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Abstract 

     In this paper, we have generalized the concept of one dimensional Emad - Falih integral 

transform into two dimensional, namely, a double Emad - Falih integral transform. Further, some 

main properties and theorems related to the double Emad - Falih transform are established. To 

show the proposed transform's efficiency, high accuracy, and applicability, we have implemented 

the new integral transform for solving partial differential equations. Many researchers have used 

double integral transformations in solving partial differential equations and their applications. 

One of the most important uses of double integral transformations is how to solve partial 

differential equations and turning them into simple algebraic ones. The most important partial 

differential equations are Laplace, Poisson, wave, heat, telegraph, and other equations. A new 

Double Emad -Falih integral transform denoted by the operator 𝐃𝐸𝐹{. }, the transform form is as 

follows: 𝐃𝐸𝐹[𝑓(𝑥, 𝑡)] = 𝐓(𝑢, 𝑣) =
1

𝑢𝑣
∫  
∞

0
∫  
∞

0
𝑓(𝑥, 𝑡)𝑒−(𝑢

2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥 

Keywords: Emad - Falih Transform, Partial Differential Equation, Double Integral Transform. 

1. Introduction 

  An integral transformation maps a function from its main function space into a new function 

space via integration, with properties of the main function that might be more characterized and 

manipulated than in the main function space. The transformed function can generally be mapped 

back to the main function space by applying the inverse integral transformation. Many researchers 

have applied double transforms for solving partial differential equations and their applications [1-

4]. 

  Many applications and problems in most applied nature science and engineering fields encounter 

double integral transforms or partial differential equations describing the physical phenomena. 

Solving such equations using single transforms is more complicated than applying the double 

integral transformation. 
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  There are many types of integral transformations, such as: Fourier transformation [5], Laplace 

transformation [6], Sumudu transformation [7], Natural transformation [8], Elzaki tranformation 
[9] ,and so on. These types of transformations have wide variety applications in various areas in 

applied mathematics, physics, engineering, and in most of other sciences [10]. 

  Emad - Falih integral transformation of a single variable is a new integral transform which has 

recently been introduced by Emad A. Kuffi and Sara F. in (2021) [11].  

2. The Double Emad - Falih Integral Transform 

Definition 2.1. Emad- Falih Integral Transform: 

The Emad- Falih Integral Transform of 𝑔(𝑡) is defined as: 

𝐄𝐅[𝑔(𝑡)] = 𝐓(𝑣) =
1

𝑣
∫  
∞

0

𝑔(𝑡)𝑒−𝑣
2𝑡𝑑𝑡 

3. The Double Emad- Falih Integral Transform of Some Famous Functions 

  This Section introduces the new double Emad- Falih integral transform of some famous 

functions: 

1. Let 𝑓(𝑥, 𝑡) = 1, then 

𝐃𝐸𝐹[1]  =
1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 1𝑒−(𝑢
𝛼𝑥+𝑣𝛼𝑡)𝑑𝑡𝑑𝑥

 =
1

𝑢
∫  
∞

0

 1𝑒−𝑢
2𝑥𝑑𝑥 ⋅

1

𝑣
∫  
∞

0

 1𝑒−𝑣
2𝑡𝑑𝑡

 = 𝐄𝐅[1] ⋅ 𝐄𝐅[1],

 =
1

𝑢3
⋅
1

𝑣3

 =
1

(𝑢𝑣)3

 

2 Let 𝑓(𝑥, 𝑡) = 𝑥𝑛𝑡𝑚, then 

𝐃𝐸𝐹[𝑥
𝑛𝑡𝑚]  =

1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 𝑥𝑛𝑡𝑚𝑒−(𝑢
2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

 =
1

𝑢
∫  
∞

0

 𝑥𝑛𝑒−𝑢
2𝑥𝑑𝑥 ⋅

1

𝑣
∫  
∞

0

  𝑡𝑚𝑒−𝑣
2𝑡𝑑𝑡

 = 𝐄𝐅[𝑥𝑛] ⋅ 𝐄𝐅[𝑡𝑛]

 =
𝑛!

𝑢2𝑛+3
⋅
𝑚!

𝑣2𝑚+3

 

3 Let 𝑓(𝑥, 𝑡) = 𝑒𝑎𝑥+𝑏𝑡, then 



IHJPAS. 53 (4)2022 
 

222 

𝐃𝐸𝐹[𝑒
𝑎𝑥+𝑏𝑡]  =

1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 𝑒𝑎𝑥+𝑏𝑡𝑒−(𝑢
2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

 =
1

𝑢
∫  
∞

0

  𝑒𝑎𝑥𝑒−𝑢
2𝑥𝑑𝑥 ⋅

1

𝑣
∫  
∞

0

  𝑒𝑏𝑡𝑒−𝑣
2𝑡𝑑𝑡

 = 𝐄𝐅[𝑒𝑎𝑥] ⋅ 𝐄𝐅[𝑒𝑏𝑡]

 =
1

𝑢(𝑢2 − 𝑎)
⋅

1

𝑣(𝑣2 − 𝑏)

 =
1

𝑢𝑣(𝑢2 − 𝑎)(𝑣2 − 𝑏)

 

4 Let 𝑓(𝑥, 𝑡) = 𝑒−(𝑎𝑥+𝑏𝑡), then 

𝐃𝐸𝐹[𝑒
−(𝑎𝑥+𝑏𝑡)]  =

1

(𝑢𝑣)
∫  
∞

0

 ∫  
∞

0

  𝑒−(𝑎𝑥+𝑏𝑡)𝑒−(𝑢
2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

 =
1

𝑢
∫  
∞

0

  𝑒−𝑎𝑥𝑒−𝑢
2𝑥𝑑𝑥 ⋅

1

𝑣
∫  
∞

0

  𝑒−𝑏𝑡𝑒−𝑣
2𝑡𝑑𝑡

 = 𝐄𝐅[𝑒−𝑎𝑥] ⋅ 𝐄𝐅[𝑒−𝑏𝑡]

 =
1

𝑢(𝑢2 + 𝑎)
⋅

1

𝑣(𝑣2 + 𝑏)

 =
1

𝑢𝑣(𝑢2 + 𝑎)(𝑣2 + 𝑏)

 

5 Let 𝑓(𝑥, 𝑡) = 𝑒𝑖(𝑎𝑥+𝑏𝑡), then 

𝐃𝐸𝐹[𝑒
𝑖(𝑎𝑥+𝑏𝑡)]  =

1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

  𝑒𝑖(𝑎𝑥+𝑏𝑡)𝑒−(𝑢
2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

 =
1

𝑢
∫  
∞

0

  𝑒−𝑥(𝑢
2−𝑖𝑎)𝑑𝑥 ⋅

1

𝑣
∫  
∞

0

  𝑒−𝑡(𝑣
2−𝑖𝑏)𝑑𝑡

 =
1

𝑢

1

−(𝑢2 − 𝑖𝑎)
𝑒−𝑥(𝑢

2−𝑖𝑎)|
0

∞ 1

𝑣

1

−(𝑣2 − 𝑖𝑏)
𝑒−𝑡(𝑣

2−𝑖𝑏)|
0

∞

 =
1

𝑢

1

−(𝑢2 − 𝑖𝑎)
[0 − 1]

1

𝑣

1

−(𝑣2 − 𝑖𝑏)
[0 − 1]

 =
1

𝑢(𝑢2 − 𝑖𝑎)

1

𝑣(𝑣2 − 𝑖𝑏)
,

 =
1

𝑢𝑣(𝑢2 − 𝑖𝑎)(𝑣2 − 𝑖𝑏)
.

 

6 Let 𝑓(𝑥, 𝑡) = 𝑒−𝑖(𝑎𝑥+𝑏𝑡), then 

𝐃𝐸𝐹[𝑒
−𝑖(𝑎𝑥+𝑏𝑡)] =

1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

  𝑒−𝑖(𝑎𝑥+𝑏𝑡)𝑒−(𝑢
2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

 =
1

𝑢
∫  
∞

0

  𝑒−𝑥(𝑢
2+𝑖𝑎)𝑑𝑥 ⋅

1

𝑣
∫  
∞

0

  𝑒−𝑡(𝑣
2+𝑖𝑏)𝑑𝑡

 =
1

𝑢(𝑢2 + 𝑖𝑎)

1

𝑣(𝑣2 + 𝑖𝑏)

 =
1

𝑢𝑣(𝑢2 + 𝑖𝑎)(𝑣2 + 𝑖𝑏)

 



IHJPAS. 53 (4)2022 
 

223 

7 Let 𝑓(𝑥, 𝑡) = sin (𝑎𝑥 + 𝑏𝑡), then 

𝐃𝐸𝐹[sin (𝑎𝑥 + 𝑏𝑡)]  =
1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 sin (𝑎𝑥 + 𝑏𝑡)𝑒−(𝑢
2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

 =
1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

  [
𝑒𝑖(𝑎𝑥+𝑏𝑡) − 𝑒−𝑖(𝑎𝑥+𝑏𝑡)

2𝑖
] 𝑒−(𝑢

2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

 =
1

2𝑖

[
 
 
 
 
1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 𝑒𝑖(𝑎𝑥+𝑏𝑡)𝑒−(𝑢
2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

−
1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 𝑒−𝑖(𝑎𝑥+𝑏𝑡)𝑒−(𝑢
2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

]
 
 
 
 

 =
1

2𝑖
[𝐃𝐸𝐹[𝑒

𝑖(𝑎𝑥+𝑏𝑡)] − 𝐃𝐸𝐹[𝑒
−𝑖(𝑎𝑥+𝑏𝑡)]]

 =
1

2𝑖
[

1

𝑢𝑣(𝑢𝛼 − 𝑖𝑎)(𝑣2 − 𝑖𝑏)
−

1

𝑢𝑣(𝑢2 + 𝑖𝑎)(𝑣2 + 𝑏)
]

 =
𝑏𝑢2 + 𝑎𝑣2

𝑢𝑣(𝑢4 + 𝑎2)(𝑣4 + 𝑏2)
⋅

 

8 Let 𝑓(𝑥, 𝑡) = cos (𝑎𝑥 + 𝑏𝑡), then 

𝐃𝐸𝐹[cos (𝑎𝑥 + 𝑏𝑡)]  =
1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 cos (𝑎𝑥 + 𝑏𝑡)𝑒−(𝑢
2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

 =
1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

  [
𝑒𝑖(𝑎𝑥+𝑏𝑡) + 𝑒−𝑖(𝑎𝑥+𝑏𝑡)

2
] 𝑒−(𝑢

2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

 =
1

2

[
 
 
 
 
1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 𝑒𝑖(𝑎𝑥+𝑏𝑡)𝑒−(𝑢
2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

+
1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

  𝑒−𝑖(𝑎𝑥+𝑏𝑡)𝑒−(𝑢
2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

]
 
 
 
 

 =
1

2
[𝐃𝐸𝐹[𝑒

𝑖(𝑎𝑥+𝑏𝑡)] + 𝐃𝐸𝐹[𝑒
−𝑖(𝑎𝑥+𝑏𝑡)]]

 =
1

2
[

1

𝑢𝑣(𝑢𝛼 − 𝑖𝑎)(𝑣2 − 𝑖𝑏)
+

1

𝑢𝑣(𝑢2 + 𝑖𝑎)(𝑣2 + 𝑏)
]

 =
𝑢2𝑣2 − 𝑎𝑏

𝑢𝑣(𝑢4 + 𝑎2)(𝑣4 + 𝑏2)
⋅

 

9 Let 𝑓(𝑥, 𝑡) = sinh (𝑎𝑥 + 𝑏𝑡), then 
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𝐃𝐸𝐹[sinh (𝑎𝑥 + 𝑏𝑡)]  =
1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 sinh (𝑎𝑥 + 𝑏𝑡)𝑒−(𝑢
2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

 =
1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

  [
𝑒(𝑎𝑥+𝑏𝑡) − 𝑒−(𝑎𝑥+𝑏𝑡)

2
] 𝑒−(𝑢

2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

 =
1

2

[
 
 
 
 
1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 𝑒(𝑎𝑥+𝑏𝑡)𝑒−(𝑢
2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

−
1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

  𝑒−(𝑎𝑥+𝑏𝑡)𝑒−(𝑢
2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

]
 
 
 
 

 =
1

2
[𝐃𝐸𝐹[𝑒

(𝑎𝑥+𝑏𝑡)] − 𝐃𝐸𝐹[𝑒
−(𝑎𝑥+𝑏𝑡)]]

 =
1

2
[

1

𝑢𝑣(𝑢2 − 𝑎)(𝑣2 − 𝑏)
−

1

𝑢𝑣(𝑢2 + 𝑎)(𝑣2 + 𝑏)
]

 =
𝑎𝑣2 + 𝑏𝑢2

𝑢𝑣(𝑢4 − 𝑎2)(𝑣4 − 𝑏2)

 

10 Let 𝑓(𝑥, 𝑡) = cosh (𝑎𝑥 + 𝑏𝑡), then 

𝐃𝐸𝐹[cosh (𝑎𝑥 + 𝑏𝑡)]  =
1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 cosh (𝑎𝑥 + 𝑏𝑡)𝑒−(𝑢
2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

 =
1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

  [
𝑒(𝑎𝑥+𝑏𝑡) + 𝑒−(𝑎𝑥+𝑏𝑡)

2
] 𝑒−(𝑢

2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

 =
1

2

[
 
 
 
 
1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

  𝑒(𝑎𝑥+𝑏𝑡)𝑒−(𝑢
2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

+
1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

  𝑒−(𝑎𝑥+𝑏𝑡)𝑒−(𝑢
2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

]
 
 
 
 

 =
1

2
[𝐃𝐸𝐹[𝑒

(𝑎𝑥+𝑏𝑡)] + 𝐃𝐸𝐹[𝑒
−(𝑎𝑥+𝑏𝑡)]]

 =
1

2
[

1

𝑢𝑣(𝑢2 − 𝑎)(𝑣2 − 𝑏)
+

1

𝑢𝑣(𝑢2 + 𝑎)(𝑣2 + 𝑏)
]

 =
𝑢2𝑣2 + 𝑎𝑏

𝑢𝑣(𝑢4 − 𝑎2)(𝑣4 − 𝑏2)
⋅

 

4. Summarization 

  The new double Emad- Falih integral transform of some basic functions is shown in the 

following table: 

Table 1: The new double Emad - Falih integral transform of some basic functions. 

𝑓(𝑥, 𝑡) 𝐃𝐸𝐹[Cosh (𝑎𝑥 + 𝑏𝑡)] 

1 1

(𝑢𝑣)3
 

𝑥𝑛𝑡𝑚 𝑛!

𝑢2𝑛+3
⋅
𝑚!

𝑣2𝑚+3
 

𝑒𝑎𝑥+𝑏𝑡 1

𝑢𝑣(𝑢2 − 𝑎)(𝑣2 − 𝑏)
 

𝑒−(𝑎𝑥+𝑏𝑡) 1

𝑢𝑣(𝑢2 + 𝑎)(𝑣2 + 𝑏)
 

𝑒𝑖(𝑎𝑥+𝑏𝑡) 1

𝑢𝑣(𝑢2 − 𝑖𝑎)(𝑣2 − 𝑖𝑏)
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𝑒−𝑖(𝑎𝑥+𝑏𝑡) 1

𝑢𝑣(𝑢2 + 𝑖𝑎)(𝑣2 + 𝑖𝑏)
 

Sin (𝑎𝑥 + 𝑏𝑡) 𝑏𝑢2 + 𝑎𝑣2

𝑢𝑣(𝑢4 + 𝑎2)(𝑣4 + 𝑏2)
 

Cos (𝑎𝑥 + 𝑏𝑡) 𝑢2𝑣2 − 𝑎𝑏

𝑢𝑣(𝑢4 + 𝑎2)(𝑣4 + 𝑏2)
 

Sinh (𝑎𝑥 + 𝑏𝑡) 𝑎𝑣2 + 𝑏𝑢2

𝑢𝑣(𝑢4 − 𝑎2)(𝑣4 − 𝑏2)
 

Cosh (𝑎𝑥 + 𝑏𝑡) 𝑢2𝑣2 + 𝑎𝑏

𝑢𝑣(𝑢4 − 𝑎2)(𝑣4 − 𝑏2)
 

 

5. Theorems And Proof 

Theorem 𝟓. 𝟏. 

𝐃𝐸𝐹 [
∂𝑓(𝑥, 𝑡)

∂𝑥
] = −

1

𝑢
𝐓(0, 𝑣) + 𝑢2𝐓(𝑢, 𝑣) 

Proof.

𝐃𝐸𝐹 [
∂𝑓(𝑥,𝑡)

∂𝑥
]  =

1

𝑢𝑣
∫  
∞

0
 ∫  
∞

0
 
∂𝑓(𝑥,𝑡)

∂𝑥
𝑒−(𝑢

𝛼𝑥+𝑣𝛼𝑡)𝑑𝑡𝑑𝑥

 =
1

𝑣
∫  
∞

0
  𝑒−𝑣

2𝑡 [
1

𝑢
∫  
∞

0

∂𝑓(𝑥,𝑡)

∂𝑥
𝑒−𝑢

2𝑥𝑑𝑥⏟            ]𝑑𝑡

                                  𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑏𝑦 𝑝𝑎𝑟𝑡𝑠    

 =
1

𝑣
∫  
∞

0
  𝑒−𝑣

2𝑡 [
1

𝑢
(𝑒−𝑢

2𝑥𝑓(𝑥, 𝑡)|
0

∞
+ 𝑢2 ∫  

∞

0
 𝑓(𝑥, 𝑡)𝑒−𝑢

2𝑥𝑑𝑥)] 𝑑𝑡

 =
1

𝑣
∫  
∞

0
  𝑒−𝑣

2𝑡 [−
𝑓(0,𝑡)

𝑢
+ 𝑢 ∫  

∞

0
 𝑓(𝑥, 𝑡)𝑒−𝑢

2𝑥𝑑𝑥]𝑑𝑡,

 = −
1

𝑢
[
1

𝑣
∫  
∞

0
  𝑒−𝑣

2𝑡𝑓(0, 𝑡)𝑑𝑡] + 𝑢2 [
1

𝑢𝑣
∫  
∞

0
 ∫  
∞

0
 𝑓(𝑥, 𝑡)𝑒−(𝑢

2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥]

 = −
1

𝑢
𝐓(0, 𝑣) + 𝑢2𝐓(𝑢, 𝑣).

 

 Theorem 5.2. 

𝐃𝐸𝐹 [
∂2𝑓(𝑥, 𝑡)

∂𝑥2
] = −

1

𝑢

∂𝐓(0, 𝑣)

∂𝑥
− 𝑢𝐓(0, 𝑣) + 𝑢4𝐓(𝑢, 𝑣) 

Proof. 
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𝐃𝐸𝐹 [
∂2𝑓(𝑥, 𝑡)

∂𝑥2
] =

1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 
∂2𝑓(𝑥, 𝑡)

∂𝑥2
𝑒−(𝑢

2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

 =
1

𝑣
∫  
∞

0

  𝑒−𝑣
2𝑡[
1

𝑢
∫  
∞

0

 
∂2𝑓(𝑥, 𝑡)

∂𝑥2
𝑒−𝑢

2𝑥𝑑𝑥
⏟              

Integration by parts 

]𝑑𝑡,

 Let 𝜁 = 𝑒−𝑢
2𝑥 𝑑𝜂 =

∂2𝑓(𝑥, 𝑡)

∂𝑥2
𝑑𝑥

𝑑𝜁 = −𝑢2𝑒−𝑢
2𝑥 𝜂 =

∂𝑓(𝑥, 𝑡)

∂𝑥

 =
1

𝑣
∫  
∞

0

  𝑒−𝑣
2𝑡 [
1

𝑢
(𝑒−𝑢

2𝑥
∂𝑓(𝑥, 𝑡)

∂𝑥
|
0

∞

+ 𝑢2∫  
∞

0

 
∂𝑓(𝑥, 𝑡)

∂𝑥
𝑒−𝑢

2𝑥𝑑𝑥)] 𝑑𝑡, 

 =
1

𝑣
∫  
∞

0

  𝑒−𝑣
2𝑡 [
1

𝑢
𝑒−𝑢

2𝑥
∂𝑓(𝑥, 𝑡)

∂𝑥
|
0

∞

+ 𝑢∫  
∞

0

 
∂𝑓(𝑥, 𝑡)

∂𝑥
𝑒−𝑢

2𝑥𝑑𝑥] 𝑑𝑡

= −
1

𝑢
[
1

𝑣
∫  
∞

0

  𝑒−𝑣
2𝑡
∂𝑓(0, 𝑡)

∂𝑥
𝑑𝑡] + (𝑢)2 [

1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 
∂𝑓(𝑥, 𝑡)

∂𝑥
) 𝑒−(𝑢

2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥] ,

 = −
1

𝑢

∂𝐓(0, 𝑣)

∂𝑥
+ 𝑢2𝐃𝐸𝐹 [

∂𝑓(𝑥, 𝑡)

∂𝑥
] .

 = −
1

𝑢

∂𝐓(0, 𝑣)

∂𝑥
+ 𝑢2 [−

1

𝑢
𝐓(0, 𝑣) + 𝑢2𝐓(𝑢, 𝑣)] ; 

 = −
1

𝑢

∂𝐓(0, 𝑣)

∂𝑥
− 𝑢𝐓(0, 𝑣) + 𝑢4𝐓(𝑢, 𝑣).

 

In general 

𝐃𝐸𝐹 [
∂𝑛𝑓(𝑥, 𝑡)

∂𝑥𝑛
] = 𝑢2𝑛𝐓(𝑢, 𝑣) − [𝑢−1

∂𝑛−1𝐓(0, 𝑣)

∂𝑥𝑛−1
+ 𝑢1

∂𝑛−2𝐓(0, 𝑣)

∂𝑥𝑛−2
+ 𝑢3

∂𝑛−3𝐓(0, 𝑣)

∂𝑥𝑛−3

+⋯+ 𝑢2(𝑛−1)−3
∂𝐓(0, 𝑣)

∂𝑥
+ 𝑢2𝑛−3𝐓(0, 𝑣)]

 or = 𝑢2𝑛𝐓(𝑢, 𝑣) −∑  

𝑛

𝑘=1

 𝑢2𝑘−3
∂𝑛−𝑘𝐓(0, 𝑣)

∂𝑥𝑛−𝑘

 

Theorem 5.3. 

𝐃𝐸𝐹 [
∂𝑓(𝑥, 𝑡)

∂𝑡
] = −

1

𝑣
𝐓(𝑢, 0) + 𝑣2𝐓(𝑢, 𝑣) 

Proof. 
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𝐃𝐸𝐹 [
∂𝑓(𝑥, 𝑡)

∂𝑡
]  =

1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 
∂𝑓(𝑥, 𝑡)

∂𝑡
𝑒−(𝑢

𝛼𝑥+𝑣𝛼𝑡)𝑑𝑡𝑑𝑥

 =
1

𝑢
∫  
∞

0

  𝑒−𝑢
2𝑥[
1

𝑣
∫  
∞

0

 
∂𝑓(𝑥, 𝑡)

∂𝑡
𝑒−𝑣

2𝑡𝑑𝑡] 𝑑𝑥
⏟                

Integration by parts 

 =
1

𝑢
∫  
∞

0

  𝑒−𝑢
2𝑥 [
1

𝑣
(𝑒−𝑣

2𝑡𝑓(𝑥, 𝑡)|
0

∞
+ 𝑣2∫  

∞

0

 𝑓(𝑥, 𝑡)𝑒−𝑣
2𝑡𝑑𝑡)] 𝑑𝑥

 =
1

𝑢
∫  
∞

0

  𝑒−𝑢
2𝑥 [−

𝑓(𝑥, 0)

𝑣
+ 𝑣∫  

∞

0

 𝑓(𝑥, 𝑡)𝑒−𝑣
2𝑡𝑑𝑡] 𝑑𝑥

 = −
1

𝑣
[
1

𝑢
∫  
∞

0

  𝑒−𝑢
2𝑥𝑓(𝑥, 0)𝑑𝑥] + 𝑣2 [

1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 𝑓(𝑥, 𝑡)𝑒−(𝑢
2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥]

 = −
1

𝑣
𝐓(𝑢, 0) + 𝑣2𝐓(𝑢, 𝑣).

 

Theorem 5.4. 

𝐃𝐸𝐹 [
∂2𝑓(𝑥, 𝑡)

∂𝑡2
] = −

1

𝑣

∂𝐓(𝑢, 0)

∂𝑡
− 𝑣𝐓(0, 𝑣) + 𝑣4𝐓(𝑢, 𝑣) 

Proof. 

𝐃𝐸𝐹 [
∂2𝑓(𝑥, 𝑡)

∂𝑡2
] =

1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 
∂2𝑓(𝑥, 𝑡)

∂𝑡2
𝑒−(𝑢

2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥

 =
1

𝑢
∫  
∞

0

  𝑒−𝑢
2𝑥[
1

𝑣
∫  
∞

0

 
∂2𝑓(𝑥, 𝑡)

∂𝑡2
𝑒−𝑣

2𝑡𝑑𝑡
⏟              

Integration by parts 

]𝑑𝑥,

 Let 𝜁 = 𝑒−𝑣
2𝑡 𝑑𝜂 =

∂2𝑓(𝑥, 𝑡)

∂𝑡2
𝑑𝑡

𝑑𝜁 = −𝑣2𝑒−𝑣
2𝑡  𝜂 =

∂𝑓(𝑥, 𝑡)

∂𝑡

 =
1

𝑢
∫  
∞

0

  𝑒−𝑢
2𝑥 [
1

𝑣
(𝑒−𝑣

2𝑡
∂𝑓(𝑥, 𝑡)

∂𝑡
|
0

∞

+ 𝑣2∫  
∞

0

 
∂𝑓(𝑥, 𝑡)

∂𝑡
𝑒−𝑣

2𝑡𝑑𝑡)] 𝑑𝑥

 =
1

𝑢
∫  
∞

0

  𝑒−𝑢
2𝑥 [
1

𝑣
𝑒−𝑣

2𝑡
∂𝑓(𝑥, 𝑡)

∂𝑡
|
0

∞

+ 𝑣∫  
∞

0

 
∂𝑓(𝑥, 𝑡)

∂𝑡
𝑒−𝑣

2𝑡𝑑𝑡] 𝑑𝑥,

 = −
1

𝑣
[
1

𝑢
∫  
∞

0

  𝑒−𝑢
2𝑥
∂𝑓(𝑥, 0)

∂𝑡
𝑑𝑡] + (𝑣)2 [

1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 
∂𝑓(𝑥, 𝑡)

∂𝑡
𝑒−(𝑢

2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥] ,

 = −
1

𝑣

∂𝐓(𝑢, 0)

∂𝑡
+ 𝑣2𝐃𝐸𝐹 [

∂𝑓(𝑥, 𝑡)

∂𝑡
] .

 = −
1

𝑣

∂𝐓(𝑢, 0)

∂𝑡
+ 𝑣2 [−

1

𝑣
𝐓(𝑢, 0) + 𝑣2𝐓(𝑢, 𝑣)] ; 

 = −
1

𝑣

∂𝐓(𝑢, 0)

∂𝑡
− 𝑣𝐓(0, 𝑣) + 𝑣4𝐓(𝑢, 𝑣).

 

In general 
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𝐃𝐸𝐹 [
∂𝑛𝑓(𝑥, 𝑡)

∂𝑡𝑛
] = 𝑣2𝑛𝐓(𝑢, 𝑣) − [𝑣−1

∂𝑛−1𝐓(𝑢, 0)

∂𝑡𝑛−1
+ 𝑣1

∂𝑛−2𝐓(𝑢, 0)

∂𝑡𝑛−2
+ 𝑣3

∂𝑛−3𝐓(𝑢, 0)

∂𝑡𝑛−3

+⋯+ 𝑣2(𝑛−1)−3
∂𝐓(𝑢, 0)

∂𝑡
+ 𝑢2𝑛−3𝐓(𝑢, 0)] ,

 or = 𝑣2𝑛𝐓(𝑢, 𝑣) −∑  

𝑛

𝑘=1

 𝑣2𝑘−3
∂𝑛−𝑘𝐓(𝑢, 0)

∂𝑡𝑛−𝑘

 

Theorem 𝟓. 𝟓. 

𝐃𝐸𝐹 [
∂2𝑓(𝑥, 𝑡)

∂𝑡 ∂𝑥
] = −

1

𝑣

∂𝐓(𝑢, 0)

∂𝑥
−
𝑣2

𝑢
𝐓(0, 𝑣) + 𝑣2𝑢2𝐓(𝑢, 𝑣) 

Proof. 

𝐃𝐸𝐹 [
∂2𝑓(𝑥, 𝑡)

∂𝑡 ∂𝑥
] =

1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 
∂2𝑓(𝑥, 𝑡)

∂𝑡 ∂𝑥
𝑒−(𝑢

2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥,

 =
1

𝑢
∫  
∞

0

  𝑒−𝑢
2𝑥[
1

𝑣
∫  
∞

0

 
∂2𝑓(𝑥, 𝑡)

∂𝑡 ∂𝑥
𝑒−𝑣

2𝑡𝑑𝑡
⏟              

Integration by parts 

]𝑑𝑥,

 Let 𝜁 = 𝑒−𝑣
2𝑡 𝑑𝜂 =

∂2𝑓(𝑥, 𝑡)

∂𝑡 ∂𝑥
𝑑𝑡

𝑑𝜁 = −𝑣2𝑒−𝑣
2𝑡 𝜂 =

∂𝑓(𝑥, 𝑡)

∂𝑥

 =
1

𝑢
∫  
∞

0

  𝑒−𝑢
2𝑥 [
1

𝑣
(𝑒−𝑣

2𝑡
∂𝑓(𝑥, 𝑡)

∂𝑥
|
0

∞

+ 𝑣2∫  
∞

0

 
∂𝑓(𝑥, 𝑡)

∂𝑥
𝑒−𝑣

2𝑡𝑑𝑡)] 𝑑𝑥,

 =
1

𝑢
∫  
∞

0

  𝑒−𝑢
2𝑥 [
1

𝑣
𝑒−𝑣

2𝑡
∂𝑓(𝑥, 𝑡)

∂𝑥
|
0

∞

+ 𝑣∫  
∞

0

 
∂𝑓(𝑥, 𝑡)

∂𝑥
𝑒−𝑣

2𝑡𝑑𝑡] 𝑑𝑥,

 =
1

𝑢
∫  
∞

0

  𝑒−𝑢
2𝑥 [−

1

𝑣

∂𝑓(𝑥, 0)

∂𝑥
+ 𝑣∫  

∞

0

 
∂𝑓(𝑥, 𝑡)

∂𝑥
𝑒−𝑣

2𝑡𝑑𝑡] 𝑑𝑥,

 = −
1

𝑣
[
1

𝑢
∫  
∞

0

  𝑒−𝑢
2𝑥
∂𝑓(𝑥, 0)

∂𝑥
] + 𝑣2 [

1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 
∂𝑓(𝑥, 𝑡)

∂𝑥
𝑒−(𝑢

2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥] ,

 = −
1

𝑣

∂𝐓(𝑢, 0)

∂𝑥
+ 𝑣2𝐃𝐸𝐹 [

∂𝑓(𝑥, 𝑡)

∂𝑥
]

 = −
1

𝑣

∂𝐓(𝑢, 0)

∂𝑥
+ 𝑣2 [−

1

𝑢
𝐓(0, 𝑣) + 𝑢2𝐓(𝑢, 𝑣)] ,

 = −
1

𝑣

∂𝐓(𝑢, 0)

∂𝑥
−
𝑣2

𝑢
𝐓(0, 𝑣) + 𝑣2𝑢2𝐓(𝑢, 𝑣)

 

Theorem 𝟓. 𝟔. 

𝐃𝐸𝐹 [
∂2𝑓(𝑥, 𝑡)

∂𝑥 ∂𝑡
] = −

1

𝑢

∂𝐓(0, 𝑣)

∂𝑡
−
𝑢2

𝑣
𝐓(0, 𝑣) + 𝑣2𝑢2𝐓(𝑢, 𝑣) 

Proof. 
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𝐃𝐸𝐹 [
∂2𝑓(𝑥, 𝑡)

∂𝑥 ∂𝑡
] =

1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 
∂2𝑓(𝑥, 𝑡)

∂𝑥 ∂𝑡
𝑒−(𝑢

2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥,

 =
1

𝑣
∫  
∞

0

  𝑒−𝑣
2𝑡[
1

𝑢
∫  
∞

0

 
∂2𝑓(𝑥, 𝑡)

∂𝑥 ∂𝑡
𝑒−𝑢

2𝑥𝑑𝑥
⏟              

Integration by parts 

]𝑑𝑡,

 Let 𝜁 = 𝑒−𝑢
2𝑥 𝑑𝜂 =

∂2𝑓(𝑥, 𝑡)

∂𝑥 ∂𝑡
𝑑𝑥

𝑑𝜁 = −𝑢2𝑒−𝑢
2𝑥 𝜂 =

∂𝑓(𝑥, 𝑡)

∂𝑡

 =
1

𝑣
∫  
∞

0

  𝑒−𝑣
2𝑡 [
1

𝑢
(𝑒−𝑢

2𝑥
∂𝑓(𝑥, 𝑡)

∂𝑡
|
0

∞

+ 𝑢2∫  
∞

0

 
∂𝑓(𝑥, 𝑡)

∂𝑡
𝑒−𝑢

2𝑥𝑑𝑡)] 𝑑𝑡, 

 =
1

𝑣
∫  
∞

0

  𝑒−𝑣
2𝑡 [
1

𝑢
𝑒−𝑢

2𝑥
∂𝑓(𝑥, 𝑡)

∂𝑡
|
0

∞

+ 𝑢∫  
∞

0

 
∂𝑓(𝑥, 𝑡)

∂𝑡
𝑒−𝑢

2𝑥𝑑𝑥]𝑑𝑡

 =
1

𝑣
∫  
∞

0

  𝑒−𝑣
2𝑡 [−

1

𝑢

∂𝑓(𝑥, 0)

∂𝑡
+ 𝑢∫  

∞

0

 
∂𝑓(𝑥, 𝑡)

∂𝑡
𝑒−𝑢

2𝑥𝑑𝑥] 𝑑𝑡,

 = −
1

𝑢
[
1

𝑣
∫  
∞

0

 𝑒−𝑣
2𝑡
∂𝑓(0, 𝑡)

∂𝑡
] + 𝑢2 [

1

𝑢𝑣
∫  
∞

0

 ∫  
∞

0

 
∂𝑓(𝑥, 𝑡)

∂𝑥
𝑒−(𝑢

2𝑥+𝑣2𝑡)𝑑𝑡𝑑𝑥] ,

 = −
1

𝑢

∂𝐓(0, 𝑣)

∂𝑡
+ 𝑢2𝐃𝐸𝐹 [

∂𝑓(𝑥, 𝑡)

∂𝑡
] , 

 = −
1

𝑢

∂𝐓(0, 𝑣)

∂𝑡
+ 𝑢2 [−

1

𝑣
𝐓(𝑢, 0) + 𝑣2𝐓(𝑢, 𝑣)] , 

 = −
1

𝑢

∂𝐓(0, 𝑣)

∂𝑡
−
𝑢2

𝑣
𝐓(0, 𝑣) + 𝑣2𝑢2𝐓(𝑢, 𝑣)

 

Table 2. Summarization 

𝑓(𝑥, 𝑡) 𝐃𝐸𝐹[𝑓(𝑥, 𝑡)] = 𝐓(𝑢, 𝑣) 

∂𝑓(𝑥, 𝑡)

∂𝑥
 −

1

𝑢
𝐓(0, 𝑣) + 𝑢2𝐓(𝑢, 𝑣) 

∂2𝑓(𝑥, 𝑡)

∂𝑥2
 −

1

𝑢

∂𝐓(0, 𝑣)

∂𝑥
− 𝑢𝐓(0, 𝑣) + 𝑢4𝐓(𝑢, 𝑣) 

∂n𝑓(𝑥, 𝑡)

∂𝑥n
 𝑢2𝑛𝐓(𝑢, 𝑣) −∑  

𝑛

𝑘=1

 𝑢2𝑘−3
∂𝑛−𝑘𝐓(0, 𝑣)

∂𝑥𝑛−𝑘
 

∂𝑓(𝑥, 𝑡)

∂𝑡
 −

1

𝑣
𝐓(𝑢, 0) + 𝑣2𝐓(𝑢, 𝑣) 

∂2𝑓(𝑥, 𝑡)

∂𝑡2
 −

1

𝑣

∂𝐓(𝑢, 0)

∂𝑡
− 𝑣𝐓(0, 𝑣) + 𝑣4𝐓(𝑢, 𝑣) 

∂𝑛𝑓(𝑥, 𝑡)

∂𝑡𝑛
 𝑣2𝑛𝐓(𝑢, 𝑣) −∑  

𝑛

𝑘=1

 𝑣2𝑘−3
∂𝑛−𝑘𝐓(𝑢, 0)

∂𝑡𝑛−𝑘
 

∂2𝑓(𝑥, 𝑡)

∂𝑡 ∂𝑥
 −

1

𝑣

∂𝐓(𝑢, 0)

∂𝑥
−
𝑣2

𝑢
𝐓(0, 𝑣) + 𝑣2𝑢2𝐓(𝑢, 𝑣) 

∂2𝑓(𝑥, 𝑡)

∂𝑥 ∂𝑡
 −

1

𝑢

∂𝐓(0, 𝑣)

∂𝑡
−
𝑢2

𝑣
𝐓(0, 𝑣) + 𝑣2𝑢2𝐓(𝑢, 𝑣) 
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Theorem 5.7. Let 𝐅𝑐(𝑢, 𝑣) be the new double Emad- Falih transform of 𝑓(𝑥, 𝑡)(𝐓(𝑢, 𝑣) =
𝐃𝐸𝐹[𝑓(𝑥, 𝑡)]), then 

𝐃𝐸𝐹 [
∂𝑛𝑓(𝑥, 𝑡)

∂𝑥𝑛
] = 𝑢2𝑛𝐓(𝑢, 𝑣) −∑  

𝑛

𝑘=1

𝑢2𝑘−3
∂𝑛−𝑘𝐓(0, 𝑣)

∂𝑥𝑛−𝑘
                  (1) 

And 

𝐃𝐸𝐹 [
∂𝑛𝑓(𝑥, 𝑡)

∂𝑡𝑛
] = 𝑣2𝑛𝐓(𝑢, 𝑣) −∑  

𝑛

𝑘=1

𝑣2𝑘−3
∂𝑛−𝑘𝐓(𝑢, 0)

∂𝑡𝑛−𝑘
                  (2) 

Proof. Firstly, we prove (1) by the mathematical induction: 

1 for 𝑛 = 1 

𝐃𝐸𝐹 [
∂𝑓(𝑥, 𝑡)

∂𝑥
]  = 𝑢2(1)𝐓(𝑢, 𝑣) −∑  

1

𝑘=1

 𝑢2𝑘−3
∂1−𝑘𝐓(0, 𝑣)

∂𝑥1−𝑘

 = 𝑢2𝐓(𝑢, 𝑣) −
1

𝑢
𝐓(0, 𝑣).

 

Thus, true for 𝑛 = 1 

2 Assume true for 𝑛 = 𝑚, to get: 

𝐃𝐸𝐹 [
∂𝑚𝑓(𝑥,𝑡)

∂𝑥𝑚
] = 𝑢2𝑚𝐓(𝑢, 𝑣) − ∑  𝑚

𝑘=1 𝑢
2𝑘−3 ∂

𝑚−𝑘𝐓(0,𝑣)

∂𝑥𝑚−𝑘
. 

3 We want to prove (1) for 𝑛 = 𝑚 + 1: 
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𝐃𝐸𝐹 [
∂𝑚+1𝑓(𝑥, 𝑡)

∂𝑥𝑚+1
] = 𝐃𝐸𝐹 [

∂

∂𝑥
[
∂𝑚𝑓(𝑥, 𝑡)

∂𝑥𝑚
]]

 = 𝑢2𝐃𝐸𝐹 [
∂𝑚𝑓(𝑥, 𝑡)

∂𝑥𝑚
] −

1

𝑢

∂𝑚𝐓(0, 𝑣)

∂𝑥𝑚
,

 = 𝑢2 [𝑢2𝑚𝐓(𝑢, 𝑣) −∑  

𝑚

𝑘=1

 𝑢2𝑘−3
∂𝑚−𝑘𝐓(0, 𝑣)

∂𝑥𝑚−𝑘
] −

1

𝑢

∂𝑚𝐓(0, 𝑣)

∂𝑥𝑚
,

 = 𝑢2(𝑚+1)𝐓(𝑢, 𝑣) − 𝑢2∑ 

𝑚

𝑘=1

 𝑢2𝑘−3
∂𝑚−𝑘𝐓(0, 𝑣)

∂𝑥𝑚−𝑘
−
1

𝑢

∂𝑚𝐓(0, 𝑣)

∂𝑥𝑚

 = 𝑢2(𝑚+1)𝐓(𝑢, 𝑣) −∑  

𝑚

𝑘=1

𝑢2𝑘−1
∂𝑚−𝑘𝐓(0, 𝑣)

∂𝑥𝑚−𝑘
−
1

𝑢

∂𝑚𝐓(0, 𝑣)

∂𝑥𝑚
,

 

 = 𝑢2(𝑚+1)𝐓(𝑢, 𝑣) −∑  

𝑚

𝑘=0

 𝑢2𝑘−1
∂𝑚−𝑘𝐓(0, 𝑣)

∂𝑥𝑚−𝑘
,

 = 𝑢2(𝑚+1)𝐓(𝑢, 𝑣) − ∑  

𝑚+1

𝑘=1

 𝑢2(𝑘−1)−1
∂𝑚−(𝑘−1)𝐓(0, 𝑣)

∂𝑥𝑚−(𝑘−1)
,

 = 𝑢2(𝑚+1)𝐓(𝑢, 𝑣) − ∑  

𝑚+1

𝑘=1

 𝑢2𝑘−3
∂(𝑚+1−𝑘)𝐓(0, 𝑣)

∂𝑥(𝑚+1−𝑘)
,

 = 𝐃𝐸𝐹 [
∂𝑚+1𝑓(𝑥, 𝑡)

∂𝑥𝑚+1
] .

 

So theorem is true for 𝑛 ∈ ℕ. 

Finally, we want prove (2) by the mathematical induction: 

1 for 𝑛 = 1 

𝐃𝐸𝐹 [
∂𝑓(𝑥, 𝑡)

∂𝑡
]  = 𝑣2(1)𝐓(𝑢, 𝑣) −∑  

1

𝑘=1

 𝑣2𝑘−3
∂1−𝑘𝐓(𝑢, 0)

∂𝑡1−𝑘

 = 𝑣2𝐓(𝑢, 𝑣) −
1

𝑣
𝐓(𝑢, 0).

 

Thus, true for 𝑛 = 1 

2 Assume true for 𝑛 = 𝑚, to get: 

𝐃𝐸𝐹 [
∂𝑚𝑓(𝑥, 𝑡)

∂𝑡𝑚
] = 𝑣2𝑚𝐓(𝑢, 𝑣) −∑  

𝑚

𝑘=1

𝑣2𝑘−3
∂𝑚−𝑘𝐓(𝑢, 0)

∂𝑡𝑚−𝑘
. 

3 We want to prove (1) for 𝑛 = 𝑚 + 1: 
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𝐃𝐸𝐹 [
∂𝑚+1𝑓(𝑥, 𝑡)

∂𝑡𝑚+1
]  = 𝐃𝐸𝐹 [

∂

∂𝑥
[
∂𝑚𝑓(𝑥, 𝑡)

∂𝑡𝑚
]]

 = 𝑣2𝐃𝐸𝐹 [
∂𝑚𝑓(𝑥, 𝑡)

∂𝑡𝑚
] −

1

𝑣

∂𝑚𝐓(𝑢, 0)

∂𝑡𝑚
,

 = 𝑣2 [𝑣2𝑚𝐓(𝑢, 𝑣) −∑  

𝑚

𝑘=1

 𝑣2𝑘−3
∂𝑚−𝑘𝐓(𝑢, 0)

∂𝑡𝑚−𝑘
] −

1

𝑣

∂𝑚𝐓(𝑢, 0)

∂𝑡𝑚

 = 𝑣2(𝑚+1)𝐓(𝑢, 𝑣) − 𝑣2∑ 

𝑚

𝑘=1

 𝑣2𝑘−3
∂𝑚−𝑘𝐓(𝑢, 0)

∂𝑡𝑚−𝑘
−
1

𝑣

∂𝑚𝐓(𝑢, 0)

∂𝑡𝑚

 = 𝑣2(𝑚+1)𝐓(𝑢, 𝑣) −∑  

𝑚

𝑘=1

 𝑣2𝑘−1
∂𝑚−𝑘𝐓(𝑢, 0)

∂𝑡𝑚−𝑘
−
1

𝑣

∂𝑚𝐓(𝑢, 0)

∂𝑡𝑚
,

 = 𝑣2(𝑚+1)𝐓(𝑢, 𝑣) −∑  

𝑚

𝑘=0

 𝑣2𝑘−1
∂𝑚−𝑘𝐓(𝑢, 0)

∂𝑡𝑚−𝑘
,

 = 𝑣2(𝑚+1)𝐓(𝑢, 𝑣) − ∑  

𝑚+1

𝑘=1

 𝑣2(𝑘−1)−1
∂𝑚−(𝑘−1)𝐓(𝑢, 0)

∂𝑡𝑚−(𝑘−1)
,

= 𝑣2(𝑚+1)𝐓(𝑢, 𝑣) − ∑  

𝑚+1

𝑘=1

 𝑣2𝑘−3
∂(𝑚+1−𝑘)𝐓(𝑢, 0)

∂𝑡(𝑚+1−𝑘)
,

 = 𝐃𝐸𝐹 [
∂𝑚+1𝑓(𝑥, 𝑡)

∂𝑡𝑚+1
] .

 

So theorem is true for 𝑛 ∈ ℕ. 

6. Applications 

In this section, we introduce the solution of the linear partial differential equation (Telegraph 

equation). 

Application 6.1.  

 Consider the linear telegraph equation: 

∂2𝜁

∂𝑥2
=
∂2𝜁

∂𝑡2
+ 2

∂𝜁

∂𝑡
+ 𝜁. 

Subject to initial conditions: 

𝜁(𝑥, 0) = 𝑒𝑥,  𝜁(0, 𝑡) = 𝑒−2𝑡

𝜁𝑡(𝑥, 0) = −2𝑒
𝑥,  𝜁𝑥(0, 𝑡) = 𝑒

−2𝑡 

 Solution: 

Applying Emad- Falih transform, 

𝐃𝐸𝐹 [
∂2𝜁

∂𝑥2
=
∂2𝜁

∂𝑡2
+ 2

∂𝜁

∂𝑡
+ 𝜁], 
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to obtain the following: 

−
1

𝑢

∂𝐓(0, 𝑣)

∂𝑥
− 𝑢𝐓(0, 𝑣) + 𝑢4𝐓(𝑢, 𝑣) = −

1

𝑣

∂𝐓(𝑢, 0)

∂𝑡
− 𝑣𝐓(0, 𝑣) + 𝑣4𝐓(𝑢, 𝑣)

+2 [−
1

𝑣
𝐓(𝑢, 0) + 𝑣2𝐓(𝑢, 𝑣)] + 𝑇(𝑢, 𝑣).

 

Applying the Emad- Falih transform to the initial conditions, we have: 

−
1

𝑢
(

1

𝑣(𝑣2 + 2)
) − 𝑢 (

1

𝑣(𝑣2 + 2)
) + 𝑢4𝐓(𝑢, 𝑣) = −

1

𝑣
(

−2

𝑢(𝑢2 − 1)
) − 𝑣 (

1

𝑢(𝑢2 − 1)
) + 𝑣4𝐓(𝑢, 𝑣)

−2
1

𝑣
(

1

𝑢(𝑢2 − 1)
) + 2𝑣2𝐓(𝑢, 𝑣) + 𝑇(𝑢, 𝑣).

 

We get: 

(𝑢4 − 𝑣4 − 2𝑣2 − 1)𝐓(𝑢, 𝑣) =
𝑢4 − 𝑣4 − 2𝑣2 − 1

𝑢𝑣(𝑣2 + 2)(𝑢2 − 1)
,

𝐓(𝑢, 𝑣) =
1

𝑢𝑣(𝑣2 + 2)(𝑢2 − 1)
.

 

Then 

𝜁(𝑥, 𝑡) = 𝑒𝑥−2𝑡 

7.Conclusions 

  In this research, we have extended the double Emad - Falih integral transform. First, we have 

proved the fundamental properties and theorems using the new double Emad - Falih integral 

transform which have also been introduced and presented. Second, the new double integral 

transform to solve the telegraph partial differential equation is applied. 
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