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Abstract

Machine scheduling problems (MSP) are considered as one of the most important classes
of combinatorial optimization problems. In this paper, the problem of job scheduling on a single
machine is studied to minimize the multi objective and multi objective function. This objective
function is: total completion time, total lead time and maximum tardiness time, respectively,
which are formulated as (¥ €;,Y E;, Tmax) are formulated. In this study, a mathematical
model is created to solve the research problem. This problem can be divided into several sub-
problems and simple algorithms have been found to find the solutions to these sub-problems
and compare them with efficient solutions. For this problem, some rules that provide efficient
solutions have been proved and some special cases have been introduced and proved since the
problem is an NP-hard problem to find some efficient solutions that are efficient for the
discussed problem 1// F(X Cj, Y E;j, Timax), and good or optimal solutions for the multi-
objective functions 1// ¥, C; + ¥ Ej; + Tpqx,, and emphasize the importance of the dominance
rule (DR), which can be applied to this problem to improve efficient solutions.

Keywords: Maximum Tardiness, Multi-Criteria, Multi-Objective, Total Completion Times,
Total Earliness Time.
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1. Introduction

Scheduling involves distributing a set number of resources over a period of time to various
tasks[1]. One or more objectives may be optimized as a result of this decision-making process. as
well as, the Scheduling problem is defined as the arrangement of entities (people, tasks, vehicles,
lecture, etc.) into a pattern in space-time in such a way that constraints are satisfied and certain
goals are achieved [2-4].
Up until the late 1980s, mainstream research has concentrated on a certain single object problem.
When more than one objective (criteria) is needed, scheduling problems become more difficult to
model and solve. It is frequently implausible that different objectives will be best served by the
same set of decision variables [5-8].
As a result, there is a trade-off between the multiple objectives. This type of problem is known as
a multi-objective scheduling problem. Multi-objective scheduling problems are the term used to
describe this kind of problem [9]. A set of Pareto optimal solutions (Efficient solutions), rather
than a single optimal solution, are established using multi-criteria optimization based on competing
objective functions. This set includes one (many) solution(s) that no other solution(s) is better with
respect to objective functions[[10-14].
The most important literature survey for the last eight years. [15] discussed the multi-criteria in
order to establish a collection of efficient solutions for the general problem, and scheduling
problems that are researched on a single machine are considered. 1// (ZC,-,ZT,-, Trmax) » U/
F(XCi,YE; Eyax) , UI XCj + XT; + Tyax , U 3.C; + YE;j + Tpyay. [16] examined the multi-
objective problem, which is the sum of completion time, tardiness, earliness, and late work. 1//
Y2 (Ej+T;+Ci+Uj+V;) U2 (ayE; + B;Tj + 0;C; + v;U; + w;V;),LISpl ¥ (ajfEjf +
BjsTjs + 0jsCis + vjsUjs + wij]-f). They suggested an Upper Bound (limits) UB and a Lower
Boundary (limits) LB be used in the application of the Branch and Bound method. [17] studied the
multi-criteria (¥ €, Tmax R1), multi-objective function (X Cj + Tyax + Ry,) and  founded the
optimal solution by using the BAB method with and without DR then using some heuristic
methods. [18] introduced a heuristic algorithm to reduce the (Z Cj+ Epax + Tmax) in a single
machine scheduling.
In this paper, survey the tricriteria scheduling problem and begin with some basic scheduling
concepts of multi-criteria problems, and basic rules are given in section 1. Section 2 provides
information on problem formulation, analysis, and various algorithms. The Dominance Rule is
described in section 3. In section 4 by proving several rules, we show there exists is an effective
solution to our problem. The conclusions is given in section 5 and upcoming works.
2. Significant Notations.
In this paper, the following notations are used:
N: jobssets.t.N ={1,2,...,n}.
n: number of available jobs.
p;: Ttime of the job j's processing, which means it must be processed for a period of length p;.

d;: The due date for job j (or the jobs’ due date), the optimal date for finishing the jobs; job
termination after the deadline is allowed but will result in a penalty.
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s;: The Job's slack time for j s.t.s; = d; — p;.
C;: The job j's completion time where C; = £=1pk.
L;: The lateness time of jobs, s.t.L; = —(d; — C;) = C; — d;.

E;: The earliness of job j s.t.E; = max {—L;, 0} = max{d; — C;,0} .
T;: The tardiness of job j s.t.T; = max {L;, 0} = max{C; — d;, 0} .
%.C;: Total completion time.

Y.E;: Total earliness time.

Tomax © Maximum tardiness s.t. Tyq, = maxjen{T;}.

F: The B-problem's objective function.

F4: The (SP)-problem's objective function.

Shortest Processing Tim (SPT): Jobs are Sequencing in non-decreasing order of the processing
times p; (i.e.p; < py < -+ < py), this rule is well known to minimize Y.C; for problem 1// }C;
[8].

Earliest Due Date (EDD): Jobs are sequenced in non-decreasing order of their due dates
di(i.e.dy < d, < - < dy), this rule used to minimize Ty,,, for problem 1// T4, [19].
Minimum Slack Time (MST): Jobs are sequenced in non-decreasing order of their slack time
si=dj—pj (i.e.s; <55 < - <5,,). To minimize Ep,,, using this rule [20].

Efficient Solution (EFSO): A feasible schedule ™ is known as Pareto optimal or ( non-
dominated) If there is absolutely no feasible schedule «, then the set of feasible schedules with
regard to the criteria h, , h, and h; such that h,(a) < h,(a*),h,(a) < h,(a*) and h;(a) <
h;(a™), are satisfied with at least one of the inequalities [21].

3. Mathematical Formulation

In this section, the three-criteria scheduling problem (1// F(Z C;,. Y Ej, Tmax)) to be studied will
be described. Let the number of jobs available at time O be represented by N = {1,2, ...,n},
(i.e,r; = 0 for all j) and need processing on just one machine. For each job, j has a processing
time p; and a due date d;, given a list of jobs in the sequence a = (a4, ay, ..., ay,), the earliest

completion time possible C; = Yy_1 e, the tardiness of job j, T; = max {Cj — daj, 0}, the
earliness of job j, E; = max {da]. -G, 0}. The aim of this problem is finding a schedule o € S to

find a schedule, (where S is the set of all possible feasible schedules; where a feasible schedule
means it satisfies all the constraints of the problem P) that minimizes the multi-criteria
(ZCJ-, XEj, Tmax), which is denoted by (SCSET), can be formulated mathematically as follows:

Min{¥.C;, YE;, Tmax } )
s.t.
¢, = Pa,
Cj > Pa; j=12,..,n
Ci=Caj_yytPay J=2,0im ( -.(SCSET).
Tj =2 G —dg; j=12,..,n
Ej 2 dy; = C j=12,..,n

T;20E=0  j=12,..,n)
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Where a; indicate where job j falls in the ordering a and S represents the collection of all
schedules. Finding the set of all efficient solutions to the problem (SCSET) is challenging since
it’s an NP-hard problem (because the problem 1/ ¥7_; E; is NP-hard [22]).

Proposition (1): There is an efficient schedule for the problem (SCSET) that satisfies the SPT
rule.

Proof: (a) first, assume that p; # p; for all i, j. The unique sequence SPT, (SPT™) provides the
bare minimum of Y.C;. As a result, no sequence exists § # SPT" s.t.

2Gi(6) <X G (SPT™), X E; (8) < X E; (SPT"),and Tqx (8) < Tnax (SPTY) €Y)
The presence of one or more strict inequalities.

(b) If there is more than one sequence SPT (the processing times of jobs are equal), assume SPT*

be a sequence that satisfies the rule of SPT and jobs with equal processing times in the EDD and
MST sequence. If a set of jobs that are to be early or partially early is specified, then this EDD and
MST order minimized ¥, E;.

Note that if the event is several jobs at the same processing times, the due date is considered
identical, or slack times, then SPT* is not unique. Show that each SPT*- sequence is an efficient,
sequence that does not satisfy the SPT rule which cannot dominate an SPT* sequence by (1.1). If
§ is an SPT-sequences but not an SPT* sequence, it cannot dominate SPT* since

2Ci(6) = X.Ci(SPT*), X E; (SPT*) < X Ej (6) and Ty,4x (SPT™) < Tppax(8)
by virtue of the EDD and MST rule. Hence all the SPT* sequences are efficient.

As mentioned in proposition (1), shown that the SPT rule is efficient for the problem (SCSET) but
the EDD rule does not, as shown in the example below.

Example (1): Suppose the problem (SCSET) has the following data in Table 1:

Table 1. The data of p;,d; , and s; for problem (SCSET)

Jobl Job2 Job3 Job4 Job5

p, 2 5 7 5 8

A feasible schedule is provided by the SPT rule(1,2,4,3,5) and (1,4,2,3,5), hence
(2C;, XE}, Trnax) = (67,6,13) from SPT* order (1,2,4,3,5) and (X.C;, YEj, Trax) = (67,7,13)
from SPT order (1,4,2,3,5), it is clear that in the SPT *sequence the tasks (2,4) are arranged with
equal processing time in the rule of the MST or EDD. But EDD rule (1,3,2,4,5) with
(2C;, XEj, Tnax) = (71,4,13) and MST rule (3,1,2,4,5) with (XCj, YEj, Trmax) = (76,1,13)
hence SPT *the sequence gives an efficient solution for the problem (SCSET).

For the problem(SCSET), we can deduce seven sub problems (S®;) fori = 1to 7:
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1) UiLex(XCj, Y.E;, Tyax) Problem S#;.

2) UlLex(%.C;, Tmax X.E;) problem S®,.
3) UiLex(Tymax,X.Ci,YE;) problem S#;.
4) UlLex(Tyax » XE;, X.C;) problem S®,.
5) UlLex(XE;, Y.C;, Tyax) Problem S¥s.
6) 1/iLex( YE;, Tmax, %.C;) problem S¥s.
7) Ul (XC; + YE;j + Tpax) problem S®,.

(1) 1// Lex(X.C;, Y E;, Tmax ) (SP1): The definition of this problem is as follows:

Min {Tmax} \I

Ss.t. ¥
7., C; = C* where C* = ¥, C;(SPT) | (SPy).
" E; <EE €Y} E; (MST), X}-1 E; (SPT)] )

Since the most important function in this problem (S?;), X7, C;, should be optimal, the following
easy algorithm produces the best possible outcome.
Algorithm (SCSET1) for 1//Lex(}.C;, YE;, Tmax) problem (S2;).

ST1: is the Sequencing of jobs according to the SPT rule and the
computation(X.C;, YEj, Tmax)-

ST2: If there are jobs with equal processing times, then order these
jobs: (a) using the MST rule and the calculation (3.C;, XE}, Tinax)-
(b) using the EDD rule and the calculation(ZC,-,ZEj, Tmax).

ST3: If more than one SPT schedule appeared, then choose the
schedule with minimum ¥, Ej and Ty -

Note: Same as an example (1) for SB;,.

(2) 1//Lex(TC; , Toax L.Ej)(SP2): This problem is defined as follows:

Min {35}

s.t.
i=1Cj = C" where C* =}, G;(SPT)
Tmax < T, T € [Tinax(EDD), Tinax (SPT)]
The problem (SP,)with Y7, C; is the most important function, it must be optimal, so the easy

algorithm SCSET1 that gives us the best result for (SB,).

(§%,).

(3) 1//Lex(Tmax Y.C;, Y.E;) (SP3): This problem is defined as follows:
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Min Z;’lzl EJ \
S. t. } o
Toax = T* where T* = T, (EDD) (§%3).
X7, G < C,C € [, G (SPT), Xy G;(EDD)] )

Given that T,,,, is a more important function in this problem (S#3) and should be optimal, the
following algorithm offers the best solution.

Algorithm (SCSET2) for 1//Lex(Tmax Y.C;, Y.E;) problem (SP5).

ST1: Arrange the jobs according to the rule of EDD and calculate
Tmax(EDD) = T*.

ST2: Calculated D; = d; + T*, forallin N where N = {1, ..., n}.
ST3: Suppose t = Y.;ey p; and K equals n.

ST4: Finding a job j using the Smith backward algorithm and
satisfying D; > t, p; = p; (Choose the job j with the largest due
date if there is a tie). Assign position Kto job j.

ST5: Assign the variablest =t —p;,N =N —{j}and K = K — 1,
if K =1 proceed to step 6; if not, proceed to step 4.

ST6: Find T4y, 2.C; and Y E; for the sequence that results.

Example (2): Consider the data for the problem S®; in Table 2.

Table 2. The data of p;,d; ,and s; for problem S#;

Jobl Jobh2 Job3 Job4
d; 12 5 9 10
s 3 2 2 8

Hence the (EDD) schedule (2,3,4,1) gives (Tyax, 2.C;, YE;) = (46,2,9). Trax(EDD) =T*, ¢ =
21,D; =d; +T* =(21,14,18,19). The schedule (4,2,3,1) is given by Smith's backward
algorithm with (T;,q, X.C;, Y.E;) = (40,8,9).

(4) 1//Lex(Tmax, XE;, Y.C;)(SP4): This problem is defined as follows:

Min Y%, G

S.t.
Tmax =T* where T* = Tpq(EDD) l ...(SBy).
T B = E,E € [Z}-, E; (MST), X}, E;(EDD)])

Given that T,,,, is a more important function in this problem S?,and should be perfect, the

algorithm SCSET?2 offers the best solution.
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(5) 1//Lex(TE}, ¥.Cj, Tmax) (SP5): This problem is defined as follows:

s.t. 5
" E =E* where E* = ¥ E; (MST) .+ (5P5) .
(6) 1//Lex(TE;, Tmax, Y.C;) (SP6): The case can be written as:
Min {7, G} \|
s.t. ¥ op
", Ej =E" where E*=min{S}_, E; (MST)} | -+ (5P6)-
Tmax ST, T € [Trnax(MST), Tmax (EDD)] )

Given that 1// Y E; is an NP-hard problem, the problems (SP5) and (SP,) are both NP-hard.
(7) U 3Cj + Y Ej + Typqx Problem.

The objective of the problem is to find the sequence of job processing that will minimize
2Cj + YE; + Typqy - Following is a definition of this sub-problem:

Suppose that o is any machine schedule that is possible to formulate as follows for a given schedule
a = (aq, a,, ..., ay). Assume that a is any schedule that can be expressed as follows for a certain
schedule a = (a4, ay, ..., a,):

Fy, = Min{3C; + YE; + Trnax} )
s.t.
Cl = pal
Cijaj j=12,...,n
G =Caypy+Poy J=2m > . (SP7).
T 2 Cj — dg, j=12,...,n
Ej2dy, — G j=12,...,n
T, >0,E; >0 j=12,...,n)

Finding a processing order a = (a4, ..., a,,) for the jobs on a single machine that minimizes the
sum of the total completion times, the total earliness, and the maximum tardiness

(ch(a) + YEj(a) + Tmax(a)) ,a € § (where S is the set of all feasible solutions), is the aim of

this problem.
Proposition(2): The optimal solution for 1/ Y.C; + Y.Ej + Tryq, problem is an EFSO for the 1//

F(2Ci, YE, Trnax)-

Proof: let g be an optimal schedule for 1// },C; + YE; + Tynqx pProblem. Suppose that g gives no
efficient solution for the problem 1// F(ZCj, YE;, Tmax), so there is a schedule « which is efficient
for 1/ F(%.C;, Y.E;, Tynax ) Problem such that:

2C(a) <Y C(B)and Y E; (a) < Y E;j(B) and Typax(@) < Trax (B),
and when there are strict inequities in at least one. As a result, it follows:
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D G () + X E; (@) + Thpax (@) = X C](B) + ZE](B) + Tonax (), s0, forl// ZC] + ZE] +
Tmax » @ is @ schedule that gives the better solution from 8. However, since gis the optimal
schedule, the assumption is contradicted, so £ should give an efficient solution to 1// 3.C; +
ZE}+'Tﬁax-

4. Special cases of the problems (SCSET)and (S#)

In this part, give some special cases and examples for problems (SCSET)and (SB-) that lead to
efficient and optimal solutions respectively.

4.1 Special Cases of the Problem(SCSET)

Case(4.1.1): If p; = dyandp; = d; — d;_q,for all j in & (except 1) then SPT schedule a
gives an efficient schedule for problem (SCSET).

Proof: Since p; =d; andp, =d, —d; =d, —p;,then C; =d;and C, =p; +p, =p1 +
d, —p; = dythenC, = d, andsoon C; = d; forj = 1,2,..,n. Since (; = d; forall jino
hence L; = 0,Vj,then E; =T; = 0,50 X Ej = Tppgx = 0.

Then the problem 1 // (¥ C; , X, Ej , Tynay ) reduced tol // ¥, C;.

But the rule that solved this problem was SPT.

Then a provides an efficient solution to (SCSET) problem .

Case(4.1.2): If p; = pand d; = jp for all j in the schedule o,then o gives an EFSO to
(SCSET).

Proof: Since d; = jp = C; Vj € g, (this means there is no job late and early s.t. E; = 0 = T})
then X7_, E; = Tynax = 0. Then the problem 1// F(¥ C;, ¥ E; , Tynay ) reduced to 1/ X7, C; .

n%4+n n?+n
2 2

Now since p; = p for every job j in a, then ¥7_, C; = p (—) Butp (—) Is constant, hence

any schedule gives an EFSO to (SCSET).
As a result, every schedule provides an efficient solution to the problem.

Case (4.1.3): If d; = kp; forallk = 2and j € a = SPT schedule then « is an EFSO to the
(SCSET).

proof: Lets; = d; — p; be the slack time of the job j (j = 1, ...,n) since d; = kp; then s; =
kp; —p; = (k — 1)p;. Since SPT schedule, the processing time for tasks is arranged in a non-
descending sequence (this meam p; < p; foralli < j). Then (k —1)p; < (k— Dp, < -+ <
(k — 1py, hence s; < s, < -+ < s,,. Which is MST order, since MST order gives EFSO for
Y. E;. Hence SPT is efficient for (SCSET).

Case(4.1.4): If SPT and MST are identical then they give an efficient schedule for (SCSET).
Proof: Since SPT and MST are identical then }%_, C; is minimum value, and Y E; is minimum
value. But s; =d; —p; and d; —p; <...<d, —p, then d; —p; +p1 <...<d, —pr +Pn
(since p; < -+ < pp), hence d; <...< d,(which is EDD order), since the EDD order gives EFSO
for the T then T4, is minimum. Hence all schedule an EFSO for (SCSET) .

Case(4.1.5): If the processing times of all jobs are identical, then MST ordered is EFSO to
problem (SCSET).
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nn+1)

Proof: Since the processing times of all jobs are identical, then }.C; = p( ) it is the same

for any sequence. Since MST schedule, ordered the slack time of jobs in a non-decreasing sequence
(that mean s; < s; forall i < jin MST schedule). Since s; = d; — p, using MST rule and adding
p for each term, is produced d; < d; for all i < j (which is EDD order), hence EDD and MST are
identical. Since MST order gives efficient value for ) E; and EDD order gives efficient value for
the T; then T,,,4, is minimum. Hence MST is an EFSO for the third criterion ¥, C;, Y. E;, Tyqy -

Case(4.1.6): If d; = d,and SPT and MST are identical Vj, (j = 1,2,...,n) in a schedule a,
then a is EFSO to ( SCSET ).
Proof: Since d; = d , there are two cases:
a) If dj=d =pj, hence C; =d; for all j (this means all jobs are late s.t.E; =0 =
Y E; forallj). Then 1// (X C;, X Ej, Trnax) reduce to 1/ (X.Cj, Tynax), as result, the SPT
rule provides an EFSO to the problem ( SCSET ).where d; = d for all the orders of j and
SPT gives EFSO for 1// ¥, C;.
b) d; = d > pj forall j hence either d < C; or C; > d, since SPT and MST are identical (this
mean Y, C;, Y. E; is minimum values). Then a schedule « is an EFSO to ( SCSET ).

Case (4.1.7): if pj =p,d; =dand d < C; forallj inaschedule a then any schedule «a is
EFSO to ( SCSET).

Proof: Since d < (; for all j (this means all jobs are late s.t.E; =0=XE;) and T; =

max{Lj, O} = max{jp — d,0} then Ty = max{max{ip —d, O}} =np—d. Hence 1//
2 -

(X ¢, X Ej ) Trnax) reduced to 1/ (X C;, Trnax) = (p (n ;n),np — d). Then any schedule is an

EFSO to (SCSET) because the three quantities are constant.

Case(4.1.8): If dg, + Pa; < daj forall i,j in SPT schedule a,wherei < j, SPT and EDD
are identical, then «a is the EFSO for (SCSET).
Proof: Since dg, + Pa; < daj Vi,jina,thend,, < daj — Pa; foralli,j and dg, — po, < daj -
Pa; » for all i, (Since p,, = 0 and py, < Pa; )-Then s, < Sq; ,forall i, (this mean all jobs are
ordered in MST order for all i, j in a), then }; E; is minimum. Hence SPT gives the optimal solution
for both criteria ). E; and ¥.C;, and Ty, (SPT) = Ty4,(EDD) (since SPT and EDD are identical).
Then SPT is an EFSO for the problem (SCSET) .

Case(4.1.9): If dj +p; < Cjyqforj=12,..,n—1 then the SPT schedule is an EFSO for
(SCSET) .
Proof: Let 0 = (04, 03,..,05) by SPT sequence, since d; + p; < Cjyq ,Vj(j = 1,2,..,n—1).
Thend; < Cjoq —pj = X051 0i —pj = G + Pjer — p; V(G = 1,2,..,n — 1).
v = ity py =121

'j j+1 p] v ] yay e, N
Since o is the SPT schedule, there are two cases:

(1)
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a) pj =pj+1,forj=12,..,n—1and Equation (1). Hence d; < (; (this means all jobs are
late s.t. Ej; = 0 = Y E;). The problem 1 // (X Cj, ¥ Ej , Tynax ) reduced to 1// (X G, Trnax ),
so SPT schedule is an EFSO .
b) pj <pjsr,forj=12,..,n—1and by (4.1)then d; <C;+p,p>0thend;—C;<p
(this means all jobs are late s.t.E; = 0 = Y E;), hence 1 // (X C;, X E; , Tynax Jreduced to

1l (X Cj, Tinax), also SPT rule is an EFSO .

Case(4.1.10): If C; = d; and SPT, EDD rules are identical for all j in a schedule «, then a
schedule gives an EFSO for (SCSET).
Proof: Let o be an SPT schedule with C; = da]_ for each j in o (this means that all jobs in the SPT

schedule are late), hence E; = 0 = Y E; foralljin a. then 1/ F(X Cj, Y Ej, Trnax) reduced to
UI(Z Cj, Trmax )-Hence SPT schedule is efficient for (SCSET) .

Case(4.1.11): If the SPT schedule gives C; < d; Vi € N then this SPT schedule gives an EFSO
for (SCSET).

Proof: Since C; < d; for all j in the SPT schedule (this means all jobs are early s.t.T; = 0 =
Tmax forallj) and E; = max{—L;,0} then Y E; = ¥ max{-L; 0} for all j. Hence 1//
F(XC;, Y.E;, Tynax ) reduced to 1/ (3C;, ¥ E;). Hence SPT rule gives an EFSO.

4.2 Special Cases for Subproblem (S#,)

We introduce some special cases for the problem (SB)that has optimal solutions in this section.
Case(4.2.1): If p; = dyand p; = d; — dj_y,forall j in a (except 1) then SPT schedule a gives
an optimal solution for the problem 1// 3.C; + Y.Ej + Trqx-

Proof: Proof as in case (4.1.1) and (X C; + L Ej + Trax)=2. C;.
Case(4.2.2): If p; = p and d; = jp forall j in the schedule o, then o gives an optimal solution for
the problem 1// (X C; + X Ej + Tynax)-

Proof: Verified by the case (4.1.2), hence (X Cj + L Ej + Trax) = Xj<1 G =P (n22+n) .

Case (4.2.3): If d;j = kpj forall k = 2 then the SPT schedule is an optimal solution for the
problem (S#,).

Proof: Proof as in case (4.1.3).

Case (4.2.4): If SPT and MST are identical then they give an optimal schedule for the problem

(SB7).
Proof: Proof as in case (4.1.4).

Case (4.2.5): If p; = p Vj € N, then the EDD schedule is an optimal schedule for (S#).

Proof: Proof as in case (4.1.5).

Case(4.2.6): If d; = d, and SPT and MST are identical v}, (j = 1,2, ...,n) in schedule a then
the a gives an optimal value for (SP).
Proof: Proof as in case (4.1.6), and
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Z;'l=1 C] + Z?:l Ej + Tmax =
;'l=1CJ'+Tmax' ,ifd=pj(i.e.,CjZdj=d)
121G+ X1 Ej + Tnax = Xj=1 d + Trax, if d > pj then either C; = d; or ; < d;

Case (4.2.7): Any schedule gives an optimal solution for the problem S#; if p; =p,d; =
dand d < C; Vj(j =12,...,n).

Proof: Proof as in case (4.1.7), and (X C; + L Ej + Tpax) =P (nz%) +np—d.

If dg, + Pa; < da]. for all i, in schedule SPT a ,where i < j and SPT and EDD are identical,
then «a is the EFSO for (SCSET).
Case (4.2.8): If dg, + Pa; < daj for all i, j in schedule SPT a ,where i < j, SPT and EDD are

identical, then a is the optimal solution for (SB,).
Proof: Proof as in case (4.1.8).

Case (4.2.9): If d; + p; < Cj44 forj = 1,2,..,n — 1 then the SPT schedule is an optimal solution
for (SB,).
Proof: Verified by the case (4.1.9).

Case (4.2.10): If C; = d;, SPT and EDD rules are identical for all j in a schedule «, then schedule

a gives an optmal solution for(S®).
Proof: Verified by the case (4.1.10).

Case (4.2.11): If the SPT schedule gives C; < d; Vi € N then this SPT schedule gives an optimal
schedule for (SP).

Proof: Proof as in case (4.1.11).

In Table 3, an examples give for describing the special cases for two problems ( SCSET ) and
(8§P,) by calculating the objective functions(F)and (F;)respectively, using 6 jobs.
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Table 3. Special Cases of Problem ( SCSET ) and (SP) In the following examples.

case pjand d; conditions F F;
411) p;=124753,d; = p1 = djand p; = d; — d;_, forall j (57,0,0) 57
(4.2.1)  1,3,10,22,22,15,6
(4.12) p;=6,d; =6,12,18,24,30,36 p; =pandd; =jp,Vj (126,0,0) 126
(4.2.2)

(4.13) p;=342568,d; = d; = kp; forallk > 2 (78,12,4) 94
(42.3)  9,12,6,15,18,24

(414) p;=610,12,14,14,18,s; = forall j.p; <p;ands; <s; (222,2,43) 267
(4.24) .248,10,12,13

(415) p;=3,d; =346,789 .pj = p forall j in a schedule EDD a (63,0,9) 72
(4.2.5)

(41.6) p;=543211,d,=6 dj = d,vj (41,11,10) 62
(426) p;=765321,d =7 (106,0,17) 123
(417) p=d=5 pj =p,d; =d,d < Cforall j (105,0,25) 130
(427) p=5d=7,p<d (105,2,23) 130
(418  p;=113322,d;=1291246 , SPTandd; +p; <d; forallj (34,00) 34
(4.2.8) EDD rules are identical.

(4.19) p;=543242,d; = 6745352 dj +pj < Cjyq forallj =23, ..,n (59,0,14) 73
(4.2.9)

(4.1.10) p; =432211,d; = 14,956,223 C; > d; ,forall j (35,0,4) 39
(4.2.10)  p; =3,456,89,d; = 3,56,7,9,10 (101,0,25) 126
(4.1.11) p; =8,5,2,6,4,3,d; =30,14,2,21,10,6 C; <d;,forallj (78,5,0) 83
(4.2.11)

5. Dominance Rules for Single Machine Scheduling Problem

Dominance Rules (DRs) are used efficiently in reducing the current sequences[23-25]. DR
is used usually to indicate whether a certain node in a BAB method can be eliminated before
calculating its lower bound. These rules are been useful when a node has a lower bound less than
the optimum solution and can be eliminated [26-28]. When the nodes are dominated by others in
the BAB procedure, DRs can be used also to cut these nodes. Such developments may heavily
reduce the number of nodes in searching for an efficient solution. Where the DRs are also
applicable to such problems[29,30].

The dominance rules as we mentioned before are used in an attempt to eliminate nodes in the BAB
method which makes us reduce the time spent on solving this problem1// 3.C; + YE;j + Ty -

Rule (1):
If p; <p;andd; < d; then there is an optimal schedule wherein the job i processing before job

Proof: Consider a schedule o = a,ijo, and a schedule ¢ = oyjio, see Figure (1)

o: o L J o2
P; P;

G a2 J i %
P; P;

Figurel. The scheduling o andé
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which is obtained by interchanging the jobs i and j in o. For these schedules, we study two cases,
and in every case, we will make a comparison between them.

First case: If p, < p;,d; < d; produces that s; <'s;

In this situation, there are:

The condition of the processing times ensures that:

Y.Cy(0) < XCx(0) (2)
And the condition of the slack times ensures that:

Emax(0) < Engy(6) then Y E3(0) < YEy(6)

And the condition on the due date ensures that:

Timax(0) < Tinax(6) (3)
Hence Y.Cy(0) + Y E(0) + Trax(0) < X.C3(0) + YE3(0) + Tinax (6)

Second case: If p; < p;,d; < d; yieldsthats; = s; .

In this situation, The condition on the processing times ensures that (5.1) is satisfied, and the cost
which is obtained from Equation (2) is equal to p; — p;

i.e.}Cy(6) = ¥.Cy(0) + pj — b (4)
, then d; — C;(0) = d; — C;(6) + p; — p;, since C;(0) = C;(d) —pj + p;.

sinces; =d; —p; =s; =d;j —p;thend; —p; — C;(6) = d; —p; — C;(6) henced; — p; +

p; — Ci(6) = d; — C;(4)

, from which we deduce that E,,,;(0) = E,4.(6) then YEy(0) = Y. E5 (6) the addition in cost
which is obtained from this inequality is equal to s; — s;, i.e.,

. YEy(0) = YEx(6) + (si — 57) 5)
Sincep; < p;thenp; —p; =20 Vi,j

Sinced; < djthend; —d; 20 Vi,j

Froms; —s; < p; — p; , then YEy(d) + (sl- — sj) < YEx()+p;—Dpi.

(by adding Y .E\ (¢) for both sides) by Equation (5)

Then Y.Cy(0) + Y Ex(0) < ¥Cx(0) + pj — pi + XEx(6) .

From Equation (3)

Y:Csc(0) + Y E5(0) < X.Cx(0) + Y Ex(6)(by adding T,,,, for both sides) .

And ¥.Cy(0) + XEx(0) + Tinax(0) < XC3c(6) + XEx(6) + Trnax (6) -

Rule (2):

The schedule oij is dominated by the schedule oji if the following inequalities hold:
Wpi<p; A d;<d;(3)d; =s;.
Proof: Consider a schedule ¢ = gyijo, andaschedule ¢ = ayjio,

which is obtained by interchanging the jobsiand j in 0. The condition of the processing times
ensures that (3XCy (o) < Y.Cy(6)
is satisfied and then the addition in cost is obtained by
(XCx(6) = XCx (o) +pj —p;i (6)
Since C;(0) = Cj(d) —p; + p; thend; — C;(0) = d; — C;(6) + p; — p;.The condition (1), (2)
implies, since s; > s; thend; — p; — C;(6) = d;j — p; — C;(6) hence d; — p; + p; — C;(6) =
d; — C;(6) from which we deduce that Ep,q,(0) = Ejq,(6) then Y Ey (o) = YEs(6).
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Then the addition in cost from this inequality is obtained from

(ZE(0) = XEx(3) + (s: — s7)

,henced; —d; + p; —p; 2 p; —pi,and d; = djandp; = p; thismeanp; —p; = 0

. Then Y.E,(6) + (s; — s;) = YEx(6) + pj — p;, (by adding $E4 (&) for both s; —s; > p; — p;
sides).

from ( XEy (o) = Y Ex(6) + (s; — sj)

and then Y.Cy(0) + Y Ex (0) = Y.Cx(0) + pj — p; + XEx(d), (by adding }C; (o) for both
sides).

From Equation (6) there is Y.Cx (o) + Y Ex(0) < Y.C3 () + Y.Ex () (by adding Ty, for both
sides), finally Y.Cy (0) + Y E3(0) + Thpax(0) < XC(6) + XEx(6) + T(0) .

Example (3): Let’s use MSP with 5 jobs and processing time and due date as the following table:
Table 4. The data of p;,d; ,and s; for problem (SCSET)

2 3 4 5
pj 1 8 10 4 9
d; 14 28 27 23 12
S 13 20 17 19 3

When using the Rule (1) we obtain the DRs mentioned in Figure (3).

(D (D ()
O )

Figure (3): The DRs of the example (3).

From Rule (1) there are (6) DRs, as can see: 12, 1—» 3,14, 156, 2— 6,452,4—> 3,4
6,5—3. in Table 5, contain (7) likely sequences some /all are subject to the aforementioned DRs.
The adjacency matrix A is as followings:

0 1 1 1 ag.
[ 0 0 a3 O azsw 1,ifa; =0
AG)=|0 a; 0 0 0| .wherea;= {O ifa-]- _q
0 1 1 0 ay Abay;
sy as; 1 asqy O
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Table 5. The efficient sequences for example (3) under DR

EF-SQ (SCSET) SP,
Seq. POSI POS2 POS3 POS4 POS5 (%€, YE} Tmax) YC; + SE; + Ty

1 1 4 2 5 3 (73,46,10) 129
2 1 4 5 2 3 (74,37,5) 116
3 1 4 5 3 2 (76,34,4) 114
4 1 5 4 2 3 (79,30,5) 114
5 1 5 4 3 2 (81,27,5) 113
6 5 1 4 2 3 (87,22,4) 114
7 5 1 4 3 2 (89,19,4) 112

Where EF-SQ =efficient sequence, POS = position
The sequences (1-7) provide the problem (ScSET ) an effective value and the sequence (7) an
optimal value for the problem (S®), as can be shown in Table 5.

6. Conclusions
In this study, a mathematical model was created to address the research problems
UIF(YC;, X E;, Trnax), Ul T C; + L Ej + Tnax. Discovered a straightforward algorithm for the
efficient schedule for sub-problems for 1//F(Z G, XE;, Tmax) and it was proven that some rules
give efficient (optimal) solutions to these problems ( SCSET )and(S®;), finding and proving some
special cases that find some efficient (optimal) solutions suitable for the problems
( SCSET )and(SP). This paper has proved the efficacy of rules SPT and EDD and demonstrated
the significance of the Dominance Rule (DR) that can be used in this problem to improve efficient
solutions.
In the future, it would be interesting to conduct a study on the following machine scheduling
problems (MSPs).

1) Unl F(XC;, X E;, Trnax)-

2) Ul ¥Ci+ X Ej + Ty -

3) S,/ F(XCi, Y E;, Trnax)-
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