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Abstract

In this paper, the concept of soft closed groups is presented using the soft ideal pre-
generalized open and soft pre-open, which are soft-l-pre-g-closed sets "slpg-closed",
Which illustrating several characteristics of these groups. We also use some games and soft
pre-open Separation Axiom, such as Sg(To, X, 1) that use many tables and charts to
illustrate this. Also, we put some proposals to study the relationship between these games
and give some examples.
Keywords:Soft ideal, Soft-T,-space , Soft-l-pre-g-T;-space , Sg(T;, X, 1 ). Where i=
{0,1,2}

1.Introduction

Shaber [1] established the introduced soft topological space in 2011. Through the use of
soft sets, such as derived sets, compactness, separation axioms and other characteristics,
various studies are introduced to study many topological characteristics. [2-4]. In addition,
usesoft ideals as a group of soft sets to study the concept of soft logic functions [5]. This is
the starting point for studying the properties of soft ideal topological spaces (X, T, P, 1), and
defining new type of near-open soft sets and studies their properties as [6-8 ]. In this paper,
we will present new types of games $g,(To, X, 1), Sg,(Tz, X, 1), $Sa,(T2,X,1)) and determine the
winning and losing strategies for any two players.
2.Preliminaries
Some basic of soft space (X, T, D) with soft ideal are presented.
Definition 2.1: [9] Let X # @ and D be a set of parameters, were p(X) the collection of X
and P # @ such that P < b. (F, D) (Briefly Fp) is a soft set over X whenever, F is a function
such that F: b — p(X). So, Fp = {F(d):d € P<S D,F: D - p(X) }. The collection of
all soft sets is (briefly SS(X)p).
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Definition 2.2: [9] Let (F,D),(Z,P) € SS(X)p. Then (F, D) is a soft subset of (Z,D),
(briefly(F,D) € (Z,D)), if F(d) € Z(d), forall d € D.Now (F,D) is a soft subset of
(Z,P)and (Z, D) is a soft super set of (F,D), (F,P) € (Z,D).

Definition 2.3: [10] The complement of (F, D) (briefly (F,b)") (F,b)' = (F’,b) , F:b -
p(X) isafunctionsuchthat F'(d) = X - F(d), forall d € bandF'is namely the soft
complement of F.

Definition 2.5: [1] (F, D) is a NULL soft set (briefly @ or @p) whenever, vd € b, F(d) =
@.

Definition 2.6: [1] (F,D) is an absolute soft set (briefly X or Xp) whenever, vd € D,
F(d) = X.

Definition 2.7: [1] Let T is the set of soft sets on X with the same D, then T € SS(X)p is a
soft topology on X if}
i.X,0eT where, 3(d) = @ and §(d) = X, foreach d € P

. U gep (Na,D) € T whenever, Mlo,P) € TVa € A,

iii. (F,P)N(Z,P)) € T foreach (F,b),(Z,b) € T.
The triple (X, T, P) is a soft topological space if (I),D) € T, then (I, ) is an open soft
set.
Definition 2.8: [11] Let (X, T, P) be a soft topological space. A soft set (F,D)
over X is a soft closed setin X,if (F,D)" € T, the collection of each soft closed sets

(briefly SC (X) ).

Definition 2.9: [11] For any soft space (X, T, D). Let (F,D)’ € SS(X)p, then
the soft closure of (F,D)’, (briefly cI(F,D)), cI((F,D))= n{(M,D): (M,D) €
$CX)p, (F,D) E (M, D) }.

Definition 2.10: [11] For any (X, T, D). Let (F, D) € SS(X)p,then the soft interior
of (Z,D), (briefly int(Z, D)), int(Z,D)= T {(M,D): (M,P) e T
(,D) € (2,D)}.

Definition 2.11: [5] Let 1#®, then] € SS (X)p is a soft ideal whenever,
i. If(F,P)€] and(Z,b)€] implies, (F,P)U(Z,D)EL
ii. If(F,D)€] and(Z,D)C (F,D) implies, (Z,D) € I.
Any (X,T,D) with a soft ideal lis a soft ideal topological space (briefly (X, T,D, 1)).

Definition 2.12: [5] The space (X, T, P) with a soft ideal ] can be defined as (X, T,P, 1) a soft
topological space.

Definition 2.13: [12] For any (X, T, D), then (F,D) is a soft pre-open set (briefly Sp-open
set if (F,D) € int(cI(F,DP)). a soft pre-closed set (briefly (F,D)").The family of each
pre soft-open sets in (X, T, D) (briefly SpO(X)). The collection of each soft pre-closed
sets (briefly SpC(X)).

46



Ibn Al-Haitham Jour. for Pure & Appl. Sci. 34(4)2021

Definition 2.14: [2] Let (X, T, P) be a soft topological space over X is a soft- To-space if for
all, dac, dv € X such that dac # dw. If there exist soft open set (1],D) such that dac €

(M,D) , dwv & (N, D) ordac & (1,D), dv E (1, D).

Definition 2.15: [2] Let (X, T,P) be a soft topological space over X is a soft Ti-space if
for all, dv € X such that da # da. 3 (F, D), (I, P) € T whenever, d € (F,D),dn» &
(F,b) and dar & (1, D), d» € (1], D).

Definition 2.16: [2] Let (X, T,P) be a soft topological space over X is said to be soft-
T2-space if, for each, dx € X such that dac # dw. 3 (F,D), (I, D) € T whenever, dac
€ (F,D), dv € (11,D) and (F,D) A (1], D) = {B}.

Proposition 2.17: [2] for all soft- Ti+i-space is a soft- Ti-space andi € {0,1,2}

Definition 2.18:[13] for a soft ideal space (X,T,D,]), determane a game Sg,(To ,X) as
follows:

P 1 and P Il play an inning for each positive integer numbers in the z-th inning:
The first step, P | chooses(das), # (da), where, (dar), , (dy), € X .In the second step, P
Il chooses B , a open-soft containing only one of the two elements (dr), , (da)-

Then P Il wins in the soft game Sg,(To,X) if B ={B1,B2,B3,... B,,.....} is a collection
of an open-soft set in X such that V , (dys), , (dy), € X,3 B, € Bcontaining only one of

two element (dy,), , (dy),. Otherwise, P | wins.

Definition 2.19:[13] for a soft ideal space (X,T,D,]), determine a game Sg(Ty,X) as
follows:

Pl and Pl are play an inning with each positive integer numbers in the z-th inning: The
first step, P | choose (dar), # (dy), Where, (dar), , (dy), € X . In the second step, P I
chooses (d,, ), (U, D) are two open-soft sets such that (dy;), € ((d,, D) - (U,,D))
and (dy), € (U, D) —(d,,D)).Then, PIl wins in the soft game Sg(T,X) if B =
{{(dy,b), (U,D)},{(d,,D), (U,,D)},...,{(d,,P), (U,,D)}, ..} is acollection of an open-soft
sets in X such that V (dar), # (dy), such that, (dar), , (dy), € X, 3{(d,, D), (U,,P)} €
B suchthat (d), € ((d,, D) - (U,,D))and (dy), € (U, D)-(d,,D)). Otherwise, P |
wins in the soft game Sg,(T1 X).

Definition2.20:[13] For a soft ideal space (X,T,D,]), determine a game Sg(T2X) as
follows:

Pl and Pl are play an inning with each positive integer numbers in the z-th inning: The
first step, P / Choose (da), # (da), Whenever, (dar), , (da), € X. In the second step,
PIl choose (d,, P), (', D) are two open-soft sets such that (d.), € (d,,D),
(dy), € (U, D) and (d,,DP)A (U, D) ={B}. Then PIl wins in the game S$q(T2X)
if B = {{(d,D), (U, D)}, {(U,D), (C,D)},{(d,D), (C,D)}} be a collection of a open-soft sets
in X such thatV (da), # (dx), whenever, (da)z (dx), € X, 3{(d,, D), (U, D)} €B
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such that (dy), € ((d, D) and (dy), E((U,,P) and (d,,P) A (U, P = {@}. Otherwise,
P I wins in the game Sg,(T2 X ).

3.0n Soft-] -pre - g- closed Set

Definition 3.1: for the soft ideal topological space (X, T,D,]), let (F,D) € SS(X)p then,
(F,Db) is a soft-]-pre-g-closed set (briefly slpg-closed). If (F,Db)-(I,P) € ]
then, cI(F,D) - (IN,P) € | for each (I, P) € SpO(X), and X - (F,D)is a soft-]-pre-g-
open set (briefly slpg-open set). The family of all slpg- closed sets (briefly slpg-C(X)) and
the family of all s]pg-open soft sets (briefly slpg-O(X)).

Example 3.2: For a space (X, T,D,]1), whenever X ={em}, D ={ds,d>}
T={8X,(ED), (N, D)} 1= {@ M}such that (F,D)={(ds, {®}), (d2 {e})}, and (1], D)=
{(di{e}).(d2{e})} and (M, D)={(d1, {B}) , (d2, {e})} then, $pO(X) =

{0.% (F,D),,D),(Z,D), (¥,D), (€,D), IV, D), (G, D)}, spg-C(X)={ X, @, (F', D),

M’ D)} (F', P))={(ds, {X}), (d2, {m})}, (11", B)={( d1.{m}),(d2{m})} such

that, (Z, D)={(d1,9).(d2, X)}, (#,D)={(ds, {e}), (d2,X)}, (€, D) ={(dr.{m}).(d2.{c})}.
WV, D)={(d1,{m}).(d2, X)} and (g, D) = {(d1, X).(d2,{e})}, and slpg-O(X) =T.

Remark 3.3: For any (X, T, D, ]) then

i. Every closed sof't set is a slpg-closed.

ii. Every open soft set is a slpg-open.
Proof (i) Let (M, D) be any closed soft set in (X, T, P, ]) and (1], b) be a soft-pre-open set
such that (M, D) - (1,P) € |, butcl(M,b) = (M, D), since (M, D) is a closed soft set
so, cl(M,b)- (1, b) = (M, b)- (11, b) € I; this implies (M, D) is a soft-]-pre-g-closed
soft set.
(i) Let (1N, D) be any open soft set in (X, T,D,]) then X — (11, D)is a closed soft set this
implies by (i) (X - (M, D))is a slpg-closed set; thus (M, D)is a slpg-open soft set .
The converse of Remark 3.3 is not hold. See Example 3.4
Example 3.4: Consider X = {e,m}, P ={d1, d2}, T={®.%, F(d) = {e} vd}then SpO(X)= {(
), X, (M, D), (1, D), (Z, D), (H,D), (E,D),(N,B), (G,D),(£D),(wD),(@Db),(ab)}
such that (M, D)={(d1,9),(d2, {e}}.(1, P)={(d1,8).(d2,{X})},
(Z,D)={(dv{e}).(d2,{ @})}, (3, D) ={(d1{e}).(d2{e})}, (€, D)={(d1{ g }).(d2{m})},
WV, D)={(d1, {e}).(d2,{X})}, (G, P)={(d1{m}),(d2.{e})}, (€, D)={(d1{m}),(d2,{X})},

(w, D)={(d1.X).(d2{0})}, (d,D)={(d1X),(d2{e})}, (@, D)={(d1X),(d2{m})}, | =
S3(X)p, slpg-c(X)= slpg-o(X)= $5(X)p.

I. Let (€,D) ={(d1, {e}), (d2, {m})} is a slpg-closed set, but (€, D) is not closed softset.
ii. Let (G, D)= {(d1, {m}), (d2, {e})} is a slpg-open set, but (G,D) & T.

1. Separation Axioms with soft-]- pre-g-open Sets.

Definition 4.1. A space (X, T,D,]) is a soft-]-pre-g-To-space (briefly slpg-To-space), if for
each da# dwv and dac, dv € X, 3 (U, D) € slpg-0(X) whenever, da € (U, D) Adw

€ (G,D) or da & (U,D) A dw € (UD).
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Example 4.2. In (X, T,D,]) Let X= { ¢, m,1}, D={d1, do}, T={X, @, (C. D), (Z,D)}
where, (G, D) ={(di{a}), (dz {& D}, (Z,D) ={(dr{e. m}) (d2.{&, m })}and |= {0} .
Then SpO(X)={ (F,D) ; e € (F,D) for some d € B}. So, slpg-C(X) ={ 0, 7.,(C',D),
(Z',D) } and slpg-0(x) =T, hence, ((X,T,D,1)) isaslpg-To-space. Since V dar # d ,

3 (M,P) € slpg-0(X) whenever, dac € (I,D,) A dv € (11,D) or dac € (I,D) Adw

€ (1,b).

Proposition 4.3. If (X, T, D) is a soft-To-space then (X, T, D, ]) is a slpg-To-space.

Proof : Let da, dv € X such that dar # d since (X, T, D) is a soft-To-space, then

3 (1,D) € Twhenever,da € (D), dn & (I,D) orda & (1,D),dv € (1,D) . By
Remark 3.3, (1N, D) is a slpg-open set such that dac € (IN,D) and dx & (I, D) or dac
€ (1,D) and dwv € (1), D).

Definition 4.4. (X, T, b, ) is a soft-I-pre-g-T1i-space (briefly slpg-Ti-space),If for each dar ,
dwv € >’§ and dar # da. Then there are sJsg-open sets (I11,D), (I2,P) whenever, Dar
€ ((M1,P) — (N2,D)) and dw € ((N2,D) — (11,D)).

Example 4.5. A topological space (X, T, P,]) when X= N the set of all tural numbers, T =
Tscot = { Fea: F'(d) is finite set v d } U {@ }and ] = {@}.s0 (X, T,D,]) is a slpg-Ti-space.
If dac, dv € X and dac # da. Then there are slpg-open sets (X —La) , (X — L)

whenever, Ly and Lac are two finite sets such that LxvS da, LaeS dac such that dae € (X —
L) and dav € (X — Lac) and (X — L) B (X — Lae) = {0}.

Proposition 4. 6. If (X, T,D) isa soft-Ti-space, then, (X, T,D,]) is a soft-I-pre-g-T1-
space.

Proof : Let dar, dv € X such that dac #dn since (X, T, D) is a soft-Ti-space, then 3 (I1,D),
(N2,D) € T such that dar € ((N1,D) — (N2,P)) and dw € ((N2,P) — (N1,D)). By Remark 3.3,
(N1,P) and (1N2,P) are slpg-open sets, and the proof is over.

Proposition 4.7. If (X, T, D, ) is a slpg-Ti-space then it is a slpg-To-space.
Proof: Letd, dw € X such that dar # da since (X, T,D,]) is a slpg-Ti-space, then
3(N1, D), (N2, D) € slpg-0(X) such that, dar € ((1N1, P) — (N2, P)) and dw € ((1N2, D) -
(N1, P)). Then 3 (1,P) € slpg-0(X)-open set whenever, dx€ (11,D) , dn & (I1,D) or dac
€(N,D), dv € (N,D).

The conclusions in Proposition 4.7, is not reversible by example 4.8
Example 4.8. In the space (X, T,D,]) ; X={e,m,1}, T= {X.8, (1], D)} such that (1], )
={(d1 .{e, m}),(d2 .{e,, m})} and ] =SS ({m, 1})b. Then SpOX)={SS(X)p{(11’, D), (Z, D),
(M, D)}} such that (Z, D) ={(d1.{®}), (d2{r})}, and (M, D)={(ds,{r}).(d2 {®})}. So, slpg-
CxX)={8.X,(M.D), (2,D), (M, D)} and slpg-O(X) ={&, X,(1, D), (2", D),(M’, D)}.
Implies (X, T,D,]) is a soft- To-space, which is not slpg- Ti-space .
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Definition 4.9. (X, T,D,]) is a soft-]-pre-g-T2-space (briefly slpg-T2-space). If for any
two dif ferent elements dam # dw there are slpg-open sets (d1,D), (d2,P) such that dar
€ (d1,P), dw € (d2,P)and (d1,P) N (d2,D) = {@}.

Example 4.10. A topological space (X, T,D,]); X = {e, m, 1}, T= {&, @} and I= SS(X)o.
Then $p0 (X)= $S(X)p. S0, slpg-C(X)=slpg-0(X)=$S(X)p. Then (X, T, D, 1) is a slpg-T-

space.

Remark 4.11. If (X, T, D) is a soft-T2-space, then (X, T, D, 1) is a slpg-T2-space.
Proof : Let dar , dv € X whenever, dac # dwsince (X, T, D, 1) is a soft-T2-space , then
3 (d1,P),(d2,P) € T such that dac € (d1,P), dw € (d2,P) and (d1,P) A(d2,P) = {B}.
By Remark 3.3, there are slpg-open sets (d1,D), (d2,D), such that dar € (d1,D), dw € (d2,D)
and (d1,D) A (d2,P) = {@}.

Remark 4.12. If (X, T,D,]) is a slpg-T2-space then it is a slpg-Ti-space.

Proof: Let dar, dv € X whenever, dar # dwsince (X, T, D, 1) is a slpg-T2-space ,then
there are slpg-open sets (d1,D) , (d2,D) such that dar € (d1,D), dw € (d2,D) and
(d1,P) N(d2,D) = { @ }. Implies, dac € ((d1,D) — (d2,P)) and d € ((d2,D) — (d1,D)).
The conclusions in Remark 4.12 are not reversible by example 4.5.
A space (X, T,D,)) is a slpg-Ti-space. If for each, dac, dv € ¥ and dac # dav. Then there
are slpg-open sets (X — L), (X — Lac) whenever, Ly and Lac are two finite sets such that
Lv € dwv, Lac € dac such that dac € (X — La) and dov € (X — Lac) and (X — L) A (X — Lar)
+ {0}. So, (X, T,Db,]) is not slpg-T2-space.

We have previously noted that X is a slpg- Ti-space whenever, itis a Ti+1-space

(Vi =0,1and 2).
The opposite is not necessarily true by the following example:

Example 4.13. (X, T,D,]) is a slpg-Ti-space (i € {0,1,2}), where, X= {e.m -}, T={®,
X} and 1= $5(X)» So, slpg-C(X) = slpg-0(X) = $5(X)». But the space (X, T, D)
is not soft- Ti-space (i €{0,1,2})

The following chart shows the relationships among the various types of notions of our
previously mentioning

is (X, T.D) is (X, T,D) is X T D)

soft-Ta-space a soft-Ti-space af soft-To-space a
v v v

is X, T.D,0) is  (X,T.D] is X TbD

-T2~ space  aslpg -Ti-space  aslpg -To-space aslpg

Figure 1. Separation Axioms with soft-]- pre-g-open Sets
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5. Games in soft -1-Pre-generalized Open sets topological spaces
In this section, a new game that connects them with soft separation axioms through
slpg open sets is inserted.

Definition 5.1. In the space (X, T, D, 1), define a game Sg,(To, X,]) as follows:
P I and P Il are play an inning for every natural number in the z-th inning:

The first step, P | Choose (dxr), # (dy), Whenever, (da), , (dx), € X . In the second
step, P Il chooses(B ,,D) is a slpg-0 set stdxw EB, Adv & B, ordm & B, A dw

€ B ,.ThenPIl wins in the game Sg(To,X,1) if B={(B1,D),(B2.D),... (B, D).....} isa
collection of a soft-]- pre open set in Xsuch that V (dr), , (dy), € X,3(B,.D) €B
st(da), € BzD) .(dn); & BzD) or (da), & BD)., (dn), € (B.D) .
Otherwise, P | wins.

Example 5.2. Let X= { e,m,1}, Let Sg(To,X,]) be a soft game and P= {d1 , d2}, T={ ¥
.8, (d,9),(Z,D) } where, (@) = {(du{e}) , (dz {&})}, (Z,D) = {(di{e. m }), (dz
{e.m P} and 1= {@} . Then, Spo(X)={ (F, D) ; ¢ € (F,D) for some d € B}. So, slpg-
cxX)={98,%,@,b),(Z,D) } andslpg-0(X) =T.

Then in the first inning:

The first step, P | chooses dac # dn whenever, d , dv € X s.t dae = {e} and dv = {m}.
In the second step, P Il chooses (d, D) = {(d1,{e}),(d2,{e})} is a slpg-O set.
In the second inning:
The first step, P | chooses dac # do whenever, d, do € X s.t da = {e} and do = {r}.
In the second step,
P 1l chooses (d, D) = {(d1.{e}).(d2,{e})} which is a slpg-O set.
In the third inning:
The first step, P | chooses dv # do whenever, d , do € X s.t dv = {m} and do = {1}.
In the second step,
P 1l chooses (Z,P) = {(di1.{e, m3}), (d2 .{e,, m })} whichisa slpg-0 set.
In the fourth inning:
The first step, P | chooses aar # dz whenever, d, dz € X s.t dac = {e} and d= = {m, 1}.
In the second step,
P Il chooses (d,P) = {(d1.{e}).(d2.{e})} whichisa slpg-O set.
In the fifth inning:
The first step, P | Choose do # ds whenever, d , ds € X s.t do = {r} and ds = {e,m}.
In the second step,
P Il Choose (Z,P) ={(d1,{e., m}), (d2 ,{e,, m P} which is a slpg-O set.
In the sixth inning:
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The first step, P | Choose dac # dc whenever, dar, dc € X such that dac = {m} and d¢ = {e,,
I}

In the second step,
P Il Choose(Z,D) ={(d1.{e., m}), (d2 .{e, m })}which is a slpg-0O set.
Then B = {(d, D), (Z,D)} is the winning strategy for P // in Sg,(To,X,1). Hence P Il T Sg,(To
X 1)

Remark 5.4. In the space (X, T,D,]):
i IfPIl T Sg(To,X) then Pl 1 Sg,(To, X, 1).
i. IFP 1 15g(To, X, ) thenP I T Sg, (To,X).

Remark 5.5. In the space (X, T, D, 1), if P // 1 Sg(To,X) thenP // 1 Sg(To, X,])
Theorem 5.6. A space (X, T, D, 1) is To-space if and only if P // T Sg,(To,X,1).
Proof: ( = ) in the z-th inning P | in Sg(To ,X,]) Choose (dr), # (d»), whenever,

(dp)z,» (da), € X, PIl inSg(To,X,1) Choose (d,, D) is a slpg-open set s.t dac € (d,, D)
Ady & (d,,P) or dae € (d,, P) A dv € (d,, D). Since (X, T,D,1) is aslpg-To-space.
Hence P Il T Sg(To,X,1).

(&) Clear.

Corollary 5.7.

A space (X, T,D, 1) is a slpg-To-space if and only if P | % Sg, (To,X,1).
Proof: By Theorem 5.6, the proof is over.

Theorem 5.8. In the space (X, T,D,]) :
A space (X, T,D,]) is not slpg-To-space if and only if P I T Sg, (To,X,1).

Proof:(=)in the z-th inning P | in Sg, (To, X, ])choose (dar), # (dx), whenever, (dar), .

(da), € X, Pl in Sq, (To ,X,1)cannot find (d,, D) is a slpg-open set (dr), € (d,, D),

(dw); € (d2, D) or (da), & (d,, P), (dn), € (d,, ), because (X, T,D,1) is not slpg-
To-space. Hence P I T Sg, (To,]).

(<) Clear.
Corollary 5.9.

A space (X, T,D,1) is not slpg-To-space if and only if P Il + Sg, (To,X,1).
Proof: By Theorem 5.8, the proof is over.

Definition 5.10. In the space (X, T, D, 1), define a game Sg,(T1, X, 1) as follows:
P |1 and P Il are play an inning for every natural number in the z-th inning:

The first step, P | Choose (dar), # (dy), Whenever, (dar),, (dy), € X.
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In the second step, P Il Choose (d,, D), (I",, D) are two slpg-Open soft sets s.t (da ); €
(@, D)A (dw ). & (d,,P)and (da ). € (U, P)A(dw ). E (U, D). Then P Il wins in

the game 5g,(To, X,1) if B={{(d1, b), (U1, D)} {(d;, D), (U, D)}... {
(d,, ), (U,, D)}......} is a collection of a soft-]- pre open sets in X s.t V (dar), . (dy),

€ X,
3(d,, D), (U, P)eB st(dm).€(d,,P)A(dn).& (d,,P)and (da )& (U, P) A(

dw ); € (U, D). Otherwise, P | wins in the game Sg,(T1,X, ]).

Example 5.11. Let $g,(T1,X,1) be a game whenever, X = {e,m,1}, T=SSX)p, | =
{8}, D ={d1, d2}. Then Spo(X) = slpg-C(X) = slpg-0(%) = $5(X)o.
In the first inning:
The first step, P | Choose dac = dn whenever,dac, dv € X s.t dae = {e} and dv ={m}
In the second step,
P Il Choose (d,P), (U,P) s.td(d) ={e}Vv d, U(d) = {m} V d which are slpg-open sets.
In the second inning:
The first step, P | Choose dx # d whenever, dv, do € X s.t dv={m} and do = {r}.
In the second step,
P Il Choose (U',D), (C,D) s.t U'(d) = {m}V d, C(d) = {r} ¥ d which are slpg-open sets.
In the third inning:

The first step, P | Choose dac = d o whenever, d, do € X s.t dac = {e} and do = {1}.
In the second step,

P Il chooses (d,D), (C,D) s.td(d) ={e}Vv d, C(d) = {r} V d which are slpg-open sets.

In the fourth inning:

The first step, P | chooses dac # d= whenever, d, dz € X s.t dac = {e} and dz = {m,1}.
In the second step,

P Il chooses (d,D), (F,P) s.td(d) ={e}V d, F(d) = {m,r} V d which are slpg-open sets.

In the fifth inning:

The first step, P | chooses d» # ds whenever, d , ds € X s.t dv = {m} and ds = {e,r}.
In the second step,

P Il chooses (U,D), (1N,P) s.t (d) = {m}V d, N(d) = {e,r} V d which are slpg-open sets.

In the sixth inning:

The first step, P | chooses do # dc whenever, d, dc € X s.t do = {1} and dc = {e,m}.

In the second step,

P Il chooses (C,D), (p,D) s.t C(d) = {r}, p(d) = {e,,m} V d which are slpg-open sets.
Then B = {{(d,D), (U, D)}, {(U, ), (C, D)}, {(&, D), (C D)}, {(d.D).(F,D)},

{(U, D), (N, D)}, {(C,D), (b, D)}}. Is the winning strategy for P Il in Sg(T1,X,1). Hence
Player Il T Sg,(T1.X,1). By the same way in Example 5.3, P / T Sg,(Tz,X,1).

Remark 5.12. For a space (X, T,Db,]) :

i-1FP Il TSg(T1,%X) then P Il T Sg,(ToX, D).

ii- IfP 1 TSg(T:X,])thenP | TSg(Tz,X).
Remark 5.13. For a space (X, T,D,1), if PIl 1 Sg(Tz,X) thenP Il | Sg,(Tw.X,)).
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Theorem 5.14. A space (X, T,D,]) isa slpg-Ti-space) if and only if P // T Sg,(T1,X, ).
Proof: (=) in the z-th inning P | in Sg,(Tz,X,1) choose(d), # (dy), whenever, (da), ,

(dx), € X, PIl in$g(To,%,]) Choose (d,, D), (1,, B) are two slpg-open sets s.t (dar),
é (821 D) A (QN)Z é (aza B) and (quN)z é: (nza B) A (d.;M)z é (rlz’ D) SinCG(X, Tr B: DIS
a slpg-Ti-space. Then B =

{{(dy, D), (N1, D)}, {(d,, D), (M2, D)}, ..., {(d,, D), (1N, D)}, ... } is the winning strategy for
PIl inSq,(T1,X,1). Hence P Il T Sg,(T1,X, ).

(<) Clear.
Corollary 5.15.

Aspace (X,T,D,]) is a slpg-Ti-space if and only if P | % Sg,(Tw. X ..
Proof: By Theorem 5.14, the proof is over.

Theorem 5.16. For a space (X, T, D, 1):

A space (X, T,D,]) is not slpg-Ti-space if and only if P | T Sg,(T1, X,1)-
Proof:(=) in the z-th inning P | in $g,(T1,X,1) choose(ds), # (da), whenever, (dar), ,

(da), € X, Pl inSg(T1,X,1) cannot find (d,, D), (1,, P) are two slpg-open sets s.t
(d_;M)z é (am D) A (d.;N)z é (aza B) and (QN)Z é, (rlza B) A (d;M)z é (rlz’ D) because

(X, T.b,D isnot slpg-Ti-space. Hence P | 1T Sg,(T1,X,]).
(<) Clear.

Corollary 5.17.

If a space (X, T,D,]) is not slpg-Ti-space if and only if P Il + Sq,(T1X,,]).
Proof: Similar way of proof Theorem 4.16.

Definition 5.18.
In the space (X, T, D, 1), define a game Sg,(T2, X, 1) as follows:

P 1 and P Il are playing an inning for every natural number in the z-th inning:
The first step, P | Choose (da), # (dy), Whenever, (dar),, (dy), € X.

In the second step, P Il Choose (d,, B), (I",, D) are two slpg-Open soft sets s.t (da ); €
(@, D),(dv ). € (U, D)and (&, D) (U,, D)={ B }.
Then P Il wins in the game Sg,(To, X,1) if

B = {{(d,, D), (U1, D)}.{(d;, D), (U5, D)}....{ (d,, D), (U,, D)}.....} be a collection of a
soft-]- pre open set in X s.t V (da), , (dy), € X,3 (d,, D), (U, D) €B st(dm ) €

(d,, D), (dn ). € (U,,D)and (d,, D) A (U, D)={ @ }. Otherwise, P / wins in the game

56(T2,X.D.
For Example, 5.11. V(dy), # (d), Whenever (dye),, (dy), € X,3 (d,, D), (U,, D) €B

st(dm ). € (d,,P),(dv ). € (U, P)and (d,,P)A (I, P)={d}.
SoB = {{(d,b), (U, D)},{(U.D),(CD)}.{(d.D),(C.D)},{(d.D),(F.p)},

{(U,D),d1,D)}, {(C, D), (b, D)}}. Is the winning startegy for P Il in Sg(T2,X,1). Hence P Il
T Sa(T2,X,1). By the same way in Example 5.3, P / T Sg,(T2,X%, D).
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Remark 5.19. For a space (X, T, b, :

i-IFP Il T Sg(T2,X) thenP Il 1 Sq(T2 X, 1).

ii- IfP 1 1TSg(T2X,))thenP | T Sg(T2,X).
Remark 5.20. For a space (X, T, D, 1), if Player Il 1 Sg,(T2,X) then Pl { Sg(T2X,,1).

Theorem 5.21. A space (X, T, D,)) is slpg-Te-space ifand only if P // T Sg,(T2,X,]).
Proof: (=) in the z-th inning , P I in Sg,(T2,X,1) Choose (da;), # (dy), Whenever,

(da)z  (da), € X, Pl in$g(T2,X,]) Choose (d,, D), (U, P) are two slpg-Open sets s.t
(dw ). € (@, D), (dw ). € (U, D)and (@, B) A (U, B)={ B }. Since (X, T,D,]) is slpg-
Te-space. Then B= {{(d,, D), (U1, P)},{(d;, D), (Uy, D)},...{ (d,, D), (U,, D)}.....} is
the winning

strategy for P Il in $g,(T2,X,1). Hence P Il T Sg,(T2,X,1).

(<) Clear.
Corollary 5.22.

A space (X, T.D,]) isaslpg-Tz-space if and only if P | + Sg(T2, X, 1).
Proof: By Theorem 5.21, the proof is over.

Theorem 5.23. For a space (X, T, D, ]):

A space (X, T,D,]) isnota slpg-Tz-space ifandonlyif P 1 1 Sqg(T2.X,]).

Proof: (=) in the z-th inning, P | in Sg(T2,X,] Choose (dr), # (dx), Whenever, (das),,

(da), € X, Pl inSg(T2,X,1) cannot find (d,, P),(U’,, P) are two slpg-Open sets

st(da); € (d,, D), (dw ). € (U, P)and (d,, D) A (U,, P)={ B}, because(X, T,D,]) is
not slpg-Ta-space. Hence P | 1 Sq,(T2, X%, D).
(<) Clear.
Corollary 5.24.
A space (X, T,D,1) is not a slpg-Tz-space if and only if P Il ¥ Sg(T2 X, 1).
Proof: By Theorem 5.23, the proof is over.
Remark 5.25. For a space (X, T,D, ) :
i. IFPI T Sq,(Tis1, X, 1) then Pl T Sg,(Ti, X, 1), where i = {0,1}.
i IfPIl T Sq,(Ti,X); then Pl T Sg,(T;, 1), where i = {0,1,2}.
The following (Figure) clarifies relationships in Theorem 5.6, Theorem 5.14, Theorem 5.21
and Remark 5.25.

P/ P/ P/
—> ,
T 56,(T2X) 1 56,(T. X) 1 59,(To, X)
=/ =/ P
(X, T.D)isa X, T.D) isa (X, T.D) isa
soft-T,-space soft-T1-space ' soft-To-space
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X, T.D,)) is X, T.D,Dis X, T.D,D is
slpg-T2-space slpg-Ti-space slpg-To-space
! v i
P/ P P
1 5.(T» X, 1) 156,(T., X, 1) T59,(To XD
$ $ $
P/ P/ P/

1 56,(T, %, 1) t Sa(T..x. 1) $59(Ty, X D

Figure 2.The winning and losing strategy for any player in Sg,(T;, X) and Sg,(T;, 1) where i={0,1,2}.

Remark 5.26. For a space (X, T, D):
i- IfP / 17Sg(TyX 1) thenP / T Sq(Ti+1,X,1), where i = {0,1}.
ii- IfP / 17Sg,(Ti, X, 1) thenP / 1T Sg,(Ti, X), where i = {0,1,2}.
The following (Figure) clarifies relationships in Theorem 5.8, Theorem 5.16, Theorem
5.23 and Remark 5.26.

Pl [/ P/ P/
+59,(T2, %) t 59,(T1, %) $59,(To,X)
} v v
P/ P/ P/

T 59,(T2, %) T59,(T1, %) 1 59,(To, X)

! ! $

(X, T,b) isnot a (X, T,P) isnota (X, T,b) isnota

soft-T,-space [ | soft-Ty-space |¢—| soft-To-space
t t t
X, T,b, 1) isnot X, T,b, D) is not X, T,b,D) is not
4_

aslpg-T.-space aslpg-T1-space < aslpg-To-space

! ; !

P/ P/ P/
T Sgs(TZI XJ D T Sga(Tll X; D T Sg:;(TO' X’ D

! ! !

/4 Pl Pl
+ Sgs(TZI XJ D t SgJ(Tli X' D + Sg:;(TO' X’ D

Figure 3.The winning and losing strategy where X is not slpg-Ti-space and not soft Ti-space.
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