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Abstract

In this paper, we have generalized the concept of one dimensional Emad - Falih integral
transform into two dimensional, namely, a double Emad - Falih integral transform. Further, some
main properties and theorems related to the double Emad - Falih transform are established. To
show the proposed transform's efficiency, high accuracy, and applicability, we have implemented
the new integral transform for solving partial differential equations. Many researchers have used
double integral transformations in solving partial differential equations and their applications.
One of the most important uses of double integral transformations is how to solve partial
differential equations and turning them into simple algebraic ones. The most important partial
differential equations are Laplace, Poisson, wave, heat, telegraph, and other equations. A new
Double Emad -Falih integral transform denoted by the operator Dz{. }, the transform form is as

1 poo (o0 -
follows: Dgr[f (x, )] = T(w,v) == [* [7 f(x, e~ (**+*Ddtdx
Keywords: Emad - Falih Transform, Partial Differential Equation, Double Integral Transform.

1. Introduction

An integral transformation maps a function from its main function space into a new function
space via integration, with properties of the main function that might be more characterized and
manipulated than in the main function space. The transformed function can generally be mapped
back to the main function space by applying the inverse integral transformation. Many researchers
have applied double transforms for solving partial differential equations and their applications [1-
4].

Many applications and problems in most applied nature science and engineering fields encounter
double integral transforms or partial differential equations describing the physical phenomena.
Solving such equations using single transforms is more complicated than applying the double
integral transformation.
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There are many types of integral transformations, such as: Fourier transformation [5], Laplace
transformation [6], Sumudu transformation [7], Natural transformation [8], Elzaki tranformation
[9] ,and so on. These types of transformations have wide variety applications in various areas in
applied mathematics, physics, engineering, and in most of other sciences [10].

Emad - Falih integral transformation of a single variable is a new integral transform which has
recently been introduced by Emad A. Kuffi and Sara F. in (2021) [11].

2. The Double Emad - Falih Integral Transform
Definition 2.1. Emad- Falih Integral Transform:

The Emad- Falih Integral Transform of g(t) is defined as:
1 © 2
BFlg0] =T() = | g(e™"dt
0

3. The Double Emad- Falih Integral Transform of Some Famous Functions

This Section introduces the new double Emad- Falih integral transform of some famous
functions:

1. Let f(x,t) =1,then

1 [ee] [ee] « «
Der[1] :Ef f 1e~ @+ 0 gedyx
o Jo
1r® 1r®
= —f le_”zxdx-—f le~V’tdt
UJg Vg
EF[1] - EF[1],
1 1
ud v3
_ 1
- (uv)?

2 Letf(x,t) =x"t™, then
1 (o] (o]
Dyp[x™t™] =—f f xntme= (WP xHv?t) gray
w )y, J,

1 1(®
= —f xMe WXy - —f tmevtdt
Uy Vo

= EF[x"] - EF[t"]
n! m!
~ y2n+3  p2zm+3

3 Let f(x,t) = e™**Pt then
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DEF[eax+bt] — ifoo foo eax+bte—(u2x+v2t)dtdx
uv J, 0

11 1r*®
2 2
— _f e U de'—f ebte—v tdt
0

u v,
= EF[e%*] - EF[e"!]
1 1
- u(u? —a) ' v(v? —b)
1

- uv(u? — a)(v? — b)
4 Let f(x,t) = e~ (@FDPD) then

1 (o] (o]
DEF[e—(ax+bt)] — (uv)f f e—(ax+bt)e—(u2x+v2t)dtdx
0 0

= lfoo e“"‘e‘”z"dx-lfoo e~bte—vtqt
ulp VJo
= EF[e~%*] - EF[e?]
1 1
u(u? + a) . v(v? + b)
1

uv(u? + a)(v? + b)

5 Let f(x,t) = e'(@¥+bD) then

DEF[ei(ax+bt)] _ ijoo j"o ei(ax+bf)e—(u2x+v2t)dtdx
0 0

— ljm e~ x(u?=ia) 4, . ljm e~ t(v*=ib) 4t
0

u v/,

— l 1 —x(u?-ia) ” 1 1 g~ t(v?=ib)
u—(u?—ia) o v—(w%—ib) o

_ 1 1 0—1 1 1 0—1

_u—(uz—ia)[ ]v—(vz—ib)[ ]

1 1

T u@? —ia)v(w? —ib)’

1
uv(u? —ia)(v?2 —ib)’

6 Let f(x,t) = e U@+ then

DEF[e—i(ax+bt)] — %f f e—i(ax+bt)e_(u2x+v2t)dtdx
0 0

— ljoo e~ x(WP+ia) gy . ljoo e—t(w?+ib) g¢
0

u vy
1 1

u(u? +ia) v(v? + ib)
1

uv(u? + ia)(v? + ib)
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7 Let f(x,t) = sin(ax + bt), then

Dgr[sin(ax + bt)] = L sin(ax + bt)e~ (W *+v°t) grdyx
EF w), ),

_1
T uv

e —i(ax+bt
.[- .[‘ lel(ax )—.e Hax )l e_(u2x+v2f)dtdx
o ) 20
et foo ,[-oo i(ax+bt) o —(u?x+v%t) ]

1 o N dtdx

uv J, 0
_if‘” f°° e_i(ax+bt)e—(u2x+v2f)dtde

uv J, 0

_DEF[ei(ax+bt)] _ DEF[e—i(ax+bt)]]

1 1
luv(u® —ia)(v? — ib) B uv(u? + ia)(v? + b)]
bu? + av?

- uv(u* + a?)(v* + b?) '

8 Let f(x,t) = cos(ax + bt),

then

Dgr[cos(ax + bt)] = L cos(ax + bt)e~ (W x+v°t) ey
EF uv o o

_1
T uv

0 oo i +bt —i +bt
f f [el(ax ) e )l e—(u2x+v2t)dtdx
o Jo 2

[ ifoo j-oo ei(ax+bt)e—(u2x+v2t)dtdx
uv 0 0

]
I
1 %) %) ] , 5
+_f f e—l(ax+bt)e—(u x+v t)dtdx}
uv J, 0

_DEF[ei(aHbt)] n DEF[e—i(ax+bt)]]

' 1 N 1 ]

luv(u® —ia)(v? —ib)  uv(u? +ia)(v? + b)
u?v? —ab

~wt + ad)(v* + b?)

9 Let f(x,t) = sinh(ax + bt), then
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Dgp[sinh(ax + bt)] = ifoo J.OO sinh(ax + bt)e~(Wx+*t) grdx
EF w) ),

© ~o I,(ax+bt) _ ,—(ax+bt)
— if f € € e~ (WCx+vt) gt dx
uv J, Jo 2

[ ifoo foo e(ax+bt)e—(u2x+vzt)dtdx ]

B uv )y, Jo
_ifoo foo e—(ax+bt)e—(u2x+vzt)dtdx|

uv )y Jo J
1 _
E _DEF[e(ax+bt)] _ DEF [e—(ax+bt)]]
17 1 1 ]
2luv(u? —a)(v?2 —=b) uv(u?+ a)(v?+>b)
3 av? + bu?
uv(ut — a?)(vt — b?)

10 Let f(x,t) = cosh(ax + bt), then

Dgr[cosh(ax + bt)] = ijoo joo cosh(ax + bt)e~ W+t grqx
EF uv 0 0

0 o0 +bt —(ax+bt
uv J, J, 2

[ ifoo j-oo e(ax+bt)e—(u2x+v2t)dtdx
uv 0 0

1

|

By 00 00 I

2 _l_if f e—(ax+bt)e—(u2x+v2t)dtde
uv Jg 0

1 _
— E _DEF[e(ax+bt)] + DEF[e—(ax+bt)]]
BT 1 N 1 ]
2l —a)@W?2 -b)  uwv?+ a)(w? +b)
u?v? +ab

~wwt — ad) (vt — b2)

4. Summarization
The new double Emad- Falih integral transform of some basic functions is shown in the
following table:

Table 1: The new double Emad - Falih integral transform of some basic functions.

flx,t) Dgr[Cosh(ax + bt)]

1 1

(uv)?
Xxtm n! m!

eax+bt 1
uv(u? — a)(v? — b)

e—(ax+bt) 1
uv(u? + a)(v? + b)

gilax+bt) 1
uv(u? — ia)(v? — ib)
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e—i(ax+bt) 1
uv(u? + ia) (v? + ib)
Sin(ax + bt) bu? + av?
uv(u* + a?)(v* + b?)
Cos(ax + bt) u?v? —ab
uv(u* + a?)(w* + b?)
Sinh(ax + bt) av? + bu?
uv(u* — a?)(v* — b?)
Cosh(ax + bt) u?v? + ab
uv(u* — a?)(v* — b?)

5. Theorems And Proof

Theorem 5.1.

D, [6 f(x,t)

1
—_— = —— 2
9% ] uT(O, v) +u*T(u,v)

Ofx] _ 1 ® ® ) —(u¥x+v%)

DEF[ ox _uvf0 fO ox € dtdx
_ l o 2 l o Af(x,t) _y2x
== e _ufO o e dx] dt

Integrating by parts

Proof. =17 vt |2 (e_”zxf(x, t)|zo +u? [ f(x, t)e_”zxdx)] dt

vJ0 :u
“wlo [ @ tu fooo f(x, t)e_uzxdx] dt,
11 o 1 o0 (o0 _
- Tu [; fO € Uth(O' t)dt] +u® [Efo fo f(x, t)e (u2x+vzt)dtdx]
= —iT(O, v) + u?T(u, v).

Theorem 5.2.
92f (x, t) 19T(0,v) \
DEF [T = —ET—MT(O,U) +u T(u,v)

Proof.
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Pf(x )] R ICR
—aa | = f f e~ (Wx+v?t) ge gy

0x? T ox2

1(® 0%f (x,t
— _J. e—UZt[_.f f(z )e_uzxdx]dt’
vy uJ, ox

Integration by parts

DEF

92
_2 f(xt)
— ux
Let{ =e dn = oz
2 of (x, t)
— _ 1 2,-Ux —
d{ = —u‘e ] 9%

— lfoo e—vzt l e—uzx af (x,t)
v, u ox

= lfoo e—vzt [le—uzx af(x’ t) ”
0

v u 0x Ox

[

0

e‘“zxdxl dt

” if(x,t) t)
. +u? J; “ox dx)l dt,

A 00 T [ U0 e
= u[v,fo e "t Ix dtl+(u)zluvf0fo Ix )e * tdtdxl,

L0TO) | 0 [af(x,t)_

u ox
_ 1 6T(0 v) 2 [ 1 5 ] '
=" u ox uT(O,v) +uT(u,v)|;
10T(0,v) TC0. 1) + u*T
7 ox uT(0,v) + u*T(u,v).

In general

D, [G”f (x,0) "IT(0,v)  , 0"2T(0,v)

ox™ = w TG v) = Ju™ xn—1 U T g2
+ o4 u20 D 3M u?n=3T(0, v)]
k
or =u*"T(u,v) — Z =9 xrl;l((i v)
Theorem 5.3.
D, [af(x 2 ——T( ,0) + v2T(w, v)
Proof.
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EF

[af(x t) f j E)f(x t) o~ WEXHVEE) g

=af0 e "[;fo Loe td]d

Integration by parts

~u'x E (e‘”ztf(x, D +v? fo ) f(x, t)e"’ztdt>] dx

1(® x,0 e
=—| e —f(v ) + vf f(x, t)e‘”ztdt] dx
0

— e [ e o] 1o | [ [ et Oaa

1
= —;T(u, 0) + v2T(u, v).

Il

I

- =) 8’
aQ

Theorem 5.4.

AT L R

atz | v at
Proof.

92 t 02 t
Der [% uvf f f(x ) e (Tt

_1 oo—ux azf(xt) -v
__jo e [U-[o *tdt]dx,

u ot e
Integration by parts

%f (x,t
Let{ =e "t dny = ];(tz )d

af(x,t)
— 2,V S\
d{ = —v“e n T

1 jwe_usz(e_vztaf(x,r)°°+v f f (x,6) vztdt>]dx
ul, v ot |y 0 ot

1 jw i [16_,,2t6f(x, o, f‘” 0f (&, 1)
v ot |y 0 ot

_ uzxaf(x’o) i ®[*of(x,t) —(u2x+p?
___[ f ot dt +(v)2[uvj; fo ot et t)dtdx],

af (x,t)
ot I’

v? [—%T(u, 0) + v2T(u, v)] ;

e‘”ztdt] dx,

1 aT(u 0)
- v ot + vZDEF[
10T (u,0)

v ot
19T (w, 0)

v 0t

—vT(0,v) + v*T(u, v).

In general
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DTT@O) w0 |0 Tw0)
aenT o2 o3
oT(w,0) |
ot

n

D, [anf(x, t)

| = v T(u,v) — lv‘

4o p2(=1)-3 w3 (, 0)],

0" kT (u,0
or = v*"T(u,v) — Z UZk_3%

k=1
Theorem 5. 5.

10T(u,0) v?

2
wAGA)) == u TOv) +vutT(w,v)

DEF[ at 0x

Proof.

0%f (x,t) 0%f(x,t) —(ux+v?t)
DEF[ Jt Ox uvf f dt 0x ¢ ddx,

1[® 0%f(x,t

= —f e-uzx[—f Le-’fztdt]dx,

uj, v), O0tdx

Integration by parts

0%f (x,t)
dt 0x

af (x,t)

d:_Z—UZt -
¢ vee n ax

jwﬂhl(vtwwo
e e
0

v ox

Let{ = e_vzt dn = dt

af(x t)
. + v? fo T dt>] dx,

1(® . 1 2 Of (D)% af (x,t)
-[0 e . +17f0

17 0x T ox

B 1jm x| [ 19f(x,0) J”’fm af (x, t)e_vztdt] dx,
0 0

% Cox 0x

_ e O] o[ L[ (7D e
-3, - Y S|
af (x,t)

0x

”ztdt] dx,

10T(w,0)
T, |

_1oT@0) oy 1 )
BT [_ET(O' v) +u*T(u, v)] ,
10T(u,0) v?
- __ T 2 ZT
— ” 0,v) + v*u*T(u,v)

Theorem 5. 6.

0%f (x,t) 10T(0,v) u? -
EF lWl = ————7T(O,U) + v uT(u, v)

Proof.
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2 2
Dgr [—a AL uvf f i f(x 2 e~ (WXt t) grgy,

dx dt Coxot
1(° %f(x,t
_ _f e—vzt[_f Me—uzxdx]dt,
v, ul), Oxot
Integration by parts
*f(x,t) t)
_ ,—u’x
Let{=e¢ dn = “ox ot
af (x,t)
— —2p-UX 4 —
d{ = —u-e _77 5%
= lfm eVt 1 e WX ZAC) + u? j-°° ZAGD) e~ wxdt || de,
vJ [u ot | 0 ot
— lfoo e—vzt le—uzx af(x' t) * ufoo af(x' t) e—uzxdx dt
vJ [u ot | 0 ot
— 1foo -v%t 1af(x 0) +uf°o of (x, t)e—uzxdx dt,
0 | u ot 0 ot
— __[ j —v? taf(o t) [ f f af(x t) —(u x+v t)dtdx]
uv
_ 10T(0,v) b2 [6f(x t)
T ou ot WRER | T |
_ 16T(O,v)+ 2[ 1T 0) + v2T ]
=~ o u - (w,0) +v°*T(u,v)|,
10T(0, 2
=—= (at V) _ %T(O, v) + v2ulT(u, v)
Table 2. Summarization
fx,t) Derlf (x, )] = T(w,v)
af (x,t) _l 5
Fp uT(O' v) +u‘T(u,v)
0%f (x,t) 10T, v) 4
T2 7 ox uT(0,v) + u*T(u,v)
" f(x, ) u " kT (0, v)
2n _ 2k-3 ’
dxn u"T(u,v) Z u Tk
k=1
af (x,t) _l 5
R 1]T(u, 0) +v*T(u,v)
0%f(x,t) _10T(w,0) 4
3¢z P vT(0,v) + v*T(u,v)
6"f(x, t) an kT(u 0)
2n - =~
otn T(u U) Z otn— k
0%f (x,t) 10T(u,0) v? ” 5
W —;T——T(O U)+U'LlT('Ll U)
0%f(x,t) 19T(0,v) u? y 5
o ot —ET—7T(O,U)+U u“T(u,v)

229




IHIPAS. 35(4)2022

Theorem 5.7. Let F¢(u, v) be the new double Emad- Falih transform of f(x, t)(T(u,v) =
Dzr[f(x,t)]), then

o _,0"7FT(0,
DEF[ Q(ﬁ t) WA (1, v) — z xn(kv) o

And
n n n—k
AACl v T(u,v) — E p2k=3 97 T(w.0) (2)

DEF [ otn atn_k

k=1

Proof. Firstly, we prove (1) by the mathematical induction:

1 forn=1
1

of (x,t ' FT(0,
DEF [ fg.jc ) = uz(l)T(u’ U) - z qu_3 ( v)

Ox1-k

k=1

1
=u’T(u,v) — HT(O’ V).

Thus, true forn = 1

2 Assume true for n = m, to get:

2k—3 am_kT(O,‘U)
9xm—k

M f (x,t
Dgr [ﬂ] = uzmT(u: V) — Z;cn=1

ax™m

3 Wewantto prove (1) forn =m+ 1:
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M x 0] _ a [0"f(x,t)
Dr dxm+1 Der ax|l oxm
m m
— D, o™ f(x,t) 18 T(O, v)
ax™ axm
L 0™KT(0,v) 19™T(0,v)
— 2m
= w? T (w,v) - z dxm-k ] u  oxm '
_,0™7FT(0, v) 19™T(0,v)
_ ,,2(m+1) _ ’
u Twv) —u Z u dxm=k U ox™

k=1
m
o™ *T(0,v) 10™T(0,v)
— k— 4 )
— uZ(m”)T(u, v) — kz_l u2k-1 g _ﬂ e

m
"™ T(0,v)
— ,2(m+1 § 2k—1 )
= 20m )T(u, V) —k_o u ek

m+1
o™= k=DT(0,v)
— .,2(m+1) _ 2(k-1)-1 ’
u T(u,v) Z u -1’
k=1
m+1

a(m+1—k)T(0’ ‘U)
= u2(m+1)T(u’ 17) - Z u?k3 Ox(Mm+1-k) !

k=1
I (x, t)
= Dgr Jxm+1

So theorem is true for n € N.
Finally, we want prove (2) by the mathematical induction:

1 forn=1

1
of (x,t) LY FT(w, 0)
Dgp [ 3t = VZ(I)T(U' V) — Z v2k3 otk

k=1
1
=v2T(u,v) — ;T(u, 0).
Thus, true forn =1
2 Assume true for n = m, to get:

" f(x, )] 0™ *T(w,0)
= v?"T(u,v) — Z :

DEF[ otm - oatmk

3 Wewanttoprove (1) forn =m+ 1:
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ML (x, 1) d [0™f (x,t)
Der |ggmr—| = Do |3z —gm -
mf(x,t)] 10™T(u,0)
= szEF [ - )
atm v otm
m
0™ ET(w,0)| 10™T(u,0)
= v? |[v*"T(u,v) — kzl p2k=3 pyeTen ]—; pYe
= O™ kT(w,0) 10™T(y,0)
- k— 4 )
= v2m DT (,v) — vzkz_l T T

m
0™ *T(u,0) 10™T(u,0)
— p2(miDy _Z 2k-1 D)1 ’
v () L v atm-k v otm

m
0™ FT(u,0)
— 2,2 1 2k—-1 ’
= p2(m+ )T(u, V) — kz_o v —ggm—k
m+1
0™~ *=UT(y,0)
— ,,2(m+1 2(k-1)-1 !
= p2MDT(y, ) — Z D e
k=1
m+1
a(m+1—k)T(u 0)
— 1,2 1 2k-3 ’
= p2(m+ )T(u, V) — Z v Srmiil
k=1
am+1f(x’ t)

= Dgr lW

So theorem is true for n € N.

6. Applications

In this section, we introduce the solution of the linear partial differential equation (Telegraph
equation).

Application 6.1.

Consider the linear telegraph equation:

0*%¢ _ 9%

a¢
dx? _6t2+26t+€'

Subject to initial conditions:

{(x,0) =e*, {(0,t) = e~ 2
zt(x' O) = _zex’ zx(ol t) = e_Zt

Solution:

Applying Emad- Falih transform,

927 9%t a¢
EF ﬁ—ﬁ”aﬂ]’
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to obtain the following:

19T(w, 0)
—uT(0,v) + u*T(u,v) = B

1
+2 [— ;T(u, 0) + v2T(u, v)] + T(u,v).

19T(0,v)

_ 4
o vT(0,v) + v*T(u,v)

Applying the Emad- Falih transform to the initial conditions, we have:

1 1 1 1 -2 1
~ilooren) Garrp) 1w = ) v (e =p) Ty
1 1

—2;<m) + ZUZT(U, U) + T(u, U).

We get:
st o T _u4—v4—2v2—1
W' —v* =207 - DT, v) = w2 +2)(w?-1)’
1
T(wv) = w2 +2)(w?-1)°

Then

{(xt) = e

7.Conclusions

In this research, we have extended the double Emad - Falih integral transform. First, we have
proved the fundamental properties and theorems using the new double Emad - Falih integral
transform which have also been introduced and presented. Second, the new double integral
transform to solve the telegraph partial differential equation is applied.
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