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Abstract

Let R be a commutative ring with identity and E be a unitary left R — module .We
introduce and study the concept Weak Pseudo — 2 — Absorbing submodules as generalization
of weakle — 2 — Absorbing submodules , where a proper submodule A of an R —module E
is called Weak Pseudo — 2 — Absorbing if 0#rsx € A for r,s € R, x € E, implies that
rx e A+soc(E)or sxe A+soc(E) or rse[ A+soc(E):zE]. Manybasic properties,
characterizations and examples of Weak Pseudo — 2 — Absorbing submodule in some
types of modules are introduced .

Key word : weakly — 2 — Absorbing submodules , essential submodule , socal of modules ,
multiplication modules , Z — regular modules , WP — 2 — Absorbing submodules .

1. Introduction

The concept of weakly — 2 — Absorbing submodule was first introduced by Darani
and Soheilnia as generalization of weakly prime submodule , where a proper submodule A
of an R — module E is called a weakly prime submodule of Eif 0 #tc € A,forteR,e€E
implies that eithere e Aorte[A:R E],where[A:r E]={s€eR:sE cA} [1],and a
proper submodule A of an R- module E is called a weakly — 2 — Absorbing submodule of E
,if0#ste € A,fors,te R,e€Eimplies that either se€ Aor tee Aor ste [A:z E]

[2].

Recently , several generalizations of weakly — 2 — Absorbing submodules have been
introduced [ 3,4,5] . In our paper , we introduce a new generalization of weakly — 2 —
Absorbing submodule which we callWeak Pseudo — 2 — Absorbing submodule , where a
proper submodule A of an R — module E is said to be Weak Pseudo — 2 — Absorbing
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submodule if 0 #ste € A, fors,t € R, e € E, implies that either se € A+soc (E) or te
eA+soc(E) orste[ A+soc(E):x E]. Soc (E)is the intersection of all essential
submodules of E [6] . A nonzero submodule N of an R —module E is called an essential if N
N K #(0) for all nonzero submodules K of E [6]. Every weakly prime submodule of an R —
module is weakly — 2 — Absorbing [7] . Recall that an R — module E is cyclic if E=<x> for

X € E [8]. Recall that an R — module E is a semi simple if soc ( E ) = (0) [6]. It is well known

that an R — module E is a semi simple if and only if soc ( % ) = ( Soc(E)+N ) for each

submodule N of E[6,Ex.12(c)].Theset[N:z 1]=[x€E:xl < N},whereNisa
submodule of E , and Il is anideal of R[N :z 1] andis a submodule of E containing N. [ N
g R]=N and [ I :zR ] =1[9]. Recall that an R — module E is a multiplication if every
submodule A of E is of the form A = IE for some ideal | of R, Equivalently A=[ A :z E]
E [10]. Recall that an R — module E is a faithful if Ann(E)={reR:rE=(0)}[8].

2. Basic properties of WP — 2 — Absorbing submodules . In this part of the paper , we
introduce the definition of WP — 2 — Absorbing submodules and, thus truth some of it’s basic
properties , examples and characterizations.

Definition .1.

A proper submodule A of an R — module E is said to be Weak Pseudo — 2 —
Absorbing (for shorten WP — 2 — Absorbing ) submodule of E , if 0 #ste € A, for s,tER,
e € E, implies thatse € A +soc(E)ortee A+soc (E)or ste[A+soc(E):RE].And
an ideal J of a ring R is said to be WP — 2 — Absorbing ideal of R, if Jisa WP — 2 —
Absorbing R — submodule of an R — module R.

Example and Remarks .2.

1. In the Z — module Z4 , the only essential submodules are < 2 >, < 3>, <6 > and Zss

2 . It is clear that the submodules of the Z — module Zzs are <4 > ,<6>,<9>,<12 > and
<18 > are WP — 2 — Absorbing submodules .

3 . The submodules < 12 > and < 18 > of the Z — module Z3s are not weakly — 2 —
Absorbing submodules , since 0#2.3.2€ <12> for2,3€Z,2€ Zs but2.2= 4 ¢
<12>and3.2=6¢<12>and2.3=6¢ [<12>:z7 Z3s |=12Z.

4 . The submodule < 2 >, < 3> of the Z- module Zss are weakly — 2 — Absorbing
submodules of Zzs because they are weakly prime submodules of Z - Zzs .

5.1Itis clear that the submodules <4 >,<6> and <9 > of the Z— module Zzs are weakly
— 2 — Absorbing submodules .

6 . It is clear that every weakly — 2 — Absorbing submodule of an R — module E isa WP — 2 —
Absorbing , but  not conversely , the following example shows that : -- In the Z — module
Z3s , the submodule <18 > isa WP — 2- Absorbing by (2), but <18 > is not weakly — 2 —
Absorbing submodule by (3) .
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7 . It is clear that every weakly prime submodule of an R — module E is a WP — 2 — Absorbing
but not conversely. The following example explains that in the Z- module Zz¢ , the submodule
<4 > isa WP — 2 — Absorbing by (2) . But < 4 > is not weakly prime submodule, since 0 # 2
2e<4>for2eZ,2eZs,but2e<4>and 2¢[<4>:7 Zss] =4Z

8 . In general ,the submodule nZ of the Z — module Z is weakly — 2 — Absorbing ifn=0, P,
P2 and pg by [7, Rems. And Exs. ( 1.2.2 ) (3) ] . Hence the submodules nZ of the Z —
module Z is a WP — 2 — Absorbing if n=0,P,P? andpq by (6) .

9. The submodules 12Z and 18Z of the Z — module Z are not WP — 2 — Absorbing because
soc(Z)=(0)[8]. Thatis,0+# 2.3.2€12Z for2,3,2e Z,but 2.2 ¢ 12Z+soc(Z)
and 3.2 ¢l12Z+soc(Z)and2.3 ¢ [12Z+soc(Z):zZ]=12Z.

Also,0#£2.3.3€e18Z for2,3 e Z,but23 ¢ 18Z+soc(Z)and3.3 ¢ 18Z+soc(Z)
and2.3 ¢ [18Z+soc(Z):z Z]=18Z.

10 . If Aisa WP — 2 — Absorbing submodule of an R — module E , then [ A :r E] need not
to be WP — 2 — Absorbing ideal of R . For example the submodule < 18 > of the Z — module
Zss is a WP — 2 — Absorbing submodule by (2 ), but [< 18 > : 7 Z3s] = 18Z is not WP — 2 —
Absorbing ideal of Z by (9) .

11 . The intersection of two WP — 2 — Absorbing submodules of an R- module E need not to
be WP — 2 — Absorbing submodule .For example the submodules 3Z , 4Z are WP — 2 —
Absorbing submodule of the Z — module Z by (8) , but 3Z n4Z = 12Z isnot WP — 2 —
Absorbing submodul by (9) . The following results are characterizations of WP — 2 —
Absorbing submodules .

Proposition 3.

A proper submodule A of an R- module E is a WP — 2 — Absorbing submodule of E if and
onlyifforanyt,se Rwithtsg [A+soc(E):r E]Jwehave[A e ts]c[0:ets]U[A
+soc(E):et]JU[A+soc(E):Es]

Proof : (=)

Let ec [Acts]withtsg [A+soc(E):r E], thentse € A.If 0 +#tse, it follows
that eitherte € A +soc (E)orse e A+soc (E), thatiseithere e [A+soc (E):et]ore
e[A+soc(E): s].If tse=0theneec[0:ets].Hence ec[0:ets]U[A+soc(E
e t]U[A+soc(E):es].Therefore[AEest]c[O0:ets]U[A+soc(E) e t]U[A
+soc(E):es].

(<) Let0#tse € Afor t,se R,ee E with ts¢g [A+soc(E):r E]. It follows by
hypothesise e [Ae ts]ande ¢ [0:e ts], impliesthate e [A+soc (E) e t]JU[A+
soc (E) :e s]. Hence either te €« A+soc(E) orse € A+soc (E). Therefore A is aWP
— 2 — Absorbing submodule of E .
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Proposition 4.

A proper submodule A of an R — module E isa WP — 2 — Absorbing if 0 #tsK < A fort,
s € Rand K is a submodule of E , implies that either tK c A+soc (E) or sKc A+soc (E
Jortse[A+soc(E):r E].

Proof : (=)

Let0 #tsK < A, for t,s e R, Kisasubmodule of E . Suppose that ts ¢ [ A+soc (E) :r
E],tK  A+soc (E)and sK & A +soc ( E).Then,there exists e1, e2 € K such that te; ¢
A+soc(E)andseog A+soc(E). Now O0#tse1 e Aand ts¢ [A+soc(E):r E], then
by proposition (3) we haveeie [Aest]c[0:ets]U[A+soc(E):e t]U[A+soc(E
)ies].Buteig[O:ets]andeig [A+soc (E):e t].Itfollowsthate;e [A+soc(E):&
s],thatis,seie A +soc (E). Again 0 #tse; andts ¢ [A+soc(E):r E]andex ¢ [ A+ soc
(E):es], itfollowtha tec € A+soc(E). Now,0#ts(e1+e2) e Aand ts¢ [ A+soc (E
)RE],then (e1+e2) e [Aets]and (e1+e2) ¢ [0:g ts], it follows by proposition ( 3)
either (ex+e2) e [A+soc(E):e t]or(er+e2) € [A+soc(E):es] Thatis either t(e:
+e) € A+soc(E)ors(er+ex) e A+soc (E). If tler+ex)=ter+teo € A+soc(E),
and tez € A+soc (E),then tex € A+ soc (E)which isa contradiction .

Ifs(er+e2)=sei+se;e A+soc (E)and sete A+soc(E),then seo e A+soc (E)
which is a contradiction.

Hence either tK c A+soc (E)or sKcA+soc(E) ortse[A+soc(E)r E].
(<) Trivial , so we omitted it.
Proposition 5.

A proper submodule A of a cyclic R — module E is a WP — 2 — Absorbing if and only if
foreacht,s e Rwithtsg [A+soc(E):r E]wehave[A R tse]c[0:rtSE]U[A+
soc(E)rte]U[A+soc(E):rse].

Proof : (=)

Let t,seR,withtsg [A+soc(E):r E]andletr €[ A :r tse], it follows that ts(re) e
A. If 0#ts(re) e Aand Aisa WP — 2 — Absorbing andts ¢ [ A+soc (E) :r E], then
either tre e A+soc (E)orsre e A+soc(E),thatiseitherre [A+soc(E):r te]or r
e[A+soc(E):rse]. If tsre=0,impliesthat r e [0:tse]. Hence re [0 rtSe]JU[A +
soc(E)rte]U[A+soc(E):rse].Therefore [A:rtse]c[0:rtse] U[A+soc(E
)rte]U[A+soc(E):rse].

(<) SinceEiscyclic,thenE=<ei1>for someeic E.Let0#tse € Afort,seR,eecE
with ts¢ [A+soc (E):r E].Sincee € E thene =re; forsomer € R, thatis 0 #ts( re1) €
A itfollowsthat re [Artse1]c[O:rtsesr]U[A+soc(E):r tet]U[A+soc(E):r
ser].Butr ¢ [0:Rrtser ] (since O #tsre1), therefore,re [A+soc(E):r ter]orre[A+
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soc (E) :rse1], it follows that tre; € A +soc (E) or sre1 € A +soc (E). That iste € A + soc
(E)or se € A+soc (E). Therefore A isa WP — 2 — Absorbing submodule of E .

Proposition 6.

A proper submodule N of an R — module E is a WP — 2 — Absorbing submodule of E if
and only if ( 0 ) # IJL < N for some ideals I , J of R and some submodule L of E implies
that either ILc N+soc (E)orJLcN+soc(E)orlJc [N+soc(E)r E].

Proof : (=)

Let (0)#IJL < N for some ideals I,J of R and some submodule L of E with IJ & [ N + soc (
E):r E]. Toprovethat ILc N+soc (E)orJLc N+soc(E).Suppose that IL ¢ N + soc
(E)andJL N +soc (E), thatis there exista; € | and a2e Jsuchthat aiL z N +soc (E)
and a2L ¢ N +soc (E) Now, (0)#aia2L < N, and N is aWP — 2 — Absorbing submodule
of E , then by proposition (4 ) eitheras Lc N +soc (E) orasL < N+soc (E) or aia €]
N+soc(E):r E].Since Jz[N+soc(E):r E], there exists by € | and b2 € J such that
bibo ¢ [N+soc (E):r E ].But (0)+#biboL = Nand N isa WP — 2 — Absorbing submodule
of E,and bibo ¢ [N +soc (E) :r E], then by proposition (4 ) either bsL = N +soc (E ) or
boL < N +soc (E).

Now :-- (1) If biLcN+soc (E)and boL & N +soc (E). Since (0) # athoL < N and boL
zN+soc(E) and aiL ¢ N +soc ( E ), then by proposition (4) aib, € [N +soc (E) :r
E]. SincebiL c N+soc(E)andaiLz N+soc (E),weget (ai+bi1)LzN+soc(E)
.For there more (0)# (a1+bi)boLcNand N isaWP -2 — Absorbing with (a1 +b1) L
zN+soc(E),bLz N+soc(E), it follows that by proposition (4) (a1 + b1) by = aihy +
bibo e [N+soc (E):r E],but atb e [N+soc(E):r E],thenbib, e [N +soc (E) r
E ], this is a contradiction .

(2)If boLcN+soc(E) and biL & N +soc (E), soby similar steps of (1) we get a
contradiction .

(3)If bsL <N +soc(E) and boL cN+soc (E),sinceb,L < N+soc(E)and aoL ¢ N
+soc(E),weget(az+b2)LzN+soc(E).But(0)#ai(az+b2)LcNandNisaWP -
2 — Absorbing withaiL ¢ N +soc (E)and (a2 +b2) Lz N +soc (E ) then,we get a: (a2 +
b2) e [N+soc(E):r E].Sinceaiaz € [N+soc(E):r E] and aia2 + aith2 € [ N + soc
(E):r E],itfollows thataihb, € [N+soc (E):r E].

Now,(0)#(ar+bi)ace Nand a2LzN+soc(E) and(ar+bis)LZzN+soc(E),it
follows by proposition (4) (ai+ bi1)az =aa +biaz € [ N+soc (E):r E]and since
aiace [N+soc(E):r E],weqget biaoe [N+soc(E):r E].Since (0)#(ar+b1) (a
+h)LcNand (ai+bi)LzN+soc(E) and (a2 +b2) L & N + soc ( E) then by
proposition (4 ) we have (a1 +b1) (a2 + bz) =aia; +aibo +biax +bibo e [N+soc (E) R E
]. But aiaz, biaz,aibo € [N+soc(E):r E],weget bibo € [N+soc (E):r E]whichis
a contradiction . Thus ILc N +soc (E) or JLc N+soc(E).
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(<) Trivial, so we omittedit
The following corollaries are adirect consequence of proposition (6 ) .
Corollary 7.

A proper submodule A of an R — module E is a WP — 2 — Absorbing submodule of E if
and only if (0 ) # IJx < A for some ideals I, J of Rand x € E, implies that either Ix c A +
soc(E)or IxcA+soc(E)orlJc[A+soc(E)RrE].

Corollary 8.

A proper submodule A of an R — module E is a WP — 2 — Absorbing submodule of E if and
only if (0 ) #sIL < A for some s € R and ideal | of R and some submodule L of E, implies
that eithersL c A+soc(E)orlLc A+soc(E)orsic[A+soc(E)r E].

Corollary 9.

A proper submodule A of an R — module E is a WP — 2 — Absorbing submodule of E if and
only if (0) #slx c Aforsomes € R, ideal | of R and some x € E , implies that either sx e
A+soc(E)orixcA+soc(E)orslc[A+soc(E)RE].

Proposition 10.

Let A be a WP — 2 — Absorbing submodule of an R — module E and B is a submodule of
E with B < A then Bi isa WP — 2 — Absorbing submodule of an R — module i— .

Proof : Let O;éts(x+B)=stx+BeBifors,teR,x+BeEB—,XEE.Itfollowsthat

tsx € A. If tsx =0 then ts( x + B ) = 0 which is a contradiction . thus 0 # tsx € A implies that
eithertx e A+soc (E) orsx e A+soc (E) ortsE c A +soc (E) .It follow that either t(

tsE . .
X+B)e AeE) or g(x+B)e AflE) or 22 o Asoc(E) That js either t(x + B) e
B B
A A E A A E
—+A+LC(E)§—+SOC(—) OI’S(X+B)E—+A+LC(E)Q—+SOC(—)OI’
B B B B B B B B

E A A E A . .
ts—c——+ A*%C(E) c ——t+soc ( . ). Hence 5 IsaWP—2- Absorbing submodule

of an R — module i— .
Proposition .11.

Let A, B be submodules of semi simple R —module E with B c A. If B and Bi are WP

— 2 — Absorbing submodules of E , i— respectively , then A is a WP — 2 — Absorbing
submodule of E .

Proof :

Let O#tsx g A for t,s e R, xcE then0#ts(x+B)=tsx +Be——.1f0#tsx € B

and B isa WP — 2 — Absorbing , implies that eithertx e B+soc (E)c A+soc (E) orsx e

B+soc(E)cA+soc(E) or tsEc B+soc(E)cA+soc(E) .ThusAisaWP -2 -
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Absorbing submodule of E . Assume that tsx ¢ B, it follows that 0 #ts(x + B ) € Bi . But

Bi is a WP — 2 — Absorbing submodule of EB— implies that either t(x +B) e Bi + soc (

tsE

E A E
B—)ors(x+B)B—+soc( B—)or =

A E . . ..
c B—+soc( B—) . Since E is a semi simple then

s0¢ (- ) = 30cCEMB 1t follows that either t(x + B) € — + BrsoclB) or s(t+B)c

i + B+soc (E) or

B B

LB BL+H%C(E) .ButB c A, implies that B +soc (E) < A +soc (E), hence % +

B+soc (E) A A+soc(E) . A A+soc(E) . . A A+soc(E) _

—s S35 ° T.Slnce - S % implies that -t —5 — °

Atsoc (B)  that is either t (x + B) € A% () or s(x + B) e Atsoc(E) = tsE _
B B

A+soc(E)

, it follows that either tx e A +soc (E)or sx e A+soc (E) or tsE < A +soc (
E).Thus Ais WP — 2 — Absorbing submodule of E .

Proposition 12.

Let A be a proper submodule of an R —module E with soc (E) c A. Then Aisa WP -2
— Absorbing submodule of E so if and only if [ A :el] is a WP — 2 — Absorbing submodule of
E foreachideal 1 of R.

Proof: (=)

Let (0)#tsBc[A i I] fort,s € R, Bisasubmodule of E,then (0)#tsIB < A,
implies that either tIB < A +soc (E)or sIB c A+soc (E)ortsE c A+soc(E).Butsoc
(E)c A, ,then A+soc (E)=A.thatiseither tIBc Aor sIBc Aor tsE c A. Thus,
eithertBc[Ael] orsBc[AEl] ortsEc Ac[A:el] . Itfollows that either tB <[ A
Eel] c[AEl] +soc(E) or sB c[AkEl] c[AEl] +soc(E) or tsE c[AEl] <[
Ael] +soc(E).Hence,[A:l] isaWP—2— Absorbing submodule of E .

(<)Since [ A:e I] isa WP — 2 — Absorbing subodule for every non zero ideal | of R . Put |
=R,weget[A: R]=A isa WP -2 - Absorbing submodule of E .

We need to introduce the following definition.

Definition 13. Let A be a WP — 2 — Absorbing submodule of an R —module Eandr,s e R,
ee E,wesaythat(r,s,e)is WP —triple zeroof Aif rse=0,re ¢ A+soc(E),se ¢ A+
soc(E)andrs ¢ [A+soc(E)Rr E].

Proposition 14. If A is a WP — 2 — Absorbing submodule of E with (r,s, e ) isa WP —
trible zero of A forsomer,s e R,e e E. ThenrsA=(0).

Proof : Suppose rsA # ( 0 ), then rsa # 0 for some a € A. Since (r,s, e) isa WP — triple
zeroof Athen rse=0,re¢ A+soc(E),se¢ A+soc(E)andrs ¢ [A+soc(E):r E].
Since 0 #rsa € A and A is a WP — 2 — Absorbing submodule of Eand rs ¢ [A+soc (E) r
E ], then either raec A +soc (E)orsa € A +soc (E).
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Now,0#rs(e+a)=rset+rsa=rsae A,andrs ¢ [A+soc (E):r E], theneither r(e+a
)=re+rae A+soc(E) ors(e+a)=se+saec A+soc(E). If re+sae A+soc(E)
and ra € A +soc ( E) implies that re € A + soc ( E) contradiction. If se +sa e A+soc (E
)and sa € A+soc (E), impliesthat see A +soc ( E) contradiction. Hence ,rsA=(0).

Proposition 15. If A is a WP — 2 — Absorbing submodule of E with (r,s,e)isa WP —
triple zero of A forsomer,seR,ecE,then[A:r EJre=[A:r EJse=(0).

Proof : Suppose that[ A:r E Jse #( 0 ) then yse #o0 forsomey € [ A:r E]. Since (r,s,e
) isa WP —triple zero of A,rse=0and re ¢ A+soc(E) ,se¢ A+soc(E)and rs ¢ [A
+soc (E):r E]. Wehave 0#yse € Aand A isa WP — 2 — Absorbing submodule of E,
then either ye e A+soc(E) orsee A+soc(E) oryse [A+soc(E):r E]. Now, 0 #(
r+y)se=rse+yse=yse e Aand A isa WP — 2 — Absorbing submodule , then either ( r +
y)e=ret+yee A+soc(E) or see A+soc(E) or(r+y)se[A+soc(E):r E].Since
ye e A+soc(E) and if re+ye € A+soc (E),itfollows that re € A+soc (E)a
contradiction . If (r+y)s=rs+yse[A+soc(E):r E]Jand yse [A+soc(E):r E],
then rs e [A +soc (E) :r E]acontradiction. Thus [ A:r E]se =(0) . Similarly we can
prove [A:r EJre=(0).

Proposition 16. If A is a WP — 2 — Absorbing submodule of E with (r,s,e)isa WP —
triple zero of A forsomer,seR,ecE.Then rfA:r E]Je=s[A®r E]e=(0).

Proof : Suppose that r[ A:r E Je #(0), then there exists x €[ A:r E ] such that rxe #0 .
But(r,s,e)isaWP —triple zeroof A,rse=0,re¢ A+soc(E) or se ¢ A+soc(E)
and rsg [A+soc(E):r E].

For 0 #rxe € A and A isa WP — 2 — Absorbing submodule of E, then either re € A + soc (
E) or xee A+soc(E) or rx e [A+soc (E):r E]. Now,0#1(s+x)e=rse+rxe=
rxe € A, and A isa WP — 2 — Absorbing submodule , then either re € A+soc (E) or (s+
x)e=se+xee A+soc(E) or r(s+x)=rs+rxe[A+soc(E):r E]. Thatis re € A
+soc (E) acontradiction. If (s +x)e=se+xe € A+soc (E), implies that se € A + soc (
E ) acontradiction. If rs+rx e[A+soc (E):r E], impliesthat rse [A+soc(E):r E]a
contradiction. ThusrfA:r E]e=(0). Insimilaryway s[A:r E]Je=(0).

As direct consequence of proposition (16 ) , we get the following corollary :

Corollary 17. If A is a WP — 2 — Absorbing submodule of an R — module E with (r,s,e)is
a WP — triple zero of A forsomer,seR,ecE,then r[A:r E]A=s[ARrR E]JA =(0
).

Proposition 18. If A is a WP — 2 — Absorbing submodule of E with (r,s,e)isa WP —
triple zero of A forsomer,seR,ecE,then [A:r E]SA =[A®R E]JrA=(0).

Proof : Supposethat [ A:r E]sA #(0),thenxsa#(0)forsomex e [ArR E],acA.
Since (r,s,e)isa WP —triple zero of A, then rse=0,re g A+soc(E),se ¢ A+soc(
E)and rs ¢ [¢ A+soc (E) :RE]. For 0 #xsa € A, it follows that either xa € A +soc (E)

or sae A+soc(E)or xse[A+soc(E):RE].Wehave(r+x)s(a+e)=rsa+rse+
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Xsa + xse =xsa € A (sincerse =0, and rsa =0 for proposition ( 14 ) and xsa = 0 from
proposition ( 16 )). Thatis0# (r+x)(a+e)=ra+re+xa+xe e A,impliesthat re € A
+ soc ( E) a contradiction ors(a+e)=sa+se e A+soc(E)impliesthatse € A+soc(E)
a contradiction or (r+x)s=rs+xs e[ A+soc (E):rE], impliesthat rs e[ A+soc (E)
:r E ] acontradiction .Thus[A:r E]sA =(0).

In similar steps , we can show that [ A:(REJrA=(0).

Proposition 19. If A is a WP — 2 — Absorbing submodule of E with (r,s,e)isa WP —
triple zero of A forsomer,seR,ecE,then [A®R E][A:R E]e=(0).

Proof : Supposethat[A:r E][A:R E]Je #(0),then 0 #xye € Afor somex,y e [Ar
E]. For(r,s,e)isaWP —triple zero of A, then rse=0,re ¢ A+soc(E),se ¢ A+soc (
E)and rsg [A+soc(E)RE].

Now, 0 # xye € A, implies that either xe e A+soc(E)orye e A+soc(E)orxy e[A
+soc(E)wr E]

Now,0#(r+x)(s+ty)e=rse+rye+xse+xye=xye € A(sincerse=0,rye=0,xse=0
by proposition (16)).1t follows that either (r+ X )e =re + xe € A +soc ( E ), implies that re
€ A +soc (E) acontradiction.or (s+y)e=se+ye € A+soc (E), impliesthat se € A +
soc ( E ) a contradiction, or (r+x)(s+y)=rs+ry+xs+xy e[ A+soc (E) :r E], implies
that rs e[ A +soc (E) :r E ] a contradiction.

Hence [AR E][A®R E]e=(0).

Proposition 20. If A is a WP — 2 — Absorbing submodule of E with (r,s,e)isa WP —
triple zero of A forsomer,seR,ecE,then [A:r E][ArR E]JA=(0).

Proof : By proposition ( 14 ) and proposition (19) .

Proposition 21 . Let A be a WP — 2 — Absorbing submodule of E and rsB — A for somer, s
€ R, and some submodule B of Ewith (r,s, x) is not WP —triple zero of A for every x e
B.If rsg[A+soc(E):r E],then rx e A+soc(E) or sxe A+soc(E).

Proof : Suppose that (r, s, x) is not WP — triple zero of A for every x e B and suppose
that r Bz A+soc(E)andsB & A+soc(E), thenry1¢ A+soc(E)or sy, ¢ A+soc(E
) for some yi1, y2 € B. If 0 #rsy1 eAwith rs ¢ [A+soc (E):r E]andsincery: ¢ A +soc
(E)thensy: € A+soc (E) (for AisaWP —2— Absorbing submodule ) . If rsy; =0 and
rypr ¢ A+soc(E),rsg[A+soc(E):r E]and (r,s, yi)isnot WP —triple zero of A,
we get syie A +soc ( E). By similar arguments since (r, s, y2 ) is not WP — triple zero of
A ,wegetrye A+soc (E). Now,rs(y1+y2) e Aand (r1s,y:+yz2)isnot WP —triple
zeroof Aand rs¢g [A+soc(E):rR E],weget r(yr+y2)e A+soc(E)or s(y1+y2) e
A+soc(E).

If r(yi+y2)=ryi+ry2e A+soc(E)and ry e A+soc (E), weget ryre A+soc(E)
isa contradiction .
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If s(yr+y2)=sy1+sy>e A+soc(E)and syie A+soc(E) then sy e A+soc (E)isa
contradiction .

Hence rBc A+soc(E) or s BcA+soc(E) .

Proposition 22. Let A, B be WP — 2 — Absorbing submodule of E with B is not contained in
A and eithersoc (E) c Aorsoc (E)< B . Then A N B is a WP — 2 — Absorbing submodule
of E.

Proof : It is clear that A N B is a proper submodule of B and B is a proper submodule of
E , implies that A N B is a proper submodule of E.Let (0)#rsLc ANB forr,se R, L
is a submodule of E, it follows that (0 ) #rsLc Aand (0)#rsL < B.ButA, B are WP -2
— Absorbing submodule of E, then eitherrLc A+soc (E) orsLc A+soc(E) orrsE c
A+soc(E) and rLcB+soc(E) orsLcB+soc(E) orrsE < B+soc (E). Thus,either
rLc(A+soc(E))N(B+soc(E)) or sLc(A+soc(E))N(B+soc(E)) or rsEc (A
+soc (E)) N (B+soc (E)). Ifsoc(E) < B then B + soc( E) = B, it follows that either rL —
(A+soc(E))NB or sLc(A+soc(E))NB or rsE < (A +soc(E)) N B. Again Since
soc( E ) ¢ B, then by Modular Law ( A +soc( E)) N B=(A N B) +soc ( E). Thus either rL
c(ANB)+soc(E)orsLc(ANB)+soc(E) or s Ec(ANB)+soc(E). Thus A
N B is a WP — 2 — Absorbing submodule of E .

Recall that for any submodules A , K a multiplication R — module E with A= IE , B = JE,
for some ideals I, J of R, the product AB = IJE = IB. In particular AE = IEE = IE = A, and
foranyx e E, A=1Ix [2].

The following propositions are characterizations of WP — 2 — Absorbing submodules is
class of multiplication modules.

Proposition 23. Let E be a multiplication R — module, and A be a proper submodule of E.
Then A is a WP — 2 — Absorbing submodule of E if and only if (0)# LiL2Ls < A for some
submodules L1, L2, Ls of E implies that either LiLs < A+soc(E) or LoLsc A+soc(E
) or Liloc A+soc(E).

Proof : (=) Let (0 ) # LiLoLs < A for some submodules L1 L>, Ls of E.But E isa
multiplication , then Ly = hE, Lo = bE, L3 = I3E for some ideals 11, I>, I3 of R . That is
(0) # Lalols = 11 I2 I3 E < A. But A is a WP — 2 — Absorbing submodule of E, then by
proposition (6 ) either 11 3E c A+soc (E) or I2kREc A+soc(E) or liloc [A+soc(E
):r E](ie l1 bEc A+soc(E)). It follows that either LiLs c A+soc(E) or L:lsc
A+soc(E) or LaiLocA+soc(E).

(<)Let(0)#I11 oL A for Iy, I are ideals of R, L is submodule of E. Since E is a
multiplication, then L = I3E for some ideal I3 of R. That is (0) # 1 12 3E < A. Put L1 = LhE
and L> = I2E, then (0 ) # LiloL < A, it follows by hypothesis that either LiL < A +soc (E
Jor LoLc A+soc(E)or Liloc A+soc (E). Thatiseither hlLc A+soc (E) or I.L
A+soc(E) or hlE c A+soc(E), (ielilz c[A+soc(E):rE] Thus,by proposition
(6) Aisa WP —2— Absorbing submodule of E .
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The following corollary is a direct consequence of proposition (23 ) .

Corollary 24. Let E be a multiplication R — module and A be a proper submodule of E. Then
Ais a WP — 2 — Absorbing submodule of E if and only if (0 ) # LiLoe < A for some
submodules L;, L, of E and e € E, implies that either Lie c A+soc (E) or Le c A+
soc(E) or LiLoc A+soc(E).

It is well known that if E is a faithful multiplication R — module then soc (E) = soc (R)E
[11,coro. (2.14) (1)].

Proposition 25. Let E be a faithful multiplication R — module and A be a proper submodule
of E. Then A is a WP — 2 — Absorbing submodule of E ifandonlyif [A:rE]isa WP -2 -
Absorbing ideal of R.

Proof : (=) Let (0) # IiloIsc [ A:RE ] for Iy, Iz, I3 are ideals of R , it follows that (0) #
I112 13 E < A. But E is a multiplication then (0) # I1l2Is E = LiLoLs < A by taking L1 = LE
, Lo = bE and Ls = IsE . Now since A is a WP — 2 — Absorbing , then by proposition (23)
either LiLlsc A+soc(E) or Lolsc A+soc(E) or Liloc A+soc(E).ButEisa
faithful multiplication then soc (E) = soc (R)E . Thus either |1 kE< [A:RE]E + soc (R
JEor okE < [ARRE]E + soc(R)E or Iil:Ec [A:RE]E + soc (R )E. Thatis
either Iilsc [ARE]+ soc(R) or l2ls < [A®RE] + soc(R) or hloc [ARE] +
soc (R)=[[A:RE] + soc (R) :e R]. Therefore by proposition (6 ) [ A:rE]isa WP -2 —
Absorbing ideal of R .

(<) Let(0)#I1bL < A forly, I are ideals of R and L is submodule of E. Since E is a
multiplication , then L = I3E for some ideal Is of R. Thatis(0)#lh L IzsEcC A, it
follows that (0)# 111213 c [ ARE].But[ A:RE]isa WP — 2 — Absorbing ideal of R, then
by proposition (6) either l1 I3 [A:RE]+ soc(R) or Iols < [A:RE] + soc(R)or
lilbc [ARE] + soc (R) .Thuseither 1 cEc [A:RE]E + soc(R)E or bIkE < [A
‘RE]JE + soc (R)E or lIi1l:Ec [A:RE]E + soc (R )E. Thatiseither I:Lc A +soc (E)
or bLcA+soc(E) or l1bE c A+soc(E), (ielilz c[A+soc(E):rE]. Henceby
proposition (6) A isa WP —2 — Absorbing submodule of E.

It is well known that cyclic R- module is multiplication [10]. We get the following corollary:

Corollary 26. Let E be faithful cyclic R — module and A be a proper submodule of E. Then
Aisa WP — 2 — Absorbing ifand only if [ A:rE]isa WP —2— Absorbing ideal of R.

Proposition .27. Let E be a faithful finitely generated multiplication R — module and | be
a WP — 2 — Absorbing ideal of R . Then, IE is a WP — 2 — Absorbing submodule of E .

Proof : Let (0) #rltK c IE for r € R, I1 be an ideal of R, K is a submodule of E. It
follows that 0 # rI1bE < IE f or some ideal I, of R. Since E is a finitely generated
multiplication , then by[2 coro. of Theo.(9)] wehave 0 #rlilo c | +ann(E)=1.Butl
is a WP — 2 — Absorbing , then,by corollary (8) either rl, < | +soc(R) or hloc I +
soc(R) or rlic[l +soc(R):rRR]=1 +soc(R). Thatiseither rl.E < IE +soc (R)E

orlil:E < IE +soc(R)E or rlhE < IE +soc (R )E. Thuseither rK < IE +soc (E)
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ortKcIE +soc(E) or rlic[IE +soc(E):rE]. Therefore by corollary (8) IE is a
WP — 2 — Absorbing submodule of E.

It is well known that cyclic R — modules are finitely generated [8], we get the following
corollary which is a direct consequence of proposition (27)

Corollary 28. Let E be a faithful cyclic R — module , and | be a WP — 2 — Absorbing ideal
of R. Then, IE is a WP — 2 — Absorbing submodule of E .

3 . Conclusion . ... A new generalization of weakly — 2 — Absorbing submodule was
introduced , and many characterizations were given. The definition of WP — triple zero of
WP — 2 — Absorbing submodules were introduced. A lot of basic properties of these concepts
were established. Among the main new characterizations of WP — 2 — Absorbing submodules

are the following :

e A proper submodule A of E is a WP- 2 — Absorbing if and only if for any t,s € R with ts
g[A+soc(E):rE];wehave[Aets]c[0Oets]U[A+soc(E)et]uU[A+soc(E
) ES]

e A proper submodule A of E is a WP- 2 — Absorbing if and only if 0 #tsK c A fort,s e R
and K is a submodule of E , implies that either tK < A+soc(E) or sKc A+soc(E) or
tse [A+soc(E) rRE].

e A proper submodule A of a cyclic R — module E is a WP- 2 — Absorbing if and only if for
each t,seR with tsg [A+soc(E) rRE],wehave[Artse]c[0:r tse] U[A+soc
(E)rte]U[A+soc(E):r se].

e A proper submodule N of E is a WP- 2 — Absorbing if and only if ( 0 ) # IJL < N for some
ideal 1,Jof R andsubmodule L of E implies that either IL < N+ soc( E) or JLc N+ soc(
E) or Uc[N+soc(E)r E].

o If AisaWP- 2 — Absorbing submodule of E with (r, s, e) isa WP — triple zero of A for
somet,seR,ecE.Then, rsA=(0), [A:rE]re=(0),r[ArRE]e=(), r[ARE]A
= (0), [A:RE]JsA=(0) and[A:RE]J[ARE]A=(0).

e A proper submodule A of multiplication module E is a WP- 2 — Absorbing if and only if (0
) # LiloLs < A for some submodules L, Lo, Lz of E implies that either Lils < A + soc (
E) orLobsc A+soc(E) or Lilo cA+soc(E).
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