- p(a,a)- p(B,B)- p(k, W]

Dy(a,B,v) <Dp(u,B.v) + Dy(a,pu,y) + Dp(a,B ) - Dp(pt, 1t 1) []
Proposition 20

Let (Y, D,) be a general partial metric space and

Dy(a, B, B) =Dy(a,y,y) + Dp(v, B, B) - Dp(v,V,7) (1.4)

holds then the function p:Y? — [0,) which is defied by p(a,B) = D,(a,B,B) is a
partial metricon Y .

Proof
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Dsince p(a, B) = p(a, @) = p(B,B) = Dyp(a, B, B) = Dp(a, a, @) = Dp(B, B, B) & a = f.
2) since Dp(a,a,a) <D,(a,B,B)then p(a,a) < p(a,B) Vaf€Ea

3) Trivial

4) p(a,B) =Dy(a,B,B) < Dp(a,v,¥) + Dp(v,B.B) - Dp(y,v,¥) from (1.3)
= p(a,y)+ p.B)— r, 7). []
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