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Abstract

The concept of the Extend Nearly Pseudo Quasi-2-Absorbing submodules was recently introduced
by Omar A. Abdullah and Haibat K. Mohammadali in 2022, where he studies this concept and it
is relationship to previous generalizationsm especially 2-Absorbing submodule and Quasi-2-
Absorbing submodule, in addition to studying the most important Propositions, charactarizations
and Examples. Now in this research, which is considered a continuation of the definition that was
presented earlier, which is the Extend Nearly Pseudo Quasi-2-Absorbing submodules, we have
completed the study of this concept in multiplication modules. And the relationship between the
Extend Nearly Pseudo Quasi-2-Absorbing submodule and Extend Nearly Pseudo Quasi-2-
Absorbing ideal. We also studied more result of Extend Nearly Pseudo Quasi-2-Absorbing
submodule in multiplication module. In the end, we obtained new Propositions and distinguished
results in studying this concept.

Keywords: EXNPQ-2-Absorbing submodule, multiplication modules, non-singular modules,
faithful module, projective module, good rings and local rings.

1. Introduction

In recent years, many generalizations have appeared about the concept of the 2-Absorbing
submodule such as (Pseudo Quasi-2-Absorbing, Nearly Quasi-2-Absorbing and Soc-QP2-
Absorbing) submodules see [1, 2 and 3]. The concept of the Extend Nearly Pseudo Quasi-2-
Absorbing submodules is one of the recent generalizations that were recently introduced by us,
researchers, Omar and Haibat see [4]. Where we dealt with in the previous research basic
properties with relationships. The present work is divided into three parts. Part one is preliminaries
part, we present in this part of the work the necessary background needed later consisting of
definitions, propositions and remarks (without proof) and in the second part we introduced and
studied the concept of the Extend Nearly Pseudo Quasi-2-Absorbing submodule in multiplication
module. Also we got a lot of important results like Propositions 3.2, 3.6 and 3.7. In the end we
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presented more result of Extend Nearly Pseudo Quasi-2-Absorbing submodule in multiplication
modules. See Propositions 4.1, 4.2 and 4.10.

2. Preliminaries

The following list some fundamental definitions and notations that will be utilized in this paper.
Definition 2.1[4].

A proper submodule V of an R-module W is said to be Extend Nearly Pseudo Quasi-2-Absorbing
(for short EXNPQ2AB ) submodule of W if whenever abcx € V, where a,b,c € R, x € W, implies
that either acx € V + soc(W)+J(W) or bcx € V + soc(W) + J(W) or abx € V + soc(W) +
J(W). And an ideal P of a ring R is called EXNPQ2AB ideal of R, if P is an EXNPQ2AB R-
submodule of an R-module R.

Definition 2.2[5].

An R-module W is multiplicatiion, if every submodule V of W is of the form V = PW for some
ideal P of R. Equivalently W is a multiplicatiion R-module if every submodule V of W of the form
V= [V WW.

Definition 2.3][6].

An R-module W is faithful if anng (W) = (0), where annyg (W) = {r € R:rw = (0)}.

Definition 2.4[6].

An R-module W is finitely generated if W = Rx; + Rx, + -+ + Rx;,, for x4, x5,....., x, € W.
Definition 2.5[7].

An R-module W is called concellation module if PW = BW for any ideals P and B of R implies
that P = B.

Lemma 2.6[ 5, Coro. (2.14) (i)].

Let W be faithful multiplication R-module, then soc(R)W = soc(W).

Lemma 2.7 [ 8, Coro. (2.14) (i)].

Let W be faithful multiplication R-module, then J(R)W = J(W).

Definition 2.8][6].

An R-module W is a projective if for any R-epimorphism f from an R-module W on to an R-
module W and for any homomorphism g from an R-module W to W, there exists a homomorphism
h from W to W such that f o h = g.

Lemma 2.9[ 6, Theo. (9.2.1) (g)].

For any projective R-module W, we have J(R)W = J(W).

Lemma 2.10[ 8, Prop. (3.24)].

For any projective R-module W, we have soc(R)W = soc(W).

Remark 2.11[6].

Risagood ring if J(R)W = J(W).

Definition 2.12[9].

Aring R is Artinian if R satisfies (DCC) is an ideals of R, that is if {Py}«ep IS @ family of ideals of
R such that P, 2 P, 2 -+, then 3m € Z* such that Pn = Pm for any n > m.

Definition 2.13[10].

Aring R is said to be local ring R if R has a unique maximal ideal.
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Lemma 2.14[ 6, Coro. (9.7.3) (b)].

If R is an Artinian ring, then R is a good ring.

Lemma 2.15[ 11, Prop. (1.12)].

If W is an R-module over local ring R, then J(R)W = J(W).

Definition 2.16[12].

An R-module W is non-singular if Z(W) =W, where Z(W) = {x € W:xP = (0),
for some essential ideal P of R}.

Lemma 2.17[ 12, Coro. (1.26)].

Let W be is a non-singular R-modules, then soc(R)W = soc(W).

Lemma 2.18[ 13, Coro of Theo. (9)].

Let W be a finitely generated multiplication R-module P and B are ideals of R. Then PW € BW
if and only if P € B + anng(W).

Definition 2.19[14].

An R-module W is called a Z-regular if for each e € W there exists f € W' = Homg(W,R) such
thate = f(e)e.

Definition 2.20[15].

An R-module W is called weak cancellation if BW = PW, implies that B + anng(W) =P +
anng (W) for B, P are ideals in R.

Lemma 2.21[ 8, Prop. (3.25)].

Let W be a Z-regular R-module, then soc(W) = soc(R)W.

Lemma 2.22[ 7, Prop. (3.9)].

If W is a multiplication R-module, then W is finitely generated if and only if W is weak
cancellation.

Lemma 2.23[ 7, Prop. (3.1)].

If W is a multiplication R-module, then W is concellation if and only if W is faithful finitely
generated.

Proposition 2.24[ 4, Prop. (3.4)].

A proper submodule V' of W is EXNPQ2AB submodule of W if and only if abcL €V, for q,
b, c € R and £ is a submodule of W, implies that either acL € V + soc(W) + J(W) or bcL S
V + soc(W) + J(W) or abL €V + soc(W) + J(W).

Proposition 2.25[ 4, Prop. (3.5)].

Let W be module and V' < W. Then V is EXNPQ2AB submodule of W if and only if for every
submodule A of W and for every ideals P,, P,, P5 of R such that P, P,P;A < V, implies that either
P,P,A SV +soc(W)+J(W) or P,;P3A SV + soc(W) +J(W) or P,P3A SV + soc(W) +
J(W).

Proposition 2.26[ 4, Coro. (3.7)].

Let W be an R-module and V c W. Then V is EXNPQ2AB submodule of W if and only if for each
r € R, x € W and every ideals P, ] of R with »PJx < V, implies that either rPx € V + soc(W) +
J(W)orrjx €V + soc(W) + J(W) or PJx € V + soc(W) + J(W).

Proposition 2.27[ 4, Coro. (3.8)].
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Let W be an R-module and V < W. Then V is EXNPQ2AB submodule of W if and only if for every
ideals P,,P,,P;of R and x € W such that P;P,P;x €V implies that either P;P,x SV +
soc(W) + J(W) or Py P3x SV + soc(W) + J(W) or P,P3x SV + soc(W) + J(W).
Proposition 2.28[ 4, Coro. (3.9)].

Let W be an R-module and V' < W. Then V is EXNPQ2AB submodule of W if and only if for any
r,s € R and any ideal P of R and every submodule A of W with rsPA € V' implies that either
rsA SV + soc(W) + J(W) or rPA € V + soc(W) + J(W) or sPA €V + soc(W) + J(W).
Proposition 2.29[ 4, Coro. (3.10)].

Let W be an R-module and V c W. Then V is EXNPQ2AB submodule of W if and only if for each
r € R and any ideals P,/ of R and every submodule A of W with rPJA € V implies that either
rPACV +soc(W) +J(W)orrJA SV + soc(W) + J(W) or PJA €V + soc(W) + J(W).

3. Main Results
In this part we introduced some characterizations of Extend Nearly Pseudo Quasi-2-Absorbing
submodules in multiplication modules.

Proposition 3.1

Let W be a multiplication R-module and VV = W. Then V is EXNPQ2AB submodule of W if and
only if whenever H;H,H3;A € V for some submodules H;,H,,H3, A of W, implies that  either
H1H,A €V + soc(W) +J(W) or H1H34 €V + soc(W) + J(W) or H,H34 € V + soc(W) +
J(W).

Proof.

(=) Let H;H,H3A4 < V for some submodules H;, H,, H3, A of W. Since W is a multiplication,
then §, = P,W, H, = P,W, Y3 = P;W and A = P,W for some ideals P,, P,, P; and P,of R.
That is H;H,H34 = P,P,P5(P,W) € V. But V is EXNPQ2AB submodule of W, hence from
Proposition 2.25 we get either P;P,(P,W) €SV + soc(W) +J(W) or P,;P3(P,W) SV +
soc(W) + J(W) or P,P3(P,W) €V + soc(W) + J(W). Next, following either H;H,A SV +
soc(W) + J(W) or H1H34 € V + soc(W) + J(W) or H,H34 € V + soc(W) + J(W). P

(<) Let P, P,P3A4 < V for P, P,, P5 are ideals of R and A is a submodule of W. Put §; = P, W,
H, =P,W and H; = P;W. That is H;H,H3A4 € V. Now, by hypotheses either H;H,A SV +
soc(W) +J(W) or HiH34A €V +soc(W)+J(W) or HyH3A €V + soc(W) + J(W), thus
P,P,ACSV +soc(W)+J(W) or P;P3A SV + soc(W)+ J(W) or P,P3A SV + soc(W) +
J(W). Therefore by Proposition 2.25 V' is EXNPQ2AB submodule of W.

Proposition 3.2

Let W be a multiplication R-module and V = W. Then V is EXNPQ2AB submodule of W if and
only if whenever F;F,Fsx € V for some submodules F4, F,, F3 of W,x € W, then either f,F,x ©
V + soc(W) + J(W) or F1Fsx €V + soc(W) + J(W) or F,F3x €V + soc(W) + J(W).

Proof.

(=) Let V is EXNPQ2AB submodule of W and F;F,F;x € V for some submodules F,,F,, F5 of

W and x € W. Since W is a multiplication, then F;, = P, W, F, = P,W and F; = P;W for some
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ideals P,, P,and P; of R. That is F1F,F3x = P;P,P3sx € V. But V is EXNPQ2AB submodule of
W, hence from Proposition 2.27 we get either P;P;x € V + soc(W) + J(W) or P,Psx SV +
soc(W) +J(W) or PPyx SV +soc(W)+J(W). Next, following either FFzx SV +
soc(W) + J(W) or FyF3x €V + soc(W) + J(W) or F1F,x €V + soc(W) + J(W).

(<) Let P;P,P3x € V for P, P,, P; are ideals of R and x € W. Put f; = P;W, F, = P,W and
Fs =P;W. That is F;F,Fs;x € V. Now, by hypotheses either F;F,x € V + soc(W) + J(W) or
FiFsx €V 4+ soc(W) + J(W) or F,F3x €V + soc(W) + J(W), thus P;P,x SV + soc(W) +
J(W) or PyP3x SV +soc(W)+J(W) or P,P;x SV + soc(W)+ J(W). Therefore by
Proposition 2.27 V is EXNPQ2AB submodule of W.

Proposition 3.3

Let W be a multiplication R-module and VV = W. Then V is EXNPQ2AB submodule of W if and
only if whenever m;m,ms;H € V for some m,,m,,ms; € W, § is a submodule of W, implies that
either m;m,H €V + soc(W) +J(W) or mymsy €V + soc(W) +J(W) or m,msH SV +
soc(W) + J(W).

Proof.

(=) Let mym,msH €V for some m,,m,,m; € W and H is a submodule of W. That is
(m1)(my)(m3)Y € V Since W is a multiplication, then (m,) = P, W, (m;) = P,W, (m3) =
P;W and § =P,W for someideals P,, P,, P; and P, of R. That is (m,;)(m,)(m3)H =
P, P,P3(P,W) € V. ButV is EXNPQ2AB submodule of W, hence from Proposition 2.25 we get
either  P;P3(P,W) SV +soc(W)+J(W) or P,P3(P,W) <V +soc(W)+J(W) or
PP, (P,W) €V + soc(W) + J(W). Next, following either m;msH € V + soc(W) + J(W) or
m,mzH SV + soc(W) + J(W) or mym,H € V + soc(W) + J(W).

(&) Let P,P,P;H <V for P,,P,,P; are ideals of R and H is a submodule of W. Put
(my) =P;W, (m;) =P,W and (m3) =P;W. That is (m;)(m,)(mz)J S V. That is
m;m,msH < V. Now, by hypotheses either m;m,H S V + soc(W) + J(W) or myms SV +
soc(W) + J(W) or m,msH € V + soc(W) + J(W), thus (m,)(m,)H SV + soc(W) + J(W) or
(my)(mz)J €V + soc(W) + J(W) or (mz)(m3)H €V + soc(W) + J(W). Then P, P, SV +
soc(W) + J(W) or P;PsH €V + soc(W) + J(W) or P,PsH €V + soc(W) + J(W). Therefore
by Proposition 2.25 V' is EXNPQ2AB submodule of W.

Remark 3.4

If V' is an EXNPQ2AB submodule of an R-module W, then [V:; W] need not to be EXNPQ2AB
ideal of R.

The following example shows that:

Let W =Z,s , R=Z and the submodule V = (16) is EXNPQ2AB submodule of W, since
s0c(Zag) = (2) N (3) N (B) N Zyg = (8) and J(Z4g) = (2) N (3) = (6). Then (16) + soc(Zyg) +
J(Z4g) = (16) + (8) + (6) = (2), henceforall a,b,e € Zand m) € Z,g such that abem € (16),
implies that either abm € (2) or aem € (2) or bem € (2). But [(16):x Z4g] = 16Z is not an
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EXNPQ2AB ideal of Z, since 2.4.2.1 € 16Z, for 1,2,4 € Z, implies that 2.4.1 € 16Z and
2.2.1 ¢ 16Zand 4.2.1 ¢ 16Z.

Under certain conditions, the above observation is fulfilled.
Proposition 3.5

Let F = W and W is faithful multiplication R-module. Then F is EXNPQ2AB submodule of W if
and only if [F:x W] is EXNPQ2AB ideal of R.

Proof.

(=) Let F is EXNPQ2AB submodule of W, and P, P,P;P, S [F:x W] for some ideals Py, P,, P3
and P, of R, then P, P,P;P,W < F. But W is a multiplication, then P, P,P;P,W = FF,F3F4 €
F, by taking P,W =F,, P,W=F, PsW=F, and P,W =F,. But F is EXNPQ2AB
submodule of W, then by Proposition 3.1 either F1F3F4 € F + soc(W) + J(W) or F,FsF4s € F +
soc(W) + J(W)or F1F,F4 € F + soc(W) + J(W). Since W is multiplication, then F = [F:x W]W,
and since W is faithful multiplication, then by Lemma 2.6 soc(W) = soc(R)W and by Lemma
2.7 J(W) = J(R)W. Thus either P;P3P,W C [F:x W]W + soc(R)W + J(R)W or P,P;P,W C
[F:ig W]W + soc(R)W + J(R)W or P;P,P,W € [Fix W]W + soc(R)W + J(R)W. Hence either
P1P3P, S [Fig W] + soc(R) +J(R) or P,P3P, S [Fig W] +soc(R) +J(R) or P,;P,P, S
[F:x W] + soc(R) + J(R). Therefore [F:z W] is EXNPQ2AB ideal of R.

(<) Suppose that [F:x W] is EXNPQ2AB ideal of R, and rstA S F forr,s,t e Rand A is a
submodule of W, since W is a multiplication, then A = PW for some ideal P of R, that isrstPW <
F, implies that rstP < [F:z W], but [F:x W] is EXNPQ2AB ideal of R, then by Proposition 2.24
either rsP S [F:ig W] + soc(R) + J(R) or rtP S [F:;x W] + soc(R) +J(R) or stP < [F:;x W] +
soc(R) +J(R). Thus either rsPW S [F:xy W]W + soc(R)W + J(R)W or rtPW < [F:y W]W +
soc(R)W + J(R)W or stPW C [F:izg W]W + soc(R)W + J(R)W. Since W is a faithful
multiplication, then [F:x W]W =F and by Lemma 2.6 and Lemma 2.7 either rsA S F +
soc(W)+J(W) or rtA<SF+soc(W)+J(W) or stA<F+soc(W)+/J(W). Thus by
Proposition 2.24 F is EXNPQ2AB submodule of W.

Proposition 3.6

Let F = W and W is multiplication projective R-module. Then F is EXNPQ2AB submodule of W
if and only if [F:x W] is EXNPQ2AB ideal of R.

Proof.

(=) Assume that F is EXNPQ2AB submodule of W, and P;P,P3b < [F:x W] for some ideals
Py, P2, Py of Rand b € R, then P, P,P5;(bW) € F. But F is EXNPQ2AB submodule of W, then
by Proposition 2.25 either P;P;bW S F + soc(W) + J(W) or P,P3bW S F + soc(W) + J(W)
or P;P,bW € F + soc(W) + J(W). Since W is multiplication, thenfF = [F:x W]W, and since W is
projective R-module W, then by Lemma 2.10 soc(W) = soc(R)W and by Lemma 2.9 J(W) =
J(R)W. Thus either P;P3bW S [F:x W]W + soc(R)W + J(R)W or P,P3bW C [F:p WIW +
soc(R)W + J(R)W or P;P,bW C [F:x W]W + soc(R)W + J(R)W. Hence P,;P3b S [F:x W] +
soc(R) + J(R)or P,P3b € [F:g W] + soc(R) +J(R) or P;P,b € [F:xg W] + soc(R) + J(R).
Therefore by Proposition 2.27 [F:; W] is EXNPQ2AB ideal of R.
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(&) Suppose that [F:y W] is EXNPQ2AB ideal of R, and rsPA € F for r, s € R and some
submodule A of W and for some ideal P of R since W is a multiplication, then A = JW for some
ideal J of R, that is rsPJW < F, implies that rsPJ < [F:z W], but [F:x W] is EXNPQ2AB ideal
of R, then by Proposition 2.28 either rsj € [F:y W] + soc(R) +J(R) or rPJ € [Fiy W] +
soc(R) + J(R) or sPJ S [F:g W] + soc(R) + J(R). Thus either rsJW < [F:x W]W + soc(R)W +
JRYW or rPJW S [F:g W]W + soc(R)W + J(R)W or sPJW < [F:z W]W + soc(R)W + J(R)W.
Hence by Lemma 2.10 and Lemma 2.9 either rsA € F + soc(W) +J(W) or rPAC F +
soc(W) + J(W) or sPA € F + soc(W) + J(W). Thus by Proposition 2.28 F is EXNPQ2AB
submodule of W.

Proposition 3.7

Let F = W and W is non-singular multiplication R-module W over an a good ring R. Then F is
EXNPQ2AB submodule of W if and only if [F:x W] is EXNPQ2AB ideal of R.

Proof.

(=) Let abct € [F:y W] for a, b, c,t € R, then abc(tW) S F. But F is EXNPQ2AB submodule
of W, then by Proposition 2.24 either ab(tW) < F + (soc(W) + J(W)) or ac(tW) € F +
(soc(W) +J(W)) or bc(tW) € F + (soc(W) +J(W)). Since W is multiplication, then F =
[F:x W]W and since W is non-singular multiplication, then by Lemma 2.17 soc(W) = soc(R)W
and R is a good ring then by Remark 2.11 J(W) = J(R)W. Thus either ab(tW) < [F:y W]W +
(soc(R)W + J(R)W) or (tW) S [F:xg WIW + (soc(R)W + J(R)W) or ac(tW) S [F:;xr W]W +
(soc(R)W + J(R)W), then either abt € [Fig W]+ (soc(R) +J(R)) or bct € [F:r W] +
(soc(R) +J(R)) or act € [F:g W] + (soc(R) +J(R)). Hence by Proposition 2.24 [F:x W] is
EXNPQ2AB ideal of R.

(<) Suppose that [F:z W] is EXNPQ2AB ideal of R, and abcx € F fora,b,c € R, x € W, hence
abc(x) € F. Since W is a multiplication, then (x) = JW for some ideal J of R, that is abcJ/W € F,
implies that abc] < [F:x W], but [F:x W] is EXNPQ2AB ideal of R, then by definition either abj <
[F:r W] + soc(R) + J(R) or ac] S [F:xg W] + soc(R) +J(R) or bc] S [F:x W] + soc(R) +J(R).
Thus either abJW € [F:;g W]W + soc(R) W+ J(R) W or acJW < [F:r W] W + soc(R)W +
J(R)W or bcJW S [Fig W]W + soc(R)W + J(R)W. Hence by Lemma 2.17 and Remark 2.11
either ab(x) € F + soc(W) + J(W) or ac(x) € F + soc(W) + J(W) or bc(x) € F + soc(W) +
J(W). Next, follows either abx € F + soc(W) + J(W) or acx € F + soc(W) + J(W) or bcx €
F + soc(W) + J(W).Therefore F is EXNPQ2AB submodule of W.

As a direct application of Proposition 3.7, we get the following corollary:
Corollary 3.8

Let F = W and W is non-singular multiplication R-module W over Artinian ring R. Then F is
EXNPQ2AB submodule of W if and only if [F:x W] is EXNPQ2AB ideal of R.

By Proof of Proposition 3.7 and using Lemma 2.15 we get:
Proposition 3.9
Let F# W and W is non-singular multiplication R-module W over local ring R. Then F is

EXNPQ2AB submodule of W if and only if [F:x W] is EXNPQ2AB ideal of R.
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Proposition 3.10

Let F #+= W and W is Z-regular multiplication R-module W over an a good ring R. Then F is
EXNPQ2AB submodule of W if and only if [F:x W] is EXNPQ2AB ideal of R. P

Proof.

(=) Let rstP C [F:;g W] for r, s, t e R and P is an ideal of R, then rstPW C F. But F is
EXNPQ2AB submodule of W, then either rsPW < F + (soc(W) + J(W)) or rtPW < F +
(soc(W) + J(W)) or stPW < F + (soc(W) + J(W)). Since W is multiplication, then F =
[F:x W]W and since W is a Z-regular, then by Lemma 2.21 soc(W) = soc(R)W and R is a good
ring then by Remark 1.11 J(W) = J(R)W. Thus either rsPW < [F:;x W]W + (soc(R)W +
JROW) or rtPW C [Fig W]W + (soc(R)W + J(R)W) or stPW € [F:y W]W + (soc(R)W +
J(R)W), it follows that either rsP < [Fi W] + (soc(R) + J(R)) or rtP € [Fi W] + (soc(R) +
J(R)) or stP < [F:;x W] + (soc(R) +J(R)). Hence by Proposition 2.24 [F:x W] is EXNPQ2AB
ideal of R.

(&) Suppose that [F:x W] is EXNPQ2AB ideal of R, and rstA C F for r,s,t € W and A is a
submodule of W. Since W is a multiplication, then A = PW, that is rstA = rstPW < F, implies
that rstP < [F:x W], but [F:x W] is EXNPQ2AB ideal of R, then by Proposition 2.24 either
rsP S [Fig W] 4+ soc(R) +J(R) or rtPc [FixW]+soc(R)+J(R) or stPc[Fizy W]+
soc(R) + J(R).Thus either rsPW < [F:x W]W + soc(R) W + J(R) W or rtPW < [F:;x W] W +
soc(R)W + J(R)W or stPW E [F:xy W]W + soc(R)W + J(R)W. Hence by Lemma 2.21 and
Remark 2.11 either rsA € F + soc(W) + J(W) or rtA € F + soc(W) + J(W) or stA S F +
soc(W) + J(W). Therefore F is EXNPQ2AB submodule of W.

As a direct application of Proposition 3.10, we get the following corollary:
Corollary 3.11

Let F+ W and W is Z-regular multiplication R-module W over Artinian ring R. Then F is
EXNPQ2AB submodule of W if and only if [F:x W] is EXNPQ2AB ideal of R.

By Proof of Proposition 3.10 and using Lemma 2.15 we get:
Proposition 3.12

Let F #+ W and W Z-regular multiplication R-module W over local ring R. Then F is EXNPQ2AB
submodule of W if and only if [F:x W] is EXNPQ2AB ideal of R.

4. More Result of EXNPQ2AB Submodules in Multiplication Modules.

In this part we studied more result of EXNPQ2AB submodules in multiplication modules. And we
got the most important results.

Proposition 4.1

Let W be a finitely generated multiplication projective R-module, and B is an ideal of R with
anng (W) € B. Then B is EXNPQ2AB ideal of R if and only if BW is EXNPQ2AB submodule of
W.

Proof.
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(=) Let H{H,H;A < BW for some submodules H;,H,,H;, A of W. Since W is a multiplication,
then H; = j;W, H, = j,W, H; = j3W and A = j,W for some ideals j,, j,, j3 and j,0f R. That is
H{H,H3A = J1J,J3),W < BW. But W is a finitely generated multiplication R-module then by
Lemma 2.18 j1),)3)4 € B + anng (W), but anng (W) S B, implies that B + anng (W) = B, thus
J1J2J3)a E B. Now, by assumption B is EXNPQ2AB ideal of R then by Proposition 3.2 either
Jusja € B+ (soc(R) +J(R)) or Jjyjzja © B+ (soc(R) +J(R)) or jijaja © B+ (soc(R) +
J(R)), hence either j;j37,W € BW + soc(R)W + J(R)W or j,j37,W € BW + (soc(R)W +
J(R)W) or j17574W € BW + soc(R)W + J(R)W. Since W is a projective then by Lemma 2.10 and
Lemma 2.9 (soc(W) + J(W)) = (soc(R)W + J(R)W), thus either H;H;A € BW + (soc(W) +
J(W)) or HyHzA € BW + (soc(W) +J(W)) or H;H,A € BW + (soc(W) + J(W)). Hence by
Proposition 3.2 BW is EXNPQ2AB submodule of W.

(&) Let P,P,P;P, € B, for P, P,, P; and P, are ideals in R, implies that P,;P,P;(P,W) S
BW. But BW is EXNPQ2AB submodule of W, then by Proposition 2.25 either P,P,(P,W) €
BW + (soc(W) + J(W))or P,;P3(P,W) € BW + (soc(W) + J(W)) or P,P5(P,W) € BW +
(soc(W) + J(W)). But W is a projective then (soc(W) +](W)) = (soc(R)W + J(R)W). Thus
either P,;P,P,W S BW + soc(R)W + J(R)W or P,;P;P,W S BW + soc(R)W + J(R)W or
P,P;P,W < BW + soc(R)W + J(R)W, hence either P;P,P, € B+ soc(R)+J(R) or
P,P3P, € B+ soc(R) +J(R) or P,P;P, € B + soc(R) + J(R). Then by Proposition 2.25 B is
EXNPQ2AB ideal of R.

Proposition 4.2

Let W be a faithful finitely generated multiplication R-module, and B is an ideal of R. Then B is
EXNPQ2AB ideal of R if and only if BW is EXNPQ2AB submodule of W.

Proof.

(=) Let rP/Jx € BW for any r € R, x € W and P,/ are ideals of R. Next, follows rPJ(x) €
BW. Since W is a multiplication, then (x) = P, W for some ideal P, of R, that is ¥P/P,; W < BW.
Thus by Lemma 2.18 we get r¥PJP; S B + ann(W), but W is faithful, then ann(W) = {0}, that
is 7PJP; € B. Since B is EXNPQ2AB ideal of R, then by Proposition 2.27 either ¥PP; € B +
soc(R) +J(R) orrJP, € B+ soc(R)+J(R) or PJP, € B+ soc(R)+J(R), hence either
rPP,W S BW + soc(R)W + J(R)W or 7rJP,W S BW + soc(R)W + J(R)W or PJP,W C
BW + soc(R)W + J(R)W, hence by Lemma 2.6 and Lemma 2.7 either rP(x) € BW +
soc(W) + J(W) orrJ(x) S BW + soc(W) + J(W) or PJ(x) € BW + soc(W) + J(W). That is
either rPx € BW + soc(W) +J(W) orrjx € BW + soc(W)+J(W) or P/x € BW+
soc(W) + J(W). Hence by Proposition 2.26 BW is an EXNPQ2AB submodule of W.

(&) Let rstP € B for r,s,t € R and P ideal of R, hence rst(PW) < BW, but BW is an
EXNPQ2AB submodule of W, then either rs(PW) € BW + soc(W) + J(W) or rt(PW) € BW +
soc(W) + J(W) or st(PW) € BW + soc(W) + J(W). Thus by Lemma 2.6 and Lemma 2.7
either rsPW < BW + soc(R)W + J(R)W or rtPW < BW + soc(R)W + J(R)W or stPW <
BW + soc(R)W + J(R)W, hence either rsP € B + soc(R) + J(R) or rtP < B + soc(R) + J(R)
or stP € B + soc(R) + J(R). Therefore B is EXNPQ2AB ideal of R.
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Proposition 4.3

Let W be a finitely generated non-singular multiplication module over good ring R and B is an
ideal of R with anny (W) € B. Then B is EXNPQ2AB ideal of R if and only if BW is EXNPQ2AB
submodule of W.

Proof.

(=) Let rsPA < BW, for r,s € R, P is an ideal of R and A is a submodule of W. Since W is a
multiplication, then A = P, W, for some ideal P, of R, then rsPP,W € BW. But W is a finitely
generated multiplication R-module then by Lemma 2.18 rsPP; € B + anng(W), since
anng(W) S B, implies that B 4+ anng(W) = B, hence rsPP, S B. But B is EXNPQ2AB ideal
of R then by Proposition 2.28 either rsP; € B + (soc(R) + J(R)) or ¥PP; € B + (soc(R) +
J(R)) or sPP; € B+ (soc(R) +J(R)). Thus either rsP;W < BW + (soc(R)W + J(R)W) or
rPP,W S BW + (soc(R)W + J(R)W) or sPP,;W S BW + (soc(R)W + J(R)W). Since W is
non-singular, then by Lemma 2.17 soc(R)W = soc(W) and R is good ring then J(R)W = J(W).
Hence either rsP;W < BW + (soc(W) + J(W)) or rPP,W € BW + (soc(W) + J(W)) or
sPP,W € BW + (soc(W) + J(W)). That is either rsA € BW + (soc(W) + J(W)) or rPA <
BW + (soc(W) + J(W)) or sPA € BW + (soc(W) + J(W)). Therefore by Proposition 2.28 BW
is EXNPQ2AB submodule of W.

(&) Let rP,P,P; € B, for r € R, and P,,P,, P5 are ideals of R, implies that »P;P,(P;W) S
BW. Since BW is EXNPQ2AB submodule of W, then by Proposition 2.29 either P, (P;W) S
BW + (soc(W) +J(W)) or rP,(P3W) € BW + (soc(W) + J(W)) or P,;P,(P;W) € BW +
(soc(W) + J(W)). But W is non-singular and R is good ring then (soc(W) + J(W)) =
(soc(R)W + J(R)W). Thus either rP;P3sW < BW + (soc(R)W + J(R)W) or rP,P;W < BW +
(soc(R)W 4 J(R)W) or P;P,P;W S BW + (soc(R)W + J(R)W), then either rP,P; S B +
(soc(R) +J(R)) or rP,P; € B+ (soc(R) +J(R)) or P,;P,P; € B+ soc(R) +J(R). Hence by
Proposition 2.28 B is EXNPQ2AB ideal of R.

Corollary 4.4

Let W be a finitely generated non-singular multiplication module over Artinian ring R and B is an
ideal of R with anny (W) € ‘B. Then B is EXNPQ2AB ideal of R if and only if BW is EXNPQ2AB
submodule of W.

Proposition 4.5

Let W be a finitely generated non-singular multiplication module over local ring R and B is an
ideal of R with anng (W) € B. Then B is EXNPQ2AB ideal of R if and only if BW is EXNPQ2AB
submodule of W.

Proof.
Similarly to the Proof of Proposition 4.3 by using Lemma 2.15.
Proposition 4.6

Let W be a finitely generated multiplication Z-regular module over good ring R and B is an ideal
of R with anny(W) € B. Then B is EXNPQ2AB ideal of R if and only if BW is EXNPQ2AB
submodule of W.
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Proof.

(=) Let rstx € BW forr,s,t € Rand x € W, that is rst(x) € BW. Since W is a multiplication,
then (x) = PW for some ideal P of R, that is rstPW < BW. But W is a finitely generated
multiplication R-module then by Lemma 2.18 rstP < B. But B is EXNPQ2AB ideal of R then by
Proposition 2.24 either rsP € B + (soc(R) + J(R)) or rtP € B + (soc(R) + J(R)) or stP <
B+ (soc(R) + J(R)). Thus either rsPW < BW + (soc(R)W + J(R)W) or rtPW < BW +
(soc(R)W + J(R)W) or stPW < BW + (soc(R)W + J(R)W). Since W is Z-regular then by
Lemma 2.21 soc(R)W = soc(W) and R is good ring then J(R)W = J(W). Hence either rsPW <
BW + (soc(W) +J(W)) or rtPW < BW + (soc(W) + J(W)) or stPW < BW + (soc(W) +
J(W)). That is either rs(x) € BW + (soc(W) + J(W)) or rt{x) € BW + (soc(W) + J(W)) or
st(x) € BW + (soc(W) + J(W)), thus either rsx € BW + (soc(W) + J(W)) or rtx € BW +
(soc(W) + J(W)) or stx € BW + (soc(W) + J(W)). Therefore BW is EXNPQ2AB submodule
of W.

(&) Let abcd € B, for a, b, c,d € R, implies that abc(dW) < BW. Since BW is EXNPQ2AB
submodule of W, then by Proposition 2.24 either ab(dW) € BW + (soc(W) + J(W)) or
ac(dW) € BW + (soc(W) + J(W)) or be(dW) € BW + (soc(W) + J(W)). But W is Z-regular
and R is good ring, then (soc(W) + J(W)) = (soc(R)W + J(R)W). Thus either abdW < BW +
soc(R)W + J(R)W or acdW € BW + soc(R)W + J(R)W or bcdW < BW + soc(R)W + J(R)W,
then either abd € B + soc(R) + J(R) or acd € B + soc(R) + J(R) or bcd € B + soc(R) + J(R).
Hence B is EXNPQ2AB ideal of R.

Corollary 4.7

Let W be a finitely generated multiplication Z-regular module over Artinian ring R and B is an
ideal of R with anny (W) € B. Then B is EXNPQ2AB ideal of R if and only if BW is EXNPQ2AB
submodule of W.

Proposition 4.8

Let W be a finitely generated multiplication Z-regular module over local ring R and B is an ideal
of R with annzg (W) € B. Then B is EXNPQ2AB ideal of R if and only if BW is EXNPQ2AB
submodule of W.

Proof.
Similar to the Proof of Proposition 4.6 by using Lemma 2.15.

Proposition 4.9
Let W be a faithful finitely generated multiplication R-module and V # W, in which case the
following claims are equivalent:

1.V is EXNPQ2AB submodule of W.

2. [V:x W] is EXNPQ2AB ideal of R.

3.V = BW for some EXNPQ2AB ideal B of R.
Proof.

(1 & 2) By Proposition 3.6.
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(2 = 3) Since [V:x W] is EXNPQ2AB ideal of R and W is a faithful, that is (0) = anng(W) =
[0:x W] S [V:x W] and W is a multiplication, so V = [V:x W]W, implies that V = JW for some
EXNPQ2AB ideal | = [V:, W] of R.

(3 = 2) Suppose that V = JW for some EXNPQ2AB ideal J of R. Since W is multiplication, then
V = [V:;g W]W. That is JW = [V:x W]W, but W is faithful finitely generated multiplication then by
Lemma 2.23 we get [V:g W] = ]J. Thus [V:x W] is EXNPQ2AB ideal of R.

Proposition 4.10
Let W be a finitely generated multiplication projective R-module and V # W, in which case the
following claims are equivalent:

1.V is EXNPQ2AB submodule of W.

2. [V:x W] is EXNPQ2AB ideal of R.

3. V = BW for some EXNPQ2AB ideal B of R.
Proof.

(1 & 2) By Proposition 3.7.

(2 = 3) Clear.

(3 = 2) Assume that V' = BW .....(1) for some EXNPQ2AB ideal B of R with annz(W) S B.
while W is a multiplication, then V = [V: W]W.....(2), from (1) and (2) we have [V: W]W =
‘BW. Since W is a finitely generated, then by Lemma 2.22 W is weak cancellation, then [V:x W] +
anng(W) = B + anng(W), but anng(W) € B, and anng(W) < [V:x W], implies that
anng(W) + B = Band [V:; W] + anng (W) = [V:, W]. Thus B = [V:x W], but B is EXNPQ2AB
ideal of R, hence [V:; W] is EXNPQ2AB ideal of R.

5. Conclusion.

In this paper, we introduced the some characterizations in class of multiplication modules. And,
we show by example the residual of Extend Nearly Pseudo Quasi-2-Absorbing submodule need
not to be Extend Nearly Pseudo Quasi-2-Absorbing ideal; we gave an example of that. Under a
certain condition it is equivalent. Also, we studied the characterized Extend Nearly Pseudo Quasi-
2-Absorbing ideals by Extend Nearly Pseudo Quasi-2-Absorbing submodules. In the end, we got
a lot of important results.
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