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Abstract

The objective of this paper is to define and introduce a new type of nano semi-open set which
called nano S.-open set as a strong form of nano semi-open set which is related to nano closed sets
in nano topological spaces. In this paper, we find all forms of the family of nano S.-open sets in
term of upper and lower approximations of sets and we can easily find nano S.-open sets and they
are a gate to more study. Several types of nano open sets are known, so we study relationship
between the nano S--open sets with the other known types of nano open sets in nano topological
spaces. The Operators such as nano S-interior and nano S.-closure are the part of this paper.

Keywords: nano closed sets, nano semi-open sets, nano S--open sets, nano Sq-interior, nano S¢-
closure.

1.Introduction

The notion of nano topological space (briefly NTS) introduced by Thivagar and Carmel [1] with
respect to a subset X of a universe U which is defined in terms of lower and upper approximations.
Levine [2] introduced the notions of semi-open. Later, nano semi-open sets introduced by Thivagar
Carmel [1], also nano Sz-open sets introduced by [4], and more nano open sets defined in [5-7].
In this paper, we introduce the concept nano S.--open sets as a strong form of nano semi-open sets,
since every nano Sc-open (briefly nS--oprn) sets is nano semi-open sets and the relationship with
some class of nano near open sets. All forms of family of nano S--open sets under various cases
of approximations idea also derived. Also, operators such as nano Sc-interior and nano S.-closure
are the part of this paper.
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2. Preliminaries

Definition 2.1. [8] Let W # ¢ denote the finite universe and the equivalence relation R on the
universe W called the indiscernibility relation. The pair (W, R) is called the approximation space.
Let X € W:

i. The lower approximation defined by Lz(X) = Uyey {R(x); R(x) € X}, where R(x)
stands the equivalence class by x.
ii. The upper approximation defined by Uz (X) = Uyey {R(x); R(x)NX # ¢}.
iii. The boundary region defined by Bz (X) = Ug(X) — Lg(X).
Definition 2.2. [1] Let W denote the universe and R be an equivalence relation on W and
TR(X) = {d, W, Lg(X),Uxr(X),Br(X)} where X € W. Then the followings axioms hold for

T (X):

i. Wandg € tz(X)

ii. A, B € tx(X),then AU Btiz(X)

iii. The intersection of any finite subcollection of 75 (X) is in Tz (X).
Then tx(X) forms a topology on W and called nano topology on W with respect to X. Also
(W, TR (X)) is called the NT'S and the members of 7z (X) are called nano open sets.

Definition 2.3. Let (W, 7z (X)) be a NTS and K € W. The set K is called nano:

i.  regular-open [1], if K = nint(ncl(K)).

ii. a-open[1], if K € nint(ncl(nint((K))).

iii. semi-open [1], if K € ncl(nint(K)).

iv. (-open (nano semi pre-open) [3], if K € ncl(nint(ncl(K))).

v. 6-open [1], if for each x € K, there exists a nano open set G such that x € G < ncl(K) <

K.

vi. Sg-open [4], if K is nano semi-open and the union of nano S-closed sets.
The set of all nano regular-open (resp. nano a-open, nano semi-open, nano B-open, 6-open and
nano Sg-open) sets denoted by nRO(W,X) (resp. naO(W,X), nSO(W,X), npO(W, X),
ng0 (W, X) and nSg0 (W, X)).

Theorem 2.4. [1] If A,B € nSO(W, X),then AU B € nSO(W, X).
Theorem 2.5. [1] Let (W, 7z(X)) be a NTS, then:

i IfURX) =Wand Ly(X) = ¢ = t5(X) = {¢p, W}.

ii. IfUR(X) =W and Lx(X) # ¢ = 1:(X) = 18(X).

i, If Up(X) = Lr(X) = W = 18(X) = {¢p, W}.

iv. IfUR(X) =W, Lg(X) = ¢ = 18(X) = {p, W}.

V. If Ur(X) # Lr(X) where Ug(X) #= W and Lr(X) # ¢ = 15(X) = {¢p, W}.
Theorem 2.6. [1] Let (W, 7z(X)) be a NTS, then:

i IfUx(X) =W and Ly(X) = ¢ = nRO(W, X) = {¢, W}.
i, If Ug(X) = W and Ly(X) # ¢ = 12(X) = nROOW, X).
iii. If Ug(X) = Lp(X) £ W = 12(X) = nRO(W, X).

iv. If Ug(X) = W, Lp(X) = ¢ = 1(X) = nRO(W, X).
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If Ur(X) #Lg(X) where Uz(X)#W and Lg(X)# ¢ =nROW,X)=
{¢,W, LR(X)rBR(X)}'

Theorem 2.7. [1] Let (W, 7x(X)) be a NTS, then:

iv.

V.

If Ux(X) = W and Lg(X) = ¢ = naO(W, X) = {¢, W}.

If Up(X) = W and L (X) # ¢ = 1x(X) = naO(W, X).

If Ur(X) = Lr(X) = W = ¢ and those sets A for which U (X) < A are the only na-
open sets in W.

If Up(X) =W, Lg(X) = ¢ = ¢ and those sets A for which Uz (X) S A are the only
na-open sets in W.

If Ur(X) # Lg(X) where Ug(X) #= W and Lx(X) # ¢ = ¢, Lg(X), Bg(X), any set
containing Ui (X) are the only na-open sets in W.

Theorem 2.8. [1] Let (W, 7z(X)) be a NTS, then:

iv.

V.

If Ug(X) =W and Lyx(X) = ¢ = nSO(W, X) = {¢, W}.

If Urg(X) = W and Lx(X) # ¢ = 13(X) = nSO(W, X).

If Up(X) = Lr(X) # W = ¢ and those sets A for which Uz (X) < A are the only nS-
open sets in W.

If Up(X) = W, Lg(X) = ¢ = ¢ and those sets A for which U (X) € A are the only
nS-open sets in W.

If Up(X) # Lr(X) where Uzr(X) # W and Lg(X) # ¢ = ¢, Lr(X), Bg(X), any set
containing Ug(X),Lg(X) U B and Bir(X) U B where B < [Ux(X)]¢ are the only nS-
open sets in W.

Theorem 2.9. [4] Let (W, Tz(X)) be a NTS, then:

iv.

Vi.

If Up(X) =W and Lg(X) = ¢ = nSz0(W, X) = {¢, W}.

If Up(X) = W and Lg(X) # ¢ = 1x(X) = nSg0(W, X).

If Up(X) = Lg(X) = {x},x € W, = ¢ and those sets A for which U, (X) < A are the
only nSg-open sets in W.

If Up(X) = Lr(X) # W and Ug(X) containing more than one element of U = ¢ and
those sets A for which Ug(X) < A are the only nSg-open sets in W.

If Urg(X) # W, Lr(X) = ¢ and Ui (X) containing more than one element of W = ¢
and those sets A for which Ug (X) € A are the only nSg-open sets in W.

If Up(X) # Lg(X) where Uzr(X) # W and Lg(X) # ¢ = ¢, Lr(X), Bg(X), any set
containing Ug (X), Lg (X) U B and Br(X) U B where B S [Ur(X)]° are the only nS;-
open sets in W.

3. Nano S.-open sets

Definition 3.1. A subset A € nSO(W, X) is said to be nano S.-open (briefly nS;-open) sets in
NTS W if for each x € A, there exist a nano closed set F such that x € F € A. The family of all
nano Sc-open subsets of a NTS W denoted by nS.0 (W, X).

Definition 3.2. The complement of nS.-open sets in a NTS (W, TR(X)) is said to ne nS.-closed

sets. The family of all nS.-open sets denoted by nS-C (W, X).

Remark 3.3. Every nS.-open set is nS-open set, but the converse may not be true in general, as it
shown in the next example.
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Example 3.4. Let W = {a, b, c,d} with W/R = {{a, b},{c},{d}} and X = {b, c}, then 5 (X) =
{¢ W, {a,b,c},{c},{a,b}} and [tr(X)]¢ ={p,W,{d},{a,b,d},{c,d}}. The nSO(W,X) =
{qb, W, {a,b,c},{c},{a, b}, {c,d},{a,b, d}}. Then nS;.0(W, X) = {¢, W,{c,d},{a, b, d}} and it is
clear that the subset {c} is nS-open but not nS;--open set in W.

Proposition 3.5. A subset A of a NTS (W, TR (X)) is nSc-open if and only if A is nS-open and the
union of nano closed sets.

Proof. Obvious.
Remark 3.6.

i. Nano open sets and nS.-open sets are independent. In above example, the subset {c, d} is
nSc-open but not nano open in U, also, the subset {c} is nano open but not nS--open set in
U.
Ii. na-open sets and nS.-open sets are independent. In above example, {a, b, c} is na-open
set but not nS.-open, also {c, d} is nS;-open but not na-open.
iii. nR-open sets and nS.--open sets are independent. In above example, {a, b} is nR-open set
but not nS--open, also {c, d} is nS.-open but not nR-open.
iv. The intersection of tow nS.-open sets may not be nS.--open. In above example, {c, d} and
{a, b, d} are nSc-open but {c,d} n {a, b, d} = {d} which is not nS.-open in U. So that, the
family of nS--open sets forma supra topology.
Proposition 3.7. Let {4,: a € A} be a collection of nSc-open sets in a NTS (W, tx(X)). Then
U{A,: a € A} is nS;-open.

Proof. Let A, be nSc--open set for each «, then A, is nS-open and hence by Theorem 5, U
{A,: a € A} is nS-open. Let x € U{A,: @ € A}, there exist a € A such that x € A,. Since A, is
nS-open for each «a, there exists a nano closed set F such that x € F € A, € U{A,: a € A}, so
x € F € U{A,: a € A}. Therefore, U {A,: a € A} is nSc-open set.

In the following results, we study all form of nS.-open sets in term of upper and lower
approximations in NTS.

Theorem 3.8. Let (W, 7x(X)) be a NTS, then:

i. IfUR(X) =W and Lg(X) = ¢, then nS.0(W, X) = {¢, W}.

ii. IfUR(X) =W and Lg(X) # ¢, then 7x(X) = nS.O0(W, X).

iii. If Up(X) = Lg(X) = W, thennS.0(W,X) = {¢, W}.

iv. If Ug(X) #W, Lg(X) = ¢, then nS.0(W, X) = {¢, W}.

v. If Ur(X) # Lr(X) where Ug(X) =W and Lr(X) #+ ¢, then
nScOW, X) = {¢, W, [Br(X) U B], [Lr(X) U B]}, where B = [Ur(X)]¢.

I.  Follows form that 7z (X) = [tz (X)]¢ = nSO(X, W) = {¢, W}.

il. Suppose that Ur(X) =W and Lg(X) # ¢, then tx(X) = {¢p, W, Lr(X),Br(X)} =
[tr(X)]€. Then by Theorem 9, nSO(W, X) = tx(X). Therefore, 75 (X) = nS.0(W, X).

lil. Let A € nSO(W, X). By Theorem 9, ¢p, W and any subset A for which containing Ug (X)
are the only nS-open sets in W. If A = ¢ or A = W, the result is clear. Let ¢, W = A €
nSO (U, X), then A containing U (X), but since [Ug(X)]¢ is the only non-empty proper
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nano closed set in W and [Ug (X)]¢ & A for every x € Uz(X) 2 A, hence nS.O0(W, X) =
{9, W}.

IV. The proof is similar to part (iii).

V. Let A € nSO(W, X). By Theorem 9, ¢, Lg(X), Bg(X), Uz (X), any set G € W for which
Ur(X) € G, Bg(X)UB and Lgz(X)UB are the only nS-open sets in W where B €
[Ur(X)]C. It is clear ¢ and W are nS.-open sets in W. If A = Lz(X), then A is not nS,-
open set, since every non-empty proper nano closed set containing [Uz(X)]¢ and
[Ur(X)]¢ & A. If A= Br(X), then A is not nS--open set, since every non-empty proper
nano closed set containing [Ux (X)]¢ and [Ur(X)]¢ & A. If A = Uz(X), then 4 is not nS.-
open set, since every non-empty proper nano closed set containing [Uz(X)]¢ and
[Ug(X)]¢ & A. If A containing Uk (X), then A is not nSc-open set, since every non-empty
proper nano closed set containing [Uz(X)]¢ and [Ur(X)]¢ € A 2 Ux(X). If A= L(X) U
B where B c [Uz(X)]¢, then A is not nS.-open set, since every non-empty proper nano
closed set containing [Uz(X)]¢ and [Ugx(X)]¢ € A. If A=Br(X)UB where B c
[Ur(X)]€, similarly A is not nS.-open set. If A = Lx(X) U B where B = [Urz(X)]¢, then
A is nSc-open set, since every non-empty proper nano closed set containing [Ur (X)]¢ and
[Us(X)]¢ € A for every x € A. If A= Bg(X) UB where B = [Uz(X)]¢, similarly A is
nSc--open set. Therefore, nS.O(W, X) = {¢, W, [Bg(X) U B],[Lg(X) U B]}, where B =
[Ur(X)]¢.

Proposition 3.9. Let (W, 7z (X)) be a NTS and K be any subset of U:

i. If K isn@-open set, then K is nS--open.

ii. If K is nSc-open set, then K is nSg-open.

iii. If K is nS;-open set, then K is nf-open.

iv. If K is nSc-open set, then K is n1-open.

v. If K is nS.-open set, then K is ndf-open.
Proof. Obvious.

4. Nano S--Operators

Definition 4.1. A subset N of a NTS (W, tx(X)) is said to be a nS¢-neighborhood of a subset A
of W, if there exists a nS--open set G such that A € G < N, and denoted by nS.-neighborhood.
Definition 4.2. A point x € W is called a nSc-interior point of A € W, if 3 a nS;--open set ¢
containing x such that x € G < A. The set of all nSc-interior points of A is called nS.-interior of
A and denoted by nS.int(A).

Theorem 4.3. Let A be any subset of a NTS (W, TR (X)). If a point x € nScint(A), then 3 a nano
closed set F containing x such that F < A.

Proof. Suppose that x € nS.int A, then 3 a nS.-open set G containing x such that G < A. Since
G € nS;.0(W, X), then 3 a nano closed set F containing x suchthat F € G € A. Hence x € F €
A.

Theorem 4.4. Let A be any subset of a NTS (W, 7x(X)), then:

I. nScint(4) € A.
ii. nScint(A) =V {G:G isnScopenand G < A}
iii. AisnScopenifandonlyif A = nScint(4).
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iv. nScint (nSBint(A) ) = nScint(A).
V. nScint(¢) = ¢ and nSqint(W) = W.

I. Follows form definition.

ii. x € nSqint(A), then G < A for some nS.-open set G such that x € G. Therefore, x €U
{G:GisnSc-openand x € G € A}. If x €U {G: G isnSc-open and x € G € A}, then x €
G for some nS--open set G < A. Therefore, x € nScint(A).

ii. If A is nSc-open and x € A, then x €U {G: G is nSc-open and G € A}. That is, x €
nScint(A), hence A € nScint(A), but since nScint(A) < A. Therefore, nSqint(A4) = A.
Conversely, if nScint(A) = A, then A is nSc-open in U since nSqint(A) is nSc-open.

iv. Follows from part (iii).

v. Since ¢ and W are nS.-open set, then by part (iii), nScint(¢) = ¢ and nSqint(U) = W.

Theorem 4.5. Let A and B be any two subset of a NTS (W, 7z (X)), then:

i. If Ac B,thennS;int(A) € nScint(B).

ii. nScint(A) UnScint(B) € nS¢int(A U B).

iii. nScint(A N B) € nSqint(A) N nScint(B).
Proof.

i. IfA € Bandx € nScint(A),then G < A for some nS.-open set G containing x. Hence
G € A and x € nScint(B). Therefore, nSqint(A) € nScint(B).

ii. Since, AS A U B, by (i), nScint(4) S nScint(A U B). Again since BS A U B,
nScint(B) € nScint(A U B). Therefore, nScint(A) U nSqint(B) € nScint(A U B).

iii. SinceANnB < Aand AN B < B, by part (i), nScint(A N B) € nScint(A) N nSqint(B).

The inclusion of parts (ii and iii) of above theorem cannot be replaced by equality in general, as
it shown in the following example.

Example 4.6. Let W = {a,b,c, d} with W/R = {{a},{b,c},{d}} and X = {a, b}, then T (X) =
{¢, W, {a},{b,c},{a, b, c}} and nS.OW,X) = {¢, W,{a,d},{b,c,d}}. For part (ii), take A =
{b,d} and B ={c,d}, then nScint(A) U nScint(B) =¢p U ¢ = ¢ but nScint (AUB) =
{b,c,d}. Therefore, nScint(A) U nScint(B) # nScint(A U B). For part (iii), take A = {a, d}
and B = {b,c,d}, then nScint(A N B) = nScint({d}) = ¢, but nScint(4) N nScint(B) =
{a,d} n{b,c,d} = {d}. Therefore, nS;int(A N B) # nScint(A) N nScint(B).

Definition 4.7. A point x € W of a NTS (W, TR (X)) is said to be nS.-cluster point of a subset A
of U, if An G # ¢ for every nS--open set G containing x.

Definition 4.8. The set of all nS.-cluster points of a subset A of W is said to be nS.-closure of A
and denoted by nS.cl(A). Equivalently, The nS.cl(A) is the intersection of all nS.-closed sets
containing A.
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Theorem 4.9. Let A be any subset of a NTS (W, 7g(X)). A point x € nSccl(A) if and only if A N
H =+ ¢ for every nS;-open set H containing x.

Proof. Obvious.
Corollary 4.10. For any subset A of a NTS (W, 7z (X)), the following statements are true.

i. nSccl (W — A) = W—nSint(A).
ii. nScint (W —A) =W —nS.cl(4).

i. Letx € nSccl (W —A), then G n (W — A) # ¢ for any nS;-open set G containing x.
Therefore, G £ A where G is nSc-open set containing x. That is, x & nScint(A).
Therefore, x € W — nScint(A). Thus, nSccl(W — A) € W — nScint(A). Conversely, if
X €W —nScint(A), then x € nSqint(A), and this mean G & A for every nS.-open set G
containing x. Therefore, G N (W — A) # ¢ and so x € nS;cl(W — A). Hence, W —
nScint(A) € nSccl(W — A). Hence, nSccl(W — A) = W — nScint(A).

ii. The proof is similar to part (7).

Theorem 4.11. For any subset A and B of a NTS (W, 7z(X)), the following statements are true:

i. If A C B, thennSccl(4) S nSqcl(B).

ii. nSccl(A) UnSccl(B) € nSccl (AU B).

iii. nSccl(A N B) € nSccl(A) N nSqcl(B).
Proof.

i. If A< B andx € nSccl(A), then G N A # ¢ for every nS--open set G containing x.Since
GNASGNB, GNB + ¢ whenever G is nSc-open set containing x. Therefore, x €
nScqcl(B). Hence, nSqcl(A) € nSccl(B).

ii. Since A, B € A U B, then by part (i), we get the result.

iii. Since AN B € A, B, then by part (i), we get the result.

The inclusion in (ii and iii) of above theorem cannot be replaced by quality in general, as it shown
in the following two examples.

Example 4.12. Let W = {a, b, ¢, d} with W/R = {{a}, {b, c},{d}} and X = {a, b}, then 7z (X) =
{o W, {a},{b,c},{a,b,c}}, nScoW,X) ={p,W,{a,d},{b,c,d}} and nS.C(W,X)=
{¢, W, {b,c},{a}}. For part (ii), take F ={a,d} and E ={a b}, then nSccl(FNE) =
nSccl({a}) = {a}, but nS;cl(F) N nSccl(E) = W. Therefore, nSccl(F NE) # nSccl(F) N
nSccl(E). For part (iii), take F ={b,c} and E = {a}, then nS.cl({b,c} VU {a}) = W, but
nSccl({b, c}) UnSccl({a}) = {a, b, c}. Therefore, nSccl(F) UnScl(E) # nSccl (FUE).

Theorem 4.13. Let A be any subset of a NTS (W, tx(X)), then the following statements are true:

i. nSccl(¢p) = ¢ and nSccl(W) =W.
ii. A<SnSccl(A).
iii. A e nS.C(W,X) ifand only if A = nS.cl(A).
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iv. nSccl (nSBcl(A)) = nSqcl(A)

I.  Follows form the fact that ¢» and W are nSg-closed set.

ii. By definition of nS.-closure, A € nSc-cl(A).

iii. Let A is nSc-closed set, then A is smallest nS.-closed set containing itself and hence
nSccl(A) = A. Conversely, if nS-cl(A) = A, then A is the smallest nS.-closed set
containing itself and hence A is nS.-closed set in W.

iv. Since nSccl(A) is nSc-closed set, then the proof follows from part (iii).
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