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Abstract

In this work, we present a novel complex transform namely the "Complex Sadik Transform™. The
propositions of this transformation are investigated. The complex transform is used to convert the
core problem to a simple algebraic equation. Then, the answer to this primary problem can be
obtained to find the solution to this equation and apply the inverse of the complex Sadik transform.
As well, the complex Sadik transform is applied and used to find the solution of linear higher order
ordinary differential equations. As well, we present and discuss, some important real life problems
such as pharmacokinetics problems, nuclear physics problems, and Beam problems.

Keywords: Complex integral transformation, the inverse of complex transform, Sadik transform,
ordinary differential equations.

1. Introduction

In (2018), researcher Sadik L. sheikh [11] presented a new integral transformation defined as
follows :

The Sadik integral transform of g(t) is defined as :

o

1 a
Salg(@) =Fw ) =5 [ g(e e
V= Jo
whereveC,a e R*,and S ER.

The following properties of Sadik integral transform [11] :

n!

If g(t) =t", then S, [t"] = Snar@rp = 0.
-B )
If g(t) = e, then S,[e?] = V’;_a, where a is a constant.
-5
av

If g(t) =sinat, then S,[sinat] =

v2e4qg2’
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a-p
If g(t) = cosat, then S,[cosat] = vzaj
-B
If g(t) = sinhat, then S, [sinhat] = vj::—_az
a-p
If g(t) = coshat, thenS,[coshat] = vzfx——az

Sa[g™ (D] = v"F(v) — TpzgvraF gD (0),

Now, the complex Sadik transform is a new complex transform and it is applied and used to
find the solution of ordinary differential equation and has applications in domains such as
engineering, applied physics, and signed processing [3,4,7].

We analyze functions in the set C defined by a novel complex transform defined for functions
of exponential order:

C = {g(t): there exists M, L, and L, are greater than zero such that
lg(©)| < Me~™iltlift € (—1)) x [0,0),j = 1,2}
where i is a complex number.

The constant M must be a finite number for a particular function g(t) in the set C, while L,
and L, are may be finite or infinite.

The Complex Sadik Transform (CST) denoted by the operator S,{.}, the transform as follows:

1 [ .
Selg(0] = F(s% ) = f g(Oe " dt
0

wherese C,a e R*,and B ER.

The aim of this work (complex transform) to find the solution of higher order ordinary
differential equations.

Many researchers have proposed new integral transformations for the purpose of solving
ordinary and partial differential equations and their applications [2,8,9,12].
2. A Novel Complex Transform ""Complex Sadik Transform™ of Important Functions

In this section, we present the complex Sadik transform of famous functions:

1 Iff(t) = t",n €N, then S§{t"} = ()" —rrgy s > 0.

Proof. Since S§[t"] = Siﬂfooo the~is%tdt

Letu = it » du = idt ordTu = dt or —idu = dt and we know u = it - —iu = t, whent —
0 then u —» 0 and when t — oo then u — oo, that is:

o)

1 -
Salt"] =5 | e tdt
0

1 (® «
= s_ﬁf (—iw)"e ™ *(=i)du
0
1 (® @
= s_ﬁj (—)™u"e S u(—i)du
0

1 r® «
— (_i)n+1s_ﬁf ute=S Uduy = (_l-)n+lsa[tn]
0
n!
— (_l-)n+1— .
gnat(a+p)
2 If f(t) = e*,a is a constant number, then :

| at]___1 a 4 S
ale 1 ="Gp (522 + a?) 1(52“+a2)
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Proof. Since
1 r® C
c[pat _ at ,—is%*t
Sé[e™] = 5 ). e%e dt
— l e—t(is“—a)dt
sB ),
11
T sPisa—q’

1 1 (—is* —a)
T sB(is® —a) (—is* —a)’
1 [(=D(a+ is“)l

S(Z

T osB| (s2¢ 4 g2
-1 a ]
=— +1
sB L(s?2* +a?)  (s?*+a?)
3 Let f(t) = sin(at), a is a constant number, then
Sé[sin(at)] = _

],s>a

———,5>|a
sB(s2% — q2) |al

Proof. Since
1 [ .
S¢[sin(at)] = —f sin(at)e™" tdt
sB J,
1 00 eiat _ e—iat

=— e is“tqt
sB J, 2i

after simple computations, we get:
SS[sin(at)] =

sB (520: _ aZ) ’
The result will be benefit in determining the complicated transform of:

—is%

s> |a|

4 S¢[cos(at)] = m,s > |al.
5 Sg[sinh(at)] = W‘Z—az)'s > 0.
6 SS[cosh(at)] = ——=— s > 0.

sB(s2¢4+a2)’
2.1. The Sadik and Complex Sadik Integral Transforms for Some Basic Functions
In this section, we will present the Sadik transform and the novel complex transform for
some basic functions in the following Table 1:

Table 1: Sadik transform and the complex Sadik integral transform for some basic functions

Functions S.[g(®)] = F(s) Sc[g(t)] = F¢(s)
g ""Sadik Transform" "Complex Sadik Transform"
t"neN n! (=)™ n
sna+(a+p) gna+(a+p)
e, a constant 1 -1 a L s® ]
sh(s* —a) sP I(s?2* +a?) " (s?*+a?)
sin(at) a —a
sP(s2® + g2) sB(s2a — q2)
cos(at) s“ —is®
sP (s + a?) sP(s?2* —a?)
sinh(at) a —a
sP(s2x — g2) sB(s2@ + a?)
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cosh(at) s% —is®

sP(s2a — g2) sB(s2a + a?)

2.2. The inverse of Sadik Complex Integral Transform :

If SS{g(t)} = F¢(s) is the Sadik complex transform, then g(t) = (85)1[F¢(s)] is said to be
an inverse of the Sadik complex transform.

In this section, we present the inverse of Sadik complex integral transform of simple functions:

1 (SO (—)™ o] =

2 60" G ]| =
3 (891 m = sin(at).

4 ()™ ﬁ;;z) = cos(at).

5 (S5)1 W“mz) = sinh(at)

6 (S5t _m_ = cosh(at)

3. Complex Sadik Integral Transform of Derivatives:
Let f(t) be a continuous function and piecewise continuous on any interval, then the complex
Sadik transform of first derivative of f(t) is given by:

1 (@ .
Sclf'(H)] = s_ﬁf f'(t)e " tdt, integrating by parts.
0

Letu = e~ %%, dv = f'(t)dt
du = —is%e~5%dt, v = f(t)

1 o
—l—f(O) + is® j e~is tf(t)dtl
—f(0)

— j e SLF(H)dt

—f(0
Sf,, L1 isesgiro)

1 ©
SELF(0] = [—f(O) pise | et ff(t)dt].

or
Salf'(©)] = is“F(s )—&
Therefore, when substituted f(t) by f'(t) and f'(t) by f ”(t) we get

0 “f(0
el ()] = isyres) - L2 - L0

Similarly,
Salf"" (] = (is*)°F¢(s) — Siﬁ [£"(0) + is*f'(0) + (is*)?f(0)].
In general:
SS[F™ (0] = (1s)Fe(s) - Siﬁ [FD(0) + is%f =2 (0) + (is%)2f "=9)(0)
+ o4 ((sO2F(0) + (s)"H(0)]
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or SE[F™(D)] = (is)FE(s) — o5 [Treq (is®) 1 =R (0))].
Theorem 3.1. Let F¢(s) be the complex Sadik integral transform of f(t)(F¢(s) = SS[f(t)]),
then :

Se[F™ )] = s%)"F(s) - S%LZ <is“>k-1f<"-k><o>].

Proof. By Mathematical Induction
1 Forn=1,

S1F (0] = is7F(s) L

Thus true forn = 1.
2. Assume that, true for n = m that means:

1 m
SELF™®)] = (s)™FE(s) ~ 5 [Z (isa>k—1f<m—k><0>]
k=1
3 wewanttoprove forn =m+1
' 1
sslrem @] = s [P @) = isese[Fm o] - 5 ™),

™Mo
= is*SE[f™ ()] ! sﬁ( ),

= (m)
= is® (iS“)mFC(S)—SiﬁIE (iS“)"‘lf(m"‘)(O)] —fT(O)

k=1

1 [~ 11 romo
= (iSa)m+1FC(5) _5_,3 Z (L'Sa)kf(m—k)(o) _f SB( )
=1 ]

= (is*)™*1Fe(s) — Slﬁ (is)*fm=9(0) +f(m)(0)],

(is) 00|,

DNz T3

1
— (i \Ym+1lgc _
= (sO™F(s) — 5

m+1 b
1
— (iSa)m+1FC(S) _ _ﬁ (isa)k—lf(m—(k—l))(o)
5 L k=1
m+1
1
— (isa)m"'ch(S) _ _B (l-sa)k—lf(m+1—k))(0)] )
S
L k=1

So theorem is true for n € N.

4. Applications of Complex Sadik Integral Transform:

In this section, we introduce three real life problems: pharmacokinetics problem, nuclear
physics and Beam problems.
Example 4.1. For a physical explanation of the present scheme, we consider a problem from the
field of "pharmacokinetics™ for solving the concentration of the drug at any given time " t " in the
blood during continuous intravenous injection of drug and find its solution in this application. This
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application can be written in terms of 15¢ order linear ordinary differential equation with constant
coefficients as [1,5,6].

dg(t) Y

T + Ag(t) = volume’ where t > 0 (D
with initial conditions

g(0)=0 (2)
Here:

g(t) :is the drug concentration in the blood at any time " t "
A: is the constant velocity of elimination.

y : the rate of infusion (in mg/min.)

VVolume: volume in which drug is distributed.

Complex Sadik transform of both sides of equation (1) gives:

s¢ (O asetg () = —L—sq) 3)
Applying Theorem 3.1, we get:
isTFC(s) —@HFC( y=—Jt 4)

volume s®+F
The use of the initial condition equation (2) in (4) gives:

iSTF(s) + AFC(s) = —————
LSTFE(s) + (s) volume s#t+h
14 —is™P

Fe(s) =
(s) volume s%(A + is%)

(5)

Applying inverse complex Sadik transform in equation (5 ), we get:

() =—L— (st |2
g = olume ¢ st + is%)
By a fractional fraction, after simple computations, we get:

_ )4 -t
9(t) = A volume [1 € ]

Which is the required concentration of drug at any given time " t" in the blood during continuous
intravenous injection of a drug.
Example 4.2. ""Complex Sadik Transform in Nuclear physics':

Consider the first order linear differential equation:

dg(t)
9 - —219(t)

This differential equation is the fundamental relationship describing radioactive decay, where
g(t) represents the number of un decayed atoms remaining in a sample of radioactive isotope at
the time " ¢t " and A is the decay constant, [7,10].

We can apply the complex Sadik transform to find the solution to this differential equation.
Rearranging the above differential equation, we obtain:

dg(t)
d—+/1 gt)=0

Taking complex Sadik transform on both sides, we have:

52 {2 ‘Z(t )}Hsa{ )} =0

then:
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is*Sa{g()} - & +ASa{g(®)} =0

(is® + 1)Sq {g(t)}—&

S5(9(0) = S s here 9(0) = go

Then

c . 9o
Salg(®)} = SEs T )

Now, we take the inverse complex Sadik transform on both sides, we obtain:

1
9 = 908" {sﬁ(ls—m)}
. 1 A—is®
= g0(Sa)~ {sﬁ(isa +A)A— iS“}

A s*
= 90(Sa)” {sﬁ [52“ + A2 LSZ“ +/12]}

_ - . s“
= 90(S2)™ {s_ﬁ [52“ + A2 + 152“ + /12]}
_ At
= go€

Which is indeed the correct formula for radioactive decay.
Example 4.3. Problem to Beams:

A beam that is hinged at its ends, x = 0 and x = L carries a uniform loud w, per unit length.
Find the deflection at any point P.

Solutions:
The ordinary differential equation and boundary conditions are:

d4

Tt E1 0<x<L (6)
y(0) =y"(0)=0,y(L)=y"(L)=0 (7)

where E is young's modulus, | is the moment of inertia of the cross section about an axis normal
to the plane of bending and ET is said to be the flexural rigidity of the beam.
Some physical quantities associated with the application are:
y'(x),M(x) = Ely"(x) and S(x) = M'(x)Ely" (x)
which respectively represent the "Slope", bending moment, and shear at a point P.
Taking complex Sadik transform of both sides of equation (6) , we get, if F¢(s) = S5{y(x)},

. 1 . . . w (i
(is“FE(s) = < [y"(0) + isy"(0) + (is%)2y'(0) + i)y (0)] = 22 ()
(s F(5) = <5 G, + (52| = o,

—WOl

4- —
aFC(s) P ——iF

1 2a
+ =16 -0y,

s¢ _ e _ —Wyl C, C;
a{y(x)} - (S) - E155a+ﬁ + S4—a+ﬁ - 52a+ﬁ

Inverting to find the solution:

() = Cyx +C X Woxt
e A RCETIN T TL

or
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=Cix+C x + Wo X*
From the last two conditions in Equation (7) , we find:
W0L3 WoL

1T o4El V2 T 2

Thus, the required deflection is :

Wy
24E]

y(x) = x(L — x)(L? — Lx — x?).

It is possible to calculate the bending moment and shear at any point P of the beam, and in
particular, at the ends.

5. Conclusions

The definition and applications of the novel complex Sadik transform to solve ordinary
differential equations have been demonstrated.
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