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Abstract

The focus of this paper is the presentation of a new type of mapping called projection Jungck
zn- Suzuki generalized and also defining new algorithms of various types (one-step and two-step
algorithms) (projection Jungck-normal N algorithm, projection Jungck-Picard algorithm,
projection Jungck-Krasnoselskii algorithm, and projection Jungck-Thianwan algorithm). The
convergence of these algorithms has been studied, and it was discovered that they all converge to
a fixed point. Furthermore, using the previous three conditions for the lemma, we demonstrated
that the difference between any two sequences is zero. These algorithms' stability was
demonstrated using projection Jungck Suzuki generalized mapping. In contrast, the rate of
convergence of these algorithms was demonstrated by contrasting the rates of convergence of the
various algorithms, leading us to conclude that the projection Jungck-normal V" algorithm is the
fastest of all the algorithms mentioned above.

Keywords: metric projection, Jungck-Picard algorithm, Jungck-normal N algorithm, Jungck-
Thianwan algorithm, Jungck-Krasnoselskii algorithm, Fixed Point.

1.Introduction and Preliminary

There are a lot of published studies that included new algorithms and studied their strong
convergence and stability. In addition, they proved the rate of convergence of these algorithms,
see [1-9]. These algorithms are valuable tools used to find the value of the fixed point and to
resolve some problems. For example, they were used in solving nonlinear differential equations,
integration problems, etc.
The algorithms presented by the authors are varied (one-step, two-step, etc.). In 1967[10], scientist
Jungck introduced a new algorithm called Jungck Picard algorithm, but sometimes it is called
Jungck algorithm, as it consists of one step
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Yk,,1 = Tk, ,where k, € C,n € N. In 2011[11], the author Alfred Olufemi Bosede presented
an algorithm called Jungck-krasnoselskii. This algorithm is a special case of Jungck-Mann. The
Jungck-Krasnoselskii algorithm is defined as follows:
Y, =(1—- 8)%Yn,+6Tn, , where n e C,n€N, and § € (0,1).He also proved the
stability of Jungck-Mann and Jungck-Krasnoselskii algorithms. On the other hand, V. Brined
proved in 2004[12] that the Picard algorithm converges faster than the Mann algorithm. In 2008,
[13] presented a new two-step algorithm named after him. The Thianwan algorithm is defined as
follows:
Zpir = (1= a)rm+ a, Try

v =(1— Bp)%n+ BnTz,,Where 3, € C,n €N,
and {a, }o=o and {B,}n=o are the real sequence in [0,1].
In addition, it has been proven the strong and weak convergence of this algorithm in the uniformly
convex Banach space. Now, we will mention some of the priorities we need:
Definition (1.1):[12] Let {m,}n=0, {7n}lneo are two sequence lies in R such that {m,},—,

converge to mm, {11,}, converge to z, and W = lim 2=

nooo |np—n|
1. If W = 0 — the sequence {m,},—,IiS converge to m faster then {5, },-, converge to 7.
2.1f 0 < W <00 — {my,}mpand {n,},-, have the same rate of convergence.
Lemma (1.2):[14] Let U be a uniformly convex Banach space and {1, },—, be any sequence such
that 0 < p < a, < q < 1, for some p,g € R* and for all n > 1. Let {m, }m—pand {n,}r-, are
two sequences of ‘U such that:
Al_r& sup|lm,|| < c, Al_r)glo sup||n,|l < cand
lim supllaymy, + (1 — an)nn|l = ¢ for some ¢ = 0 Then
Al_l;gollmn - /n’n” =0
Definition (1.3): [15] Let W, T : C — C suchthat T(C) <c¥(C) and p a coincidence point of ¥
and T, thatis, Wp = Tp = p. For any ¢, € C, let the sequence {WYm,}.-, generated by the
algorithm procedure Wm,, = f(T,m, ) n = 0 converge to p. Let {Yy,}n=y < C bean
arbitrary sequence and set
&n = d(lllynﬂ,f(T, @/’n)) ,n = 0,1,---. Then, the algorithm Wc¢,, will be called (¥,T) —
stable if and only if 711_1)’{)10 €, = 0 implies that rlll_I)I(}o Yy, =p.

Lemma (1.4): [12] If n is areal number such that 0 < n < 1 and {€,,}5=, is a sequence of
positive numbers, such that lim €, = 0 then, for any sequence of positive numbers {7},

n—-oo
satisfying m ., < nm, + €,

Definition (1.5): [16] the mapping T: C — C is said Suzuki if satisfying the following
condition:

;1|Im —Tm)|l < llm — n|| = IT(m) - TR)|| < llm —nl|,vm,n € C

2 .Main Results

We introduce a new type of mapping called projection Jungck zn-Suzuki generalized and by using
this type of mapping, we will propose new algorithms and analyse their convergence and rate of
convergence.

Definition (2.1):

Let X be a normed space, C be a nonempty closed convex subset of X'. A mapping T,¥:C —

C and P, are called projection Jungck zn-Suzuki generalized mapping if

%IIx — Tl < |[¥x — Wy|| Implies that

IT) =TIl < LIWx — Pyl + 1+ma(fc({”||’;_cf§)(ﬂlc+(£;){||_,|?;ﬂ)—Wy||}

¢: RT - R* is a monotone increasing function such that ¢(0) = 0

and L < 1.
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Definition (2.2):

The projection Jungck-Picard algorithm is defined as follows:

Yk, = P.Tk, ,k, € C.

Definition (2.3):

The projection Jungck-Krasnoselskii is defined as follows:

Y1, =1 —-8)WYP.(n,) +5P.Tn, ,n, €C where P, is metric projection
and 6 € (0,1).

Definition (2.4):

The projection Jungck-normal V" algorithm is defined as follows:
Yu,1 = PT((1 - a)¥Pu, + a,P.(uy)) , 4o € Cwhere a, € [0,1]
and W has property V', i.e., ¥¥(x) < W(x), x € C & ¥ is a linear map
Definition (2.5):

The projection Jungck-Thianwan algorithm is defined as follows:
Yz = (1 — @) VP (13) + ayPeTry

Wy = (1 = B)YP.(z,) + fnP.T2y ,30 € C.

And this mapping is commute if Y2,(x,,) = P.¥(x,).

Now, we talk about convergence, stability and rate of convergence.

Lemma (2.6):

Let C be a non-empty closed convex subset of a uniformly convex Banach space U. The mappings
T,¥:C — C are a projection Jungck zn-Suzuki generalized if {Wu,} generated by projection
Jungck-normal V' algorithm, such that

1. iil?o”qju" — pl| exists forall p € CF (P, T,¥), where CF(P,, T, P) is the family of acommon

fixed point.

2. lim |9, — WP, ()] = 0

Proof:

Letp € CF (R, T, ¥),

Winsr = pll = |P.T(A = an)Wuy + 2 P.(ur)) = p|
< ||T((1 —ay,)Yu, + an?c(un)) — p||

< L||‘P((1 —ay,)VYu, + an?c(un)) — p|| +

o (lp—=2.()|l+lp—¥pll)
1+max{||P:(0)-P-((1—an) Pun+anP: (un)) | |¥r-¥((1-an) Pun+anP.(un))||}

< [(1 - an)”qﬂljun - p” + an”qj?c(un) - p“]
< [(1 - an)”lpun - p” + an“?cl'p(un) - p“]

< [Yu, —pl|
So, we have
Yupy1 —pll < ([Wu, —pll (2.1)

< [Wun—q =l

< [[Yuo —pll (2.2)
From (2.1) and (2.2) lim ||Wu, — p|| is exist
n—oo

Now to prove
lim ||YY¥u,, — YP.(u)|l =0
n—->oo

Since, lim||Wu, —pl|| =c¢
n—>oco
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= lim sup||Yu, —pll =c
n—-oo

Now,
lim sup [|[YWu, — pl|
n—-oo

< lim sup [[¥u, — pll = ¢

So, 1111_{210 sup [|[$Yu, —pll <c (2.3)
To proof r{l_{go sup |[$P.(u,) —pll <c

lim sup ||'PF, (uz) = pll

< lim sup [P ¥ (un) — pl|

< lim sup|[¥u, —pll = c

S0, lim sup ||'PF,(un) —pll < ¢ (2.4)
Since ¢ = Tlll_r)lgo sup||WYu,+1 — pll

= AEEOSUP”%T(H — ap)Pu, + @, P.(un) — 1|

< %i_r)‘rc}osup”T((l —a,)VYu, + an?c(un)) — p||

< lim sup|(1 — an) (WWun = p) + an(YF(un) = p)l (2.5)
< lim sup[(1 — &) [[Wup = pll + anllZ¥ (un) — pll]

< lim sup[(1 — &) [[Pur = pll + anl|Pun —pll]

= lim sup|[¥u, —pll = ¢

S0, lim supl|(1 — &) (PPun —p) + an(YFe(un) —p)ll = ¢

From (2.3), (2.4), (2.5) and by using lemma (1.2) we get

lim [|$Wu,, — WP, (u,)]| = 0.

1I1_emma 2.7):

Let T,¥:C — C are a projection Jungck zn-Suzuki generalized if {¥k,} generated by the
projection Jungck-Picard algorithm, such that

7li_r){}oll‘{’kn — p|| exists forall p € CF (., T,¥)

Proof: Let, p € CF (P, T,¥)
I¥kns1 —pll = [IP.Tky — pll
< Tk, —pll

¢ (lp-2.(0)|I+lp—¥pll)
< L||¥k, —
= Ll fen p|| + 1+max{||P.(p) =P (ko) LI¥p—¥ky I}

< ¥k, — pl|
So, we have
|Wkyr1 —pll < ||Wk,, — pll = {¥k,} is non-increasing sequence (2.6)
< Wk, — DIl
< ||Wky, —pll = {¥k,} isbounded sequence (2.7)
From (2.6) and (2.7) the lim ||Wk,, — p|| is exist.
n—-00
Lemma (2.8):

Let T, W: C — C be a projection Jungck zn-Suzuki generalized mapping if {¥n,} is generated by
the projection Jungck-Krasnoselskii algorithm, such that
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1. lim||Wn, — p| exists forall p € CF (P, T,¥)
n—-oo
2. lim||¥YP,(n,) —P.Tn,|| =0
n—-oo
Proof: By following the same steps for the proof of theorem (2.6), we get the wanted results.

Lemma (2.9):

Let T,W: C — C are a projection Jungck zn-Suzuki generalized mapping if {¥z,} is generated
by the projection Jungck-Thianwan algorithm, such that:

1. AHQOIIWzn —pl| exists forall p € CF(P,, T, ¥)

2. i [[WF,(17) = FT (1)1l = 0

Proof:
Proof in the same way as lemma proof (2.6)
Theorem (2.10): Let T,W¥: C — C are a projection Jungck zn-Suzuki generalized mapping with

L € (0,1). Let {¥n,,} be projection Jungck-Krasnoselskii algorithm converging to p where § €
(0,1). Then, the projection Jungck-Krasnoselskii algorithm is (W, T, ,)-stable.

Proof:

Let {yn} cCand e, = [[Yyni1 — (T, o)l

= |Yyns1 — (1 = OWYP.(yn) + 6P Tyl
So, & = Wy — (1= OWYP.(yrn) + SP.Tynll
If rllil?og" =0, we get AEEOWyn+1 =p

Then, the projection Jungck-Krasnoselskii algorithm is (W, T, .)-stable.

Theorem (2.11): Let T,W: C — C are a projection Jungck zn-Suzuki generalized mapping with
L € (0,1). Let {%u,} be a projection Jungck-normal V" algorithm converging to p, where {a,}
are sequences in [0,1], such that 0 < @ < a,,. Then, the projection Jungck-normal V" algorithm
is (W, T, R,)-stable.
Proof:
Let {y,} c Cand &, = [Wyns1 — F(T, )l

= ”lp’y'n+1 - :PCT((l - an)lpyn + anPc(’y’n))”
801 &n = ||Lp/§/’n+1 - :PCT((l - an)lp’y'n + an?c(’y'n))”
If lim &, = 0, we get rlll_r)l;lo YYye1 =0

n—-0oo

Then, the projection Jungck-normal V" algorithm is (W, T, P,)-stable.
Theorem (2.12): Let T, W: C — C are projection Jungck zn-Suzuki generalized mapping with L €

(0,1). Let {¥k,} be a projection Jungck-Picard algorithm converging to p, where {a,} are
sequences in [0,1]. Then, the projection Jungck-Picard algorithm is (W, T, P,)-stable.

Theorem (2.13): Let T, W: C — C are projection Jungck zn-Suzuki generalized mapping with L €
(0,1). Let {¥z,} be a projection Jungck- Thianwan algorithm converging to p, where {a,} and
{B.} are sequences in [0,1] suchthat 0 < @ < a,, and, 0 < 8 < f3,, then, the projection Jungck-
Thianwan algorithm is (W, T, P,)-stable.

Proof: By following the same steps of the proof of theorem (2.9), we get the wanted results.
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Theorem (2.14): Let T,¥ are projection Jungck zn-Suzuki generalized mapping and
CF(®.,T,¥) # ¢. Then, the projection Jungck-Picard algorithm converges faster than projection
Jungck-Krasnoselskii algorithm.

Proof:
For projection Jungck-Picard algorithm
I¥kni1 — pll = 1P.Tky — pll

< ITk, — pll

< L||Wk, —pll + o (lp=2.@)lI+lIp-¥pl)

1+max{l|P.(p) - P (kn) ILI¥p—Pknll}

< L"|¥ko —plI
Put P.J.P.A = LWk — pl|
For projection Jungck-Krasnoselskii algorithm.
%1041 —pll = |(1 = PP (ny) + 6P.Tny, — pl|
< (1 = )I¥YP.(ny) — pll + 6l1PTny, — pll
=1 =O)IRY1,) —pll + 8lIF.Tn, —pll oot ol)
p=F.()ll+llp-¥p
< (= O)l¥ny = pll + LoNYrn =Pl + T Gin G- T #n—9maly
<(A-60—-L)I¥Yn, —pll

<[1-601-D]"I¥n, —pll

Put:

P.JK.A=[1-61-L)]"¥n, —pll
Now since:

PJPA _ L"™|Wko—pll

-0 asn — oo,

PIKA  [1-8(1=L)"|¥Pno—pll
Hence, the projection Jungck-Picard algorithm converges to p faster than the projection Jungck-
Krasnoselskii algorithm.
Theorem (2.15): LetT,W be a projection Jungck zn-Suzuki generalized mapping and
CF(P,T,¥) # ¢. Then, the projection Jungck-normal V' algorithm converges faster than the
projection Jungck- Picard algorithm.
Proof: Let p € CF(®.,T,¥) and suppose that there exists £,0 <A< a, <1
For projection Jungck —Picard algorithm
We have,
P.J.P. A =L"¥k, — pll
From projection Jungck-normal NV algorithm
1Puns1 = pll = |2T(QA - @) Puy + anPe () — o
< ||T((1 —ay,)Yu, + an?c(un)) - p||
< L||‘P((1 —ay,)VYu, + anPc(un)) - p|| +
$Ulp-F(@)lI+lp-¥plD
1+max{||P.(p)-P.((1—an) Pun +anP.(up)) ||| ¥p—¥((1—an) Pun+anP:(un)) ||}
< L||LP((1 —ay,)VYu, + aniPC(un)) - p||
< L”(l - an)q’\}’un + anlpj)c(un) - (1 —an+ an)p”
< LI = an) (P¥uy, — p) + an (PP (un) — p)l
< L[(l - an)”l'pl'pun - p” + an”lp?c(un) - p”]
[(1 - an)”"pun - p” + an”l{lfpc(un) - p”]
= L[(l - an)”Lpun - p” + an”:chJ(un) - p”]
< L[(l - an)”Lpun - p” + an”lpun - p”]
= L[l — (1 = DYy, —pll
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< L'[1 -2 = D" 1Py — pl

Let,

P.IJN.A=L"1-11-LD)]"|Yu, — pll
Now, since:

PIN.A _ LM1—an(1-L)]"|Puo—pll

PIPA L Wko—p| ~0asn—oo

Hence, the projection Jungck-normal NV algorithm converges to p faster than the projection
Jungck-Picard algorithm.

Theorem (2.16)
Let X be a normed space and C be a nonempty closed convex subset of X if T is a projection
Jungck zn-Suzuki generalized mapping and CF(®,,T,¥) # ¢. Then, the projection Jungck-
normal Valgorithm converges faster than the projection Jungck-Thianwan algorithm.

Proof: Letp € CF (P, T, ¥)and suppose that there exists £,0 <A< S, a, <1

For projection Jungck Thianwan-algorithm

||l{Jzn+1 - p” =[(1 - an)Lp:Pc(/rn) + a,P.Try, — (1- an + an)p”

< (A = a)lIPP.(r7) —pll + anllPTry, —pll

= (1 - an)”?clp(/’ﬂn) - p” + an”?cT’rvn - p”

< (1 - an)”lp/’ﬂn - p” + an”T”ﬂn - p” SUlo—2, @Il lp—pl)

< A= al¥rs —pll + Lanll¥rs —pll + o e Srep—wrai

< (1= a,(1 - DI¥Yr, —pll (2.8)

Now,

”lp”’vn - p” = ”(1 - ,Bn)lp?c(zn) + ﬁn?cTZn - (1 - ﬁn + Bn)p”

< (1 = BI¥YP.(zn) — ll + BullPTzn — pll

=(1- ,Bn)”?clp(zn) - p” + Bn”?cTZn - p”

< (1= B)I¥z, —pll + BullTzn — pll

< (1 -B)I¥z, —pll + LAWYz, — pll +

= (1- 4,1 - 1))II¥z, —pll

<(1-2(1-D)I¥z, —pll (2.9)
Substitute Equation (2.9) in to Equation (2.8)

Wz —pll < (1 — (1 = D[(1 - 2(1 = L)) 1%z, — pll]

= [1 - A(l - L) - an(l - L) + anl(l - L)]”l'pzn - p”

<[1-20-L)-21-L) +22(1 = D]||¥z,, — »ll

<[1-22(1-L)+2*(1 - D]|¥z, — pll
<[

¢ lp-2.()|I+lp—¥pl))
1+max{||P:(p) =P (z) . I¥D— Pz}

1-2(1 - D)Wz, —pll
< [1-2(1 - D)"Yz, — pll
Put:
P.JT.A=[1-11-L)]"¥z, — pll
From projection Jungck-normal Valgorithm
P.IN.A=L"1-21-L)]"|Pu, — pll

Now since:

nrq_ — n -
PINA _ LM1-2A-D]"[Puo—pll 357 — 00
PIT.A [1-2(1-L)]2"||Wz0—D|

Hence, the projection Jungck-normal V' algorithm converges to p is faster than the projection
Jungck- Thianwan algorithm.
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3. Conclusion

This paper offered a new type of mapping as well as introduced new algorithms and
demonstrated their convergence and stability. On the other hand, the acceleration and stability
were examined. We discovered that the projection Jungck-normal algorithm is quicker than the
techniques stated in this paper to achieve the fixed point.
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