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Abstract

In this paper, we introduce a new class of sets, namely , s*g- o -open sets and we show
that the family of all s*g- oo -open subsets of a topological space (X,t) from a topology on X
which is finer than t . Also , we study the characterizations and basic properties of s*g-a -
open sets and s*g- o -closed sets . Moreover, we use these sets to define and study a new class
of functions, namely , s*g- o -continuous functions and s*g- a -irresolute functions in
topological spaces . Some properties of these functions have been studied .
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Introduction

Levine, N. [1,2] introduced and studied semi-open sets and generalized open sets
respectively . Njastad, O. [3], Mashhour, A.S. and et.al. [4] , Andrijevic, D. [5] and Abd El-
Monsef,M.E. and et.al [6] introduced a-open sets, pre-open sets ,b-open sets and 3 -open sets
respectively . Also, Arya, S.P. and Nour, T.M . [7] , Maki, H. and et.al [8,9], Khan, M. and
et.al [10] introduced and investigated generalized semi open sets, generalized a-open sets , o-
generalized open sets and s*g-open sets respectively . In this paper, we introduce a new class
of sets, namely , s*g-a -open sets and we show that the family of all s*g- a -open subsets of a
topological space (X,1) from a topology on X which is finer than t . This class of open sets
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is placed properly between the class of open sets and each of semi-open sets, a-open sets, pre-
open sets, b-open sets, B -open sets, generalized semi open sets, generalized a-open sets and o-

generalized open sets respectively . Also , we study the characterizations and basic properties
of s*g- a -open sets and s*g- a -closed sets . Moreover, we use these sets to define and study a
new class of functions, namely , s*g- o -continuous functions and s*g- o -irresolute functions
in topological spaces . Some properties of these functions have been studied . Throughout this
paper(X,1),(Y,c)and(Z,n) (or simply X,Y and Z ) represent non-empty topological spaces
on which no separation axioms are assumed, unless otherwise mentioned .

1.Preliminaries
First we recall the following definitions and Theorems .

Definition(1.1): A subset A of a topological space (X, ) is said to be :

i) An semi-open (briefly s-open) set [1] if A < cl(int(A)).

ii) An a-open set [3] if A < int(cl(int(A))) .

iii) An pre-open set [4] if A < int(cl(A)).

iv) An b-open set [5] if A cint(cl(A))Ucl(int(A)).

v) Anf -open set [6] if A < cl(int(cl(A))).

The semi-closure (resp. a-closure) of a subset A of a topological space (X, 1) is the intersection
of all semi-closed (resp. a-closed ) sets which contains A and is denoted by cl (A) (resp .
cl,(A)). Clearly cl (A)ccl, (A)ccl(A).

Definition(1.2): A subset A of a topological space (X, 1) s said to be :
i) A generalized closed (briefly g-closed) set [2] if cl(A) € U whenever A c U and U is
openin X .

ii) A generalized semi-closed (briefly gs-closed) set [7] if ¢l (A) c U whenever A ¢ U and U
isopenin X .

iii) A generalized o-closed (briefly go-closed) set [8] if ¢l (A) € U whenever A — U and U
is a-open in X .

iv) An a-generalized closed (briefly ag-closed) set [9] if ¢l (A) € U whenever A c U and
Uisopenin X .

v) An s*g-closed set [10] if cl(A) = U whenever A < U and U is semi-open in X .

The complement of a g-closed (resp. gs-closed , ga-closed ,ag-closed , s*g-closed) set is
called a g-open (resp. gs-open ,go-open, ag-open , s¥g-open) set .
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Definition(1.3): A functionf : (X, 1) = (Y,0)is called :

i) semi-continuous (briefly s-continuous)[1] if f~'(V)is s-open set in X for every open set Vin Y

i) o -continuous [11] if £ (V)is a -open set in X for every open set VinY .
iii) pre-continuous [4] if £~'(V)is pre-open set in X for every open set VinY .
iv) b-continuous [12] if f~'(V)is b-open set in X for every open set VinY .
v) B -continuous [6] if f~'(V)is B -open set in X for every open set VinY .
vi) generalized continuous (briefly g-continuous) [13] if f~'(V)is g-open set in X for every
openset VinY .
vii) generalized semi continuous (briefly gs-continuous)[14] if £~ (V)is gs-open set in X for
every open set VinY .
viii) generalized a-continuous (briefly ga-continuous) [8] if f~'(V)is go-open set in X for
every open set VinY .
ix) a-generalized continuous (briefly ag-continuous) [15] if £~ (V)is ag-open set in X for
every openset Vin Y .
x) s*g-continuous [16] if f~'(V)is s*g-open set in X for every open set Vin Y .

Definition(1.4)[10],[17]: Let (X, 1) be a topological space and A < X . Then:-
i) The s*g-closure of A , denoted by cl ., (A)is the intersection of all s*g-closed subsets of

X which
contains A .
ii) The s*g-interior of A , denoted by int ., (A) is the union of all s*g-open subsets of X

which are contained in A .
Theorem(1.5)[17]: Let (X,t) be a topological space and A,B < X . Then:-

i) Accl,,(A)ccl(A).

ii) int(A) cint,, (A) S A.

iii) If A = B, then cl, (A) ccl.,(B).

iv) A is s*g-closed iff cl,, (A)=A.

v) clg, (cl., (A))=cl,, (A).

vi) X —int,, (A) =cl,, (X-A).

vii) x e cl.,(A) iff for every s*g-open set U containing x ,UNA #¢.
viii) | Jel,., (U,) cel,, ((JU,) -

QEAN OEAN

Theorem(1.6)[18]: Let X xY be the product space of topological spaces X and Y . If Ac X

and
Bc Y. Then cl.,(A)xcl.,(B) = cl,,(AxB).

2. Basic Properties Of s*g-o -open Sets

In this section we introduce a new class of sets, namely , s*g- o -open sets and we show that
the family of all s*g- o -open subsets of a topological space (X,t) from a topology on X which is

finer than 7 .
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Definition(2.1): A subset A of a topological space (X,7) is called an s*g-o -open set if
A cint(cl, (int(A))) . The complement of an s*g- o -open set is defined to be s*g- o -closed .

The family of all s*g- o -open subsets of X is denoted by t¢* .

Clearly, every open set is an s*g- o -open, but the converse is not true . Consider the
following example .
Example(2.2): Let X ={a,b,c}and t={X,,{a}}be a topology on X . Then{a,b}is an s*g-a
-open set in X, since {a,b} < int(cl,, (int({a,b}))) = int(cl,, ({a}) =int(X) = X . But{a, b} is
not open in X .
Remark(2.3): s*g-open sets and s*g- o -open sets are in general independent . Consider the
following examples:-
Example(2.4): Let X ={a,b,c}and t={X,¢}be a topology on X . Then {b} is an s*g-open set
in X, but is not s*g-o -open set , since {b} & int(cl,, (int({b}))) = int(cl., () =¢ . Also, in
example (2.2) {a,b}is an s*g- o.-open set in X , but is not s¥*g-open , since {a,b} = {c} is not
s*g-closed set in X , since {a,c} is an semi-open set in X and {c} c {a,c} , but
cl({c}) = {b,c} « {a,c}.
Theorem(2.5): Every s*g- o -open set is a -open (resp. ag-open, go-open , pre-open, b-open ,
[ -open ) set .
Proof: Let A be any s*g-a-open set in X , then A cint(cl,,(int(A))) . Since
int(cl, (int(A))) < int(cl(int(A))), thus A < int(cl(int(A))) . Therefore A is an o -open set in
X . Since every o -open set is ag-open (resp. ga-open , pre-open , b-open , 3 -open ) set .Thus
every s*g- o -open set is o -open (resp. ag-open, go-open , pre-open, b-open , 3 -open ) set .
Remark(2.6): The converse of Theorem (2.5) may not be true in general as shown in the
following example .
Example(2.7): Let X ={a,b,c} & 1={X,¢} be a topology on X . Then the set {b,c} is pre-
open (resp. ag-open , go-open , b-open , f -open) in X , but is not s*g- o.-open set in X, since
{b,c} @ int(cl,,, (int({b,c}))) = int(cl., (9)) = ¢ .
Theorem(2.8): Every s*g- a -open set is semi-open and gs-open set .
Proof: Let A be any s*g-o-open set in X , then A cint(cl,,(int(A))) . Since
int(cl, (int(A))) < cl, (int(A)) < cl(int(A)), thus A < cl(int(A)) . Therefore Ais a semi-
open set in X . Since every semi-open set is gs-open set . Thus every s*g- o -open set is semi-
open and gs-open set .
Remark(2.9): The converse of Theorem (2.8) may not be true in general as shown in the
following example .
Example(2.10): Let X ={a,b,c} & t={X,0,{a},{b},{a,b}} be atopology on X . Then the
set {a,c} is semi-open and gs-openset in X , butis not an s*g-o-open set in X, since
{a,c} zint(cl,., (int({a,c}))) = int(cl,,, ({a}))) =int({a,c}) = {a}.
Remark(2.11): pre-open sets and ag-open sets are in general independent . Consider the

following examples:-
Example(2.12): Let (R, ) be the usual topological space . Then the set of all rational numbers

Q is a pre-open set , but is not an ag-open set . Also , in Example (2.2) {b} is an ag-open set ,
since , {b}° ={a,c}is an ag-closed set , but is not a pre-open set , since {b} & int(cl({b})) =

int({c,b})=¢ .
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Remark(2.13): g-open sets and go-open sets are in general independent . Consider the
following examples:-
Example(2.14): Let X ={a,b,c} & t={X,¢,{a},{a,c}}be atopology on X . Then the set

{a,b} is a ga-open set in X , since {a, b} = {c} is ga-closed , but is not a g-open set in X , since

{a,b}® ={c}is not g-closed . Also, in Example (2.2) {c} is a g-open set in X, since ,

{c}® = {a,b}is g-closed , but is not a ga-open set in X , since {c}° = {a, b} is not ga-closed .
The following diagram shows the relationships between s*g-o -open sets and some

other open sets:

open — 1~ s*g-ﬂpen S-0pen . > gs-open

NG // I

B-open &> s*g-a-open ¥——; c.-open +—— ga-open

b-open «——— Pre-open 4:': ag-open ¥ g-open

Proposition(2.15): A subset A of a topological space (X, 1) is s*g- o -open if and only if there
exists an open subset U of X such thatU ¢ A c int(cl ., (U)) .
Proof: — Suppose that A is a s*g-a -open setin X, then A ¢ int(cl,., (int(A))). Since
int(A) € A, thus int(A) < A < int(cl,, (int(A))) . Put U =int(A), hence there exists an open
subset U of X such that U < A cint(cl., (U)).
Conversely, suppose that there exists an open subset U of X such that U ¢ A cint(cl., (U)).
Since Uc A = Ucint(A) = cl,, (U) ccl,, (int(A)) = int(cl,, (U)) < int(cl,, (int(A))).
Since A cint(cl,(U)) , then A cint(cl,,(int(A))) . Thus A is an s*g- o -open set in X .
Lemma(2.16): Let (X,t)be a topological space . If U is an open set in X , then
UNcl., (A) ccl., (UNA) for any subset A of X .
Proof: Let x e U[) ¢l (A) and V be any s*g-open setin X s.t x € V.. Since x e cl, (A),
then by Theorem ((1.5),vii) , V(NA # ¢ . Since UV is an s*g-open setin X and x e V(U
, then (VAU)NA=VNUNA)#¢ . Therefore x ecl.,(UNA) . Thus UNcl,,(A) <
cl., (UNA) for any subset A of X .
Theorem(2.17): Let(X, 1) be a topological space. Then the family of all s*g- o -open subsets
of X from a topology on X .
Proof:(i). Since ¢ < int(cl, (int(p)))and X < int(cl,, (int(X))), then ¢, X e T
(ii). Let A,Be 1" . To prove that A(\B e t*** . By Proposition (2.15) , there exists
U,V et suchthat Uc A cint(cl,,(U)) and Vc Bcint(cl,,(V)). Notice that UNV et
and UNVcANB. Now,

ANBcint(cl,, (U))Nint(cl,, (V)) = int(int(cl,, (U)) Ncl, (V)
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c int(cl., (int(cl,, (U)) V) (by Lemma (2.16)) .

cint(cl, (clu, (U)NV))
c int(cl, (¢l (UNV)) (by Lemma (2.16)) .
=int(cl,,(UNV)) (by Theorem (1.5),v) .
Thus UNV c ANBcint(cl,.,(UNV)). Therefore by Proposition (2.15), A(1Be Ve

(iii). Let{U,, : o € A} be any family of s*g- o -open subsets of X , then U, < int(cl,,, (int(U ,)))
for each a € A . Therefore by Theorem ((1.5) viii) , we get :

JU..  Jint(cl,, (int(U,))) < int(|_Jel,., (int(U,))) < int(cl,, (| Jint(U,)))

c int(cl,, (int(|_JU,))). Hence | JU, e t"¢*.

Thus ©°¢* is a topology on X .
Propositions(2.18): Let (X, ) be a topological space and B be a subset of X . Then the

following statements are equivalent:
i) B is s*g-a -closed .
i) cl(int.., (c1(B))) = B.
iii) There exists a closed subset F of X such that cl(int.,(F))c BcF .
Proof: (i) = (ii) . Since B is an s*g-a -closed set in X = X — Bis an s*g- a.-open set in X
= X-Bgint(cl,, (int(X - B))) = X-Bcint(cl,,(X—cl(B))) . By Theorem ((1.5), vi) ,
we get X -—int, (cl(B))=cl, (X-cl(B)) . Hence X-Bcint(X-int,, (cl(B)) =
X -Bc X—cl(int, (cI(B))) = cl(int, (cl(B))) = B .
(il) = (iii) .

Since cl(int,., (cl(B))) € B and B c cl(B), then cl(int,., (cI(B))) € B< cl(B) . Put F=cl(B),
thus there exists a closed subset F of X such that cl(int.,(F))cBc F.
(i) = (1).

Suppose that there exists a closed subset F of X such that cl(int.,(F))cBcF .

Hence
X-Fc X-Bgc X-cl(int, (F)) = int(X —int, (F)). Since X —int., (F)=cl.,(X-F) , then
X-FcX-Bcint(cl,,(X-F)). Hence X —Bis an s*g-o -open set in X . Thus B is an s*g-o.-
closed setin X .
Definition(2.19): A subset A of a topological space (X, 1) is called an s*g- o -neighborhood of
a point x in X if there exists an s*g-o -open set U in X such that xe UcC A .

Remark(2.20): Since every open set is an s*g- o.-open set , then every neighborhood of x is
an s*g- o -neighborhood of x , but the converse is not true in general . In example (2.2), {a,b}
is an s*g- o -neighborhood of a point b, since b € {a,b} < {a,b}. But{a,b}is nota
neighborhood of a point b .

Propositions(2.21): A subset A of a topological space (X, t)is s*g-a -open if and only if it is
an s*g- o -neighborhood of each of its points .
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Proof: = If A is s*g-a-openin X , then x e A c A foreach x € A. Thus A is an s*g-a -
neighborhood of each of its points .
Conversely , suppose that A is an s*g- a -neighborhood of each of its points . Then for each

x € A, there exists an s*g-a-open set U, in X such that xe U, < A . Hence UUx cA.

XeA

Since A C U U, , therefore A = U U, . Thus A is an s*g- o -open set in X, since it is a union
XEA XeA

of s*g- a -open sets .

Proposition(2.22): If A is an s*g- o -open set in a topological space (X,t) and

A cBcint(A), then B is an s*g- o -open set in X .

Proof: Since A is an s*g- o.-open set in X , then by Proposition (2.15), there exists an open
subset U of X such that U ¢ A cint(cl,,(U)) . Since AcB = UcB . But

int(A) ¢ int(cl,., (U)) = U = B cint(cl,, (U)). Thus B is an s*g-a -open set in X .
Proposition(2.23): If A is an s*g- a. -closed set in a topological space (X,t) and

cl(A)cBc A, then B is an s*g- o -closed set in X .

Proof: Since X-Ac X-Bc X—cl(A)=int(X—-A) , then by Proposition (2.22) X —Bis an
s*g-a -open set in X . Thus B is an s*g- o -closed set in X .

Theorem(2.24): A subset A of a topological space (X, 1) is clopen (open and closed) if and
only if A is s*g-a -clopen (s*g- o -open and s*g- o -closed) .

Proof: (=) . Itis a obvious .

(<) . Suppose that A is an s*g-o -clopen set in X , then A is s*g- o -open and s*g- o -closed
inX.

Hence A cint(cl, (int(A))) and cl(int,.,(cl(A))) = A . But by Theorem ((1.5),1, ii ) we
get,

cly, (A)ccl(A) and int(A) cint, (A), thus :

A cint(cl(int(A))) and cl(int(cl(A))) c A .

Since int(A)c A = cl(int(A))ccl(A) e (1)
Since int(cl(int(A))) < cl(int(A)), thus

A cint(cl(int(A))) c cl(int(A)) = cl(A) ccl(int(A)) e )
Therefore from (1) and (2) , we get cl(int(A))=cl(A) ceeemeeeee (a)
Similarly, since A ccl(A) = int(A) cint(cl(A) e (3)
Now, int(cl(A)) < cl(int(cl(A))) < A, thus

int(cl(A))cint(A) 4)
Therefore from (3) and (4) , we get int(cl(A))=int(A) ~  cememeee (b)

Since int(cl(A)) =1int(A) = cl(int(cl(A))) = cl(int(A)) = cl(A) (by (a)) .
Since cl(int(cl(A))) < A, then cl(A) = A, but A ccl(A) , therefore A =cl(A), hence A is
a closed setin X .
Similarly, since cl(int(A))=cl(A) = int(cl(int(A))) = int(cl(A)) = int(A) (by (b)) .
Since A cint(cl(int(A))), then A cint(A), but int(A) < A, therefore A =int(A), hence A is
an open set in X . Thus A is a clopen set in X .
Definition(2.25): Let (X, 1) be a topological space and A < X . Then

i) The s*g- a -closure of A , denoted by cl... (A) is the intersection of all s*g- o -closed

s*gou

subsets of X which contains A .
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ii) The s*g- a -interior of A , denoted by int_.. (A)is the union of all s*g- o -open sets in X

s*ga
which are contained in A .
Theorem(2.26): Let (X, 7)be a topological space and A,B < X . Then:-

i) int(A)cint,. (A)c A and A ccl. (A)ccl(A).

(A)is an s*g-a.-open set in X and cl,,, (A)is an s*g-a -closed set in X .

s*ga s*ga.

ii) int,,,
iii) If A ¢ B, then int,,,, (A) cint,, (B) and cl., (A) ccl,, (B).

iv) A is s*g-a -open iff int.,, (A)=A and A is s*g-a.-closed iff ¢l , (A)=A.
v) int,,, (A(B)=int.,, (A)Nint, (B)and cl,, (AUB)=cl,, (A)Ucl,,, (B).
vi) int., (int.,, (A)) =int,,, (A) and cl,,, (cl,,, (A)) =cl., (A).

(A)iff thereis an s*g-a-openset Uin Xs.t xeUcCA.

s*gou
vii) x eint,,,

viii) x € cl,.,, (A)iff for every s*g- o -open set U containing x ,UNA#¢.

Proof: It is obvious .

Proposition(2.27): Let X and Y be topological spaces . If Ac Xand B Y. Then AxB
isan  s*g- a-opensetin XxY ifand only if A and B are s*g- o.-open sets in X and Y
respectevely . Proof: < Since A and B are s*g-a -opensets in X and Y respectevely ,
then by definition (2.1), we get A cint(cl,(int(A))) and B cint(cl,(int(B))) . Hence

AxB cint(cl, (int(A))) xint(cl,, (int(B))) =int(cl, (int(A)) x cl., (int(B))) . Since
cly, (A)xcl,, (B)=cl,, (AxB), then AxBcint(cl,,(int(AxB))) . Thus AxB isan

s*g-aopen set in X x Y . By the same way, we can prove that A and B are s*g- o -open sets
in X and Y respectevely if A xBis an s*g-o -open setin XxY .

3 .s*g-a - Continuous Functions and s*g-o - Irresolute Functions
In this section , we introduce a new class of functions , namely , s*g- o -continuous

functions and s*g- a -irresolute functions in topological spaces and study some of their

properties.

Definition(3.1): A functionf : (X, 1) = (Y, 0)is called s*g- o -continuous if £~ (V)is an s*g-

a-open set in X for every open set VinY .

Proposition(3.2): A functionf : (X,t) = (Y,0)is s*g- o -continuous iff f~'(V)is an s*g-a.-

closed set in X for every closed set VinY .

Proof: It is Obvious .

Proposition(3.3): Every continuous function is s*g- o -continuous .

Proof: Follows from the definition (3.1) and the fact that every open set is s*g- o -open .

Remark(3.4): The converse of Proposition (3.3) may not be true in general as shown in the

following example:

Example(3.5): Let X =Y ={a,b,c}, 1={X,0,{a}} & o ={Y,¢,{a},{a,c}} =

Ts*g_a = {X’ ¢7 {a},

{a,b},{a,c}} . Define f :(X,1) > (Y,0) by: f(a)=a , f(b)=b & f(c)=c = f isnot

continuous , but f is s*g- o -continuous , since ' (Y)=X, f'(¢)=¢ , ' ({a,c}) = {a,c},

and f~'({a}) = {a}are s*g-o.-open sets in X .

Remark(3.6): s*g-continuous functions and s*g- o -continuous functions are in general

independent . Consider the following examples:-
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Example(3.7): Let X =Y ={a,b,c} , 1={X,0} & 6 ={Y,¢,{a}} = t°** =1 and

™8 = {X,¢,{a}, {b},{c},{a,b},{a,c},{b,c}}. Define f:(X,1) = (Y,0) by: f(a)=a,
f(b)=b & f(c)=c = f is s*g-continuous, but f is not s*g- o -continuous , since {a} is open
setin Y , but f'({a}) = {a} is not s*g- a.-open in X . Also, in Example (3.5) fis s*g- -
continuous, but is not s*g-continuous , since {a,c}is open setin Y , but f'({a,c}) = {a,c}is
not s*g-open in X .

Theorem(3.8): Every s*g- o -continuous function is o -continuous (resp. ag-continuous , go-
continuous , pre-continuous , b-continuous , § -continuous) function .

Proof: Follows from the Theorem (2.5) .
Remark(3.9): The converse of Theorem (3.8) may not be true in general . Observe that in
Example (3.7) f is pre-continuous (resp. b-continuous , 3 -continuous , ga-continuous , og-

continuous ) function , but f is not s*g- o -continuous .
Theorem(3.10): Every s*g- a -continuous function is semi-continuous function and gs-
continuous function .

Proof: Follows from the Theorem (2.8) .

Remark(3.11): The converse of Theorem (3.10) may not be true in general as shown in the
following example:

Example(3.12): Let X =Y ={a,b,c} , t={X,¢,{a},{b},{a,b}} & o={Y,d,{a},{a,c}}
. Define f:(X,7) > (Y,0) by: f(a) =a, f(b)=b & f(¢c) =c = fis semi-continuous and
gs-continuous, but f is not s*g- a. -continuous, since {a,c} is open in Y, but f ' ({a,c}) = {a,c}
is not s*g-a.-open in X, since {a,c}  int(cl,, (int({a,c}))) = int(cl, ({a}))) =int({a,c}) = {a}.
Remark(3.13): Pre-continuous functions and o g-continuous functions are in general
independent . Consider the following examples:-

Example(3.14): Let X =Y ={a,b,c} , 1={X,0,{a},{a,c}} & o ={Y,,{a},{b},{a,b}}.
Define f:(X,1) > (Y,0) by: f(a)=a,f(b)=c & f(c)=b = fisag-continuous, but f
is not pre-continuous , since {b}is open set inY, but ' ({b})={c} is not pre-open set
in X , since

{c} & int(cl({c})) =int({b,c}) =¢.

Example(3.15): Let X =Y =R , t=p = usual topology & o ={R,¢,{Q}} . Define
f:(R,n) > (R,0) by: f(x)=x foreach x € R = fisnot a g-continuous , since Q is open
inY, but £7'({Q}) = Q is not o g-open setin X . But f is pre-continuous .

Remark(3.16): g-continuous functions and g o -continuous functions are in general
independent . Consider the following examples:-

Example(3.17): Let X =Y ={a,b,c} , t={X,d,{a}} & o={Y,d,{b}} . Define
f:(X,1) > (Y,o) by: f(a)=a, f(b)=c & f(c)=b = fis g-continuous , but fis not go -
continuous, since {b} is open set in Y, but £~'({b}) = {c} is not ga.-open set in X , since {c}* =
{a,b}is not go -closed set in X .

Example(3.18): Let X =Y ={a,b,c} , t={X,9,{a},{a,c}} & o={Y,,{b}} .
Define f:(X,1) > (Y,0) by: f(a)=b, f(b)=b & f(c)=a = fis ga -continuous , but f
is not g-continuous, since {b} is open set in Y, but f~'({b}) = {a, b} is not g-open set in X,

since {a,b} = {c}is not g-closed in X .
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The following diagram shows the relationships between s*g- o -continuous functions and
some other continuous functions:

—.,. .
cuntmuuus—"' s*g-continuous :‘:’ s-continuous gs-contimuous

S A f

—cuntlnuuus 5 g—u—cnntlnunus L -continuous » go-continuous

b-continuous «——— Pre-continuous 4:’:' og-continuous ¥~ g-continuous

_|_.,

Proposition(3.19): If f: (X,1) > (Y,0) is s*g- o -continuous, then f(cl.. . (A)) < cl(f(A))

s*ga

for every subset A of X.

Proof: Since f(A) c cl(f(A)) = A < ' (cl(f(A))). Since cl(f(A))is a closed set in Y and

fis s*g- o, -continuous ,then by (3.2)f ' (cl(f(A))) is an s*g- a.-closed set in X containing A .

Hence cl.,, (A) = f~ '(cI(f(A))) . Therefore f(cl.. rga (A)) S cl(f(A)).

Theorem(3.20. Let f:(X,1) > (Y,0) be a function . Then the following statements are

equivalent:-

i) fis s*g- o -continuous .

ii) For each point x in X and each open set Vin Y with f(x) € V, there is an s*g- o -open set
U in Xsuchthat xeUand f(U)c V.

iii) For each subset A of X, f(cl,.,, (A)) C cl(f(A)).

iv) For each subset Bof Y, cl.. (f ' (B)) = f ' (cl(B)).

Proof: (i) = (ii) . Let f : X — Y be an s*g- a -continuous function and V be an open set in Y
s.t f(x) e V . To prove that, there is an s*g-a-open set Uin X s.t x e Uand f(U)c V.

s*go

Since f is s*g- o.-continuous , then £~ (V) is an s*g- o -open set in X s.t x e (V). Let
U=f"'(V)= f(U)=f(f"(V)) cV= f(U)cV.
(i1)) = (i) . To prove that f : X — Y is s*g- a.-continuous . Let V be any open setin Y . To
prove that f~'(V)is an s*g-a -open set in X . Let x e f (V) = f(x) € V .By hypothesis there
is an s*g-a-open set Uin X s.t x e U and f(U)c V = x e U c f'(V). Thus by Theorem
((2.26),vii) f'(V) is an s*g-a-open setin X . Hence f:X — Y is an s*g- o -continuous
function .
(il) — (iii) .

Suppose that (ii) holds and let y € f(cl,.,, (A)) and let V be any open neighborhood of y in
Y . Since y € f(cl,,, (A) = I x ecl,, (A) st f(x)=y. Since f(x)e V, then by (ii) 3 an
s*g-a-open set U in X s.t x e U and f(U) < V. Since x ecl,,(A) ,then by Theorem
((2.26),viii) UM A # ¢ and hence f(A)(1V # ¢ . Therefore we have y € cl(f(A)) . Hence
£(clnpy (A)) < cl(F(A)).

s¥*ga

s*gou
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Let x € Xand V be any open set in Y containing f(x).Let A=f (V)= xgA.
Since f(cl,, (A) ccl(f(A) = V' = ¢l (A) < f'(V)=A.Since xg A=
X & cl.,, (A) and
by Theorem ((2.26),viii) there exists an s*g-o.-open set U containing x such that U A = ¢
and hence f(U)c f(A°)c V.
(iii) = (iv) .

Suppose that (iii) holds and let B be any subset of Y . Replacing A by ' (B)we get from

(iii) f(cl.,, (f ' (B))) < cl(f (f " (B))) < cl(B). Hence cl... (f'(B)) < f'(cl(B)).
(iv) — (iii) .

Suppose that (iv) holds and let B = f(A) where A is a subset of X . Then we get from
(iv)cl.,, (A) ccl, (' (f(A)) = £ (cl(f(A))). Therefore f(cl...,(A)) < cl(f(A)).

s*ga

s*go s*ga

s*ga s*ga s*gal

Definition(3.21): A functionf : (X,1) = (Y,0)is called s*g- a -irresolute if the inverse image of
every s*g- o -open set in Y is an s*g- o -open set in X .

Proposition(3.22): Every s*g- a -irresolute function is s*g- o -continuous .
Proof: It is Obvious .
Remark(3.23): The converse of Proposition (3.22) may not be true in general as shown in the
following example:
Example(3.24): Let X =Y ={a,b,c} , t={X,¢,{a},{c},{a,c}} &
o ={Y,¢,{a},{a,c}} =
% =1 and ¥ = {Y,¢,{a},{a,b},{a,c}}. Define f : (X,1) > (Y,0) by: f(a)=a ,
f(b)=b & f(c) =c¢ = fiss*g-a-continuous, but f is not s*g- o -irresolute since {a, b} is an
s*g-o-open set in Y , but f'({a,b}) = {a, b} is not s*g- a.-open set in X .
Remark(3.25): continuous functions and s*g- a -irresolute functions are in general
independent
Consider the following examples:-
Example(3.26): Let X=Y={a,b,c} , t={X,¢,{a},{b,c}} & o={Y,d,{a}} .
Also ,
T = (X, d,{a},{b,c}} & 57" ={Y,4,{a},{a,b},{a,c}}. Define f:(X,t) > (Y,0) by:
f(a)=a,
f(b)=b & f(c)=c = f is continuous , but f is not s*g- o -irresolute , since {a, b} is s*g-
o -open
setin Y , but ' ({a,b}) = {a,b} is not s*g- o -open set in X .
Example(3.27): Let X=Y={a,b,c} , t1={X,d,{a}} & o={Y,d,{a,b}} . Also,
T =X, ¢,{a},{a,b},{a,c}} & 6 ={Y,¢,{a,b}} . Define f:(X,1) > (Y,0) by:
f(a)=a, f(b)=b & f(c)=c = fiss*g-a-irresolute , but f is not continuous , Since {a,b}is
openinY , but ' ({a,b}) = {a,b} is not open in X .
Theorem(3.28): Let f:(X,t) = (Y,0) be a function . Then the following statements are
equivalent:-
(i) fis s*g- a -irresolute .
(i) For each x € X and each s*g- a -neighborhood V of f(x) in Y, there is an s*g-a -
neighborhood
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U of xin X such that f(U)c V.

(iii) The inverse image of every s*g- o -closed subset of Y is an s*g- a -closed subset of X .
Proof: (i) = (ii) . Let f : X > Y be an s*g- a -irresolute function and V be an s*g- o -

neighborhood of f(x)inY . To prove that, there is an s*g- o -neighborhood U of x in X such
that f(U) < V. Since fis an s*g- o -irresolute then , f™' (V) is an s*g- o -neighborhood of x
inX.Let U=f" (V)= f(U)=ff"(V))cV= f(U)cV.
(il)) = (i) . To prove that f : X — Y is s*g-a -irresolute . Let V be an s*g-a -opensetin Y .
To prove that f'(V)is an s*g-o.-open setin X . Let xef (V) = f(x)eV = Vis an s*g-
o -neighborhood of f(x) .By hypothesis there is an s*g- o -neighborhood U of x such that
f(U)cV=U cf'(V),Vxef' (V) = 3 ans*g-a-open set W_ofx such that
W, cU, cf'(V),Vxef (V) = [JW, (V). Since £ (V)= [Jixt = UW,
xef (V) xef (V) xef (V)
=1 (V)= UWx = f7'(V)is an s*g- o.-open set in Y, since its a union of s*g- o -open
xef (V)
sets . Thus f: X —» Y is an s*g- o -irresolute function .
(i) < (iii). It is a obvious .
Corollary(3.29): Let (X,,t,)and (X,,t,) be topological spaces . Then the projection
functions
X, xX, > X, and 7, : X, xX, - X, are s*g-a -irresolute functions .

Proof: Let U be an s*g-a -open set in X, , then nl'l (U)=UxX, . Since U is s*g-a -open
in X, and X, is s*g-a-open in X, , then by Proposition (2.27) U x X, is s*g-a.-open in
X, xX, . Thus

n, : X, xX, = X, 1is an s*g- o -irresolute function . Similaly we can prove that
w, : X, xX, > X,

is s*g- o -irresolute function .

However the following theorem holds . The proof is easy and hence omitted .
Theorem(3.30): If f: (X,t) > (Y,0) and f:(Y,0) = (Z,n) are functions, then:-

i) If fand g are both s*g- o -irresolute functions , then sois gof .
ii) If f is s*g- o -irresolute and g is s*g- o -continuous , then go f is s*g- a -continuous .
iii) If f is s*g- o -continuous and g is continuous , then go f is s*g- o -continuous .
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