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Abstract

This work is concerned with studying the optimal classical continuous control quaternary
vector problem. It is consisted of; the quaternary nonlinear hyperbolic boundary value problem
and the cost functional. At first, the weak form of the quaternary nonlinear hyperbolic
boundary value problem is obtained. Then under suitable hypotheses, the existence theorem of
a unique state quaternary vector solution for the weak form where the classical continuous
control quaternary vector is considered known is stated and demonstrated by employing the
method of Galerkin and the compactness theorem. In addition, the continuity operator between
the state quaternary vector solution of the weak form and the corresponding classical
continuous control quaternary vector is demonstrated in three different infinite dimensional
spaces (Hilbert spaces). Furthermore, with suitable hypotheses, the existence theorem of an
optimal classical continuous control quaternary vector dominated by the weak form of the
quaternary nonlinear hyperbolic boundary value problem is stated and demonstrated.

Keywords: Optimal Classical Continuous Control Quaternary Vector, Quaternary Nonlinear
Hyperbolic Boundary Value Problem, Weak form.

1. Introduction

Different applications in real-life are classified as optimal control problems (OCPs). For
example, in medicine [1], economics [2], robotics [3], Aircraft [4], and many other fields. Usually, this
importance encouraged many researchers to be interested in studying OCPs in general and optimal
classical continuous control problems (OCCCP) in particular. During the last decade, great attention
has been made to studying the subject of OCCCP for a system dominated by nonlinear PDES (NLPDES)
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of the three types elliptic [5], hyperbolic [6], and parabolic [7]. Latter, the study of this subject
expanded to include OCCCP for systems dominated by a couple of NLPDEs of their three
types [8-10]; through recent years, these studies for these three types expanded to deal with
OCCCP for systems dominated by triple NLPDEs [11-13]. All these studies encouraged us to
investigate the OCCCP dominated by QNLHBVP.

This article first concerns the mathematical formulation for the optimal classical
continuous control quaternary vector problem. Then the existence theorem (ETH) of a unique
state quaternary vector solution (SQVS) for the weak form (WF) “of the quaternary nonlinear
hyperbolic boundary value problem (QNLHBVP)” is stated and demonstrated using the
method of Galerkin (MGA) and the Aubin compactness theorem (ACTH) when the classical
continuous control quaternary vector (CCCQV) is fixed under suitable hypotheses.
Furthermore, the continuity operator between the SQVS of the WF for the QNLHBVP and the
corresponding CCCQV is demonstrated. Lastly, the ETH of an optimal classical continuous
control quaternary vector (OCCCQV) is stated and demonstrated with suitable hypotheses.

2. Problem Description

Let I =[0,T], T < o0, c R?, be an open bounded region with boundary ' = 00 ,Q = Q x
I , 2=TxI. The OCCCQV includes the quaternary state equations (QSEs) which are
considered by the following QNLHBVP:

Yiee —Ay1+y1 — Y2+ ys+ya = i, t,y1,u),InQ 1)
Yare —DY2 + Y1+ Y2 — Y3 — Y = fo(%, 6,52, u2), INQ (2)
Ve —Ay3 — Y1+ Y2 +¥3 +ya = f3(x,t,y3,u3), InQ 3)
Yatt —AVa — V1 + Y2 — Y3+ Ya = fa(x, t,ya,us), IN Q 4)
With the following boundary conditions (BCs) and the initial conditions (I1Cs)

y;(x,t) =0,0n %, fori =1,2,3,4 (5)
y1(x,0) = y2(x),and y;.(x,0) = y}(x), inQ fori = 1,2,3,4 (6)

Where j = (y1, Y2, V3, ¥a) belongs to the Hilbert space (H?())* is the SQVS, corresponding
to the CCCQV 4 = (uy, Uy, U3, Uy) € (L2(Q)* and (f1, f, f5, f2) € (L2(Q))* is a vector of a
given function on (Q X RX U;) X (Q X RX Uy) X (@ X Rx U3) X (Q xR x U,), with
U, cR Vi=1234.

The quaternary controls constraints (QCCs) are

W,= {we Wc (L2(Q)*|w € UcR*a.e.in Q},with U c R*is a convex.

The cost function will is considered as

4
GO(ﬁ) = igl‘g Yoi (X, ¢, yi'ui)dth (7)

The OCCCP isto find i € W), s.t. Go(i) = min G, (W)
weW

A

LetV = V)%V =HiQ), and V = {#: % € (H Q)4 v, =v, =v; =v, =00n 0Q}. T =
(v, V5, V3, 14), We denote by (v, v) and || v |l the inner product (IP) and the norm in (L2(Q))*,

4 — — o
by (v,7), = '21 Il v, II? the IP and the norm in V, and V* is the dual of V.

1=
The WF of ((1)-(6)) wheny € (H}(Q))* is given a.e. on | and Vv; € V; (Vi = 1,2,3,4) by :
D1eerv1) + (Vy, Vo) + (01, v1) — V2, v1) + (3, v1) + (s, v1) = (f1, 1) (8)
(y1,v1) = (1(0),v1), and (yiy, v1) = (¥1(0), v4) )
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V2ee: V2) + (By2, Vv3) + (Y1, v2) + V2, v2) — (¥3,V2) — (W, v2) = (f2,v2) (10)
(3, v2) = (¥2(0), 1), and (3, ) = (¥2:(0),v,) (11)
V3t v3) + (Vys3, Vv3) — (71, v3) + (¥2,v3) + (¥3,v3) + (Var v3) = (f3,V3) (12)
(v3,v3) = (¥3(0),v3), and (y3,, v3) = (¥3:(0),v3) (13)
Vaeer Va) + (VYa, Vvi) — (1, v4) + (V2,Va) — (U3, Va) + (Vo v4) = (fa, Va) (14)
V2, v2) = (¥2(0),v4), and (Var, v4) = (¥ar(0), v4) (15)

2.1. Assumptions (A): Suppose that f; is of the Carathéodory type on Q x (R x U;) and
satisfies (fori = 1,2,3,4):
Ifi Gty u)l < Fi(x, £) + v L ug + Bilyil, where y;, u; € R, B;,y; 1> 0 and F; € L?(Q).
(i) f; is satisfied Lipschitz condition (LIPC) w.r.t. y;, i.e.

|fl(x' tinJui) _fi(x' t;)_/i;ui)l < Lilyi - )_}ll ’yii}_]i'ui € Rv Li > 01 for (X, t) € Q
2.2 Lemmal: (Gronwall inequality): Let K be a nonnegative constant and let f and g be
continuous nonnegative functions on [a, 8], satisfies: f(t) < K + f(ff(s)g(s)ds. Then,

t
F(t) < Kela9)9 for a<t<p.

3. The Solution for the QSEs:
3.1 Proposition [14]: Let D is a measurable subset of R? (d = 2,3), f: D x R® — R™ is of
Carathéodory type satisfies ||[f(v,x)|| < {(v) + n(v)||x||*,V(v,x) € D X R", where x €

D
LP(D xR™),{ € LY(D xR),n € Lr-«(D X R), a € [0, p], if p # o0. Then, the functional
F(x) = [, f(v,x(v))dv is continuous.

3.2 Theorem (ETH of a Unique SQVS): with Assumptions (A), for each given % € L2(Q),
the WF ((8)-(15)) has a unique solution ¥ = (y1,V2, V3, V4) € (L2(IX V))* and 3, =
V16 Y26 Y3t Yar) € (LP(Q)?, Yee = Wiees Yot Vaees Yaee) € (LA X V)L,

Proof: Let V, = (V,)* c V (for each n) be the set of piecewise affine functions in Q, let
{vn}n=1 be a sequence of subspaces of V,st. V3= (v,v, V3, V) € V, there is a sequence
{v,} With B, = (W1, Van, Van Van) € V,, V1 and , — ¥ strongly (ST) in V then 3, - & ST
in (L2(Q)*. Let {7 = (v1}, V1), V3j,v4j):J = 1,2, ..., M(n)} be a finite basis of ¥, (where 7
is a piecewise affine function in Q, with ¥/(x) =0 on the boundary T') and let y, =
Vin» Y2n Yan, Yan) b€ the Galerkin approximate solution (GAS) to the exact solution y =

()’1;)’2; Y3, }/4) s.t.
n
Yin = jglcij(t)vij(x) (16)

Zin = 2 dy (9 (0) a7)
Where c;;(t), d;;(t) are unknown functions, Vi = 1,2,3,4,j = 1,2, ...,n.

The MGA is utilized to approximate the WF ((8), (10), (12), (14)) w.r.t. x, they become after
substituting yin: = zin (Yv; € V,, Vi = 1,2,3,4):

(Z1ne> V1) + (VY10 V01) + V10 V1) — V2ne V1) + Vano 1) + Gan, V1) = (f1, 1) (18)

i v1) = (1, v1), and (21, v1) = (¥1,v41) (19)
(Zane: V2) + (Vyon, Vv2) + V1 V2) + 2n V2) — Vano V2) — Oans v2) = (f2,v2)  (20)
Vo v2) = V2, v2), and (23, v2) = (¥2,V2) (21)

(Zsnes v3) + (Vy3n, V3) — Vins v3) + V2ns V3) + (V3ns V3) + (Vans v3) = (f3,v3) (22)
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(Van v3) = (¥3,v3), and (23, v3) = ((¥3, v3) (23)
Zant» Va) + (VYan, VVs) — V1n Va) + Vons Va) — Van Va) + Vans Va) = (fa, Va) (24)
(Van v2) = (72, v4), and (24, va) = ((V4, Va) (25)

Where v, = yi,(x) = ¥, (x, 0) € V;, (respectively z9, = yi, = ¥4, (%) = yie (%, 0) € L2 (Q)
be the projection of y? onto V (be the projection of y} = y,, onto L2(Q), Vi = 1,2,3,4), i.e.

yo = y2 STinV, with | 0 [I,< by and Il y2 o< by (26)
yi =y STin L2(Q), with | 1 I< by (27)

Substituting (16) & (17) with i = 1,2,3,4 in ((18)-(25)) and setting v; = v; VI = 1,2, ...,n,
then the obtained equations are equivalent to the following system of nonlinear ODEs of 1%
order with ICs (which has a unique solution), i.e.

A;D;(t) + B1C1(t) — ECy(8) + FC3(t) + KCo(t) = by (V] () C1(D))

A;€;1(0) = b? and A; D (0) = by

AzDy(8) + BoCo () + HC, () — GC3(t) + DC,(t) = by (VS (x)C1(1))

A;C,(0) = b3 and A,D,(0) = b;

A3D3(t) + B3C3(t) — RCy(t) + WC,(t) + ZCy(t) = b3 (V5 (x)C1(1))

A3C3(0) = b3 and A3D5(0) = b3

AyDy(t) + BoCy(t) — TC1(t) + MCy(t) — NC3(t) = by (V) (x)C1 (1))

A4C,(0) = b3 and 4,D,(0) = b

where 4; = (@u)nxn, @itj = Wi Vi), Bi = (bij)nxns buy = (Vvij, Voy) + (vij,vi), E =
(@) nxnej = (V2j,v1) F = (Finsns fij = (03, v11),G = (G1j)nsens 91j = (v3j,v21), H =
(Rip)axns hij = (V1j,v20) R = (M) 1) = (V1 v31), W = Wi nsens

wij = (v2,v31), K= (kijdnsn kij = (0aj,v11), D = (di)nxns dij = (Vajov21),  Z =
@) nxns 2 = (4, v31), T = @)nsens b5 = (V1j,Va1), M = (M) nsens My = (va,va1),
N = () nxns ij = (V3), var)by = () = (bii)nsa, b = (VT ()G (6),up),vy),  bff =
(bzkj): bloj = (¥, v15), Ci(@®) = (C;;(®))nx1,  Di(0) = (di;(0) 1, Ci(0) = (Cij(0))nxa,
D;(t) = (dij(t))nx1-

Then corresponding to the sequence {#, }, the following approximation problems are held, i.e.
for each B, = (Vyin, Vany Van » Van) € V, ,and n = 1,2, ...

D1ntes V1n) + (VY1 V010) + Vin Vin) — V2n Vin) + U300 V1) + Van, V1n)

= (fi(y1n 1), Vin) (28)
(y{)n» Uln) = (}/{), Uln)l and (ylln' vln) = (yll' vln) (29)
(yZntt' vZn) + (VyZn' VvZn) + (ylnf vZn) + (yan Vz) - (anr vZn) - (y4n' vZn) =

(f2(Vzn Uz), V2n) (30)
(ygnl vZn) = (}/i), vZn)’ and (yzln' vZn) = (yllf vZn) (31)
F3neer Van) + (V¥ Vo3n) — (V1n V3n) + Van Van) + 3n Van) + Vans Van) =

(f3(Y3n Uz), V3n) (32)
(3, V3n) = (3, V3n), and (V3n, v3) = (V3, V3n)

(33)

Vantt» Van) + (VYan, V0an) — Vi Van) + Vzno Van) — Vano Van) + YVan Van) =

(faWan, Us), Van) (34)
(y4(»)nr Vsn) = (yf, V4n), and (yinf Vyn) = (yi' Vsan) (35)
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Which have a sequence of unique solutions {y,,}. Substituting v;,, = y;n: , fori = 1,2,3,4 in
(28), (30), (32) and (34) resp. , using Lemma 1.2 in [15] for the 1%terms of the LHS of each
equality, then adding the resulting equation, to get

da N d >
PTS [II Yne "(2)"' I Il Y ”ﬂ = 2[(V2n Y1nt) — O3 Yine) — Gano YVine) — Gin Yone) +

V3 Vont) + Oans Yane) + 1 Yane) — Oz Vane) — Gans Yane) + GVin Yane) —
Van Yane) + Gan Yane) ¥ (i V1 1), Yine) + (oY U2), YVone) + (s (Vans Uz), Yane) +

(fa(Van, Ua), Yane)] (36)
Taking the absolute value for both sides, we get:

da - -
E[" Ve 1§+ 0 121 < 2[1 W2n Yane) |+ Ozn Yane) |+ Gan Yine) | H1Gin Yane)|

H V30 Vo) 1H Vans Yo ) 1H Y 1n Yane ) IH 2 Vane) 14 Gans Yane) |+ 1 Vane) |
+ Van Yane) | H Vzn Yane) | 1 (LG us), Yine) |+ (22 U2), Yone) | +
| (fz3(V3nU3), Y3ne) | 1 (fa(Van, Ua), Yane) 1] (37)

Using Assumptions (A) for the R.H.L. of (37), integrating both sides (IBS) on [0, t], using
Il Yin No<Il ¥ N1, N Yine No=<N Yine 1, 1| Yne No<I Ye 1, to get

t
Il Fe N3+ 3, 12< 3f0 [ Fe 13+1 3 121 + (Il Fy 13+ Fy 15+ F5 1341 F, 13) +
t t
Bs | Ny 12dt+ QA +Bs+ys)[ I Vne N5dt+ (ys+cs) U II5+ by + by
0 0

t t t
<dg+3[ [P0 15+ yne 1G1dt +Bs [ Wy I dt + B [ I yne 1§ dt
0 0 0
t

<ds+B7 [ [ In I+ yne IG]dE (38)
0

WhereBs = max(By, B2, B3, B4), vs = max(¥y, V2, Vs, Va)ll u; 15< ci(Vi = 1,2,3,4),
4

| F; 15< d;, ds = Zldi’ cs = max(cy, €y, C3,C4), dg =Ys+Cs+ds+by+ by, =1+
i=

Bs +vs By = max(3, Be).
Using Lemma 2.2, Vt € [0, t] to get
T

- - 7 ) dt - -
| Ve () 1341 3, () 12< d(,eﬁ hat _ b2(c) = Il Y (t) 13< b%(c) and |l y,(t) 12< b2 ().

Easily once can obtain that Il ¥, (t) llo< b 1(c) and Il ¥, () Il 2(; 1)< b (c).

Then, by applying the Alaoglu’s theorem (ALTh), there is a subsequence of {¥,}nen, fOr
simplicity say {¥,,} s.t. ¥, = ¥ weakly (WK) in (L2(Q))* and y,, » y WK in (L*(I,V))*.
but

(PR, V)* e (PR, 2))* = (L*(R,O)D* = (LP(R,V)* (39)
Then the (ACTH)[15] can be employed here to get thaty, —» ¥ ST in (L2(Q))* . Now
multiplying both sides (MBS) of ((28), (30),(32)&(34)) by ¢,(T) € C?[0,T] s.t. ¢;(T) =
¢;(T) =0, ¢;(0) =0, ¢;(0) # 0, Vi =1,2,3,4, IBS on [0, T], finally integrating by parts
twice (IBPs2) the 1 term in each equation yield to

T T
d '
—f x D1 V1) @1dt + [ [(VY1n, V1) + O1n V1) — Wz2n Vin) + an, V1) +
0 0

Vans V1) 191 (D) dt :fo (f1V1n U1), V1) 1 () dE + (V15 V10) $1(0) (40)
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T T
fo Y1in V1n) @1 dt + fo [(VY10, VU12) + V1 V1n) — V2 Vin) + Van, Vin) +

Vans V1n)]¢1(t)dt:f0 (fiY1n u1), 1) 91 (O)dE + (Y15, V1) P1(0) —
(y{)n ) U1n)¢1(0) (41)

T T
_j;) %(yZn: v2n)¢édt + J;) [(VYZn» vUZn) + (yln» UZn) + (yZn' v2n) - (y3n' v2n) -
T
(Van, V2n) ]2 (8)dt :fo (2 Van U2), V2r) 2 (D) At + (V30 , V2n) 1(0) (42)

T T
j;) (yZnJ v2n)¢é’(t)dt + j(; [(VYZn» vUZn) + (yln» UZn) + (yZn' v2n) - (y3n' v2n) -
(y4nr UZn)]¢2(t)dt
T
= fo (faV2n U2), V2n) D2 () At + (Vo , V2n) 92(0) = (V3 , V2n) 2(0) (43)

T T
_J;) % (y3n: v3n)¢é (t)dt + J;) [(Vy3n' V77371) - (yln’ 773n) + (yZn' v3n) + (y3n' v3n) +
T
Van» V3n) 3 (8)dt :fo (f3(V3n U3), V30) P3(0)dt + (Y35, V3n) P3(0) (44)

T T
J;) (y3n: U3n)¢gdt + J;) [(Vy3n'vv3n) - (yln’v3n) + (yZn'v3n) + (y3n'v3n) +
(y4n» U3n)]¢3(t)dt
T
:fo (Fs(V3n, Uu3), V3n) Pz (D) dt + (Y35, V3) P3(0) — (V3 , V3,) P3(0) (45)

T T
_fo % (Vans Van) Pa(t)dt + fo [(VYan, VVar) — V1 Van) + Vans Van) — V3, Van) +
T
(Vans Van) 1 Pa(t)dt :J;) (fa Vans Ua), Van) P2 (D) dt + (Van » Van) $4(0) (46)
T T
fo (Van, Van) P4 dt + fo [(VYan, VVar) — V1 Van) + Van, Van) — V3, Van) +

T
Yan, U4n)]¢4(t)dt:f0 (fa Vans Ua), Van) D4 (0)dt + (Van , Van) P4 (0) —
(Vin » Van) $4(0) (47)
First, since v, —» v; ST in L2(Q) = {zzzzzgg : Zizzgg STin L?(I, V),
Vin®;(0) = v;¢;(0) ST in L?(Q) and v, ¢; (0) = v;¢;(0) ST in L2(Q) for i = 1,2,3,4
Vin®i () = vidi(t)
vin®; (t) = vid; (£)
Second, we have v, = y; WK in L2(Q) and y;,; = vi: WK in L2(1, V) and ST in L2(Q).
Third and on the other hand, let wy, = v;,, ¢; and w; = v; ¢; then w;,, > w; ST in L2(Q) and
then w;,, is measurable w.r.t. (x,t), so using Assm (A-(i)), employing Proposition 1.3, the
(fi (x, t, Vin, u;), wip)dxdt is cont. w.r.t. (v, Ui, Wi ), then

T T

f (fi(yim ui)’ Uin)¢i(t)dt - f (fl (yi' ui)' vl’)(pi(t)dt' Vi = 1;2;3;4'

0 0

From these convergences, (26), and (27) we can passage the limits in ((40)-(47)), to get

Also since v;,, » v; STinV = { ST in L2(Q).
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—fz V16 v @1 (D) dt + fz [(Vys, Vi) + (71, v1) = V2, v1) + (03, 1) + (Va, v1) 14 (D) dt
=fz (i (y1, u1), v) P, (Odt + (v1, v1) $1(0) (48)
fz (1, v1)¢7dt + fz [(Vye, Vo1) + (1, v1) — 2, 1) + (¥3,v1) + (v, v1) @1 (D) dt

=fz (i1, w1), v P, (O)dt + (¥1,v1)91(0) — (7, v1)$1(0) (49)
—fz (Vae, v2)adt + fz [(Vy2, Vo) + (Y1, v2) + V2, v2) — (73, 12) — (Va, v2) @2 (8)dt
[ (0212920 + 04,2 6,(0) (50)
fz (V2 v2) 7 (D)dt + fz [(Vy2, V02) + (71, v2) + (V2,v2) — (¥3,v2) — (Va, v2) 1, (0)dt
=f: (fa(2,U2), v2) P, (D)t + (v2,v2)92(0) — (¥2, v2)$2(0) (51)
—fz V3, v3)p3(t)dt + fz [(Vys,Vv3) — (71, v3) + V2, v3) + (¥3,V3) + (4, va) |5 (6)dt
=f: (f3(¥3,u3), v3)P3(D)dt + (v3, v3) $3(0) (52)
fz (ys,v3)¢é’dt+fz [(Vys, Vv3) = (y1,v3) + (2, v3) + (¥3,v3) + (Vs v3)1p3(t)dt

=f: (fs(3,us), v3)p3()dt + (v3,v3)3(0) — (¥3, v3)$3(0) (53)
—fz (Vae, va) pa(D)dt + fz [(Vya, V03) = (71, v4) + (2, va) — (3, V4) + (Va, va) 1 () dit
=f: (fa(Var Ua), ) D4 (O)dt + (Vi , V4) P4 (0) (54)
fz (Va, va)pg dt + fz [(Vya, Vi) — 1, va) + (Y2, Va) — (73, 00) + (Va, va)1Pa (D) dt

T
= fo (fa(Var Ua), 4) Pa () dt + (V1 , v4) P4 (0) — (¥4 , V) $4(0) (55)

Casel: Choose ¢; € C%[0,T] st ¢;(0) = ¢i(0) = ¢;(T) = ¢;(T) =0, Vi=1,234
substituting in (49), (51), (53), (55) IBPs2 the 1%terms in the LHS, i.e.

fz V1ee v1)Padt + fz [(Vy1, Vv1) + (1, v1) = 2, v1) + (¥3,v1) + (v, v1) @1 (D) dt

=f: (fi(y1,u1), v1)d1 (D)dt (56)
fz (Vate, V2) (D) dt + fz [(Vy2, Vv2) + (y1,v2) + (2, v2) — (73, 12) — (Va, v2) 1@ (1) dt
=f: (fa(y2, u2), v2) P, (D) dt) (57)

fo (Y3t v3) Padt + fo [(Vy3,Vv3) — (71, v3) + V2, v3) + (3, v3) + (Va, v3) 13 (t)dL
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T
:fo (fs(y3,u3), v3) 3 (t)dt (58)
fo (Vate, Va) Padt + fo [(Vy4, VVs) — (1, Va) + (Y2, va) — (V3,V4) + (Va, va) 14 (D)t

T
= fo (fa(Va ua), v4) P4 (D)dt (59)
Hence ¥ is a solution of (16),(18), (20) &(22) a.e. on |
Case2: Choose ¢; € C?[0,T] s.t. ¢;(T) = 0,&¢;(0) = 0,Vi = 1,2,3,4. MBS of (8), (10),
(12) and (14) by ¢, (t), ¢, (1), p3(t), and ¢, (t)resp., IBS on [0,T], then IBPs the 1% term in
the LHS of each equation, then subtracting each one of these obtained equations from those
corresponding in (48),(50),(52) &(54) resp. to get
(it (0), v)$;(0) = (¥{(0),v;)¢;(0),Vi = 1,2,3,4.
Case 3: Choose ¢; € C?[0,T] s.t. ¢;(0) = ¢;(T) = ¢;(T) =0, $;(0) # 0, Vi = 1,2,3,4.
MBS of (8), (10), (12) and (14) by ¢, (t), P, (t), ¢p5(t), and ¢,(t)resp., IBS on [0, T] then
IBPs2 the 1% term in the LHS of each equation, then subtracting each one of these obtained
equations from those corresponding in (49),(51),(53), and (55) resp. to get

:(0),v)9;(0) = (v, v)$;(0), Vi = 1,2,3,4
In the last two cases, the ICs (19), (11), (13) and (14) are held.

To prove that y,, —» y ST in L(I, V), we start by IBS (36) on [0, T], to get
T

T T
d . 5 R
fo dt Il ¥ I dt + Zfo Il ¥ I dt = Zfo [(Var Yint) — V3 Yine) — Gans Yint) —
D1 Yane) + an Yone) + Gans Yone) + O Yane) — Oans Yane) — Gans Yane) +

T
1n Yant) — Wans Yant) + V3n, Yane)]dt + 2 fo [(f1(V1, u1), Yine) + (2(V2, Uz), Yone) +

(f3(V3,u3), Yane) + (fa(Var Us), Yane)]dt (60)
The same way applied to acquire (36)&(60), can be utilize here to obtain, i.e.

T T
Il y.(T) ||%_” y:(0) ||(2)+ Zfo Il y(t) ||% dt:zfo (V2 y16) — O3, 916) — OV Y1e) — V1, Yae)
+(3,¥20) + Vs Yar) + V1, Y30) — V2, ¥30) — O Vae) + Vo Yar) — (V2 Vae) +

T
(¥3, Yar)]dt +2fo (i1 ur), Yie) + (2(V2, u2), Yar) + (f3(V3, u3), ¥3e) +

(fa(Var us), yar)ldt (61)
Since

T
I e () = Fe(T) 11 $e0) = Fe(0) U+ 2 11 50(®) = F(0) I de=(@)-0)}(@)  (62)
@)= Il I (T) 1=l Fre(0) W5+ 2 [ 11§, () 115 dt .
0
T
O=(7ne (1, 7e(T) = (e (0),7:()) + 2] (a0, 7)) e

©)=(Ye(T), Yne(T) = ¥:(T)) = (Y¢(0), ¥ (0) — y:(0)) + Zfo (y(t)d_’)n(t) - 7(t))1dt

Since ¥, —» ¥ ST in L?(Q), and y,,, = ¥ WK in L?(Q), then from (60) and the Assm on f;, for
i =1,2,3,4, we get
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T
(a) = 2f0 [(V2n Yine) — O3 Yine) — Oans Yine) — O1n Yone) + Oz Yone) + Gans Yone)
+Vin Yane) — OV2n Vant) — Wans Vane) + O1n Yant) — Yans Yane) + Van, Yane)1dt +
T
2f0 [V, u1), Yine) + (272, u2), Yane) + (3(V3,U3), Vane) + (fa(Var Us), Yane)]dt —

T
Zfo (72, ¥16) = 3, Y16) = QY1) — G Yee) + V3 V2e) + VaY2e) + (1, Y3e) —

T
2, Y36) = YaYar) + V1, Vae) — V2o Var) + (U3, Yar)]dt +2{) [(f1 (V1 ur), Y1) +

(22 u2), ¥2e) + (f5(V3,u3), ¥3e) + (fa(Var Ua), Yar)]dt
By the same way that was employed to acquire (27), it used here to acquire

Ine(T) = ¥(T) ST in L2(Q) (63)
On the other hand, since ¥, — ¥ in L2(1, V), then using (27) & (63), yield to

(b)— RHS of (61)= zfz (V2. y10) = V3, ¥16) = Var Y1e) — (V1. Y2e) + (Y3, Y2e) +
(y;pyza + 1 y30) = 2, ¥30) = Vas Yae) + O Yae) — V2, ¥ae) + (V3 yag)]dt +

zfo [(Fi(u), y1e) + (2 (2, u2), Yar) + (f3(V3,Uz), Y3¢) + (fa(Var Ua), Yar)dt

All the term in (c) approach to zero, so as the 1%ttwo terms in the LHS of (62), hence (62) gives
f: Il ¥,,(t) —y(t) II? dt —» 0 asn — oo, therefore y, » ¥ ST in L2(I,V)

Uniqueness of the Solution:

Let ¥ = (y1, V2, V3, ¥a) and ¥ = (71, 2, ¥, ) be two solutions of the SQVS of the WF ((8),
(10), (12), and (14)), subtracting each equation from the other and replace v; = y; — y; for
eachi = 1,2,3,4, i.e.

(O =)y =YD+ V1 =Y — V) + 01— VoY1 =) — 2 = V201 — Y1) +

3 =¥ = V) + s — Y y1 — Y1) = (1 w) — i, u), y1 — J1) (64)
(V2 =¥t Y2 =¥2) + V(2 = V2, Y2 = V) + 1 = V1Y = V2) + 2 = V2, ¥2 — ¥2) —
V3 =¥3Y2=¥2) = Vs =V Y2 — ¥2) = (202, u2) — f2(V2, U2), 2 — ¥2) (65)
(3 =¥3)e6,¥3 = ¥3) + V(3 = V3, Y3 = V3) =1 =1, Y3 = V3) + (72 = V2, ¥3 — ¥3) +
V3 =¥3,3 = ¥3) + Va — Va3 — ¥3) = (s(¥3,u3) — f3(¥3,u3), y3 — ¥3) (66)
(s = V)it Ya = V) Y VOV =V Ya = Vi) + 1 — V1, Ya — Vo) + V2 — V2,V — Va) —
V3 =V3Ya = Va) + Vs — Vo Ya — Va) = (aYar a) — fa(Var Ua), Y4 — Va) (67)

Collecting the above equalities for i = 1,2,3,4 using Lemma 1.2 in ref. [15] for the 1%in LHS

of above equations, to get

S (5= 5),® 13+ 215 =7 12= (O w) — iGuw),y1 = 7) +

(22 uz) = f2(F2,u2), y2 — ¥2) + (f3(Vs, uz) — f3(F3,uz), y3 — ¥3) +

(faar us) — fa(Far Usa), Yo — Va) (68)

The LHS of (68) is positive, IBS of it w.r.t. t from 0 to ¢, and using Assumptions (A-ii) of the

RHS of it, yields to
t

t
{)%llj}—)—/”g sszLuy—yug dt , where L = max(Lq, Ly, L3, Ls)
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T
Then Iy =y I§<2f LIy—y 5.
0

By using Lemma (1.2), to acquire
T

- 2Ldt
ly—yli< Oefo =0,vtel

Again IBS of (68) w.r.t. t from 0 to T, using the ICs and the above result for the RHS of the

equations, to acquire
T

T T
[SNF=FB+215-F 12 de<Lf 1G-% 13de=[ 1(F-5)@®BE<0 =I
0 0

0

(¥ =) @ llzqyy= 0 = ¥ = ¥ i.e. The solution is unique

3.1 Lemma: In addition to Assumptions (A), if the functions f; (for each i = 1,2,3,4) is
Lipschitz w.r.t. y; & u;, and if CCCQV is bounded, then the operator i — y3; form (L2(Q))*
to (L% (1, L2(©)))* or to (L2(Q))* or to (L2(I,V))* is continuous.

Proof: Let il = (uy, Uy, Us, Uy), U = (Ty, Uy, Uz, Uy) € (L2(Q))*, 61 = U — U, U.=U + €U €
(L>(@)*, for £>0, then by Theorem 3.1, y =yz = (V1,¥2,¥3¥a) and y. =y, =
(P16, Y26 Ve Yae) are their corresponding SQVS which satisfy the WF ((8)-(15)). Setting
55’)2 = (0Y16) 0Y26:0Y36) 0Yae)= 3_}8 - 5’)’ to obtain

(6Y1ett, V1) + (V6Y16, Vv1) + (6Y16, V1) — (626 V1) + (6Y36, V1) + (8Y4e, V1)

= (fi(y1 + 6y1eus + €6uy) — f1(y1,uq), 1) (69)
0y1:(x,0) = 0and 8y, (x,0) =0 (70)
(8Y26tt: V2) + (A8Y26, VU3) + (8V16,V2) + (8Y26,V2) — (Y36, V2) — (0Yae, V2)

= (22 + 626, up + €6Uy) — f(¥2,Uz), V2) (71)
8y.6(x,0) = 0and 6y, (x,0) =0 (72)
(6Y3ett, 3) + (V8Y3., VU3) — (6¥16, V3) + (826, V3) + (636, V3) + (6Y4e, V3)

= (f3(y3 + 8y3e u3 + €0u3) — f3(y3,u3), v3) (73)
6y3:(x,0) = 0and Sy (x,0) =0 (74)
(8Yaster Va) + (V8Yae, Vi) — (816, Va) + (826, Va) — (6Y36,Va) + (8Yae) Va)

= (fa(yy + 6y4e, uy + €0uy) — fo(Va, Us), vs) (75)
6Y4e(x,0) = 0and 6y, (x,0) =0 (76)

Substituting v; = 6y;,; for i = 1,2,3,4 in (69),(71),(73)and (75) resp., collecting the obtained
equations. Using the same way that is used to get (37), a similar equation can be obtained but
with 8y, in position of j,,, then IBS on [0, t], using Lip. on f; w.r.t. (y;, u;) resp. for (i =

1,2,3,4) to get
t
[ 211 85 (t) 13+1 85, 12]dt <

0
t

20 [ 6yae | +1 8¢ | +1 8Yae D | 8y1ee | +Ly | 81 12+ €Ly | Suy 1l 814 11dt +
0
t —
+ 20 [(18y1e | +18Y3e | +1 8Yae 1) | 8Vaer | +Lo | 8Yaer 124 €Ly | Suy 1l Syaee 1]dt
0
t —_—
Zf [(1 6y1e | +18Y2e | +1 8Yae 1) | 6Vaer | +Lz | 6yaer 12+ € Ly | Sug || 8yse 1]dt
0

t —
+2f [(1 8y1e+! 6Y2e | +1 8Y3e 1) 1 8Vaee | +La | 8Vaer 12 + €Ly | Sy 11 84 1]dt
Usmg the definitions of the norms and the relations between them, to get.

| 6Fee N5+ 8F¢ 12< 3f [l 65 15+ 6Ye 13]dt + L3f [l 69 15+1 8F¢: 15]dt

0
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t t
+L, [ NoUNEdt+L, [ 1l 5y 12 dt
0 0
t

<Ly N SU N5+ Ls [ [ 6. I3+ 87 12]de
0

Where Z3 = maX(Zl, Zz, Z3, Z4), Z4 = maX(il, iz, i3, i4), L5 = maX(3 + Zg, 3 + Z4, + Zg)

. _ C Lefa
Applying the BGI, withL? = L,e "o ,to get
I 6Yee 13+1 69 12< L2 1| 6 113, VE € I =1 6. 12< L2 1| §u(t) I3, vt €1
I 8Ye oo 2can< L I 8 llg, Il 8V N2 yy< L Il 64 llg and Il 5, llo< L Il 62 llg .
4. The Existence of an OCCCQV
4.1. Assumptions (B): Consider g;; for (I = 0 &i = 1,2,3,4) is of Carathéodory type on Q x
(R x U), and satisfies the following sub quadratic condition w.r.t. y; € Rand u; € U; ,
|9ty u)| < Gu(x, t) + Ciyy? + Cpuf, where Gy; € L*(Q), for (x,t) € QL =0
4.1 Lemma: With assum. (B), the functional @ — G, (i) is continuous on (L?(Q))*.
Proof: Using Assumptions (B) and proposition 1.3, the integralg Joi (x,t,y;, u;)dxdt is

continuous on L?(Q), Vi = 1,2,3,4, hence G, (i) is continuous on (L2(Q))*.

4.2 Lemma: let g: Q X R — R is of Carathéodory type on Q x (R X R) and satisfies

lg (x,t,y,u)| < G(x,t) + cy? + ¢u?, where G(x,t) € L}(Qu€EeU,c;c=0,UCcCR, is
compact.. Then, gg (x,y,u)dx is continuous on L2(Q) w.r.t. y.

4.1 Theorem: In addition to Assumptions (A&B), if the set U is convex and compact., WA *

¢, the function f;, for (i = 1,2,3,4) have the form

filx, by w) = fu(x, 6,y + fiz (x, ug,where [fiy (x, 6, y)l < ni(x, 0) + ¢ 1y |,

|fiz(x, )| < K;, m; € L2(Q),¢; = 0, for i = 1,2,3,4. Then there exists an OCCQV.

Proof: From the Assumptions on U; c R for i = 1,2,3,4 and the Egorov’s theorem, once get

that W is weakly compact, since WA # ¢, there exists a minimum sequence {i;} =

{(Uy g Usg) Uzger Usie)} € Wy, Yk S.L. lim Go(iy) = _inf Go(i2). Since {#,} € Wy, Vk and W
UREW 4

is weakly compact, there exists a subsequence of {u,} say again {u;} s.t. . U, » 1d WK in

(L2(Q))* and |l llo< d,vk. From Theorem 3.1, for each control {u,} the WF (18), (20),

(22), (24) has a unique SQVS,, {Jx = J, } s.t. the norm Il Fi Il ), | Free Il 2y are bounded,

then by ATH there exists a subsequence of {y,} and {y.}, say again {y,} and {yy.}, s.t. y, —

y WKin (L2(I,V))*, ¥, = ¥ WK in (L?(Q))*. Now for each k. and by applying the ACTH

[15], we get that there exists a subsequence of{y, } say a gain {y,} s.t. ¥, = ¥ ST in (L?(Q))*.

Now since for each k, y, is a SQVS of the WF ((18), (20), (22), (24)) resp. , substituting in

these equations, MBSs of each equation by ¢;(t), Vi = 1,2,3,4 (with ¢; € C?[0,T], s.t.

¢:(T) = ¢;{(T) = 0,¢;(0) # 0, ¢;(0) # 0). Rewriting the 1% term in the LHS of each one

then IBS on [0, T], finally I1BPs for the 1% terms, one has
T

T
d
fo s Y1k V1) P, dt + fo [(VY1k, VY1) + Y1k V1) — Y2k V1) + Y3k V1) + Ya, v1) 11 dt

T T
=f0 (fi1(x, £, y1x), v @1 (D)dE + fo (fi2(x, )ugk, v1) P41 (D)dt (77)
T

T
J % Y2k V2)P2dt + [ [(VYap, V12) + ik 2) + Ui V2) — Ui V2) — Ya v2) 1o dt
0 0
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T T
= fo (f21(x, t, Y21), v2) P (D) dt + fo (f22 (%, D ugk, v2) P, (D)dt (78)
T T
fo % Y3k, V3) P3dt + fo [(VY3k, VV3) — Y1k, V3) + V2ks V3) + (V3K V3) + (Vak, V3) [ P3dt

T T
= fo (f31(x, t, ¥31), v3) 3 (D) dt + fo (f32(x, ) ugg, v3) P (t)dt (79)
T T

fo % (Vakr Va) Padt + fo [(VYai VV4) = V1ko Va) + 2k Va) — V3 V) + YVaks Va) 1 Padt

T T
= [ (far (0,6, Yar), va) da (O dt + [ (faz (X, gy, v4) Pa()dt (80)

0 0
The same steps that are utilized in the proof of Theorem 3.1, can also be used here to passage
the limit in the LHS of ((77)-(80)). We persist in the passage of the limit in RHS of ((77))-

(80)) as follows. Let Vi =1,2,3,4, v; € C[Q], w; = v;¢;(t), then w; € C[Q] € L”(Q) <

L2(Q), set fii(yix) = fia (Vi)w;, then f;1:Q x R - R is of Carathéodory type , utilizing

proposition 3.1, to get the integral [ f;; (vix)w; dxdt, is continuous w.r.t. vy Vi = 1,2,3,4.
Q

but y;, = y; ST in L2(Q) and u;; — u; WK in L?(Q), then

[ fuGu)w; dxdt - [ fiu(y))w; dxdt,¥ w; € C[Q], fori = 1,234 (81)
Q Q

[ fio(x, Ougew; dxdt - [ fio(x, uyw; dxdt,¥ w; € C[Q], fori = 1,2,3,4 (82)
Q Q

Form the density of C(Q) inV, (81) &(82) are satisfies for each v; € V for i = 1,2,3,4, hence
the following WF is obtained

O16v1) + (Vy, Vo) + (1, v1) — 2, v1) + (73, v1) + (Vs v1)

= (fi1(x, 6, y1),v1) + (fi2(x, )ug, v1), Vv, €V ae.onl (83)
V26, v2) + (By2, Vv2) + (Y1, v2) + (72, v2) — (V3,V2) — (Y4, V2)
= (f21(x, £, ¥2),v2) + (fo2(x, Ouy, v2), Vv, €V ae.on | (84)
36, v3) + (Vy3, V) — (¥1,v3) + V2, v3) + (V3,v3) + (Va, V3)
= (f31(x, £, ¥3),v3) + (fa2(x, )us, v3)Vvs €V ae.onl (85)
Vats Va) + (VYa, Vvu) — (Y1, V4) + V2, Va) — (V35 V) + (Var Va)
= (a1 (6, t,y4),V4) + (faz (x, Uy, v,) VU, €V ae.onl (86)

Also, the same steps employed in Theorem 3.1 can be employed here to obtain that the ICs are
held, hence ¥y is the SQVS.

Now since Vi = 1,2,3,4, go;(x, t, y;, u;) is continuous w.r.t. (y;,u;), and U; is compact. With
u;(x,t) € U; a.e. in Q, then using lemma 4.2, to get

| 90ty ug) dxdt = [ go; (x,t, vy, ug )dxdt (87)

Q Q

But goi(x, t, ¥;, u;) is continuous and convex w.r.t. u; then [ go; (x,t, y;, u;)dxdt is weakly
Q

lowe semi cont. (WLSC) w.r.t. u;, Vi = 1,2,3,4, i.e.
J goi (x,t,y,u)dxdt < lim inf [ [goi (6t yium) — goi (%, t, Yir, uge) | dxdt
Q - Q

+,£iminff 9oi (%, t, ik, uyy ) dxdt,

—00 Q

< Igiminff Goi (6, t, Vir, ui)dxd
— 00 Q

4 4
= 'Z1f Joi (6, t,y;, u))dxdt < ,Zlf oi (%, &, Vi, uz)dxdt, thus
1= Q 1= Q
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Go() < lim inf Go(ily) = limGo(ihy) = _inf Go(%), then

—

UeW 4 UREW 4
Go(i) < inf Go(1) = Go(i) < min Gy(i), then i is OQCCCV.
TUREW 4 UREW 4
5. Conclusion

The method of Galerkin with the Aubin compactness theorem is used successfully to
demonstrate the existence theorem of a unique state quaternary vector solution for the weak
form for the quaternary nonlinear hyperbolic boundary value problem where the classical
continuous control quaternary vector is considered given under suitable hypotheses.

The continuity operator between the state quaternary vector solution of the weak form
for the quaternary nonlinear hyperbolic boundary value problem and the corresponding
classical continuous control quaternary vector is demonstrated. The existence theorem of an
optimal classical continuous control quaternary vector under suitable hypotheses is
demonstrated.
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