Ibn Al Haitham Journal for Pure and Applied Science

E) Journal homepage: http://jih.uobaghdad.edu.ig/index.php/j/index

Zenali Iteration Method For Approximating Fixed Point of A
6ZA — Quasi Contractive mappings

Zena Hussein Maibed Ali Qasem Thayjil

Department of Mathematics, College of Education for Pure Science (Ibn Al-Haitham),
University of Baghdad, Irag.
mrs_zena.hussein@yahoo.com Ali.Qasem1203a@ihcoedu.uobaghdad.edu.ig

Article history: Received 15 April 2021, Accepted 30 May 2021, Published in October 2021.

Doi: 10.30526/34.4.2705

Abstract.

This article will introduce a new iteration method called the zenali iteration method for the
approximation of fixed points. We show that our iteration process is faster than the current leading
iterations like Mann, Ishikawa, Noor, D- iterations, and X*- iteration for new contraction
mappings called 6Z.A — quasi contraction mappings. And we proved that all these iterations
(Mann, Ishikawa, Noor, D- iterations and J*- iteration) equivalent to approximate fixed points of
6ZA — quasi contraction. We support our analytic proof by a numerical example, data dependence
result for contraction mappings type 6ZA by employing zenali iteration also discussed.

Keywords: Mann and K*- iteration, 6Z.A — quasi contraction mappings.
1. Introduction

The fixed point theory is one of the most important theories that play an important and
fundamental role to solve many problems in various fields of science and knowledge such as
Geometry, game theory, chemistry, etc. numerical calculation of fixed points for nonlinear operators
is also an active research problem at present for nonlinear analysis due to its applications in balance
problems, variable inequality, image coding, computer simulation and more. For that, many authors
have created a large number of algorithms to approximate the fixed point for different types of
applications for example see [1-9]. The well-known Banach contraction theorem uses the Picard
iteration mechanism for fixed point approximation. This paper consists of three sections section one
converges the zenali iteration with all these iterations. In section two rate of converge, section three
equivalent, section four numerical example with real datasets. Many of the other well-known
iterative methods are those of Mann [10], Ishikawa [11], D- iteration [12], Picard S iteration [13] ,
J*-iteration [14] , Noor iteration [15].
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Let M be a uniformly convex Banach space, @ # C be a closed-convex subset of M. We recall
some definitions of those iterations as:

1- Let <, > <%, >and <u, > are sequences lies in (0,1). The following iteration (d,) is
called D- iteration and defined as follows:

dy €C, Sp=(1— uy)dy + u, 7d,,

th = (1= £)Tdy + £, Tsp, dpyr = (1= 8,)T sy + 8, Tty

2- Let z, € C.The following iteration (z,,) is called Picard iteration and defined as follows:
Zn+1 = T2, neN.

3- Let < 5, > be a sequence in (0,1). The following iteration is called Mann iteration and defined
as follows:

70 €C, Thyr = (1— 8, )1y + 8, T1, ,neN.

4-Let < 8, >, <4, > and < u, > be real sequencesin (0,1). The following iteration is called
Ishikawa iteration and defined as follows
wy € C, Wper = (1= 8w, + 8, Td,,,

d, =(1—- 1t )w, + £, Tw, ,ne€.

5- Let <8, > and< £, > are sequences lies in (0,1). The following iteration is called Picard S-
iteration and defined as follows:

hn EC, hn+1 =Tln'
l, =(1— 8,)Th,+ 8,Te,, é, =(1— t,)h, + £, Th,.

6- Let <., > <%, >and <u, > aresequences in (0,1). The following iteration (q,,) is called
JFC*-iteration, and defined as follows: qo €C,

An+1 = TPn, Pn ZT((l_ ‘3n)0n+ ‘SnTOn) and o, =(1_ tn)CIn‘I' 1y Tqn.

7- Let <8, > <%, >and <wu, > aresequences in (0,1). The following iteration (y,) is called
Noor iteration and defined as follows:

Yo €C¥ni1 = (1= 8)yn + 80 Tqn,

dn = (1= 8)yn + & Tpn,

Pn =(1— u )y + upy Ty, ,NEN.

Definitionl.1 [16]: Let <V, >, <U, > are sequences lies in R converge to V and < U, >
converge toU, and Let <V, > such that Zni!iquz—:ﬂ

1. 1f Z=0. Then The sequence < V,, > is converge to V faster then < U,, > converge to U.

2.If 0 <Z <0 —» <x,> and <U, > have the same rate of convergence.
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Lemma 1.2 [17]: Let M be a uniformly convex Banach space and (7,,),=, be any sequence such
that 0 < p < 7, < » < 1,forsome p,» € Randforalln > 1, Let (V,);—o and (U, )n=o, be
a nonnegative real sequences of M such that lim sup || V|| < 7, limsup || U, || < # and

n—-oo n—oo

lim | 9 V- (1 — 7,) Uy, || =7 forsome+ > 0. Then, lim | v.- u.| =o.

Lemma 1.3 [18]: Let (V,)n=o and (U, )n=o be nonnegative real sequences satisfying the following
condition:

Vas1 < (1= p Vs + Uy, Wherep e (0,1), forall n>ng, Ypoqp, = o

and z—" —>0asn— . Then limV,, = 0.

n n—oo
2. Main Results
In this section, we introduced a new iteration process known as Zenali Iteration

and new contraction mappings called a 6Z.A — quasi contraction mappings.

Definition 2.1: Let < 8, >, <4, > and <, > are sequences in (0,1) and7:C — C. The
following iteration is called Zenali iteration and defined as follows

Xy €C, Xn+1 = TV
Vo =T((1 = 8)zn + 8, T2y),
zp, =T((1— t)x, + £, Txy).

Definition 2.2: Let T be a self mapping on C, then T called a Z.A — quasi contraction for all
x,y ECIf ||[Tx-Ty|| <6||lx-»|| + ZA (nx,my) where

c/l(/nx,/my)=min{n”x—f]"x”,m"y—Ty,”,/nfm”x—Ty”,/mn”y—ﬂ"x”}
forsome0 <6 <1, Z=0and n,m=0.

Lemma 2.3 : Let C be a nonempty convex and closed subset of a Banach space M and let 7: C - C
a6ZA — quasi contraction mapping. Suppose that (x,,) the Zenali iteration in C.

If F(T) =0, thenl- |zy- 2 || < |[x0- 2 || and [[yn- 2 || < %= 2 |-

2-lim || x,- p || exists, forall n € N.

n—-oo

Proof. Let p be a fixed point of 7. Then the following inequalities hold
lzn-2 | = 1700 = #0 )xn = £ Txal- 2 |

<8|(1 =t )xn— £ Txn- 2 || + ZA (n[(1 = £, Ixp — £, Ty, m p).
Since ||[Tp- p | » 0asn - oo then, ZA (n[(1 — £, )x, — £, Txp],m p) =0

”Zn— » || <(1- %, ||xn— ;9" + 81, || Xn— P || + 1, ZA (nx,, mp)
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<(1-%4,1-9)) ||xn— » || + Zmin{/n"xn— Tx, ||

mlp = Tpll.nm|x - Tp|, mnlp - Tx 3

lze-2 || <[ 2 | 2.1)
And,
”yn_p ” = "T[(l_ Sn )Zn+ Sn Tzn]_p ”

<5 ||(A— 8 )Zn+ 82Tz = | +ZA (n[(1 — 8, ) 2 + 8y Tz, mp)
Since||Tp- p || » 0asn - oo. Then, ZAM[(1 = 8, ) 2y + 8, Tz,],mp) =0
lyn =2l <= s |ze- 2 || + 880l 20- 2 | + 622A (n20, mp)
< (=801 =) |lzu- 2 || + Zmin{n | z,- Tz, ||
mp— Tpl,nm|z, —Tp|,mn|p— Tz}
lyn =l <llze- 2 |- (22)
Using inequality (2.1) in (2.2), it follows that:
lyn-2 1| < llxu- 2 | (23)
And, [[xnes = 2| = 1Ty — 2| < 8llvn = 2l + 24 (nyn, mp)
< |wm -2l (2.4)
Using inequality (2.3), inequality (2.4) becomes
| xns1 — 2|l < ||xn — 2]| forall neN. (2.5)
So, {|| Xn—p ||} is decreasing, for each p € F(T ), this implies that the sequence

lim || Xpn— P || exists. ]

n—oo

Theorem 2.4 : Let M be a uniformly convex Banach space, C be nonempty convex and closed
subset of M and let T:C — C a8Z-A — quasi contraction mapping. Suppose that (x,,) the Zenali
iteration in C. Then F(7" ) # @ if and only if (x,,) is bounded and lim | x,- Tx, || = 0.

n—-oo

Proof. Since p € F(T ), from (2.5) we get
%1 = 2| < % — 2| < < ||xo — 2]| forall n € N.Thus, (x,,) is bounded set in C.
Put, r=lim|x,- p | (2.6)
And, lLim |Tx- 2 || < lim (8| xn — 2| + Z2A (nxn, mp))

< lim ([|xn = 2| + Zminn | xn- T |

mlp = Tpl.nm|x, = Tp|,mulp - Txa )
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lim [ 2 | < tim [ o] )
Using inequality (2.6) in (2.7) becomes, lim |Tx- 2 || <7 (2.8)

From Equations(2.3) and (2.6), we have
liminfly,- # || <r. (2.9)

Similarly by using (2.1) and (2.6),we have

7gimsup || Zn— P || <r (2.10)
Now, r = liminf | xp1- 2 |= liminf | Ty 2 |
s ,{‘_Z?omf( 8"3’71 ' " + ZA (nyn, mp))

IA

liminf(||yn = 2| + Zmintn||yn- Tya||

| p— Tpl,nmly, —Tpl,mnlp - Ty |}
Then, we get r < liminf lye- 2 |I- (2.11)
Having in mind (2.2), inequality (2.11) becomes, r < lim inf lz- 2 |l (2.12)
From Egs (2.10) and (2.12), we obtain

r=lim|z-p || = Iim (|7 = 4 Y00 = 2 Txa)- 2 |)

sslm||(1= £, )(tn = 2 ) = ta(Tx0= ) |

+ZA (n[(1 — £, )xn — 1 Txp],m p).
Since||Tp- p || » 0asn - oo then, ZA (n[(1 — £, )xn — n Txp], m p) =0

< rlll_r)zlo §(1—1,(1 =) ||xp- 2 || + Z2min{n | x,~ Tx, |

m|p— Tp|,nm|x, —Tp|,mn|p—- Tx|}

<lim|x,-p || =r
n—-oo
So, r< A=t ) — 2 )= ta(Tx- p) || <7
Then ||(1— £, )xn— 2 ) — £a(Txp- p)|| =7 (2.13)

Thus From Egs (2.6), (2.8), (2.13) and lemma(1.2 ) we obtain, lim ||x,- Tx, || = 0.
n—-oo

Now, we prove that F(T ) = @

Let V2 (S A(C , (Xn> ) = I'(C ) (xn) ) = I'(#? , (xn> )
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r(Tp ,{x,)) = ii_((r)losup ||xn— Tp" = iijgosup["xn— Tx, || + ||Txn— Tp ||]
< 7gi_((r}osup[6||xn— Txy || + ZA(nx,, mp)
< limsup || xp- 2 || = r(p, (x)) = 1(C, (xa))
Tp € A(C,(x,)) Cauniformly convex = A(C,(x,) ) is a singleton
S>p=Tp =2pe FT) >FKT)=+0. u

Lemma 2.5: Let C be a nonempty convex and closed subset of a Banach space M and let T:C —
C ab6ZA — quasi contraction mapping. Suppose that (r,,) the Mann iteration in CIf F(T') # 0,
then lim ||r,- p || exists.

n—oo

Proof. Let p be a c fixed point of. The following inequalities hold

||Tn+1_ﬂ7 " = "(1_ an )Tn + anTrn_p"

IA

1= a) -2l + anl|7m - 2|
< (= a)|m -2l + san | — 2| +anZA (nr, mp)
< (1-ay(1-8|m-pl|
lrnea =2 | < m -2l (2.14)

So, {||m. — 2|1} is decreasing, for each p € F(T), this implies that the sequence lim |1~ 2 ||
n—-oo

exists. n

Theorem 2.6: Let M be a uniformly convex Banach space, C be nonempty convex and closed
subset of M and let T:C - C a8ZA — quasi contraction mapping. Suppose that (r;,) the Mann
iteration in €. Then F(T') # @ if and only if (r;,) is bounded and lim ||r,,- 77, || = 0.

n—-oo

Proof. Since p € F(T), from(2.14) we get :
||rn+1 —39" < ||rn —39" < < ||r0 —;9” foralln € N.
Thus, (r;,) is bounded set in C.

Put, r=lim |72 | (2.15)
rllgrgosup || Ttn-p || < rllgrgosup@”rn - p" + ZA (nr,, mp))
< limsup||r- 2 | (2.16)

Having in mind (2.15), inequality(2.16)becomes:
lim sup || Try-p || <r (2.17)
n—-oo

Now, r=TlLi_Z£10||rn+1— P || =1£i_tzzo||(1— Sy )y + 5n17"rn—ga||
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= lm || 1= 8, )= 2 )+ 8u(Tr— 2| (2.18)
Thus From Egs (2.15), (2.17), (2.18) and lemma(1.2) we obtain, lim ||7,- Tr, || = 0.
n—-oco

Now, we prove that F(7 ) # @. By the same proof way of the previous theorem. |

Now, we will study the equivalent between many of iterations by using a §Z.A — quasi contraction
mappings.

Theorem 2.7: Let C closed a nonempty convex and subset of a Banach space X, 7 be a 6ZA —
guasi contraction mapping on C and has a unique fixed point p. Consider the Zenali iteration and
Mann iteration with real sequences. Then the following a assertions are equivalent:

The Mann iteration convergesto p .
The Zenali iteration converges to p.

Proof. We show that (i) — (ii) that is, if the Mann iteration converges, then the Zenali iteration does
too. Since, the Mann iteration converges to p

= ||rn—;v|| - 0asn — oo,
Now, consider Mann and the Zenali iterations, we have:
Irnsr = ns | = 1A= 80 I + 871 = T
< A= s )l =Tyl + 8snllrn =y |l + 8224 (13, myy)
< A= s)|m—-Tnl + 60— s) |5 =l
+(1 = 8p )Lm (1, yn) + 88y |1 =y || + 802A (mr, My, )
= (1= s =Tl + 8l =yl + 2A (n1my,)  (2.19)
=y | =7 =TI~ 80 )20 — 50 T2 |
< |t =Trll + 175 = TIA = 80 )20 = 52Tz,
< |\ m =Tl + 8| — A= 8, )z — 8, Tz, ||
+ZA (nry, m[(1 — 8, ) zn + 8, T 7))
< |\ m=Tml + 801 = 82 || — 2o || + 880 ||7 — T ||
+6828, || — 2o || + 68,2A (n1y, mz,) + ZA (mry, m[(1 — 8y) 7y + 85 T7,])
= (1+88,) | =Tl + (8L = 83) +6%8,) 10— 2|
+88,ZA (nry, mz, ) + ZA (nry, m[(1 — 8, )z, + 8, T2z,]) (2.20)
7= zall = 17 = 7L = 3 )2 = £ Txal|

< ||rn—f7"rn|| + ||Trn—T[(1— ty )Xy — tnTxn]"
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< ||rn—f7"rn|| +6||rn—(1— Ly )Xy — tnTxn" + ZA (nr,, mx, )
< ||rn—Trn|| + 6(1— tn)"rn—xn” +8tn||rn—i7"xn|| + ZA (nry, mx, )
< ||rn—Trn|| + 6(1 - tn)"rn—xn” +8tn||rn—i7"rn||

+82ty |1 — xn || + 8£,2A (nry, mxy ) + ZA (nry, mxy,)
=1 +6ty) | —Tn | + (61— £,) + 8% || — x|
+(1 + 88, )ZA (nry, mxy,) (2.21)
Substituting (2.21) in (2.20), we obtain
= | <A +88,) [ —Tm|l + (61— 8,)+68%8,) (1 +6t,) || — T
+H(8(1— ) +82a)(8(1 = £4) + 6% |5 — x|
+(8(1— 8,) +62%8,)(1 + 8 t,)ZA (nr,, mx, )
+(1+ 8 8, )ZA (nry, mzy,) (2.22)
Substituting (2.22) in (2.19), we obtain
| 7s1 = Xnsr | S A= 8 |1 =T || + 8+ 8 8,) |1 — Tr3e ||
+6(8(1 —8p) +6%8,) (148 £,) |1 — Tt |
+6%(1 = 8,(1 = 8)(1 — £ (1 = 8)) |1 — x|
+86(8(1— 8,) + 6%8,)(1 + 8 £, )ZA (1, mxy, )

+6(1 + 6 8, )ZA (nry, mzy, ) + ZA (nr, myy )
<S[(A=8,) +8(1+688,)+8(8(1— 8,) +828,)(1 + 6t)] |1 — T |

+((1—8,(1— &) — x| +8(8(1 = 8,) + 628,)(1 + 5%, )

Z minfn||n, = T ||, m || xn = Ton |, mm || 1, = Ty ||, mn || 2 = 71 |13
+8(1L+ 6 )2 min{n||ry — Tr ||, m| 20— Tz ||, |5, ~ 72, |
mnzy = Tr ||} + Zmin{n|[r, — Tr |, m |y — Tyl
|t =Tyl mnly, — T}

Let u, =8,(1=56)¢e(0,1), Vy = || — x|

Uy, =[(1—8,) + (1 +88,) + 681 — 8,) + 628,)(1 + 8] |1 — T ||
+5(8(1 = 8y) + 626,)(1 + 8 £)Z minfn |1y — Tr ||, m || 2 = Tx |
|ty = Txn |, mn |2y = Tr ||} + 81 + 6 8, )2 minfn |5, — Tr |

| zy — Tz, ||, nm || — Tz, || ,mn |z, — 71 |3
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+z minfn|r — Tr | mllyn = Ty ||, mm|n = Ty | mn [y — 77 |13

Furthermore, using T» = p and ||, — 2| — 0, we have
lrn=Trll =lm-2+7p - 7n|

< =2l + sllm -2l + 24 (nn, mp)

= @+ 8-l + Zmingal— Tl

m|p—Tpl,nm|r—Tp|,malp - Tr}

Then, ||, —Tn || - 0.
Now, because of these results, we get U,, —» 0
By applying lemma( 1.3), we obtain V, = ||, —x,|| =0 asn - 0.
Consequently , || 71 — *n41|| = 0 asn — 0. Therefore,
e =2l < 5 =20 | + [ — 2] 50 asn >
Now, we show that, (ii) = (i).
Since, the Zenali iteration converges to p = ||x, — 2| = 0 asn — .
Now, consider the following
lnsr = s | < Nonea =2 + r0ea — 2]l

"Tyn_#’” + "(1_ Sn )Tn + ‘SnTTn_ﬂ’”
8llyn = 2| + 2A (nynmp) + (1= 8) | — 2|

IA I

+68, ||rn —-p || + 8, ZA (nr, mp)
= 8llyn — 2l + 2A (nyp, mp) + (1 = 5,(1 = &) | — 2|
+8,Lm (1, p) (2.23)

”.Vn_p ” = "T[(l_ Sn )Zn+ Sn TZn]_p ”
<4 ||(1— 8n )Zn+ 8, T2, —Dp || + ZA (nz,, mp)

<8 =8y |zn — 2| +6%8n|| 20 — 2| + 88,ZA (nz, mp ) + ZA (127, MmpP)
<6 (1 —8,(1— 6)) ||zn —p || + (68, + 1)ZA (nz,, mp) (2.24)

"Zn_lJ " = "T[(l_ th )xn+ tnTxn]_p "
<94 ||(1— ty )xXp+ £ Ty, —p || +ZA n((1— £, ) xp+ £, Tx,), mp)

<5 — t)|xn— 2| + 8%, ||xn — 2| + 6t ZA (nxn, mp)
<8 (1—4,(1—8)||xn — 2| + 6tn + 1) + 6£,2A (nx,, mp) (2.25)
Substituting (2.25) in (2.24), we obtain
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=7 < 62(1-5,(1-8) (1—£,1=8)||xn— 2| +6 (1 —8,(1—6))
(61, + 1)ZA (nxy, mp) + (68, + 1)ZA (nz,, mp) (2.26)
Substituting (2.26) in (2.23), we obtain
| %ne1 —Tner | €62 (1—8,(1—=8) (1 —£,(1 =) | xn — 2| + (1 = 8,(1 = 8))
|7 = xn + %0 — 2| + 62 (1 = 8,(1 = 8)) (6%, + 1)ZA (nx,, mp)
+ZA (N2, mP) + 588, + 1)ZA (N2, mp) + 8,2A (11, mp)
<[(1-8,1=8))+(1=5,(1=))]|xn — 2|l
+(1—8,(1=8)||xn =1 || +6% (1 —8,(1—8)) (6t + 1)
Zmin{n|x, — Tx ||, m|p = To|.nm| v - 7ol . mn|p - Ty (3
+zmin{n ||y, — Tyl mlp - Tp |, nm|x, - Tp |, mn|p — T2, |3
+6(85, + DZmin{n| 2, — Tzl mllp — Tpll,nml 2, Tp|
ymn|p— Tz, ||} + snZminfn|n, — T ||, m|p - 72|
m|r, = Tp|, mnlp - 753
Let u, =8,(1—5)e(0,1), Vo = |20 — 1|
U =[(1- 6,1 =)+ (1= 8,1 =))||xn — 2| + 2 (1 = 8,(1 = 8)) (6%, + 1)
Zmingn||x, — Txn |, m|p = T |, nm|x, = Tp|,mn|p - Tx, |3
+Zmin{n |y, — Tya |, mlp = 7o |, nmly. - ol mnlp - Ty, [}
+8(88, + DZmin{n |2, — Tzl m|p — Tp|, nm| z, — Tp|, mnlp - 72,3
+apZmin{n|n, — T ||, m|p - Tp|, nm|n - Tp|, mu|p - 7|3
Since, ||x, —#|| > 0 asn — o. So, we get U,, - 0, thus from lemma (1.3), we get
Vo = ||x, — 1|l » 0asn - 0.Consequently; || x,41 — 741 || 20 asn >0

Therefore, |1, — 2| < | =2 || + [|[xn — 2] 20 asn - oo. -

Now, we will prove that our new iteration is faster than many know iterations By using  new
contraction mappings.

Theorem 2.8: Let 77 be adZ.A — quasi contraction mapping on C. Suppose that the iterations
Zenali iteration, Ishikawa iteration and Mann iteration converge to p € F(T ) where 0 < v < u,,
8n,%ty <1, VneN. Then the Zenaliiteration converges faster than of Mann iteration and
Thikawa iteration.

Proof. Consider Zenali iteration, we obtain
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[Znes =2l =17y —p | <6 -0 || + 24 (nyn, mp)

= 8 |7 (1 = sn)zn+ 6uTz0) =1 |

< 82| (1= 85 )20 + 80T2) = p || + ZA (n(1 = 85)zy + 83T 2), mP)
Since || Tp-p || — 0asn — oo then, ZA (n(1 — 8, )z, + 8,T2,), mp) =0

= 8% (1~ 50)(Zn = D) + 60 (T2 — 1) |

<82 [~ s0)||lza = +8 snllzn — || + ZA (nzy, mp)]

=82 [((1— s3) + 8 5n] |20 —

=82 [(1 = 8a(1 =) ] |7 (A~ #0)xn + £.T%0) 1

<6 [ (1-8n(1=8)16] (1= #2)Ctn —p) + £a(Tx — ) |

+ZA (n(1 — £, )x, + 13T xy), mp)
<S8 [(1—an(1 =0 (A~ ) %0 = | + 620l xn — 0| + 2A (nxn, mMP)]

= 8 [(1 = sn(1=8) ][ (1 ~ #n) + 8] |0 — |

<& [A-v1-8)]|x-pl

<@ [1-wd-8)]1)"x -l
Suppose that ZA, = (6% [1—v(1—8) ] )™ ||x — ||
Consider the Mann iteration, we have
s = | =1 = s )1 + 8, T — 2|
= (@~ 5= 2) + 85T =) |
< A= s)|m-2l+ slTrm -2l
< A= &) m—2l+ 8salm—2| + 2A (n1, mp)
<[1-v@=8l|n-p| +2zminin|n - 75, m|z - 7o
|, = Tp|,mnlp - 753

=[ 1-v(1=8)]|m-2|

< [1-v@-8"|n-2|
Suppose that S, =[ 1— v (1 =8| — 2|
Here, after simple compute, we have
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z4y _ (8% [1-v(1-8) | )™ [ x0-p]

My [1-o@-6)]"||wo—p| —0as n - oo

Then, the Zenali iteration converges to p faster than Ishikawa iteration and Mann iteration. m

Theorem 2.9 : Let T be ad2ZA — quasi contraction self- mapping on C. Suppose that the Zenali
iteration and D - iteration converge to the same fixed point p of T where 0 < v < u,, 8, , %, <1,
vn € N. Then, the Zenali iteration converges faster than D - iteration.

Proof. Form D - iteration, we obtain
ldusr =2 | = | (1= 85 )T + 80 Tt — 2 |
< 81— sp)||sn—2 | + (1 = 5,)ZA (nsp, mp)
+88n [|ta — 2 || + 52ZA (nty, mp)
= 8[A = s)|sn—2 [| +8a[| A= £:)Tdn + £,Ts, =2 ]
<6[(1 = s )|lsn—2 || +8s,(A =t [ dn 2 ||
+8spty |5 — 2 D]+ 2A (nsn, mp) + ZA (ndy, mp)
< 8l — sp) +8snt)lsn—2 | +6 8.1 —t)||dn — 2 1]
= 8[((1 = sn(1 = 6£D) | (1 = wn Y + ©unTdy — 2 ||
+88n(1—#0) [ dn — 2 ||]
< 8[((1 = #p(1 = 6£,)) (A = wp) |dn =2 || + Sunlldn =2 |
+68,(1 = 1) || dn — 2 || + ZA (ndy, mp)]
< 8[((1 = (1 = 8£,))((1 = wp) +u)) || d — 2 |
+88,(1—t)||dp— 2 |11
<81 = a1 =6t)) dn—2 | + 8 501 =) | dn— 2 1]
= 8[(1 - 5,1 =) |ldn -2 |1

< 8- v -)|d—p |

<[8(A~ v -N"do—2 |
LetD,= [86((1— v(1=6N]"||do—2 |
Form Zenali-Iteration, we have, ZA, = (6% [1—v(1-8)]12)"|x, — p|
ZAn _ (8° 1-v(1-8)]%)" | xo=p|

Dy [8((1-w(-N]"[do— |
So, the Zenali-Iteration converges faster than D - iteration. ]

— 0as n — oo. Thus < x,, > converges to p faster than < d,, >.
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We proof other iterations by the same proof way of the previous Theorem.

Example 2.10: Let ¥ = R and C = [0,100]. and 7 be a mapping on C defined by ¥ =

Vx? — 9% + 54, forall x e C, such that T isa8ZA — quasi contraction smapping and unique fixed
pointsay p = 6.

Take < &, > =<t >= <, >= > v = — withinitial value 30.

Table 1. Comparison speed of convergence among various iteration methods.

n Zenali K* D- Ishikawa Mann

1 30 30 30 30 30

2 13.9156 17.1404 21.1334 25.0120 27.1150
3 6.1717 7.9203 13.2989 20.2548 24.2908
4 6.0006 6.0388 7.8776 15.8509 21.5421
5 6.0000 6.0004 6.1725 12.0133 18.8893
6 6.0000 6.0087 9.0688 16.3607
7 6.0007 7.2820 13.9954
8 6.0000 6.4668 11.8476
9 6.1601 9.8476
10 6.0537 8.4901
11 6.0179 7.4083
12 6.0060 6.7247
13 6.0020 6.3468
14 6.0007 6.1587
15 6.0002 6.0709
16 6.0001 6.0313
17 6.0000 6.0137
18 6.0011
19 6.0005
20 6.0001
21 6.0000
3.Conclusion
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In this section, a new iteration method for approximation of fixed points and a new contraction
mappings called 8Z.A — quasi contraction mappings are introduced. Also, we proved that our
iteration process is faster than the existing leading iterations like Mann, Ishikawa, Noor, D-
iterations and J*- iteration and proved that all these iterations are equivalent to approximate fixed
points of 8Z.A — quasi contraction.
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