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Abstract

The idea of a homomorphism of a cubic set of a KU-semigroup is studied and the concept
of the product between two cubic sets is defined. And then, a new cubic bipolar fuzzy set in
this structure is discussed, and some important results are achieved. Also, the product of
cubic subsets is discussed and some theorems are proved.
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1.Introduction

In 2009, Prabpayak and Leerawat [1,2] studied a new algebra called a KU-algebra. They
introduced homomorphism in a KU-algebra and discussed some recent results. After that,
Mostafa et al. [3, 4] studied the concepts of fuzzy KU-ideals and an interval value fuzzy KU-
ideals. In [5] Kareem and Hasan presented the structure of a KU-semigroup and introduced
some ideals of this structure. After that, they introduced the fuzzy ideals of this structure in
[6]. In [7] Kareem and Talib gave the concept of an interval value fuzzy some ideal in KU-
semigroup.

Jun et al. [8, 9] introduced the concept of cubic subalgebras/ideals in BCK/BCl-algebras.
Yaqoob et al [10] presented a cubic KU-algebra and discussed a few interesting theorems.
This work studied the idea of a homomorphism of a cubic set of a KU-semigroup, and a new
cubic bipolar fuzzy set in this structure is defined, and some important results are achieved.
Also, the product of cubic subsets was discussed, and a few theorems were proved.
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2. Basic concepts

We introduce some definitions, propositions and theorems of KU-algebra and KU-
semigroup in this part.
Definition2.1[1]. A KU-algebra (X,*,0) is satisfied the following conditions, for alla, 3,8 €
N

(kuy) (a* B) * [(B*8) x (a+8)] =0

(kuy)a *0=0

(kuz) Oxa =«

(kug)a * f = 0andf * a impliesa = f and
(kug)a*xa =0

The relation < ona KU-algebraR isdefinea < < f*a =0.
Example 2.2 [1].The following table define the binary operation * on the set X = {0, a, b, c}

= 0|lal| b|c
0 a| b| c
al|l 0| 0| 0|5
b| 0| b| 0| a
c| 0| 0] 0|0

Then (X,*,0) is a KU-algebra.

Theorem?2.3[2]. The following axioms are satisfying, in a KU-algebraX.

Forall o, 3,6 € X,

QD ifa<pimplyf *6<ax§

(Qa*(B*8) =p*(axd)

@B *a)+a) <p

Definition2.4[5]. The set X # ¢ and two binary operations *,0 with a constant 0 is named a
KU-semigroup if

0] The triple (X,*,0)is a KU-algebra

(I1)  the ordered pair (X,0)is a semigroup

amy  o,B6eR, ac(B*xd) =(axoPf)*(aecd)and(a*xP)od = (xod)*(Bod).
Example 2.5[5]. If & = {0,1,2,3} is a set and two binary operations * and o are defined by
the following.

* 0 1 2 3 o 0 1 2 3
0 0 1 2 3 0 0 0 0 0
1 0 0 0 2 1 0 1 0 1
2 0 2 0 1 2 0 0 2 2
3 0 0 0 0 3 0 1 2 3

Then (X,*,0,0) is a KU-semigroup.
Definition 2.6[5]. A non-empty subset A of X is named A subKU-semigroup if it is satisfied
axf,aof €A, foralla,p € A.
Definition2.7[5]. A non-empty subset /cX is called an S-ideal of R, if
Q) 0€el
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(i) axfelandaelimplyB el.

(liVa e, eel,wehaveace el andeca € 1.
Definition2.8[5]. The set ¢ # AcR is named a k-ideal ofR, if

i) 0€l

i) Va,8,6 eX, (ax(B+6))€l, pelimplya=dEe€l

iil) Ve eX ,e€ A, wehave ace€eAandeca €A .
Definition2.9[5]. Let X and X 'be two KU-semigroups. A mapping f: X — X'is called a KU-
semigroup homomorphism iff (a * ) = fa = f(B)andf (a-B) = f(a) o f(B) for alla, B €
X. The set {a € X: f(a) = 0}is called the kernel off and denoted bykerf Moreover, the
set{ f(a) € R': a € K} is called the image of f and denoted by imf.
We recall that a cubic bipolar valued fuzzy subset in [11] as follows:
Definition 2.10[11]. Let X be a non-empty set. A cubic bipolar set in a set X is the
structureQ = {(a, i (@), fig(a), 15 (@), Ag(a): a € R)} where N(a) = {i,(a), ig(a)} is
calledinterval valued bipolar fuzzy set and K («) = {1 («), 15 (a)} is a bipolar fuzzy set.
Consider fiy: & — D[0,1] such that ji (@) = [84, (@), 85, (a)] and
fig: X — D[—1,0] such that fig(a) = [8q, (a),8q,(a)] , also A45:X¥ —[0,1], and A5: X —
[—1,0]it follows that
0 = {< & {[84, (2), 84, (@)], [63, (@), 85, ()]}, (@), A5 ()} > € K}
It is a cubicbipolar set and can be denoted by Q = (N, K).
Definition2.11[11]. A Cubic bipolar set Q = (N,K) is named a cubic bipolar sub KU-
semigroup if: Va, B € X,

(1) (e * B) = rmin{jis (@) , A4 (B}, fia(a * B) < rmax(fig(a) , fig(B)}
A4(a x B) = min{Ag(a) , 2B}, Ag(a * B) < max{Ag(a) , 1a(B)},
(2) ad(a e p) = rmin{id(a) , A5 (B}, Aala ° B) < rmax{ig(a) , fig(B)}

2h(a o p) = min{Ag(a) ,25(B)} Ag(a o ) < max{Ag(a),2q(B)},
Example2.12[11]. If & = {0,1,2,3} is a set and two binary operations * and o are define by
the following.

=0 1] 2713 sl 0] 1 [2]3
0 0| 1| 2]3 oo o0 oo
1 o0 0] 2 tlo 1 071
20020011 200 [2]2
300000 3o 1 273
Then(X,*,0,0) is a KU-semigroup. DefineQ = (N, K) as follows
_ ({[=0.2,-0.5],[0.1,0.9]} if a={01} ., .
N(“)_{{[—0.6,—0.2],[0.2,0.5]} if  otherwise’ 00 =
{0.5 if a={01},_ (@) = {—0.6 if a={01}
0.3 if otherwise "7 7 1-0.3 if otherwise

then Q = (N, K)is a cubic bipolar sub KU-semigroup ofX .

Definition 2.13[11]. A cubic bipolar set Q = (N, K)in Xis called a cubic bipolar ideal of Xif,
Va,[ € X

(BC1) #§(0) = fig(a), 45(0) = A4 (@) and fig(0) < fig(a), 15(0) < Ag(a)
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(BC2) A4 (B) = rmin{fig (a * B), iig(a)}, fig(B) < rmax{iig(a * B), fig(a)}and
A0(B) = min{Ag(a * B) , A5(a)}, Ag(B) < max{ig(a ), Ag(@)},

(BCa)iag(a ° B) = rmin{ig(a) , a5 (B}, fgla o B) < rmax{fig(a) , fAig(B)} and
Ag(a e B) = minfag(a) , A5(B)}, Ag(a o B) < max{Ag(a) , Aq(B)}

Example 2.14[11]. If X = {0,1,2} is a set and two binary operations = and o are defined by
the following.

o|Oo|Oo| ©

O |O| -
NO|IOoO| N

OR[N DN

[o]
0
1
2

o|o|o| o
=

*
0
1
2

Then(R,x,0,0) is a KU-semigroup. DefineQ = (N, K) as follows

_ ({[~03,-0.1],[0.1,08]} if a=0 . .
N(a) = {{[—0.7, —0.3],[0.4,0.6]} otherwise’ Ag(e) =
0.9 if a=0, . _(-08 if a=0
{ 0.4 if otherwise al@) = { —0.3 if otherwise

We can easily prove thatQ = (N, K)is a cubic bipolarideal ofX .
Definition 2.15[11]. A cubicbipolar set Q = (N, K)in Xis called a cubic bipolark-ideal of &
if, Va,B,6 € X
(@) 45(0) = d (), A5(0) = 24 («) and fig (0) < fg(a), 15(0) < Ag(a).
(b) 5 (a * 8) = rmin{jag ((a (8 + 8)), A5 (B)},
fa(a * 8) < rmax{fig((a* (B *8)), Ag(B)}and
2% (a  8) = min{ad((a x (B * 8)) , 24,(B)},
Ag(a*8) < max{g((a = (B+8)), 2B},
©ag(a e p) = rmin{id(a) , 4G (B}, fg(a o ) < rmax{fig(a) , Ag(B)}
2h(a o p) = min{Ag(a) ,24(B)}, Ag(a o ) < max{Ag(a),2q(B)}

3. A Cubic Bipolark-ideal underHomomorphism

We study some definitions of homomorphism; the product of cubic bipolar k-ideals and a
cubic bipolar ideal. Also some theorems are discussed.
Definition 3.1. For any a € X. We define a new cubicbipolar fuzzy set
O = (a0, i, fi7, 27, 2D)in & by 7 (@) =i (f(@) andif (@) = 7 (f(@).Af (@) =
A~ (f(@)) andAf (@) = 27 (f (@) wheref: X — X' is a KU-semigroup homomorphism. For
short Qf = (@, ﬁ}“,ﬁ;,l},a}’) is written ¢ and a cubic bipolar is ACB.
Example3.2. In Example2.14, we have X' = {0’,a, b} is a set and f: X — X' is mapping
such that f(y) = x' with two tables

* |0 |a|b o |0 |a|b
o0 |a|b o'(o |0 |0
a |0 |0 |b al|0|a |0
b |0 |b |0 b |0 |0 |a
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Then f: X - X' is a KU-semigroup homomorphism and N(x') =
{[-0.2,-0.1],[0.2,09]}  if X=0 . . (06 if x=0
{{[—0.8, —0.2],[0.3,0.5]} otherwise ' o0 = { 0.2 if otherwise
. _(—09 if x=0
Aa(x) = { —0.4 if otherwise
We have: fi; (0) = 7~ (f(0)) = A~ (0") = [-0.2,—0.1] and
i (1) =g (f(1) = (a) = [-0.8,—0.2] and so on.
Theorem 3.3. Letf: X — X" be a KU-semigroup homomorphism and onto mapping. Then
Qris ACB k-ideal of X'if and only if Qris ACB k-ideal of K.
Proof. For anya’ € X' there existsa € X such thatf (a) = a, we have
at0) = a*(£(0)) = a*(0) = g* () = 7*(f (@) = i} (@)
Andi; (0) = A~ (f(0) = 4= (0) < i~ (a) = A~ (f(@) = fif (@).
Also, 2£(0) = 2*(£(0)) = 2*(0) = 2% (a) = 2*(f(@)) = 4f (@)
AndAz (0) = 27(f(0)) =27 (0) <27 (a) =2 (f (@) = 47 (a).
Let @, § € R,y € X' then there exists 8 € X such that f(B) = 8.
We have
Af (o= 8) = @*(f(a* 8)) = 1 (f(@) » (8)) = rmin{it* (£ (@) + (' £(8)), &* (B)}
= rmin{@* (f(@) * (F(B) = f (&)} A* (F(B)}
= rmin{@if (a * (B * 8)), fif (B)}.
And
fr(a=8) = i (f(ax8) = & (f(@) » f(®) < rmax(a™ (f(@) = (B £(®)), 4~ (B)}
= rmax{@i~(f(a) * (f(B) * f(&)}, i~ (f(B)}
= rmax{fi; (a * (8 * 8)), 7 (B)}:
Also,
W (@) = 2*(f(a*8)) = ' (f(@) * £(8)) = minfa* (£ (@) = (8= /(8)) . 2* (8}
= min{2*(f (@) * (f(B) * £(8))}, A7 (f(B)} = min{af (a * (B + 8)), 4f (B)}.
And
37 (% 8) = A~ (fla * 8)) = 27 (F(a) * £(8)) < max{a™ (f(a) = (B'* £(8)), 2~ ()}
= max{A~(f(a) * (f(B) * £(8))}, 2~ (F(B)}
= max{i; (a * (B * 8)), 47 ()}
And the condition (c) is
if(aop) =gt (flaop)) =a*(f(a) o f(B)) = rmin{i* (f(a), a* (f(B)}
= rmin{i} (@), i (B)}
And
fir(aep) =g (flaoP)) =i (f(a)ef(B)) < rmax{fi™(f(a), A~ (f(B)}
= rmax{ii; (@), ii7 (8)}
Also,
A@ep)=2"(flaop))=2"(f(a) o f(B)) = min{a*(f(a), A* (F(B)}
= min{a{ (), 2} (8)}
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And
B (aoB) =1 (flaep)) =1 (fla) o f(B)) < max{a”(f(a), A" (f(B)}
= max{(2; (2), 27 (B)}
Conversely, since f: X — X'is an onto mapping, then for any a, 8,8 € X
It follows that, there exists a, b, ¢ € Xsuch that f(a) = a, f(b) =
and f(c) = 8. We have
it (a=8) = i*(f(a) * () = f*(f(a*c)) = gf(axc)
> rmin{fi (a * (b * ¢)), i} (b)}
= rmin{a* (f (a) = (f(b) * f(c))}, &* (f (b)}
= rmin{@*(a = (B = 8)), A7 (B)}.

And
fr(ax8) =i (f(@)*f(c) = (faxc)) = fif(axc)
< rmax{fi; (a * (b * c)), iy (b)}
= rmax{@i(f () * (f(b) * f(©))}, ™ (f (b)}
= rmax{ji—(a * (B = 8)), i~ (B)}.
Also,

M (ax8) =2%(f(a) * () = 2" (f(a*c)) = A (axc) =min{Af (a* (b *c)),Af (b))}
= min{2*(f (@) * (f(b) * £(c))}, A" (f(B)} = min{a* (a * (B * 6)), 27 (B)}.
And
A (a*8) =27 (f(@) = f(€)) = 2" (f(a* ) = A7 (a*c)

< max{4; (a = (b * ¢)), A7 (b)}

= max{A”~(f(a) * (f(b) * f(©))}, 2~ (f(B)}

= max{A”(a * (B *8)),2” (B)}.
And the condition (c) is

if(aoB) = f*(f(@) o f(b))) = rmin{@* (f (@), A* (f(b)} = rmin{iif (a), if (B)}
And
fiy (@ B) = @ (f(@)° f(b))) < rmax{ii~(f(a), 7 (f(b)} = rmax{fi; (), i (B)}
Also,
Af (o B) =2%(f(a) o f (b)) = min{2* (f(a), A* (f(b)} = min{2] (@), Af (B)}
And
A5 (@ B) =27 (f(a) o f(b))) < max{2~(f(a), 2~ (f (b)} = max{i; (a), 47 (B)}
Therefore Qyis ACB k-ideal of X'
In the following, we introduce the product of the cubic bipolar k-ideals and a cubic bipolar
ideal as follows.
Definition 3.4. Let Q) and Q, be two CB fuzzy sets of K. The product Oy, X Qf, =
((a,B), Af X fy, A+ x fjgf, A7 x A3, AF x A1) is defined by the following:
(A1 X fizx)(a, B) = rmax{ gy (a), gz (B}, (A7 x @3)(a,p) = rmin{i{ (a), @3 (B)} and
(A7 X A7)(a, B) = max{ 21 (a), 2;(B)}, ( Af X 23)(a,B) =
min{ 17 (a), A3 (B)}where
A7 X @R XX ->[—1,0], FF x g3: X x X > [0,1] and A7 X 13: 8 X & > [—1,0], 1] X

A3:X xR - [0,1], forall @, € K.
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Theorem 3.5. Let Qr, and Q,be two CB k-ideals of ¥, then Q, X € is ACB k-ideal of X X
N,
Proof. Let (a, B) € X X X, we have
(a7 x {13)(0,0) = rmin{fif (0), @ (0)} = rmin{ii{ (), @z (B)} = (@ X i3 )(a, B) and
(A7 X {2)(0,0) = rmax{f; (0), iz (0)} < rmax{fiy (@), @z (B)} = (A1 x fiz)(a, B).
Let (aq, a2), (B1,B2) and (84,8,) € X X X, then
(i X fi3) (g * 81, ap * 85) = rmin{fiy (a; * 71), i3 (arz * 8,)}
2 rmin{rmin{ﬁf(al * (P * 51)):.17;- (31)}; rmin{ﬂ; (ay
* (P * 52))»11;(:82)}} =
rmin{rmin{ﬁf(al * (B * 61))47; (ay * (B2 * 52)}, rmin{iif (B1), iz (82)}
= rmin {rmin(it x i) {(cy * (81 * 81)), (a2 * (B, * 82)) ), (G x @) (B B}
And
(A7 X @) (@ * 81, ay * 63) = rmax{fiy (a; * 81), f; (@ * 63)}
< rmax{rmax{ﬁ{ (“1 * (P * 51))411_ (31)} , rmax{fi; (a,
* (B2 *82), 17 (B2)} =
rmax{rmax{ﬁf(al * (g * 51))».112_ (ay * (B * 52)}: rmax{fiy (B1), f; (B2)}
= rmax {(ﬁf X fl3) {(051 * (By * 51)); (az * (B * 52))}' {(a7 X {@3)(B1, B2)}}-
Also,
(A X 23)(ay * 81, a5 * 83) = min{A] (a; * 81), 43 (az * 8;,)}
= min{min{lf(al * (P * 81)),/11“(,81)},7111'71{/1; (ay * (B * 52))@; (,32)}}

min{min{lf(al * (Py * 61)):/1; (ay * (B * 52)}: min{ﬂf(ﬁﬂﬂﬁ(ﬁz)}

= min {min(2f x 25) {(a1 * (B * 81)), (a2 * (B, * 8))}.{( A1 x 43)(Bu. B)N
And
( AL X /15)(% * 81, ap * 8,) = max{A; (a1 * 81),23 (az * 83)}
< max{max{/lf (“1 * (B * 51)),15 (ﬁl)}'max{/g (az * (B2 *82), 47 (2)}

max{max{)l[(al * (B * 51))'/15(012 * (B * 52)}, max{A; (B1), 17 (52)}
= max {7 x 17 {(a1 * (By *81)), (az * (B * 8))}, {07 % 27)(Bu, )3}
And (i X f@3)(aq 0 By, @z © ) = rmin{fif (a; o
B1), 13 (az © B2)} = rmin{rmin{jif (ay), & (B1)}, rmin{ii; (az), @3 (B2)} =
rmin{rmin{fiy (ay), @& (az)}, rmin{fiy (B1), fi; (B2)} = rmin{{(& X i3 )(a, @)}, {(A7 X
3) (B, B2)3}
And
(A1 X fi3)(ay © By, @z © B2) = rmax{fiy (a1 ° f1), @ (az ° B2)}
< rmax{rmax{fiy (a,), f (B1)}, rmax{fiz (a2), & (B2)} =
rmax{rmax{fi; (a1), i3 (az)}, rmax{iiy (1), iz (B2)}
= rmax{{(# X ;) (ay, ax)}, {({@7 X #3)(B1, B2)}}-
Also,
(A1 X 23)(ay © By, @z o Br) = min{A] (ay © B1), 23 (a3 © B)}
> min{min{A] (a1), 2] (B1)}, min{2; (a;), 23 (B2)} =
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min{min{/lf (a1), A3 (a2)}, min{lf (B1), A3 (B2)}

= min{{(A] x 23) (a1, @)}, {47 X 23)(B1, B)}}
And

(A1 X A7) (ay © By, a3 © B2) = max{Ai (ay ° B1), 23 (az ° B2)}
< max{max{1 (a,), 21 (1)}, max{2; (a;), 27 (B2)} =

max{max{1 (a,), 13 (az)}, max{y (1), 27 (B2)}
= max{{(A1 X 13)(ay, ax)}, {(A1 X 23)(B1, F2)}}-
Then Qg x Qf is ACB k-ideal of & X K.

Theorem 3.6.Let Qf and Q, be two CB ideal of KU-semigroupX, such that Q, X Qg is
ACB ideal of X x X. We have

(i) Eitherfif (0) = if (),fi7 (0) < fiy (@)orizz (0) = i3 (B).fi; (0) < fi; (B), also, 21 (0) =
27 (),A7(0) < A7 (@) orAF (0) = 23 (B),25(0) < A7 (B) forall a, B € R.

(i) If 77 (0) = if (a), i1 (0) < fif (a) and A7 (0) = Af (a),A7(0) < A7 (a)forall a € K.
Then eitheriiy (0) = i (a),i; (0) < iy (@) and 23 (0) = AT (a),A5 (0) < A7 (a)or i3 (0) =
fiz (8).ii; (0) < fi; (B)and 23 (0) = 23 (B).27 (0) < 2; (B)foralla, B € R.

(iii) Ifaf (0) = f (), {5 (0) < fi; (a), and A3 (0) = A3 (a),23(0) < A3 (o) forall a € R,
then either i} (0) > if (@),i; (0) < fif (a), andA7 (0) = Af (a),A7(0) < A7 (a)orfif (0) >
fx (a), fiy (0) < iy (a) and A7 (0) = A3 (a),A7(0) < A5 (a)for alla € K.

Proof. (i)Suppose that 7 (0) = &f (@)1 (0) < @7 (a) and 43 (0) = i3 ().A; (0) <
fiz (B), also, 21 (0) = 21 (2),41 (0) < 21 (@) anda3 (0) = 43 (8,47 (0) < 23 (B), for
some a, 8 € X.Then

(i x @3) (e, B) = rmin{iif (a), fi; (B)} = rmin{iiy (0), i3 (0)} = (i1 X {3)(0,0)
And

(A7 x @3)(a, B) = rmax{iiy (a), iz (B)} < rmax{ {7 (0), iz (0)} = (a7 X A3)( 0, 0)
Also,
(A x 3)(a, B) = min{af (@), 23 (B)} = min{ 27 (0), 23(0)} = ( 2} x 2})(0,0)
And
(A1 X 22)(a, B) = max{ay (@), A3 (B)} < max{1;(0),27 (0)} = (A1 X 13)(0,0)
, forall «, B € R. This is a contradiction. Therefore, eitherif (0) > i (a),i; (0) < ji; (@)
ori; (0) = a7 (B).fi; (0) < fi; (B), also, 21 (0) = 41 (a),A1 (0) < A7 (@) or23(0) =
23(B),25(0) < A7 (B) forall a, B € X.
(ii)Suppose that 73 (0) < & (@), @z (0) = 7 (@) and 3 (0) < @3 (B).id; (0) = iz (B)
also, A2(0) < A¥(a), 215;(0) = A;(a)and AF(0) < A3 (B), 15(0) = A5 (B), for
alla, B € X.
Then (@7 X fi3)(0,0) = rmin{jiy (0), fi; (0)} = i3 (0)
And
(a7 x i) (a, B) = rmin{fif (a), i3 (B)} = {@3 (0), i3 (0)} = i3 (0) = (@& x i3)(0,0)
And (@7 x 13)(0,0) = rmax{ji; (0), iz (0)} = {13 (0).
(i1 x fi3)(a, B) = rmax{fiy (@), iz (B)} < rmax{ii; (0), i3 (0)} = i3 (0) =
(A7 %X {13)(0,0)aaa
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Also,
( A1 x 43 )(0,0) = min{ A7(0) , 47(0) } = 2;(0)

And

(A7 x 23 )@, B) =min{ 2{(a) , 13(8) }={ 23(0) , A3(0) } = 23(0) =

( A7 x 23)(0,0).
And ( A7 X 45 )(0,0) = max{ A7(0), A;(0)} = A5(0).

(41 X 43 )(a, B) = max{ A1 (a), 23(B)} < max{ 13(0), 13(0)} = 17(0)
= ( 1y x 13) (0,0)

. This is a contradiction. Therefore, either i3 (0) = i} (x).ii; (0) < 7 (a) and A3 (0) =
21 (@),27 (0) < 27 (x)or @3 (0) = 33 (B),i3z (0) < fi; (B)and 23 (0) = 23 (B),23 (0) <
22 (B).
(iii) The proof is similar to (ii).
The partial converse of Theorem (3.5) is the following.
Theorem3.7. In a KU-semigroupX. If O X Q. is ACB ideal of X X X, then Qg or Qg is
ACB ideal of X.

Proof. By use the Theorem (3.5) (i), without loss of generality we suppose that ji; (0) =
fx (@), fi; (0) < fi; (a), and A3 (0) = A (a),23(0) < A3 (a),for alla € X. It follows from
Theorem (4.6)(iii) that either then either

i3 (0) = fif ()17 (0) < fi7 (@), and (0) = Af 27 (0) < A7 (@) or i3 (0) = fif (),
7 (0) < T, (@) and 21(0) 2 2§ (@), A7 (0) < A3 (a).

,forall a € X.
Then ( ] x B;)(0,@) = rmin{ F; (0), i) (@)} = F; (@) .....(1)
( By X 15)(0,@) = rmax{ [i{ (0), fi, (@)} = [, (@) ...... (2)
Also,
(27 x 23)(0,@) = min{27 (0), A3 (@)} = 13 (@) ... ... (3)
(A7 x 27)(0, @) = max{A7(0),25 (@)} = 23 (@) ..... (4)
Since Qf, x Q, is ACB ideal of XxX, then
(B % B)(ByB,) = rmin{( By X (a1, @2) * (B, B,)), (B X [y ) (e, az)}
= rmin{(fl; X iy )(eu * B, @z * B,), (Fy X Ty )(etn, @)}
Putai = 1 =0 , then we have
(B % 7)(0,8,) = rmin{( Fiy X [;)((0,a2) * (0,8,)), ( Fy X [;)(0, a3)}
=rmin{( I X fi;)(0,z *B,), ( iy X iz )(0, @)}
and by equation (1), then
fiz (B2) = rmin{fiz (a, * B,), i (a2)}. And
(ﬁ; X ﬁz_)(ﬁl' ﬁz) < rmax{(ﬁI X :T’Z;)((all aZ) * (ﬁll 32))! (AHI X ﬁ;)(“ll aZ)}
= rmax{(f; X iy )(ay * By, a2 * B,), (B X 1Ly )(ay, az)}
Put a1 = B1 =0, then we have
(I x7i,)(0,8,) < rmax{( @y X fi; )((0,a3) * (0,8,)), ( #; X fi )(0,a3)}
= rmax{( i, x 7, )(0.z * B,).( By X By )(0,,))

81



Ibn Al-Haitham Jour. for Pure & Appl. Sci. 35(1)2022

and by using equation (2), we have
iz (B2) < rmax{fi; (a; * B2), i3 (a2)}.
Also,
(A7 x 23 )(B,B2) = min{ (27 x 43 )((a1, @2) * (B1, B2)), ( A1 X 23) (a1, ap)}
= min{( A} x 23)(ay * B1, az = B5), ( A7 x 23)(ay, @,)}
Put a1 = f1 =0, then we have
(A x 25 )(0,8,) = min{( Af x 23 )((0, @) * (0,8,)), ( A} x 43 )(0,a,)}
=min{( A7 X 23)(0,a; *B,),( AT x A3 )(0,a;)}
and by using equation (3), we have

A5 (B;) = min{23 (a, * B), 23 (a3)}.
And

(A1 X AE)(BerZ) = max{( AT X )@y, @) = (B, B), (A7 X /15)(“1'0»’2)}
= max{( 41 X /15)(“1 * ,Bl'az * 32)'( A7 X A)(ay, az)}
Puta: = 1 =0, then we have
(21 % 2)(0,8,) < max{( 27 X 27 )((0,a2) * (0,8,)), ( AT X 27 )(0, @)} = max{( A7 X
A7 )(0,az % B,), ( A7 X 43 )(0,az)}and by using equation (4), we have
A5 (By) < max{23 (a; * B,), 25 (a;)}. And the condition (BC3) is
(] X By)(@n,@2) o (B, B,) 2 rmin{( Fiy X T )(ay, @), ( iy X B3 )(B,, B} Hy %
iy )(@re B az e f) = rmin{( Fy X fiy)(ay, @), ((Hy X ) (B, 58,)}
Put a1 = B1 =0, then we have
(BL X By ),z 0 B,) = rmin{( iy Xy )(0,x2), ( By x By )(0,5,)}
and by using equation (1), we have fi; (a, o B,) = rmin{jis (a,), ii7 (8,)}
And
() X ) (@1, @) © (B, B,) < rmax{( Hy X By )(ay, @), ( Hy X By )(B,,B,)}
(Fy X By )@o By, ap0B,) < rmax(( iy X By )(an ) (B % y)( BB, )}
Put a1 = 1 =0, then we have
(B % By )0 azoB,) <rmax{( F; % B )0, (F x 1 )(0.8,))
And by using equation (2), we have [i; (a; ° B;) < rmax{ji; (), fi; (8,)}
Also, we have
(A-ll— X A;)((al'QZ) ° (ﬁyﬁz) = min{( Ill— X /1;)(“1'“2)'( ’1—{ X /1'2")([31,[32)}
( Ill- X /1;)(0*’1 ° ﬂl:az ° 32) = min{( /1-1|- X A;)(apaz)»( /1-1|- X /13_)(.81'32)}
Put a1 = B1 =0, then we have
(A1 X 23)(0,a; 0 B,) =min{( ] x 23)(0,a,),( A7 x 23)(0,B,)}
and by using equation (3), we have A3 (a, o £,) = min{A3 (a;), 23 (8,)}
And
(A1 X A7) (@, az) © (B, B,) < max{( 21 X 23 )(ey,a3), (A7 X 23)( B, B, )}
(A1 X A3 )@ayo B, az0f,) Smax{( A7 X 13 )@y, az), ( 47 X A3 )(B,,B,)}
Put a1 = B1 =0, then we have
(A1 X 22)(0,az 0 8,) < max{( A7 X 27 )(0,a3),( A7 X A3 )(0,5,)}
and by using equation (4), we have 15 (a;, o 8,) < max{1; (a;), 15 (B,)}
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Then, it follows that ¢, is ACB ideal of X.
This completes the proof.
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