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Abstract

In this paper, we study a new concept of fuzzy sub-module, called fuzzy socle semi-prime
sub-module that is a generalization the concept of semi-prime fuzzy sub-module and fuzzy of
approximately semi-prime sub-module in the ordinary sense. This leads us to introduce level
property which studies the relation between the ordinary and fuzzy sense of approximately
semi-prime sub-module. Also, some of its characteristics and notions such as the intersection,
image and external direct sum of fuzzy socle semi-prime sub-modules are introduced.
Furthermore, the relation between the fuzzy socle semi-prime sub-module and other types of
fuzzy sub-module presented.
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1.Introduction
The concept of fuzzy sets was introduced by Zadeh in1965[1]. Many authors

indeed presented fuzzy subrings and fuzzy ideals. The concept of fuzzy module was
introduced by Negoita and Relescu in 1975 [2]. Since then several authors have studied fuzzy
modules. The concept of semi-prime fuzzy sub-module was introduced by Rabi 2004[3]. The
concept of approximately semi-prime sub-module was introduced by Ali 2019[4]. The socle
of M is a summation of simple sub-modules of an R-module M and denoted by Soc(M). But,
the fuzzy socle of F-module X an R-module M is a summation of simple F-sub-modules of
X and denoted by F — Soc(X).
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Preliminaries
" There are various definitions and characteristics in this section of F-sets , F-modules , and
prime F-sub-modules.

Definition 1.1 [1]
Let D be a non- empty set and I is closed interval [0, 1] of real numbers. An F-set B in D (an
F-subset of D) is a function from D into I.

Definition 1.2 [1]
AN F-set B of aset D is said to be F-constantif B(x) =t,Vx € Dt € [0,1]

Definition 1.3 [1]
Let x;: D — [0, 1] be an F-set in D, where x €D , t € [0, 1] defined by:

_(t ifx=y
xt(y)_{O ifx+y

forall y € D. x, is said to be an F-singleton or F-point in D.

Definition 1.4 [5]
Let B be an F-set in D, for all t € [0, 1], the set B, = {x € D; B(x) = t} is said to be a level
subset of B.

Remark 1.5 [6]

Let A and B be two F-sets in S, then:

1- A=Bifandonlyif A(x) = B(x) forall x €S.
2- Ac Bifandonlyif A(x) <B(x) forall x €S.

3- A=Bifandonlyif A, =B; forall t €[0,1].

If A < B and there exists x €S such that A(x) < B(x), then A is a proper F-subset of B
and written as A < B.

By part (2), we can deduce that x, € A ifandonly if A(x) >t .

Definition 1.6 [6]

If M isan R-module. An F-set X of M is called F-module of an R-module M if :
1- X(x —y) = min{X(x),X(y)}for all x,y € M}.

2- X(@rx)=X(x) forallxe Mandr e R.

3- X(0)=1.

Proposition 1.7 [7]
Let C be an F-set of an R-module M. Then the level subset C; of M, vt € [0, 1] is a sub-
module of M if and only if C is an F-sub-module of F-module of an R-module M.

Definition 1.8 [8]
Let X and A be two F-modules of R-module M. A is said to be an F-sub-module of X if
A CX.

Proposition 1.9 [5]
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Let A be an F-set of an R-module M. Then the level subset A, ,t € [0, 1] is a sub-module
of
M if A is an F-sub-module of X where X is an F-module of an R-module M.

Now, we go over various F-sub-module attributes that will be useful in the next section.
Lemma 1.10 [6]

If 7. be an F-singleton of R and A be an F-module of an R-module M.Then for any w €
M

(r, A)(w) = {sup{inf(t,A(x))}: if w=rx} for some x € M
t 0 otherwise
Where r,: R — [0, 1], defined by
t ifr=z

re(2) = {O ifr+z

Forallze R

Definition 1.11 [6]

Let A and B be two F-sub-modules of an F-module X of R-module M. The residual
quotient of A and B denoted by (A : B) is the F-subset of R defined by:

(A:B)(r) =sup{t €[0,1]: B < A}, forall r € R. Thatis (A:B)={r; : nBC
A; ryisan F — singleton of R}. If B = (x; ), then (A : (x, ) ={r; : rex, S

A; 1 isan F — singleton of R }.

Lemma 1.12 [9]
Let A be an F-sub-module of F-module X, (A, : X; ) = (A:X), ,Forallt € [0, 1].

Also , we can prove that by Lemma 2.3.3.[6].
It follows that if , X = A @ B,where A,B < XthenX, =(A@® B); =A; ®B;.

Definition 1.13 [10]
Let f be a mapping from a set M into a set N and let A be F-set in M. The image of A is
denoted by f (A), where f (A) is defined by:
. -1
F(A) () = {gup{A(z).z € f~1(y) + 0} for ally eN

otherwise
Note that, if f is a bijective mapping, then f (A)(y) = A(f~1(y))

Proposition 1.14 [11]
Let f be a mapping from a set M into a set N. Assume that X and Y are F-modules of M
and N respectively, let A be an F-sub-module of X, then f (A) is an F-sub-module of Y.

Definition 1.15 [12]

An F-subset K of aring R is called F-ideal of R,ifV x,y e R :
1- K(x —y) = min{K(x),K(y)}.

2- K(xy) = max{K(x),K(y)}.

Definition 1.16 [13]
Let X be an F-module of an R-module M, let A be an F-sub-module of X and K be an F -
ideal of R, the product KA of K and A is defined by:

KA(x)
_ {sup{inf{K(rl )y e, K(13,), A(x1 ), oo, Al )3} for some r; E R,x; EM,n €N
0 otherwise
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Note that K A is an F-sub-module of X, and (KA); = K;A;,Vte [0, 1].

Definition 1.17 [9]

Let X be an F-module of an R-module M, An F-sub-module U of X is called completely
prime if whenever r,m, € U,with r, # 0; isan F-singleton of R and m, is an F-
singleton of Ximplies that m, € U foreach t,b € [0,1].

Definition 1.18 [6]
Let A and B be two F-sub-modules of an R-module M. The addition A + B is defined by:

(A + B)(x) = sup{min{A(y),B(z)} withx =y + z forall x,y,z € M }.
Furthermore, A + B is an F-sub-module of an R-module M.

Corollary 1.19 [8]
If Xis an F-module of an R-module M and x, < X, then for all F-singleton r;, of R,
1 X¢ = (rx);, where A = min{t, k}.

Proposition 1.20 [6]
Let A and B be two F-sub-modules of an F-module X of an R-module M. Then the residual
quotient of A and B (A : B) is an F-ideal of R.

Proposition 1.21 [14]
Let f: M — N be an R-homomorphisim, then f(Soc(M)) < Soc(N).

Definition 1.22 [15]
Let X be an F-module of an R-module M, X is called F-simple if and only if X has no
proper F-sub-modules (in fact X is F-simple if and only if X has only itself and 0, ).

Definition 1.23 [16]
A F-module X is called semi-simple if X is a summation of simple F-sub-modules of X .
Moreover, X is called semi-simple if X = F — Soc(X).

Definition 1.24 [9]
Let X be an F-module of an R-module M, X is said to be faithful if F —annX =0, .
Where F —annX = {r; : r,x; = 0, ;forall x;, € Xand r; be an F — singleton of R}.

Definition 1.25 [17]
Let X be an F-module of an R-module M, X is said to be cancellative if whenever r; x;
r.yq forall x;,y; € Xand r,be an F — singleton of R thenx; =y, .

Definition 1.26 [3]

A proper F-sub-module U of an F-module X of an R-module M is called semi-prime F-
sub-module of X if whenever r,"m; € U,where r;, is an F-singleton of R , m; is an F-
singleton of X and n € Z*implies that r,m, < U foreach t,b € [0,1].

Definition 1.27 [4]

A proper sub-module E of an R-module M is called pproximately semi prime (for a short
app-semi-prime) sub-module of M if whenever am € E, fora € R, m € Mimplies that
am € E + Soc(M) .
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Definition 1.28 [9]

An F-sub-module N of an F-module X of an R-module M is called weakly pure F-sub-
module of X if forany F-singleton r, of R impliesthat n,N =, X NN withb €
[0,1].

Lemma 1.29 [18]
Let X be an F-module of an R-module M and let A , B and C are F-sub-modules of X such
that C € B. Then C + (BNA) = (C + A)NB.

Proposition 1.30 [14]
If M be a faithful multiplication R-module, then Soc(R)M = Soc(M)

Definition 1.31 [15]
Let X be an F-module of an R- module M. X is called multiplication F-module if and only
if for each Fsub-module A of X ,there exists an F-ideal K of R such that A = KX.

Proposition 1.32 [15]
AN F-module X of an R-module M is a multiplication if and only if every non-empty F -
sub-module A of X such that A = (A:x X)X .

Definition 1.33 [19]
A sub-module V of R-module M is called essential if H NV # 0. For non-trivial sub-module
Hof M .

Definition 1.34 [9]
Let X be an F-module of an R-module M. An F-sub-module A of X is called essential if
AN B # 0., for nontrivial F-sub-module B of X.

Finally, (shortly fuzzy set, fuzzy sub-module, fuzzy ideal, fuzzy module and fuzzy singleton
are F-set, F-sub-module, F-ideal , F-module and F-singleton)."

F-Soc-semi-prime sub-modules
In this section, we offer the concept of an F-Soc-semi-prime sub-module as a generalization
of ordinary concept(approximately semi-prime sub-module). Some characterizations of F-
Soc-prime sub-module are introduced.

Definition 2.1

Let r, be an F-singleton of R and m; is an F-singleton of X, then a proper F-sub-module
U of an F-module X of an R-module M is called an F-Socle semi-prime ( for short F-Soc-
semi-prime) sub-module(ideal) of X if whenever r,"m, € U withn € Z* implies that
rpm; € U+ F — Soc(X) foreach t,b € [0,1].

Furthermore, if r,and s;, are F-singletons of R, then a proper F-ideal L of R is called an
F-Socle semi-prime ( for short F-Soc-semi-prime) ideal of R if whenever r,"s, € L with
n € Z*implies that r,s;, € L + F — Soc(R) foreach h,b € [0,1].

We will adopt the definition of an F-socle of X in this research as follows:
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such that:F — Soc(X):M - [0,1]

F — Soc(X)(m) = {1 Y meSocM)  poch<t

h if mé&Soc(M)
Lemma 2.2

for any F-module X for each t € (0,1] with (F — Soc(X)); #(F — Soc(X)); = Soc(X;)
X

Proof:
such that:F — Soc(X): M - [0,1]

1 if me Soc(M)
h if mé¢Soc(M)

Now, (F — Soc(X)); ={meM: (F —Soc(X))(m) = t}

So, if t = 1 then (F — Soc(X)); = Soc(M) = Soc(X;)

If 0<t<h then(F —Soc(X)); =M =X, thatisa contradiction
If h<t<1then (F—Soc(X));=Soc(M) = Soc(X;)

F —Soc(X)(m) = { with0 <h <1

Lemma 2.3

Let X be an F-module of an R-module M with X(m)=1 for each m € M, if U is an F-sub-
module of X is defined by U: M — [0,1] such that:

! if mek )
U(m)—{k if m¢E with0<k<1

Where E is a sub-module of M. Then U is an F-Soc-semi-prime sub-module of X if and
only if E is an app-semi-prime sub-module of M.

Proof:

First of all, we must define U + F — Soc(X).

(U+F—Soc(X)(m) = sup{min(U(y) , F — Soc(X)(z)),y +z=m}

So, we have

1 if meE+ Soc(M)

s if megE+ Soc(M) with s = max{k, h}

(U +F = Soc(X))(m) = {

Where F — Soc(X): M — [0,1] such that:

1 if meSoc(M)

n if m & Soc(M) with0 <h <1

F —Soc(X)(m) = {

Now,

Suppose E is an app-semi-prime sub-module of M, to prove that U is an F-Soc-semi-prime
sub-module of X. Letr, € R and m, € X foreach t,b € [0,1] such that (r,)"m, <
U,thus (r™),m; € U thatis either r*"m € E or r"m ¢ E.
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1) If r"m € E, then rm € E + Soc(M). Hence (U + F — Soc(X))(rm) = 1 this implies
rp,m; = (rm); € (rm); € U + F — Soc(X).

2) If r"m ¢ E then U(r™m) = k with m & E thus U(m) = k. Since (1,)"m; € U then
(r"m), € U where X = min{b, t}, thatis U(r™m) = thus k > X. Now, if 3 = t this
impliesm, €S m, U S U+ F — Soc(X). Thatismeanr,m, S nr,m, CUCS U+ F —
Soc(X) If A=Db,U(h) =k forany h € M, and:

b if h=r"a

orsome a €M
0 otherwise f

"y Xa) (R = {
Then we get (r™, Xy)(h) < U(h), hence 1",Xy S U S U+ F — Soc(X)
So, each case implies that ,m; € U + F — Soc(X)

Therefore U is an F-Soc-semi-prime sub-module of X.

Conversely

Suppose U is an F-Soc-semi-prime of X. Let a"x € U, ,witha e R,ne Z* and x € X, it
follows that (a"x), € U, thatis (a™):x; = (a;)"x; S U. But U is an F-Soc-semi-prime of
X, then we get a,x; = (ax); S U+ F — Soc(X) . Thus we get (U + F — Soc(X))(ax) =
t , hence, by (Lemma 1.12) and (Lemma 2.2), we have ax € (U + F — Soc(X))t =U, +

(7—" — Soc(X))t = U; + Soc(X;). That is mean U, is an app-semi-prime sub-module of X, .

Hence U; = E is an app-semi-prime sub-module of M.

The following example shows that the definition of an F-socle of X that we adopt in this
research is necessary to prove one side of above lemma.

Example 2.4
Let M =Z,,asaZ-moduleand X:M — [0,1],U: M - [0,1] defined by:
X(m)=1 if meZ,

1 if me(0)
1/4 otherwise

U(m) = {

And an F-socle of X is defined by F — Soc(X): M — [0,1] such that:

1 ifx=0
F — Soc(X)(m) =42/3 if me(2)—{0}
1/3 otherwise

Where Soc(M) = (2). That’s clear X is an F-module and U be an F-sub-module of X.
We have U, is an app-semi-prime sub-module of M forevery t > 0.

Now,
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1 ifx=0
(U+F —Soc(X))(m) =42/3 if me(2)— {0}
1/3 otherwise

But, U is not an F-Soc-semi-prime sub-module of X, since for an F-singleton 3s € X and
4
an F-singleton 23 of R such that (22)s3s = 0s, where 0s € U since U(0) =1 > % . but
4 4 4 4 4
2:35 = 63 € U + F — Soc(X) since (U +F — Soc(X))(6) == & 2.
4 4 4
Hence, U is not an F-Soc-semi-prime of sub-module of X.

Proposition 2.5

Let U and V are F-sub-modules of an F-module X of an R-module M with V is an F- semi-
prime sub-module of X. Then [U:¢ V] is an F-Soc-semi-prime ideal of R.

Proof :

Suppose that r,"m; € [U:g V] ,for r, € R, m, € X,thus r,"m,/V < U.So we have
" (mV) € U, but V is an F-semi-prime sub-module of X. that is r,(m./V) € U, hence
rp,m;V € U thatismean rp,m; C [U:g V] € [U:gx V] + F — Soc(R) .

Proposition 2.6

Let U and V are F-Soc-semi-prime sub-modules of an F-module X of an R-module M with
F —Soc(X) € U, Then UnV isan F-Soc-semi-prime sub-module of X.

Proof :

Let n,"m, cUNnV ,for r, € R, m; € X, thatis r,"m, € Uand r,"m; € V. But U and V
are F-Soc-semi-prime sub-modules of X, this implies r,m; € U + F — Soc(X) and

rpyms €V +F — Soc(X). Thatismean r,m; € (U +F — Soc(X)) n (V +F — Soc(X)),
by using modular law we get r,m; € (UNV) + F — Soc(X). Hence U NV is an F-Soc-
semi-prime sub-module of X.

Remark 2.7

Every F-semi-prime sub-module is an F-Soc-semi-prime sub-module , but the converse is
not true .

Proof :

Suppose U be an F-semi-prime sub-module of an F-module X of an R-module M and
n,"m; € U,for r, € R, m; € X. Since U is an F-semi-prime sub-module, then we get
rp,m, CUCU+F—Soc(X),thus rym; €U+ F — Soc(X). Therefore U is an F-Soc-
prime sub-module.

The following example show that the converse is not true

Example 2.8

Consider M = Z;, asa Z-moduleand X:M - [0,1], U: M - [0,1] defined by:
X(m)=1 if meZ,
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1 if m € (0)
1/5 if me(0)

And an F-socle of X is defined by F — Soc(X): M — [0,1] such that:

U(m) ={

N A

Where Soc(M) = (2). That’s clear X is an F-module and U be an F-sub-module of X.

From ( [4] Remark 2.3.2) (0) is an app-semi-prime sub-module of M, so by (Lemma 2.3)
we get U is an F-Soc-semi-prime sub-module of X.

But, U is not an F-semi-prime sub-module of X, since for an F-singleton 3: € X and an F-
3
singleton 2: of R suchthat (21)%3: = 0.1 where 0: € U since U(0) =1 > é . but
3 3 3 3 3

2131 =61 € U since U(6) =§>§.
3

3 3

Hence, U is not an F-semi-prime sub-module of X.
Remark 2.9

Every completely F-sub-module of an F-module X of an R-module M is an F-Soc-semi-
prime sub-module of X, but the converse is not true .

Proof :

We take U as a completely F-sub-module of X with r,"m, € U,for r, € R, m; € X.Now,
if r, =0,then r, m; = 0, € 0, S U.we get U is an F-Soc- semi-prime sub-module of X.
If r, # 04 thus (r,)" 1 (r, my) S U, weget (r™ 1), (rm)q S U where d =

min{b, t}.Now, since U is a completely F-sub-module of X, then we have (rm); € U <
U+ F — Soc(X), thus n,m; € U+ F — Soc(X). Therefore U is an F-Soc-semi-prime sub-
module.

The following example show that the converse is not true

Example 2.10

Consider M = Z asa Z-module and X:M - [0,1], U: M - [0,1] defined by:
X(m)=1 if meZ

q if me 2z
U(m)_{1/4 if m¢2z

And an F-socle of X is defined by F — Soc(X): M — [0,1] such that:

(1 if me{0}
?—"—Soc(X)(m)—{l/3 if m ¢ {0}

1 if me2z

(U + F — SOC(X))(m) = {1/3 if me2Z

Where Soc(M) = {0}. That’s clear X is an F-module and U be an F-sub-module of X.
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is an app-semi-prime sub-module of M, so by (Lemma 2.3) we get U is an F-Soc-semi-2Z
prime sub-module of X.

But U is not completely F-sub-module of X, since for an F-singleton 5: € X and an F-
3

singleton 2: of R suchthat 21 5: =101 where 10: € U since U(10) =1 > % . but
2 3

2 3 3
51 € U since U(5) =1x1
3 4 3
Hence, U is not completely F-sub-module of X.
Proposition 2.11

Let U be an F-Soc-semi-prime sub-module of an F-module X of an R-module M, Then U is
an F-Soc-semi-prime sub-module of X if and only if v F-sub-module S of X and an F-ideal
Jof R with (J)"S cU for n € Z*implies that J]S< U + F — Soc(X)

Proof:

() Assume that (J)"S €U, for S is an F-sub-module of X and J is an F-ideal of R, let

xe S JSwitht € [0,1] thenx; = (¢1)p1(V1)er + (D2 (V2)ez + -+ + (€)Y en » fOr
every (¢;)p; € J and (y;)¢ € U where hi, ti € [0,1] for every i=1,2,.....,n. Now, we get
()™ € (H™S cU hence ((c)ri)™ (i) € U. But U is an F-Soc-semi-prime sub-
module of X implies that (¢;)p; (Vi) € U+F — Soc(X) for each i=1,2,.....,n. So we have
X €S U+F — Soc(X). it follows that J]S<S U + F — Soc(X).

) Let (r))"x, < Ufor r, € Rand n € Z* then (r,")x;) S U, thatis (r, )™(x;) € U
then by hypothesis we get (r,){x; ) € U, hence r,x, < U. That is mean U is an F-Soc-
semi-prime sub-module of X.

Corollary 2.12

Let U be an F-sub-module of an F-module X of an R-module M, Then U is an F-Soc-semi-
prime sub-module of X if and only if v F-sub-module S of X and every F-singleton r;, of
R with (r,)" S cU impliesthat,S < U + F — Soc(X) .

Proof:

It is clear from (proposition 2.11).

Corollary 2.13

Let L be an F- ideal of R, Then L is an F-Soc-semi-prime ideal of R if and only if v F-sub-
ideal J of R and every F-singleton r;, of R with (1,)" JCL impliesthatr,J S L+ F —

Soc(R) .
Proof :

Clearly from (proposition 2.11).
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Proposition 2.14 :

If n,™ U F-Soc-semi-prime sub-module of cancellative F-module X. Where U is an F-sub-
modules of X and r;, is an idempotent F-singleton of R. Then U € r," 1 U + F — Soc(X)

Proof :

Let a, € U thisimplies r,"a; S n,"U, for r, is an F-singleton of R. But, ,"U is an F-
Soc-semi-prime sub-module of X with a; & X,where t,b € [0,1]. Therefore n,a; S
1,"U + F — Soc(X), thatis 7,2 a, € r,"" 1 U + 1, F — Soc(X), thus r,%a, € ,%n,""1U +
1, F —Soc(X) ) , but r, is an idempotent F-singleton of R. So we get r,a; € r,"U +

1, F — Soc(X). But, X is a cancellative F-module, we have a, S 1, 1 U + F — Soc(X)
thatismean U € r," 1 U + F — Soc(X).

Remark 2.15

Every F-semi-prime sub-module is an F-Soc-semi-prime sub-module.
Proof:

It is Clear by definition of F-semi-prime sub-module.

Remark 2.16

If U is an F-Soc-semi-prime sub-module of F-module X, with F — Soc(X) € U. Then U is
an F-semi-prime sub-module.

Proof:

Assume that U is an F-Soc-semi-prime sub-module of an F-module X of an R-module M.
Let (r™),m; = (r,)"my € U, for r, € R, my € X,where t,b € [0,1]. Since U is an F-
Soc-semi-prime sub-module, then ,m; € U + F — Soc(X) € U but F — Soc(X) < U.
Hence U is an F-semi-prime sub-module.

Corollary 2.17

If U is an F-Soc-semi-prime sub-module of F-module X, with U be an F-essential sub-
module of X. Then U is an F-semi-prime sub-module.

Proof;

Since U be an F-essential sub-module of X, then by definition of F-socle we have F —
Soc(X) < U and by (Remark 2.16) that is complete the proof.

Corollary 2.18

If U is an F-sub-module of F-module X, with F — Soc(X) € U. Then U is an F-semi-
prime sub-module of X if and only if U is an F-Soc-prime sub-module of X.

Proof:

Consequently from (Remark 2.7) and (Remark 2.16).
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Remark 2.19

Let U and V are F-sub-modules of F-module X. If U+V is an F-semi-prime sub-module of
Xwith VS F — Soc(X), then U is an F-Soc-semi-prime sub-module of X.

Proof:

Let (r™)pxi = (rp)"x, S U, for r, € R, x; € X,where k, b € [0,1]. this implies

(r")pxr € U + V. But U+V is an F-semi-prime sub-module of X, hence r,x, S U +V <
U+ F — Soc(X) sinceVE F —Soc(X). Thatis U isan F-Soc-semi-prime sub-module of
X.

Theorem 2.20
Any F-sub-module of semi-simple F-module X is an F-Soc-semi-prime sub-module of X.
Proof:

If U is an F-sub-module of an F-module X of an R-module M. Let (r™)px; = (1) "x) S
U, for rn, € R, x;, € X,where k, b € [0,1]. But, X is a semi-simple F-module, thus X = F —
Soc(X).We have x, € X =F — Soc(X) € U+ F — Soc(X), thisimplies r,x, € n,X =
1, F —Soc(X) € 1,(U+F —Soc(X)) €U +F — Soc(X) that is mean U is an F-Soc-
semi-prime sub-module of X.

Proposition 2.21 :

If U is a weakly pure F-sub-module of F-module X with (r™),U is an F-Soc-semi-prime
sub-module of X for every non-empty F-singleton r;, of R, then U is an F-Soc-semi-prime
sub-module of X.

Proof:

Suppose that (r™),x; S U,with r, is an F-singleton of R and x; © X,where t,b €
[0,1].Also (r™), x; S (r™),X thisimplies (r™)yx, € UN (r™),X = (r™)pU since U
is a weakly pure F-sub-module of X, but (r™),U is an F-Soc-semi-prime sub-module of X,
hence rx; € (r™)U + F — Soc(X) € U+ F — Soc(X). Thus U isan F-Soc-semi-prime
sub-module of X.

Lemma 2.22 :

for every fuzzy sub-(A®B) + F — Soc(X®Y) = (A + F — Soc(X))®(B + F — Soc(Y))
modules A and B of fuzzy modules X and Y respectively.

Proof:
From (Lemma 2.2) we get (F — Soc(X®Y)); = Soc((XDY),)

For each t e (0,1]. But, Soc((X®Y);) = Soc(X:®Y;) and we have Soc(X,®Y;) =
Soc(X)®Soc(Y;)

Thatis (F — Soc(X®Y)); = Soc(X;)®Soc(Y;) = (F —Soc(X)):®(F — Soc(Y));
Thus (F — Soc(X®Y)); = [(F — Soc(X)) &(F — Soc(Y)];
Hence from (Remark 1.5) then F — Soc(X@®Y) = F — Soc(X) ® F — Soc(Y)
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Proposition 2.23 :
IfUand V are F-sub-modules of F-modules X and Y respectively, then

1) If UBY isan F-Soc-semi-prime sub-module of X@Y thus U is an F-Soc-semi-prime
sub-module of X.

2) if X@®V is an F-Soc-semi-prime sub-module of X@Y thus V is an F-Soc-semi-prime
sub-module of X.

Proof :

1) Suppose that UBY is an F-Soc-semi-prime sub-module of X@Y and r;, is an F-singleton
of Rand x, € X such that (r"™),x; € U. Then (r™),(x¢, ¥p) = (™)pxe, T™)pyp) € UDY,
for any F-singleton y, €Y, but UBY is an F-Soc-semi-prime sub-module of X@®Y. Thus
(mpXe, Ty Yp) € (UBY) + F — Soc(X®Y), by (Lemma 2.22) we get (1,x,, 1Y) S

(U+F —Soc(X))®(Y + F — Soc(Y)). Thatis r,x, € U + F — Soc(X) , therefore U is an
F-Soc-semi-prime sub-module of X.

2) Similarly as the idea in (1).

Lemma 2.24 :

If X is an F-module of an R-module M, and M be a faithful multiplication R-module, then:
F —Soc(X) =XF — Soc(R)

Proposition 2.25 :

Let X be a finitely generated multiplication and faithful F-module of an R-module M, if J is
an F-Soc-semi-prime ideal of R then JX is an F-Soc-semi-prime sub-module of X.

Proof :

Assume that 7y, is an F-singleton of R and x; € X such that (r™),x; = (1,)"x S
JX,where k, b € [0,1].that is (r™),(x;) S JX. But X is a multiplication F-module, thus there
exists an F-ideal L of R with (x;) = LX. Thenwe get (r™),LX € JX,s0 *™),L S ]+ F —
ann(X) = J since X is a faithful - module. But | is an F-Soc-semi-prime ideal of R, then by
( Corollary 2.13) implies that r,L < J + F — Soc(R).Now, by multiplying both sides with
X and using (Lemma 2.24) we have 1,LX € JX + F — Soc(R)X = JX + F — Soc(X).
Therefore, JX is an F-Soc-semi-prime sub-module of X.

Proposition 2.26

Suppose that U is an F-Soc-semi-prime sub-module of an F-module X and V is an F-semi-
prime sub-module of X with F — Soc(X) < V. Then the intersection of U and V is an F-
Soc-semi-prime of X.

Proof :

If 1, is an F-singleton of R and x; € X where b, t € [0,1], such that (r™),x;, = (1,)"x, S
U NnV.Thisimplies (r™),x; € U and (r"),x; € V, but U is an F-Soc-semi-prime sub-

module of X. So, we have r,x;, € U + F — Soc(X).Now, since V is an F-semi-prime sub-
module of X then 1,x, € V.We get r,x; € [U+ F —Soc(X)]NV,but F—Soc(X) SV
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then by using (Lemma 1.29) we have r,x, € (UNV) +F — Soc(X). Thatismean UNV
Is an F-Soc-semi-prime of X.

Proposition 2.27

Let X be a faithful multiplication F-module of an R-module M, then a proper F-sub-module
U is an F-Soc-semi-prime sub-module of if and only if [U:g X] is an F-Soc-semi-prime
ideal of R.

Proof:

Let (r™)p,m; = (r,)"m; S [U:x X] with m, and r;, are F-singletons of R where b,t €
[0,1]implies that (r™), (m.X) < U. But, U is an F-Soc-semi-prime sub-module, so by
(Corollary 2.13) then r,(m:X) € U + F — Soc(X) . Since X is a multiplication F-module,
then by (Preposition 1.32) U = [U:g X]X , and since X is a faithful multiplication, so by
(Lemma 2.24) F —Soc(X) = F — Soc(R)X. Therefore nn,m:X € [U:x X]X + F —
Soc(R)X, this implies r,m; € [U:g X] + F — Soc(R). Thus [U:f X] is an F-Soc-semi-
prime ideal of R .

Conversely

Let ™)pD = (1,)"D < U with 1, be an F-singleton of R and D is an F-sub-module of X.
Since X is a multiplication F-module, then D = JX for some an F-ideal of R, we get
(r™MpJX < U thatis mean (r™),] € [U:g X],but [U: X] is an F-Soc-semi-prime ideal of R,
so by (Corollary 2.12) we have 1,] € [U:g X] + F — Soc(R) , this implies 1,/X <

[U:ig X]X + F — Soc(R)X , then by (Lemma 2.25) we get 1,/JX € U + F — Soc(X).

Lemma 2.28

Let f:M — M be isomorphism mapping from an R-module M into an R-module M .If X
and X are F-modules of an R-modules M and M respectively. Then f(F — Soc(X)) € F —
Soc(X).

Proposition 2.29

Let f: X — X be an F-isomorphism from F-module X into F-module X, with U is an F-Soc-
semi-prime sub-module of X, such that ker(f) < U. Then f(U) is an F-Soc-semi-prime
sub-module of X.

Proof :

is a proper F-sub-module of X. If not, then f(U) = X. Letx, € X,s0 f(x,) € X =f(U)
f(U), that is there exists y; < U where s, t € [0,1] such that f(x;) = f(y,)implies that
f(xt) — f(ys) = 04 then f(x; — ys) = 04, thus x; — ys € ker(f) € U, it follows that x;
U.Thus U = X that is a contradiction. Now, Let  (r,)"z, < f(U) withr, € R and z,
X with b, ¢ € [0,1],but f is onto f(x,) = z. for some x, € X, therefore (r™),z, =
(rM)pf(x) = fF((r™)px:) € f(U), this implies that there exists k;, < U with h €

[0,1] such that f(ky) = f((r™)px.), thatis f(ky, — (r™)px:) = 04,50 kp, — (r™)px; S
ker(f) € U. It follows that  (1,)"x; € U. But, U is an F-Soc-semi-prime sub-module of
X, thus r,x; € U+ F — Soc(X). Then by (Lemma 2.28) we have r,z, = 1, f(x;) S

fU) + f(F —Soc(X)) € f(U)+F — Soc(X) . Hence f(U) is an F-Soc-semi-prime sub-
module of X.
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2.Conclusion

Through this research, we were able to know some of the fuzzy algebraic properties of
fuzzy socle semi-prime sub-modules and the relationship with other concepts .
The idea of fuzzy socle semi-prime sub-modules is dualized in this study by introducing
several characteristics and properties of semi-prime fuzzy sub-modules. This approach has
opened up new possibilities for studying the fuzzy dimension. Thus, socle semi-prime
module and completely socle semi-prime sub-modules can be defined utilizing the concept
of fuzzy socle semi-prime sub-modules.
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