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Abstract 

In this paper, we investigated the Bayesian estimation of the unknown parameter of the Inverse 

Rayleigh Distribution (IRD) under different priors, represented by the inverse gamma distribution, 

the inverse chi-squared distribution, and the standard Levy distribution as priors.  We obtained the 

posterior distributions for the unknown parameter of IRD under the different priors based on the 

general entropy loss function (GELF). We assumed different values for the shape parameter of 

GELF. Also, the maximum likelihood estimator is used to estimate the scale parameter of IRD. 

Then, a study is conducted to obtain the results, based on the different parameters of Inverse 

Rayleigh distribution and sample sizes. We found that Bayes estimators perform better than MLE 

according to the Least Mean Square Error (MSE) Criterion.   

Keywords:  Inverse Rayleigh distribution, Maximum Likelihood Estimator, Bayes estimation, 

Entropy loss function,  Mean Square Error. 

 

1. Introduction  

      The Inverse Rayleigh distribution (IRD) is one of the continuous distributions. It is a very useful 

lifetime distribution. Many authors have discussed its applications in survival analysis and 

reliability theory, as well as in life test study and industrial reliability problems. Therefore, many 

authors have studied different methods for estimating the unknown parameters of the Inverse 

Rayleigh Distribution (IRD). We list some of these studies below: [1] derived a maximum 

likelihood (MLE) and a Bayes estimator for the unknown parameters of the inverse Rayleigh 

distribution (IRD) based on a set of lower record values. They also derived the rth moment around 

the origin and Bayes point and interval estimators for the parameter under informative priors based 

on quadratic error loss functions. They used a simulation study to illustrate the theoretical results of 

the prediction interval. [2] derived Bayes estimators for the unknown parameter and the reliability 

function of an inverse Rayleigh distribution (IRD) under a non-informative prior distribution based 

on the squared error loss function (SELF) and the LINEX loss function which are an asymmetric 

function. He used a simulation study to compare the different estimators of the parameters and the 

reliability function. He concludes that the Bayes estimators for the parameter under the LINEX loss 

function are better than the Bayes estimators based on the SE loss function. He also finds that the 

Bayes estimators for the reliability function under the LINEX loss function are better than the Bayes.
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Estimators  based on the SE loss function, corresponding to the smallest value of the root-mean-

square error measure [3] maximum likelihood (ML) based on the lower record values and Bayes 

estimation to estimate the unknown parameter of the inverse Rayleigh distribution (IRD), as well 

as the reliability and cumulative failure rate function for the inverse Rayleigh distribution. They 

derived Bayes estimators under the Gamma distribution as a prior distribution based on quadratic 

error losses and LINEX loss functions. They also obtained Bayesian prediction intervals for the 

future record values. They used a simulation study to calculate the estimated mean and mean 

squared errors for each estimator. They find that the Bayesian estimates are superior to the MLE 

estimates, as indicated by the smallest value of the mean squared error. In [4], Bayesian estimation 

was used to estimate the unknown parameter of the inverse Rayleigh distribution (IRD). They 

derived posterior distributions and posterior risks under informative and non-informative priors in 

the presence of left censoring. They obtained the Bayes estimators of the unknown parameter of 

the IRD under different loss functions such as squared error loss, prudence loss, weighted squared 

error loss, quasi-squared loss, squared-logarithmic error loss) and entropy loss functions, they 

assumed different informative priors (exponential distribution and gamma distribution and inverse 

Levy distribution) and non-informative priors (the uniform prior and the Jeffrey’ prior). 

In [5], introduces the modified Inverse Rayleigh (MIR) distribution, He studied the statistical 

properties of the MIR distribution, represented by quantile and median, and gives closed form to 

generate the random number of the MIR distribution. He also presents the moment and moment 

generating. He derives the mean deviation about mean and about the median M. He gives the close 

form to the distribution having first order statistic and nth order probability density function. He 

also discussed some of its properties to illustrating the usefulness of the MIR distribution to real 

data using MLE. [6] maximum likelihood estimators and Bayes estimators were derived for the 

unknown parameters of the inverse Rayleigh distribution (IRD). He obtains Bayes estimators 

assuming quasi-density as a non- informative prior based on squared error losses, LINEX losses 

and entropy loss functions. He simulations to obtain the results about the estimators. He concludes 

that these estimators have the same values for a large (n>50). In [7] proposed a new three parameter 

of inverse Rayleigh Distribution (IRD) using Alpha Power Transformation (APT) known as the 

Alpha Power inverse Rayleigh distribution (APIRD). They derived the mathematical forms of the 

APIRD such as moments, mgf., entropies, mean waiting time, mean residual time. They also 

estimated the parameters of the APIRD by using maximum likelihood estimation method. [8] 

derived minimum expected estimators using the maximum likelihood (MLE) of the unknown 

parameter of the inverse Rayleigh distribution (IRD). They consider four different loss functions 

represented by the linear exponential loss function and the precautionary loss function, with the 

other two proposed loss functions. They depend on the relative efficiency of the estimators to 

compare the different estimators of the scale parameter of the IRD. [9] obtain the maximum 

likelihood estimate of the scale parameter of the weighted Rayleigh distribution (WRD). They 

used the Bayesian method to estimate the scale parameter of the WRD. They derived posterior 

distributions by using different priors, namely informative priors such as the Gumbel type II 

distribution and the Levy distribution and non-informative priors such as the quasi-prior. They 

obtained Bayes estimators based on different loss functions represented by squared error losses 

and quadratic losses and precautionary loss functions. They conduct a simulation study to compare 

classical and Bayesian estimates of scale parameters according to the mean squared error (MSE) 

criterion for different sample sizes and for different values of the parameters. 
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In this study will discuss different estimation methods  for  the unknown scale parameter    for 

the Inverse Rayleigh distribution (IRD) using the maximum likelihood estimator (MLE) and 

Bayes’ estimators  based on  the general entropy loss function (GELF), under different prior 

distributions (informative priors ) which are the inverse Gamma distribution, the inverse chi-square 

distribution, and the standard Levy distribution . In order to compared the accuracy for Bayes’ 

estimators with the corresponding maximum likelihood estimator (MLE) of the scale parameter of 

IRD using the mean square error criterion (MSE). 

 

2.The Inverse Rayleigh Distribution (IRD) 

Suppose that ) t,..., t,(t n21  be a random variable from the inverse Rayleigh distribution (IRD) 

with the scale parameter 0 with the following probability density function (pdf) [2]: 

   
and the cumulative distribution function is given by 

 

With The reliability function is given by 
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3. Maximum likelihood Estimation (MLE) 
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4. Bayesian Estimation  

     Let us consider the Bayes estimators for scale parameter of an IRD under the general entropy 

loss function (GELF), based on different priors. The respective expressions have been presented 

by informative priors for unknown scale parameter  which are the inverse Gamma distribution, 

the inverse chi-square distribution, and the standard Levy distribution as prior distributions. And 

we derived the posterior density using the different informative priors as shown in the next section. 
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4.1 Posterior distribution 

We derive posterior distribution for the unknown parameter   of the inverse Rayleigh 

distribution (IRD) as the following. 

a. Posterior distribution using the inverse Gamma as prior distribution  

We consider the random variables for   to be from the inverse Gamma  as prior distribution 

with hyper parameters ) η,   (λ [12, 13, 14] as 
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We can define  the posterior distribution of   as follow[15, 16, 17,18 ] : 
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By multiplying the integral in equation (11) by the quantity which is equal 
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The equation (13) is the integral of the pdf of the inverse gamma distribution [12]. The posterior 

distribution of   is the inverse gamma distribution as 
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b. Posterior distribution using the inverse chi-square as prior distribution  

We consider the random variables for   to be from the inverse chi-square as prior distribution 

with hyper parameters )(k [12, 19 , 20]as 
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 Substituting equation (4) and equation (15) in equation (9), yields the posterior probability 

density function of the scale parameter   as the following[15, 16, 17,18 ] : 
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The equation (19) is the integral of the pdf of the inverse gamma distribution [12]. The posterior 

distribution of   is the inverse gamma distribution as 
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c.  Posterior distribution using the standard Levy as prior distribution  

 We consider the random variables for   to be from the standard levy as prior distribution 

with hyper parameters ) ( [21, 22, 23,24]as 
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Substituting equation (4) and equation (21) in equation (9), yields the posterior probability density 

function of the scale parameter   as the following[15-18 ] : 
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The equation (25) is the integral of the pdf of the inverse gamma distribution [12]. The posterior 

distribution of   is the inverse gamma distribution as 
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4.2 Bayes estimation under general entropy loss function 

     The general entropy loss function (GELF) presented by Calabria and Pulcini [25] (1994), then 

many authors used the GELF, such as [26] used the GELF by setting the shape parameter equal to

)3( . [27] also used GELF, by setting the shape parameter to be one and two. [28] used GELF, by 

setting the shape parameter to be one. Here we used the general entropy loss function (GELF) to 

obtain Bayes estimators, which is defined as follows [29, 30]: 
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With the shape parameter (a) of general entropy loss function [25]. Then we can define the 
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So , we obtain Bayes estimator based on general entropy loss function (GELF) of   denoted by 

^

 under different priors as follows 
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It is easy  to verify  that if 1a = , it gives Bayes estimator of   based on entropy loss function. 

And if 1a = , it gives Bayes estimator of   based on weighted square error loss function .Also if 

1a −= , it gives Bayes estimator of   based on square error loss function. So we can derive Bayes 

estimator for unknown scale parameter   based on general entropy loss function (GELF) as 

follows. 

a. Bayes estimator using the inverse gamma as prior distribution  

Here , we can derive Bayes estimator for   based on general entropy loss function (GELF), By  

substituting equation (14) in equation (32) , yields  
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By multiplying the integral in equation (34) by the quantity which equal )
)Γ(n

)Γ(n
(

aη

aη

++

++
, where ) Γ(.

is a gamma function .After some simplification, it yields 
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The equation (36) is the integral of the pdf of inverse gamma distribution [12] .So the Bayes 

estimator for   will be  
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b. Bayes estimator using the inverse chi-square as prior distribution 

And, we can derive Bayes estimator for   based on general entropy loss function (GELF) ,By  

substituting equation (20) in equation (32)  , yields  
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By multiplying the integral in equation (39) by the quantity which equal )
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) Γ(. is a gamma function .After some simplification, it yields 
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The equation (41) is the integral of the pdf of inverse gamma distribution [12] .So the Bayes 

estimator for   will be  
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c. Bayes estimator using the standard Levy as prior distribution 

And, we can derive Bayes estimator for   based on general entropy loss function (GELF) ,By  

substituting equation (26)  in equation (32), yields  
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By multiplying the integral in equation (44) by the quantity which equals to )
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where ) Γ(. is a gamma function .After some simplification, it yields 
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The equation (46) is the integral of the pdf of inverse gamma distribution [12] .So the Bayes 

estimator for   will be  
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5. Simulation and Discussion 

We used simulation study to compare between the maximum likelihood estimator(MLE) and 

the Bayes estimators for unknown scale parameter   of an IRD. The simulation program was 

written in matlabR2018b.The data is generated for different samples sizes n= (15,25,50,75,100) 

from IRD using the quantile function from equation(2) as 1/2

 i

i )
)(Fln   

1-
 (t


= , where ii UF =  is a 

uniform distribution with (0,1) for several values of the true value parameter 5 , 3 , 2= and the 

values for the hyper parameters ω),k  , η , λ (  of the prior distributions can be chosen arbitrarily to 

compare the accuracy of the different estimates for   as follows : 

• The values for the parameters of the inverse Gamma prior have been selected arbitrarily  

as 3)η 4,(λ == .  

• The value for a parameter of the inverse chi-square prior have been selected arbitrarily  as 

) 4(k = . 

• The value for a parameter of the standard Levy prior have been selected arbitrarily  as 

) 6.0(ω = . 

Based on the general entropy loss function (GELF) with the shape parameter can be chosen 

arbitrarily as (a=1, -1,2), with replications number of the experiments (r=5000) .In order to 

compare the accuracy of the different estimates for   , we depend on the mean square error 

criterion, i.e. the estimates with the smallest MSE’s will be the best estimates. 

) 28 (  )- )r  ( (
5000

1
                                                                                                MSE

2
 ^5000

1r


=

=  

The results of simulation study listed in tables for each estimator and for all sample sizes. 

 (28)         
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Table 1. The estimated  values  of the maximum likelihood estimator (�̂�MLE) and MSE’s for the estimators of the 

inverse Rayleigh distribution with the true values (𝜑 = 2,3,5)  and r =5000. 

 

n 

true value )2( =  true value )3( =  true value )5( =  

�̂�MLE MSE �̂�MLE MSE �̂�MLE MSE 

15 2.0065 0.2619 3.009 0.6111 4.9586 1.6449 

25 1.9961 0.1630 2.9995 0.3544 5.0096 0.9754 

50 1.9972 0.0788 2.9964 0.178 5.0122 0.5065 

75 1.9951 0.0518 2.9998 0.1158 5.0068 0.3405 

100 2.0006 0.0401 3.0043 0.0904 4.992 0.2462 

 

 

For the results listed in Table 1, which represented by the estimated values  of the maximum 

likelihood estimator )( MLE

^

 and MSE’s .we see that the values of  MSE are 

• increased when the true value parameter  is increased with fixed the sample size(n).  

• decreased when the sample size(n) is increased with fixed value for the true value 

parameter  . 

 

Table 2. The estimated values of the Bayes estimators (�̂�GELF) and MSE’s for the estimators of the inverse ayleigh 

distribution based on the GELF, under different priors with the true value )2( = and r=5000.  

n 

true value )2( =  a= -1 a= 1 a= 2 

Bayes under   �̂�GELF MSE �̂�GELF MSE �̂�GELF MSE 

15 inverse gamma 3)η 4,(λ ==  2.0057 0.2039 1.8943 0.193 1.8438 0.1967 

  inverse chi-square ) 4(k =  2.0061 0.2302 1.8881 0.2164 1.8349 0.2198 

  the standard Levy ) 6.0(ω =  2.0964 0.2895 1.9611 0.2467 1.9008 0.2402 

25 inverse gamma 3)η 4,(λ ==  1.9964 0.1398 1.9251 0.1356 1.8916 0.1372 

  inverse chi-square ) 4(k =  1.9962 0.1507 1.9223 0.1458 1.8877 0.1474 

  the standard Levy ) 6.0(ω =  2.0491 0.1721 1.9687 0.1576 1.9312 0.1555 

50 inverse gamma 3)η 4,(λ ==  1.9973 0.0729 1.9596 0.0718 1.9414 0.0723 

  inverse chi-square ) 4(k =  1.9972 0.0758 1.9588 0.0746 1.9403 0.0751 

  the standard Levy ) 6.0(ω =  2.0234 0.081 1.9833 0.0776 1.964 0.0771 

75 inverse gamma 3)η 4,(λ ==  1.9952 0.0491 1.9697 0.0488 1.9572 0.0491 

  inverse chi-square ) 4(k =  1.9952 0.0504 1.9693 0.05 1.9566 0.0503 

  the standard Levy ) 6.0(ω =  2.0125 0.0526 1.9859 0.0513 1.9728 0.0511 

100 inverse gamma 3)η 4,(λ ==  2.0005 0.0385 1.9811 0.0381 1.9716 0.0382 

  inverse chi-square ) 4(k =  2.0006 0.0393 1.9809 0.0389 1.9713 0.039 

  the standard Levy ) 6.0(ω =  2.0136 0.0407 1.9936 0.0397 1.9837 0.0395 
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Table 3. The estimated values of the Bayes estimators )GELF

^

( and MSE’s for the estimators of the inverse 

Rayleigh distribution based on the GELF, under different priors with the true value )3( = and r=5000. 

n 

true value )3( =  a= -1 a=1 a= 2 

Bayes under   �̂�GELF MSE �̂�GELF MSE �̂�GELF MSE 

15 inverse gamma 3)η 4,(λ ==  2.8903 0.4877 2.7297 0.4974 2.6569 0.5197 

  inverse chi-square ) 4(k =  2.946 0.5399 2.7727 0.5274 2.6945 0.5426 

  the standard Levy ) 6.0(ω =  3.1335 0.6717 2.9313 0.5769 2.8411 0.5628 

25 inverse gamma 3)η 4,(λ ==  2.9255 0.3094 2.821 0.3146 2.7719 0.3248 

  inverse chi-square ) 4(k =  2.9611 0.3292 2.8514 0.326 2.8000 0.3330 

  the standard Levy ) 6.0(ω =  3.073 0.3744 2.9525 0.3429 2.8962 0.3386 

50 inverse gamma 3)η 4,(λ ==  2.9581 0.1663 2.9023 0.1679 2.8753 0.171 

  inverse chi-square ) 4(k =  2.9769 0.1716 2.9196 0.171 2.892 0.1731 

  the standard Levy ) 6.0(ω =  3.0328 0.1826 2.9727 0.1752 2.9437 0.1742 

75 inverse gamma 3)η 4,(λ ==  2.9738 0.1105 2.9357 0.1112 2.9171 0.1126 

  inverse chi-square ) 4(k =  2.9866 0.1129 2.9478 0.1126 2.9289 0.1135 

  the standard Levy ) 6.0(ω =  3.0239 0.1179 2.9839 0.1145 2.9643 0.114 

100 inverse gamma 3)η 4,(λ ==  2.9846 0.0871 2.9557 0.0872 2.9414 0.0878 

  inverse chi-square ) 4(k =  2.9944 0.0886 2.965 0.0881 2.9506 0.0885 

  the standard Levy ) 6.0(ω =  3.0224 0.0918 2.9924 0.0895 2.9776 0.0891 

 

For the results listed in Table 2 and Table 3 which represented by the estimated values  of the 

estimated values of the Bayes estimators )GELF

^

( and MSE’s for the estimators of the inverse 

Rayleigh distribution based on the GELF, under different priors .We see that the best Bayes 

estimates )(
^

  of   based on GELF with the shape parameter  (a) where  

• a=-1 , under the inverse gamma 3)η 4,(λ ==  and inverse chi-square ) 4(k = , for all samples 

sizes(n).  

• a=1 and a=2 , under the inverse gamma 3)η 4,(λ == , inverse chi-square ) 4(k =  and the 

standard Levy ) 6.0(ω = , for all samples sizes(n).  

According to the smallest mean square error (MSE) compared with the MLE estimators. 
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Table 4. The estimated values of the Bayes estimators (�̂�GELF) and MSE’s for the estimators of the inverse ayleigh 

distribution based on the GELF, under different priors with the true value )5( = and r=5000. 

n 

true value )5( =  a=-1 a=1 a=2 

Bayes under   �̂�GELF MSE �̂�GELF MSE �̂�GELF MSE 

15 inverse gamma 3)η 4,(λ ==  4.6106 1.431 4.3544 1.5579 4.2383 1.6613 

  inverse chi-square ) 4(k =  4.7737 1.4955 4.4929 1.5365 4.3663 1.6098 

  the standard Levy ) 6.0(ω =  5.1503 1.7811 4.818 1.572 4.6697 1.5547 

25 inverse gamma 3)η 4,(λ ==  4.7867 0.8817 4.6157 0.9252 4.5354 0.9666 

  inverse chi-square ) 4(k =  4.8938 0.913 4.7126 0.9188 4.6277 0.945 

  the standard Levy ) 6.0(ω =  5.1241 1.031 4.9231 0.9434 4.8294 0.9312 

50 inverse gamma 3)η 4,(λ ==  4.8964 0.4789 4.804 0.4891 4.7593 0.5003 

  inverse chi-square ) 4(k =  4.9532 0.4889 4.8579 0.4884 4.8119 0.4947 

  the standard Levy ) 6.0(ω =  5.0689 0.5214 4.9686 0.4974 4.9201 0.4932 

75 inverse gamma 3)η 4,(λ ==  4.9287 0.3281 4.8655 0.3328 4.8346 0.3381 

  inverse chi-square ) 4(k =  4.9673 0.3326 4.9027 0.3324 4.8712 0.3354 

  the standard Levy ) 6.0(ω =  5.0445 0.347 4.9776 0.3365 4.945 0.3346 

100 inverse gamma 3)η 4,(λ ==  4.9333 0.241 4.8854 0.2451 4.8619 0.2489 

  inverse chi-square ) 4(k =  4.9624 0.2427 4.9137 0.244 4.8898 0.2464 

  the standard Levy ) 6.0(ω =  5.0201 0.249 4.9701 0.2446 4.9456 0.2443 

 

For the results listed in table 4 which represented by the estimated values  of the estimated values 

of the Bayes estimators )GELF

^

( and MSE’s for the estimators of the inverse Rayleigh distribution 

based on the GELF, under different priors .We see that the best Bayes estimates )(
^

  of   based on 

GELF with the shape parameter  (a) where  

• a=-1 , under the inverse gamma 3)η 4,(λ ==  and inverse chi-square ) 4(k = , for all samples 

sizes(n) . 

• a=1 , under the inverse gamma 3)η 4,(λ == , inverse chi-square ) 4(k =  and the standard 

Levy ) 6.0(ω = , for all samples sizes(n) . 

• a=2 , under the inverse gamma 3)η 4,(λ == , inverse chi-square ) 4(k =  and the standard 

Levy ) 6.0(ω = ,for )50(n   

According to the smallest mean square error (MSE) compared with the MLE estimators. 

 

6. Conclusion 

     In this study, we derived Bayesian estimation of unknown scale parameter   of the inverse 

Rayleigh distribution (IRD) based on general entropy loss function (GELF)  under  three different 

priors represented by  the inverse Gamma, the inverse chi-square and the standard Levy as priors. 

In addition to the maximum likelihood estimator (MLE) of the scale parameter of IRD. 

From the simulation study, we noted that Bayes estimators under the based on general entropy loss 

function (GELF) showed better performance than the maximum likelihood estimator (MLE) using 

the mean square error criterion (MSE). Also, the results showed that the posterior distribution 

obtained under the inverse gamma prior based on GELF with a=-1, the standard Levy prior based 

on GELF with a=2, and the inverse chi-squared prior based on GELF with a=1 corresponding to 
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the true values of IRD provided more accurate results in terms of minimum MSE for all samples 

sizes(n). 
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