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Abstract
The goal of this article is to study a new explicit iterative processes method approach to zeroes

for solving maximal monotone(M.M ) multivalued operators in Hilbert spaces, utilizing a finite
family of different types of mappings as nonexpansive map,contraction map, resolvent operator
and nearest point metric projection map. On the other hand, The results in this paper are develop
and extend the main and important findings of previous studies. Then, utilizing various structural
conditions in Hilbert space and variational inequality problems, also,we examine the strong
convergence to nearest projection map for these explicit iterative processes methods under the
presence of two important conditions for convergence, namely closure and convexity. The findings
reported in this research strengthen, improve and extend key previous findings from the literature.

Keywords: Projection Mapping, Iterative Method, Nonexpamsive Mapping, Monotone Operators
,s-convergence, Fixed Point.

1.Introduction
AssumeH is a true Hilbert space and M is the biggest monotone mapping. Many scholars have

explored the challenge of finding zeroes, including [1] and [2]. The Proximal method Algorithm
is a popular approach for solving 0 € Mx. Rockafellar demonstrated w-convergence of the peri-
point technique in 1976, but it did not s-converge [3]. The human-like iterative approach is
properly arranged in the f- point process to solve numerous nonlinear issues [4]. However, Mann-
likealgorithm processes in Hilbert space are only w- smoothed. [5] presented a viscosity,for
resolving f- point of a nonlinear maps . The contour of Hilbert space identifies common solution
s- convergence theorems. The f- point theory solutions have been demonstrated to be a successful
and influential way for addressing a wide range of real-world problems that can be broken down
into identical f- point problems.In order to get a rough resolution of f-point difficulties, many
algorithm procedures must be devised [6- 18]. The purpose of this paper is to expand and improve
the proximal methods of multivalued operators. One of the most important examples of f- point
theory is the challenge of solving zero of (V.I) problem as
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Arn+1 = Apb + 6,05, + ynReséVn(aZn) + e, n=>0

Aon = Anb + pnaon_q + 6Res)! (agn_1) +e, 1 =0
For given u, ag € H, where (en) and (e;,) are sequences of calculation mistakes , N and M are
M.M operators and a,, &, ,y,are seq lies in(0,1) andp,, u, € (0,0) . Here Res,’;,V =
(I+BN)™1,B > 0 (the Resovent operator of N) .

Now, we will review some concepts and lemmas known . Let @ #C be a closed,convex in H and
Proc denote the nearest mapping from H onto C,A mapping Kis called nonexpansive if
|K, — K|l < |lu—v|,Yu,v € H and a —inverse strongly monotone if there exist a >0
such that
(S, — S, u—v) = allK, — K,||?, Yu,v €H .
Lemma 1. [16] Let {a, }-, be asequence in R* satisfying the following relation :
Ant1 = (1 - an)an + anan M 2N,

Where{a,}n=; = (0,1) and{é,,}n=1; < R satisfy the following condition : };_; a, = o and
Ai_r}gosupc% <0or Y ,a,8, =o00.Then Ai_r)gloan =0 .
lemma 2 [18] Leta € H be given . The nearest mapping is characterized by:
(i) Proca € C,{a — Proca,Proca—c) >0 ,forallceC.
(i) Pro¢ is firmly nonexpansive.
Lemma 3 [19] Let{a,},=; and {b,}=, be bounded sequence in H and let{s,, },—, be a sequence
in (0,1) with
0< 1{1_1)1010 inff, < 1{1_1)130 supf, < 1.

Suppose a1 = (1 — B,)b,, + Bra, for all integers n > 0 and 7111_{{)10 sup (||bps1 — brll —

”an+1 - an”) < 0.Then 7111_{120”1971 - an” =0

2 .Main Results
In this part, we introduced a new methods and we study the s- convergence,

Theorem : 2.1 Let M;: H — 2" be a M.M. operators such that
F(Prog) N, M;~'0 # @.1f the sequences {f,il}:lo:z, {Rni}:ﬂ, {S,3., and{Q,,}_,are seqgs in
(0,1)satisfy the following conditions :
(i) To_i|&hsr — &Ll < oo foralli=12,..1.
(ii) Xpoq|RLyy — R < ooforalli=1,2,..1.
(i) Xn=1lQuer — Qul < o0
||S(n+1)if(xn+1) - Snif(xn)” < Sni”f(xn+1) - f(xn)”and
”(1 - 5(n+1)i) g(xn+1) - (1 - Sni) g(xn)” = (1 - Sni) I g(xn+1) - g(xn)”-Then the
sequences {x,,} defined by x € C and
yril_l = Snif(xn) + (1 - Sni) g(xn)
it = Ry yn + ., Rn, Res .yt where f,g:H — S is nonexpansive
Xny1 = QnPropx + (1 — Qu)yy", n,m =0
Is s-converges to Proyx .
Proof : Let e € S. Then we have

IXn+1 —ell = [1@QnProwx + (1 — Qu)yy" —ell
= ”QnPTO'I'x + (1 - Qn)ygtn - [(1 - Qn)e + Qne]”
< QullProgx —ell + (1 — Qu)llyn"* —ell < Qullx —ell + (1 — Q) llyn"* —ell (2.1)

llyn" —ell =

l
Rnly;i) + Z Rni Resi,nyﬁ_l —e

=2
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= ”Rnlyr? + Z%:z RniReSi,nyril_l - [Rnle + Zﬁl Rni e]”
l m

(Ru 98 + D Ru, Resiyyi™ = [Ruye + ) Ry, €]
i i=2

=2 .
< (Ra)llyg —ell + Xty Ry, || i —e]|
l

< z Rni ” yrl;_l - e” < ” y1l;_1 - e” = ” Sm’f(xn) + (1 - Sni) g(xn) - 6”
i=1
< ISnif (xn) —ell + k(1 = Sp)ll 9Cxn) —ell
< Snillxn —ell + (1 = Sp)ll xp —ell <1l x —pli (2.2)
From (2.1) and (2.2) . we get

IXn41 — ell < QullProgx —ell + (1= Qyn) |l x, — ell
< max{||x —ell, [ x, —ell }

< max{||x —ell, |x, — ell}

Hence ,{x,}%_, is bounded . So {y*}%, and {ReSi,nJ’ril}::1 is bounded .
Now ,
lyi —¥i|| Vi=12,..L.
lyis — il = ||Ruy Vo1 + Zica Rupe1 ReSins1 Vi — Rny¥e — Zicz Rn,Resinyi™ ||

l

0 0 0 i-1
Rn1+1yn+1 - Rn1+1yn + Rn1+1yn + z Rni+1 Resi,n+1yn+1 -
i=2

l l l
Ru+1 Resinyi™ + ) Ry Resinyi™ —Rn, ¥ — ) Rpiq Resinyi?
n;i+1 in¥Yn n; in¥Yn nlyn n;i+1 inYn
i=2 =2 i

=2
l

= Fnssal¥en =980+ s = R JADEID)+ 0 R [Resinasyias = Resio™|
i=2

l
+ Z |(Rni - Rni+1)|”ReSi,nyrl;_1”
i=2

l
< Rn1+1”y3+1 - yr(l)” + z |( Rni - Rni+1)|”ReSi,nyrl;_1” + |Rn1+1 - Rnll(”yg”)
=2

l
+ Z Rni+1 ||R65i,n+1y7i;11 - Resi,nyril_ln
i=2

l
S Rn1+1”yr?+1 - yT(l)” + (Z I( RTli - Rni+1)| + |R7’l0+1 - Rn0|> K
=2

l
+ D Rur [[Resipsayizh = Resynyi™ |
i=2
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l
< Ry K+ <<Z [(Re, = Rne)| + IRnlﬂ—RnlI)K)
i=1

-I—ZRn +1 “Resln+1yn+1 Reslny 1”

K = max{||Resynyi=t |, 21, 124, — 211}
Next, to find, |Res;ns1vits — Resynyi |

For &, =& ,wehave

”Resi,n+1yril:-11 - ReSi,nyril_l ”

yn+1 + (1 - frll

$n+1

- i-1 i—1
- [Resi (5 ) Resimeyiit) — Resict|

fn+1

& & i
'n yrll+11 +(1- 'n Resln+1yn+1 yrll 1
En+1 n+1

&

;n yn+1 + (1 - fz?. )Resln+1yn+1 El y?’ll L+ (1 - L ) yn ||

Ehi1

L yn:}l L :Vn (1 - an )Resln+1yn+1 + (1 L )yn ||

€n+1 fl +1 n+1 €n+1

< i -y o1 - —| (Resnait +5b1)
< flymeh =37+ 1——
= ||yn+1 ._1” +1- % S where § = sup {”Resln+1yn+1 + Yn+1|| n=z= 0}
< it~ oo s
R TN A
||J’n+1 _1” + alfrll+1 —¢n |
= ||3’n+1 ._1” + §|f1L1+1 — |

= ||5(n+1)if(xn+1) + (1 - 5(n+1)i) g(xn+1) - Snif(xn) + (1 - Sni) g(xn)” + ?lfrlwl - frll |
S, . )
< ||S(n+1)if(xn+1) - Snif(xn)” + ”(1 - 5(n+1)i) g(xn+1) - (1 - Sni) g(xn)” + E |E‘:‘L+1 - E‘rll |
S, . .
< Snill Cenen) = eIl + (1 = Sud Il Genen) — Cell + z |&hes — &0 |

S, .
< lner = xnll +§|<fr‘l+1 — & |

lynss — ya'll
< RugerK+ ((TaC 1Ry = Ruan)| + [Ruger = Rng DK ) + Tty Rugar (s =l +

H[ZEaY)

Iy =3l S Mtnes = Xall + RugeaK+ ((SaC1Ray = Rugan)| + [Ruges — R )K ) +

S . .
E %:1 Rni+1 |€Tll+1 - frlll (2-3)
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Now,we have

1yer = %l < otnss = xall + 3 Zhs (1601 = E61) + RuguaK + (ool I(Rn = Ruis)DK)
Now, we estimate ||x,42 — Xp41l . SiNCE X1 = apx + (1 — @)yt

= Ixp+2 = Xnt1ll = 1Qni1Prowx + (1 — Qui1)¥Vns1 — Qux + (1 — Q¥ |
<1-Q)llyns1 — ¥l + 1@n+1 — Qul(IProwx|l + [lyyi1ll)

< (1 - Qn)”yrrﬁl-l - yr:n” + I—|Qn+1 - Qn+1|

Where L =||Progx|| + ||y7%,]l .So, we get
2 = Zasall < (1 = Qllxnsr = Zall + Rugri K+ ((Zhool 1(Ruy = Rup))K) +
S . .
EZ%=1 Rni+1 |S(rlz+1 - ETll | + L|Qn+1 - Qn+1|
SO, |lxp41 — xpll > 0asn - o
llxn = ya* Il < [xXn41 = Xnll + lxpsr — 2l
< ”xn+1 - xn” + ”an + (1 - Qn)yrrln - 17111”
= lIxn+1 = Xl + 11Q@nx + y7* — Quyn* — ¥l
= [[x%p41 — xpll + 1Qnx — @yl
< ”xn+1 - xn” + Qn”x - y;l‘n”

We have ||lx,—y7l -0 as n— o .
Now , we show that ||yi"* — Res; i~ - 0 foralli = 1,2,..M . In fact,
Let {x,, } be a subsequence of {x,,} such that

lim sup [|[yi™ — Resypyy*[| = Jim [|ye;* — Resym v |
And let {xnkz} be a subsequence of {x,, } such that
sy =l g, el

Then we have
”xnkz N e” = ||xnkl —y,rl',il+y${l N e”

m m
= |xnkl _ynkl | + ”ynkz _e”
m

m
= |x”kz _y”kl | +

Rnoyﬁ + Z Rni Resi,n%i —e

=2

l
< [me, = 78|+ NRngvi = ell + |1 Ru, Resinvive — e
i=2
l
= [P, — )’rrzr,lcl + Ry lyni —ell + Z R, ||Resi,nyrllkl - e||
i=2
l
< [y = Y2 | + Rl = ell 4 > R [[yiia =]

=2
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< [me, = 782 [| + Rl = ell + ) R v =]
171
< ||xnkl - )’rrzr,lcl ” + Rn0||y711kz —e|l + z Ry, ”yrilkl - e||

i=2

= xnkl _Ynk || +ZRnl “ynkl

||xnkl || ||xnkl ynkl || + ”ynkl - e”
Therefore

lim ”xnkl - e” < lim ”y,’{,‘cl - e”

>0 >0

2
m —_ 1 i —
||ynkl - e” - Rnoynkl + z Rnikl Resi.nynkl —e -
i=2
ml l
1 z i 2
1- Z 'Bnikl ||ynkl B e” + z Rnlkl ”Resi'”kly"kl - e”
i=1 i=1
l l
2
- <1 N Z Rnik1> Z Rnlkz |ynkl Resin, ynkz ”
i=1 i=1

S (1 o %=1R”ik1 + Zﬁ:anikz) ||y7i‘kl N 6”2 B (1 N
l

2
l i 1
=1 R”ikz) Li=1 R”ik,z ”y"kz B Resi'”kzy"kz ”

l l
i—1 2 i i 2
= ”y”kz - e” —\1- Z R"ikz Z R"ikz ”y"kl B Resi'"kly"kl ”

i=1 i=1

l l
1 i 2
- ”x”k ” B - R"ikz R"ikz ”y"kl - Resi'nklynkl ”
i= i=1

2
l
Hence (1 T 4= lRTlikl) i=1 n‘kl ||y1’lk Reslnklynk ||

B Y G L
Therefore, we have ”y};kl - Resi,nklyritkl ” — 0. which implies that
lim sup||yi — Res;nyt|| = 0. Hence ||y¢ — Res;yi|| -0 , forall i.
n—->oco

As the same way, we obtain ||x, — Res;,x,|| = 0.Next we show that lim sup < x —

n—)OO

Proy(x) ,x, — Prog(x) > < 0. Let {x,, } be a subsequence of {x,} = x*andx* € S
lim sup < v — Proy(v),x, — Proy(v) > = llim < v —Prog(v),xp, — Prog(v) > .
n—-oo —00

=< v — Prog(v),x* — Proy(v) <0.
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Finally , we show that ||x,, — Proy(v)|| —= 0. From lemma, We have
%n4+1 — Pros)II? = IQpProyx + (1 — Q¥ — Proy ()|

= |@QnProyx + (1 = Qu)yx* — [(1 = Qu)Proy(v) — Qn Proy(W)]II?

< 1Qu(Progx — Prog(v) + (1 — Q) (yi* — Prog(v)) II?

< (1= Qly* = Proy ()1 + Qnll x — Proy (v)||?

< (1 - Qullxy = Proy()II? + Qull x — Proy (v)||?
That ||x,,+1 — Proy(v)|| = 0 as n — oco.  This completes the proof .
Corollary : 2.2 .If M; are M.M. operators such that

F(Pro) N, M;7'0 # @
Under (i-ii) in theorem (3.1). Then {x,,} defined by x € C and
yrll_l = Sni(n) + (1 = Spi) (x)
yr?l = Rnlyr(l) + Z%:z Rni Resi,nyrll_l
Xnt1 = QuPropx + (1 - Qp)yy", nm =0
Converges- s to Proyx .
Corollary : 2.3 .If M; are M.M. operators such that M; 10 # @.Under (i-ii) in theorem (3.1).
Then the sequences {x,,} defined by x € C and
Vit = Spi(xn) + (1= Sp) ()
YW= Ry, ¥8 + Xis R Resypyi
Xpt1 = Qnx+ (1= Qp)yy, n,m =0
s-converges to x .

3. Conclusion
In this article, a new iterative methods of approximation fixed point are presented. On the other

hand, the s-convergence by using multivalued operators also proven.
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