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Abstract

The structure of this paper includes introduction the definition of the nano topological space,
which was defined by M. L. Thivagar, who defined the lower approximation of G and the upper
approximation of G, as well as defined the boundary region of G and some other important
definitions that were mentioned in this paper with giving some theories on this subject. Some
examples of defining nano perfect mappings are presented along with some basic theories. Also,
some basic definitions were presented that form the focus of this paper, including the definition of
nano pseudometrizable space, the definition of nano compactly generated space, and the definition
of completely nano para-compact. In this paper, we presented images of nano perfect mappings
with some definitions and important evidence related to them, then we presented inverse images
of nano perfect mappings with related theories.

Keywords: Nano topological space,nano continuous mappings,nano compact space,nano perfect
mappings.

1. Introduction

[1] introduced the concept of nano topological spaces with respect to a subset G of a universe
U, which known as terms of approximations and boundary region of a subset of an universe using
an equivalence relation on it and also known as nano-closed-sets, nano-interior and nano-closure.
[2] introduced fibrewise 1J-Perfect bitopological spaces and [3] introduced weak and strong forms
of w- perfect mappings. [4] introduced Ra-compactness on bitopological spaces. [5] introduced
on cohomology groups of four-dimensional nilpotent associative algebras. [6,7,8,9,10] introduce
some basic concepts that helped us build this work. [11,12 ,13,14] introduce some types of
mappings in bitopological spaces and Soft Simply Compact Spaces and other topics related to the
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mentioned sources. In this paper, we introduce a nano perfect mappings and several related
theorems.

Definition 1.1 : [15] Let U be a non empty finite set of objects is said to be the universe and R be
an equivalence relation on U is called indiscernibility relation. Then U is divided into disjoint
equivalence classes. Components belonging to the same equivalence class are called the
indiscernible with one another. The spouse (U, R) is called the approximation-space. Let G € U.
Then,

a) The lower approximation of G with reference to R is the set of all objects which can be
categorized as G with reference to R and is symboly by Log(G). That is, Log(G) =
U{R(G): R(G) € G, g € U} where R(G) indicate the equivalence class determined by g €
U.

b) The upper approximation of G with reference to R is the set of all objects which can be
possibly classified as G with reference to R and is symboly by Upg(G). That is, Upg(G)
=U{R(G):R(G) NG # @, g e U}

C) The boundary region of G with reference to R is the set of all objects which can be
classified neither as G nor as not /G with reference to R and is symboly by Bog (G). Bog(G)
= Upr(G) / Log(G).

Property 1.2 : [16] If (U, R) is an approximation space and G,H < U, then
a) Logr(G) € G < Upgr(G).
b) Logr(®) = Upgr(®) = 0.
c) Log(U) = Upg(U) =U.
d) Upr(GUH) = Upg(G) U Upr(H).
e) Upgr(GN H) S Upg(G) N Upr(H) .
f) Logr(GUH) 2 Log(G) U Log(H) .
g) Logr(GNH) = Log(G) N Log(H).
h) Logr(G) € Log(H) and Upgr(G) € Upgr(H) whenever GSH.
) Upgr(G€) =[Lor(G)]° and Log(G°) = [Upr(G)]°.
J)  Upr[Upr(G)] = Log[Upgr(G)] = Upr(G).
K) Logr[Lor(G)] = Upg[Log(G)] = Logr(G).

Definition 1.3 : [16] If Tg(G) is the nano-top-sp.on U with respect to G, then the set B={ U,
Logr(G) , Bog(G) } is the nano-basis for tg(G).

Definition 1.4 : [17] Let U be the universe, R be an equivalence relation on U and tx(G) = {U,
@, Logr(G), Upr(G), Bor(G)}, where G < U. Then tx(G) it achieves the following axioms:

a) Uand @ € tx(G).

b) The union of the components of any subset of tg(G) is in T(G).

c) The intersection of the components of any finite subset of tg(G) is in tr(G).
Therefore, tg(G) is a topology on U called the nano topology (denoted by nano-top.) on U with
reference to G. We call (U, tg(G)) as the nano topological space (denoted by nano-top-sp.) The
components of tg(G) are said to be nano open sets (denoted by nano-ope-sets). The complement
of a nano-ope-set is called a nano closed set(denoted by nano-clos-set).
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Definition 1.5 : [18] Let (U, Tr(G)) and (V, Ty (H)) be nano-top-sp. Then a mapping (dented by
map.) f: (U, tr(G)) — (V, Tz (H)) is nano continuous (denoted by nano-cont.) on U if the inverse
image of each nano-ope-set in V is nano-ope. in U.

Definition 1.6 : [18] A function f : (U, tr(G)) — (V, Ttz (H)) is a nano-clos. mapping if the image
of each nano-clos-set in U is nano-clos. in V.

Definition 1.7 : [13] Let (G, tr(G)) be a nano-top-sp.and A € G.The nano-closure of a set A is
symboly by NCI(A) is the intersection of all nano-clos-sets containing A or all clos-super-sets of
A; i.e.,the smallest clos-set containing A.

Definition 1.8 : [18] A function f:(U,tr(G))—(V,tx (H)) is called a nano homeomorphism if :

a) fis1-1and onto.

b) fis nano-cont.

c) fis nano-ope.

Definition 1.9 : [19] A set {A;: i € | } of nano-ope-sets in a nano-top-sp. ((U, tr(G)) is said to be
nano-ope-cover of a subset B of U if B c {A;: i € | } holds.

Definition 1.10 : [19] A space (U, tx'(G)) is called nano Hausdroff space (denoted by nano-Hausd-
sp.) if whenever g and h are distinct points of (U,tgr(G)) , find disjoint nano-ope-sets A and B such
asge Aandh e B.

Definition 1.11 : [19] Let (U,tr(G)) be a nano-top-sp. and W be a subspace of G. We said to be
space W is nano-comp-sp. iff each open-cover from G cover W has a finite-sub-cover.
Definition 1.12 : [18] Let (G, tr(G)) be anano-top-sp., and let {U;: U; c G};ea be a open-cover
of G is called locally finite-cover if for all point g € G, find a nbd Ug of g © U, such as it
intersects only limited many components of the cover, hence such as U, N U; # @, for only a
finite number of i € A.
Definition 1.13 : [20] A top-sp.(G, T) and the open-cover {U;: U; c G}i¢; is called refinement if a
set of open subsets {Vj: V, c G}iEI which is still an open-cover in itself and such as for each j € J,
findani € I with V; c U;.
Definition 1.14 : [21] A nano-top-sp.(G, 7x(G)) is called nano regular space (denoted by nano-
regu-sp.) iff for all nano closed set (denoted by nano-clos-set) F c G, and all point g € F find nano
open sets(denoted by nano-ope-sets) U and V suchasg € U, F c Vand UNV = @.
Definition 1.15 : [21] A anao-top-sp.(U,tr(G)) is called nano-normal-space (denoted by nano-
norm-sp.) if for any pair of disjoint nano-clos-sets A and B of U find nano-ope-sets V and W of U
suchasAcVandBcW.
Definition 1.16 : A nano-top-sp.(G, tz(G)) is said to be nano paracompact space (denoted by
nano-para-comp-sp.) if it satisfies for each nano-ope-cover has a locally finite-nano-open
refinement.
Definition 1.17 : A nano-top-sp.(G, 7z (G)) is said to be nano metrizable-space if there is a metric
d: GXG — [0,00], such as the nano topology induced by d is T, and is nano homeomorphic to a
metric-space.
2. Images of Nano Perfect Mappings.
We study the Images of nano perfect mappings and some theories related to the topic.
Definition 2.1 : Amap f: G — H is said to be nano perfect (dented by nano-perf.) if it is nano
continuous (denoted by nano-cont.), nano closed (denoted by nano-clos.), and for each H €
h, £ ~1(h) is nano compact (denoted by nano-comp.).
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We show by the next examples:

Example 2.2 : Let f: U — V be a map such as U= {a,b,c,d} with U/R = {{a},{b}
,{c,d}}.Let G = {a,c} c U. Then 1z(G) ={U, ¢ {a}{a,c,d}{c,d}}. Let V= {X, vy, z, w} with
V/R = {{x}{y}, {zw}} and H= {x,z} < V. Then ty (H) = {V, & {x}.{x,z,w}{z,w}}. Such as
fa) =x, f(b) =y, f(c) =z, f(d) =w . Then f is nano-perf-map.

Example 2.3 : Let U ={a,b,c,d} with U/R = {{b}{c}.{a,d}}. Let G ={a,b} c U. Then tx(G) ={
U, 0 {b}.{ab,d}{a,d}}. LetV ={1, 2, 3, 4} with V/R = {{1}{2}.{3}{4}}and H={1, 3,4} c
V. Then tp(H) ={V, 0 {1, 3,4,}}. Definef: U — Vsuchasf(a) =1, f(b) =2, f(c) =3, f(4) =
4 then f is not nano-perf-map.

Theorem 2.4 : Let f: G — H be a nano-perf-map. of G onto H . If the weight of G is infinite, then
w(H) < w(G).

Proof: Let ¥ be a nano-base for the nano-topology of G such as |Y| = w(G) and let "V consist of

every sets of the form Ugeg B, where B is a finite subset of V. IFW e ", let Ty, = Hf(G\W) and

let T be the set of nano-ope-sets of H of the form Ty, for some W in ‘~N So w(G) is infinite, |‘~N| =

w(G), so that the cardinality of the set T of nano-ope-sets of H does not exceed w(G). Furthermore
f is a nano-base for the nano-topology of H. For let J be an nano-ope-set of H and let h be a point
of J. Since f~ (h) ¢ f~'(J) and £~*(h) is nano-comp., find W of W such as f~1(h) c W c
f~1(J). Thenh € Ty, < J. It follows that w(H) < w(G).

Theorem 2.5 : The class of nano-T;-spaces (denoted by nano-T;-sp.) is invariant under nano-perf-
maps for i=1,2,3,4.

Proof: Let f: G — H be a nano-perf. onto map:

(@) If G is a nano-T;-sp. then all point {g} is a nano-clos-set. So let h € H, then find g € G such as
f(g) = h. But f is nano-clos. and {g} is nano-clos.; hence {h} is nano-clos. in H.

(b) let G be a nano-T,-sp. Let hy, h, be a pair of distinct points of H. The inverse images f~*(h,)
and f~1(h,) are nano-comp.and disjoint subsets of G, so find nano-ope-sets U, V c G such as
f~Y(h;) c U, f~1(h,) c Vand UNV=0. So f is nano-clos., the sets A=H\f(G\U) and B=H\f(G\V)
are nano-ope. in H such as f~1(h;) € f~}(A) c Uand f~%(h,) € f~1(B) c V, A and B are
nano-nbds of h; and h, respectively. Moreover AN B =[H\f(G\U)] N [H\f(G\V)]

=H\[f(G\U) U f(G\V)]

=H\f[G\(UNV)]

=H\f(G)

=@

So H is a nano-T,-sp.

(c) Let G be a nano-T;-sp. Let h € H and F be a nano-clos-set in H such as h € H so f~1(h) is
nano-comp-sub-set of G and f~1(F) is a nano-clos-sub-set of G and f~1(h) Nf~(F) = @. So find
U, V nano-ope-sub-sets of G such as f~1(h) c U and f~1(F) c V with UNV = @. So f is nano-
clos., find A, B nano-ope-sub-sets of H such as f~1(h) ¢ f~(A)c Uand f~1(F) c f~1(B) c
V. Clearly, he A, F c B and ANB = @ so H is a nano-T;-sp.

(d) Let G be a nano-T,-sp. Let F;, F, be distinct nano-clos. subsets of H. So f~1(F,) and f~1 (F,)
are nano-clos-sub-sets of G, find U, V nano-ope-sub-sets of G such asf ~1(F;) c U, f~1(F,) c V.
Since f is nano-clos., find nano-ope-sub-sets A, B of Hsuch asf “1(F;) ¢ f~1(A) c Uand f~1(F,)
c f~1(B) c V. Clearly, F; c A, F, c B and A, B are disjoint, hence H is a nano-T,-sp.
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Theorem 2.6 : Nano-compactness is invariant under nano-perf-maps.

Proof: Let f : G — H be a nano-perf-map from a nano-comp-sp. G onto a space H. Let Y = { U,
o € A} be any nano-ope-cover of H. then f~1( ‘j) is an nano-ope-cover of G. So find a finite-
sub-cover {f ‘1(Uai)}?=1 for G. Then {Uai}; is a finite-sub-cover of H, hence H is nano-comp.
Lemma 2.7 : For each nano-comp-sub-sp. A of a locally nano-comp-sp. G and each nano-ope-set
V that contains A find an nano-ope-set U such as A ¢ U ¢ NCI(U) < V and NCI(U) is nano-comp.
Proof: For each g € A take a nano-nbd V, of the point g such as NCI(};) < V and a nano-nbd W,
of g such as NCI(W/}) is nano-comp. The set NCI(U,), where Uy= V,MW, is nano-comp. because
it is a nano-clos-sub-set of the nano-comp-sp. NCI(Wj). So find a finite set {g;, g5, ..., gk } € A
such as A c¢ U = Ug, UUg, U ... UUg. The set NCI(U) = NCI(Ug,) UNCI(Uy,) U ...
UNCI(Ug,) is nano-comp. and clearly we have NCI(U) < NCI(Vg,) UNCI(Vy,) U

U NCI(Vg,) € V.

Theorem 2.8 : Locally nano-compactness is invariant under nano-perf-maps.

Proof: Let f: G — H be a nano-perf-map of a locally nano-comp-sp. G onto a space H. By Lemma
2.7, for each h € H find an nano-ope-set V < G such as f~1(h) c V and NCI(V) is nano-comp.
The set W = H\f(G\V) is a nbd of h and since W = H\f(G\V) c H\(G\NCI(V)) c f(NCI(V)), the
nano-closure NCI(W) is a nano-comp-sub-sp.of H.

Theorem 2.9 : A nano-cont. map f: G — H is nano-clos. if and only if for each point h € H and
each nano-ope-set U c G such as f~*(h) c U, then find an nano-ope-set V of H such as h € V and
(V) cU.

Proof : (=) Let f be a nano-cont. map f: G— H is nano-clos. and g € H. Let U be an nano-ope-
setin G, suchas f~*(h) c U, so G \ U is nano-clos. in G. This implies f(G \ U) is nano-clos. in H.
Let V =H\f(G\U), then V is an nano-ope-sub-set of H suchash € V and f~3(V) = G\ f~}(f(G
\U)) c U.

(<) Assume that the assumption holds. Let F be a nano-clos-sub-set of G and h € H \ f(F) and
each nano-ope-set U c G such as f~1(h) c U find an nano-ope-set V of H such as h € V and
f~Y(V) c U. Itis easy to show that V c H \ f(F). Hence H \ f(F) is nano-ope. in H and this implies
f(F) is nano-clos. in H.

Lemma 2.10 : If f : G — H is a nano-perf. onto map and {A}ea is a locally finite family of
subsets of G, then {f (A,) }qea is a locally finite family of subsets of H.

Proof: Leth be apoint of H. If g € f~'(h), then find an nano-ope-set V, of G such as g € V, and
Ag={a € A:V;NA, # @ } is finite. Since f~1(nh) is nano-comp., find a finite subset B of
f~'(h)suchas f~' (h) € Ugep Vg. By Theorem 2.9, find an nano-ope-set W of H such ash € W
and f~H(W) € UgepVy. IFWNT(A,) # @, then f~1(W) NA, # @, so thata € M= Ugep. Ag Since
M is a finite subset of A, it follows that the family {f (A,)}qen is locally finite.

Theorem 2.11 : For each point-finite nano-ope-cover {U}.cs 0f a nano-normal space G find an
nano-open-cover {V}es of G such as NCI(V;) < U, foreachs € S.

Theorem 2.12 : If each nano-ope-cover of a top-sp. G has a locally finite nano-clos. refinement,
then each nano-ope-cover of G has also a locally finite nano-ope. refinement.

Theorem 2.13 : Nano-para-compactness is invariant under nano-perf-maps.
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Proof: Let f : G — H be a nano-perf-map from a nano-para-comp-sp. G onto a nano-top-sp. H.
Let ¥ be any nano-ope-cover of the space H. So G is nano-para-comp., {f ~1(V)}yev has a locally

finite nano-ope. improvement {U,}scs. Therefore G is norm-sp., therefore by Theorem 2.11,find a
nano-clos-cover © = {F }es 0f G such as F; © Uy for each s € S. Since © is locally finite and

nano-clos., it follows that {f(Fs)}ses is a locally finite nano-clos.improvement of the cover V .
Hence by Theorem 2.12, Y has an nano-ope. locally finite improvement and hence H is nano-para-
comp.

Definition 2.14 : [15] Let ® = {A }cs be a cover of a set G; the star of a set M c G with reference
to f is the set St(M, A) = U {As : MNAg # @ }. The star of one~point set {G} with reference to a

cover ‘f is said to be the star of the point g with reference to ‘f and is symboly by St(g, f ).
Definition 2.15 : A nano-pseudometrizable-space is a pair (G,d) where G is a set and d is a function
d:GxG—][0,00], is said to be nano-pseudometrizable, that satisfies the following properties for all
g,h,iin G:

a) d(g,h) =0 if and only if g=h.

b) d(g,h) =d(h,g).

c) d(g,h) < d(g,i) +d(i,h).

Lemma 2.16 : A space G is nano-pseudometrizable if and only if find a sequence {f } . of
N/ ne

locally finite nano-clos-covering of G such as for all point g of G and all nano-ope-set U such as
g € U find an integer n such as St(g, fn ) c U.

Theorem 2.17 : If f : G — H is a nano-perf. onto map. and G is nano-pseudometizable-space,
then H is a nano-pseudometizable-space.
Proof: Choose a nano-pseudometric d on G which induces the nano-topology of G. For all positive

integer n , let £ be a locally finite nano-clos. improvement of the covering {Bl/ (G)} of G.
~n 2n geG

Then by Lemma 2.10, fn ={f(E):E€ En} is a locally finite nano-clos-covering of H for all

positive integer n. We shall complete the proof by showing that the sequence {fn} y satisfies the
ne

condition of Lemma 2.16. Let J be an nano-ope-set of H and let h be a point of J. Then =1 (h) is
nano-comp. and f~1(h) c f~1(J). The nano-cont. real value function @ know in f~1(h), by putting
@(g) =d(g, G\f~1(J)) if g € f~1(h), is bounded and attains its bounds. Since @(g) >0 if g €
f~1(h), it follows that find a point g, € f~(h) such as @ (g) = @(g,) >0ifge f~1(h). Thus
find a positive integer n such as d(g, G\f(J)) > 1/2n if g€ f1(h). suppose that F En+1 andh eF.

Then F = f(E), where E € En+1 and ENf~1(h) # @. Let g be a point of ENf~1(h) and suppose
find g, € Gsuchas g, € EN(G\f ~1(J)). Since there g; € G such thatE c B1/2n+1(g1), it follows
that d(g, g2) > d(g, g1) + d(g1, 82) < /5"

Which is a inconsistency. Hence E ¢ f~1(J) so that F c J. Thus St(h, fn) cJ.

Corollary 2.18 : If f : G — H is a nano-perf. onto map and G is a nano-metrizable-space, then H
is a nano-metrizable-space.

Defintion 2.19 : In a nano-top-sp. G is a nano-compactly-generated-sp. (denoted by nano k-
space) in which a subset is nano-clos. if it is intersection with any nano-comp-sub-set is clos.
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Lemma 2.20 : A nano-Hausd-sp. G is a nano k-space if and only if for all A c G, the set A is
nano-clos. in G on condition the intersection of A with any nano-comp-sub-sp. F of the space G is
nano-clos. in F.

Theorem 2.21 : If there exists a nano-perf-map f : G — H of a nano k-sp. G onto a top-sp. H, then
H is a nano k-sp.

Proof: Let A c H such as ANF is nano-clos. in F for each nano-comp-sub-set F of H. It suffices
to show that A is nano-clos. in H. Let K be a nano-comp-sub-set of G, so f(K) is nano-comp. in H,
hence ANf(K) is nano-clos. in f(K), so f~1(A)NK is nano-clos. in K. But G is a nano k-sp., so
fY(A) is nano-clos. in G. Thus ff ~1(A) = A is nano-clos. in H, hence H is a nano k-sp.

3. Inverse Images of Nana Perfect Mappings.

We study the Inverse Images of nano perfect mappings and several related theorems.

Theorem 3.1 : Nano-regularity is an inverse of nano-perf-maps.

Proof: Let f : G — H be a nano-perf-map onto a nano-regu-sp. H. Take a point g € G and a nano-
clos-set F c G such as g € F. The set FNf~1(f(g)) is nano-comp. and does not contain g, since G
is nano-Hausd-sp. Find disjoint nano-ope-sets U;, V; € G suchas g € U; and FNf~1(f(g)) c V;.
The set f(F\V;) is nano-clos. in H and does not contain f(g), hence by nano-regularity of H, find
disjoint nano-ope-sets U, , V, < Hsuchas f(g) € U, and f(F\V,) ¢ V,. Thesets U =U;Nf"1(U,)
and V = V;Nf~1(V,) are nano-ope. in G, disjoint, and contain the point g and the set F alternately.
Remark 3.2 : The remaining axioms of separation are not inverse invariants of nano-perf-maps.
Also complete nano-regularity is not inverse invariant of nano-perf-maps.

See [8] Exercis 3.10.c (c) , problem 3.12.20 (e) , Example 5.1.40, and the book.

Theorem 3.3 : If f: G — H is a nano-perf-map, then for each nano-comp-sub-sp. R < H the
inverse image f~1(R) is nano-comp.

Proof : Let U={ U, : a € A} be afamily of nano-ope-sets of G such as f "1(R) € Ugep Ug. Ifh
€R, then find a finite subset M(h) of A such as f~1(h) c Uaemm) Uq. Since fis a nano-clos.map,
by Theorem 2.6 find an nano-ope-set V},, of Hsuchash € Vv, and f~1(V},) < Uaemcn) U Since

R is nano-comp., find a finite subset B of R suchas R € Upcg Vi, . Hence f"1(R) € Upeg f (V)
C UheB Ugemm) Uq. Thus if M = Upeg M(h), then M is a finite subset of A and f~*(R) c
Ugem Ug. Thus f~1(R) is nano-comp.

Theorem 3.4 : Nano-compactness and local nano-compactness are inverse invariants of nano-
perf-maps.

Proof: The inverse invariance of nano-compactness follows directly from Theorem 3.3 . If f: G
— H is a nano-perf-map and H is a locally nano-comp-sp., then for each g € G, findanbd U c G
such as f(U) is contained in a nano-comp-sub-sp. | of the space H. Since f(NCI(U)) c
NCI(f(U)) c R, the set NCI(U) < f~1(R) is nano-comp.

Theorem 3.5 : Nano-para-compactness is an inverse invariant of nano-perf-maps.

Proof: Let f : G — H be a nano-perf-map. onto a nano-para-comp-sp.H. Consider an nano-ope-
cover {U}ses Of the nano-space G and for each h € H choose a finite set S(h) c S such as f~*(h)
C Usesm) Us. Since f is nano-clos., by Theorem 2.9, find a nbd V}, of the point h such as f1(h)
c f7(Vh) © Usesm)Us. The nano-ope-cover {Vy}hen of H has an nano-ope. locally finite
improvement {W }ict. The family {f ~1(W,) }ier is an nano-ope. locally finite-cover of G and for
eacht € T findah, € H satisfying f~*(W;) © f~'(Vh,) © Usesny Us. So the family { f~1(W,)
N U :t e Tands € S(hy) } is an nano-ope. locally finite improvement of {Ug}es.
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Theorem 3.6 : The Cartesian product GxH of a nano-para-comp-sp. G and a nano-comp-sp. H is
nano-para-comp.

Proof: Consider the projection p : GXH — H. Since H is nano-comp., then p is nano-perf. Since
H is nano-para-comp., therefore by Theorem 3.5, GXH is nano-para-comp.

Definition 3.7 : [22] A family {B,: « € T' } of subsets of a space G is said to be a weak

improvement of covering U of G if find a subset I'' of I' such as {B,: a« € I} is a covering of G
and a improvement of Y.

Definition 3.8 : A nano-top-sp. G is called completely nano-para-comp. if all nano-ope-covering
of G has a weak improvement of the form { V,: a € A} where A=UpenApand {V,:a € A, }
is a star finite nano-ope-covering of G for all n.

Theorem 3.9 : Let f: G — H be a nano-perf. onto map. If H is a completely nano-para-comp-sp.,
then G is a completely nano-para-comp-sp.

Proof: Let H ={ U, a € A} bean nano-ope-cover of G. If h € H, find a finite subset A(h) of A
such as f~1(h) € Ugeam)Uq - SO f is @ nano-clos. map, find an nano-ope-set W;, of H such as h
€ Wy and f~1(Wy) € UgeamyUe and V~V = { W;: h € H } is an nano-ope-covering of H. So H is
completely nano-para-comp., find a family a {Vg: B € T } of nano-ope-sets of H such that :

(@) I' = Upen I'(n) and the family { Vg: B € T'(n) } is a star finite-covering of H for all n, and

(b) Find a subsets I' of T such as {Vsg:B € '} is a improvement of Vf .

If B € T, choose h(B) in H such as Vg © Wy p)y. Let O be the family of nano-ope-sets of G which
consists of each sets F‘l(VB)ﬂUa, where B € T'and a € A(h(B)), together with each sets
f~1(Vg), where B € I'\I'. Then O consists of countably many star finite nano-ope-coverings of G
and O is a weak improvement of H since the subfamily { f‘l(VB)ﬂUa: a € A(h(B)),B €T }isa
covering of G and a improvement of U. Then if H is completely nano-para-comp., then G is
completely nano-para-comp.

Definition 3.10 : Let G be a nano-Hausd-sp.and let C be a family consisting of those subsets of G
that have nano-clos.interssections with all nano-comp-sub-sps.of G. The set G with the nano-
topology generated by the family C of nano-clos-subsets will be symboly by kG is nano-ope. if
and only if its intersection with any nano-comp-sub-sp. R of the space G is nano-ope.in R. The
nano-topology of kG is finer than the nano-topology of G.

Proposition 3.11 : The nano-spaces kG and G have the same nano-comp-sub-sps.

Proposition 3.12 : Define for each nano-cont. map f: G — H where G and H nano-Hausd-sps.,
the map kf assigning to g € kG the point f(g) € kH . And Gg: kG — G by Gg(g) = g. Then:

(@) Gg: kG — G is nano-cont.

(b) kf: kG — kH is nano-cont.

(c) kf satisfies the equality foGg = GHokf.

Theorem 3.13 : For a nano-cont. map f : G — H of a nano-Hausd-sp. G to a nano k-sp. H the
statement are equivalent :

(a) The map. fis nano-perf.

(b) For each nano-comp-sub-sp. R c H the restriction f; : f~(R) — R is nano-perf.

(c) For each nano-comp-sub-sp. R c H the inverse image f~1(R) is nano-comp.

Proposition 3.14 : If the composition gof of nano-cont. mapf: G — Handj: H — R, where H

is a nano-Hausd-sp., is nano-perf., then the map j | f(g) and f are nano-perf .

405



IHJIPAS. 36 (3) 2023

Proof : (a) For each point r € R the fiber (j |f(G))‘1 (") =f(G) N j~(r) = f( (jof)~%(r)) is nano-
comp., because the fiber (jof )~1(r) is nano-comp. Any nano-clos. subset of f(G) is of the form
ANf(G), where A is nano-clos. in H. As the inverse image f~1(A) is nano-clos. in G and jof is a

nano-clos. map, the set (j | tc)) (ANF(G)) = J(ANTF(G)) = jof (f ~*(A)), is nano-clos. in R, we have

j | f(G) IS a nano-clos. map and thus the map j | f(G) 1S a nano-clos. map and thus the map j |f(G) is
nano-perf.

(b) For each point h € H the fiber f=1(h) = [ (jof)~1(j(h)]N f~(h) is nano-comp. To conclude
the proof it suffices to show that f is nano-clos. For each nano-clos-set F < G the map (jof) | F IS
nano-perf., so that by the first section of us proof the restriction j | ¢(ry IS nano-perf. ; since the latter
map ability be continuously extended through NCI(f(F)), it follows by Lemma 2.11 that f(F) =
NCI(f(F)), and thus f is a nano-clos. map.

Theorem 3.15 : If find a nano-perf- map f: G — H of G onto a nano k-sp. H, then G is a nano k-
sp.

Proof: Let us consider spaces kG and map kf : kG — kH.Since H is a nano k-sp., we have H =
kH and kf = foGg. From Theorem 3.13, it follows that kf is a nano-perf-map and this along with
Proposition 3.14, implies that Gg is nano-perf. As Gg is a one-to-one map, it is a nano-
homeomorphism; therefore G is a nano k-sp.

4. Conclusion
The main purpose of this paper is to present and study images of nano perfect mappings, as well
as to present invers images of nano perfect mappings.
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