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Abstract

Depending on the needs and requirements of keeping up with the scientific procession,
researchers tend to find new recurrence schemes or develop previous recurrence schemes that will
help researchers reach the fixed point and solution of variational inequality .The objective of this
article is to provide novel approaches to finding a common fixed point of different types of
important mappings and the set of zeros of maximal monotone operators .Also, we studied the
convergence weakly and convergence strongly of the proposed iterative method under some
suitable conditions. To achieve this goal, we will introduce a new technical method of resolvent
operators and metric projection using different types of function sequences, including sequence of
maximal monotone operators, sequence of K -strictly pseudo-contractive mappings, and sequence
of nonexpansive mappings defined on nonempty convex-closed subset of Hilbert space .

Keywords : Nonexpansive Mapping , Metric Projection , Strictly Pseudo Contraction
Mapping , Strongly Pseudo-Contractive , Fixed Point .

1. Introduction

Let I be the Hilbert space and let X be a convex closed subset of . The metric
projection of H onto A is denoted by 2. , while the set of fixed points of T is denoted as F (7).
Keep in mind, if a constant K € [0,1) exists, then there is a mapping 7: KX — H that is K -
strictly pseudo-contractive .
17 = Tl < llo —wl? + KNI =Ty — U =Tyl ,Yw €X (1)
When K = 0, T is nonexpansive, and when K =1, T is pseudo-contractive. A strong pseudo-
contractive T is one for which there exists a positive constant { between 0 and 1 such that 77 — (1
is pseudo-contractive. Without a doubt, the K - strictly pseudo-contractive class is a subset of the
larger class that contains both pseudo-contractions and nonexpansive mapping. Furthermore, we
highlight the fact that the class K - strictly pseudo-contractive mappings is unique from the other
classes of strictly pseudo-contractive mappings [1-3].
In [4] suggested the now-common Mann's iterative approach. Since then, researchers have
looked at the K - strictly pseudo-contractive mapping strategy and the standard iterative process
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for constructing fixed points for nonexpansive mapping .When used iteratively, Mann's method
yields the sequence w,, as seen below:

Vw,€EA,wyy1=1-0,)w, +0,Tw,,n=>1 2

Lots of studies have been rolled out on this subject, see[5-25] . In [3] established the first
convergence result for K - strictly pseudo-contractive mapping self mapping in concrete Hilbert
space. In subsequent work, [21] considered a varying control sequence denoted by the symbol
{0, } to provide a limited extension of the applicable result in[5]. Using the conditions ¢; = 1,0 <
op, <1, Y340, =0, and the Al_r)go supo, =0 <1—X , he proved a convergence theorem

using an algorithm (2). This operation was performed assuming that R's domain is compact and
convex. This means that the compact condition on the domain of mapping 7" is required to derive
the convergence results from Rhoades's convergence theorem.

Recently, a weak convergence theorem was shown [26] using an algorithm .
Wy, + (1 —0,) Z§I=1 (iTiw, (3)
Despite the examples in [27] and [28] , is nevertheless shown that this convergence is frequently
weak. In order to get high convergence, it is necessary to make adjustments to Mann's scheme
(2). We shall restate the modification proposed by Nakajo and Takahashi for a nonexpansive

mapping 7.
Consider the algorithm
wo € C
w, =o0,w,+1-0,)Aw,
E, = {s €C|W, - sl < o, — sl} @)

0, ={s€C(w, — 8wy, —w,) =0}
Wpy1 =P E, N 0wy
Where P stands for the metric projection from H onto C.The convergence of the sequence{w,, }
generated by algorithm (3) to a fixed point of T is shown by Nakajo and Takahashi, under the
condition that the control sequence {a,,};,—, is selected so thatsup,,»q0,, < 1 (i.e., {g,}is
limited away above from 0 and 1), where T is a fixed point of the Similar large convergence
findings were published in the works [25-32].
2 . Preliminaries
If 7 is a real Hilbert space and that C is a nonempty closed convex subset of H.Then we give
some necessary lemmas:
Lemma 2.1 [ 28] The following identities hold
(i) llo Fwl? = llol* ¥ 2{w, w) + ll0ll* ,Yo,w €H
(i) ltw + (1 = Owl* = tlwll* + 1 = Dllwll? -1 - Hllw —w|? V¢ €[01],
Vo, w eH
Lemma2.3[28]:If 3 € H and w € C. Then
w = Pew iff there satisfies (w —w ,w—8)=>0,Vvs8€C.
Lemma 2.4 [33] : Let {w,} be a sequence of nonnegative real numbers that satisfies the
condition
A1 <(A—-%t,)a,+0b,+0(,),n=>1
where {e,, } satisfies the restrictions :
(e, » 0(n - )
(i) X5=1b, < 00
(iii) Xy=1 ¢ = 0
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3. Main Result: In this section we introduce a new technique f-point and prove its
strong-weak convergence
Theorem 3.1 : Let M; be M.M. operator and (7"*) be a sequence of X - strictly pseudo-

contractive map on C. Define the Technique as:
wyg=w €C

— X
Wy = i=0 L‘]rn’i (wn)

Wypt1 = (an - bn)T(a)) + (1 - an) Z?iOTi(w»n,) + bnT(wfn)
Where F is nonexpansive,(rn) be a sequence in (0, o), such that {a,, ), (b,,) are sequence in (0, =]
and a,, +b,, = 1. If the following condition are satisfies :

(i) I 1? < W, + S |35, (@) || and T2 (bt + ZE o, = T7%) < o0
(i) 5200, = 00, Y2 |lwr,||I? < 00 ,and lim 222 =0 .
n—oo Qnm

(i) M7 (0) N(N2, fix(T)) # @ and a,, = b,, .Then the Technique f-point (w,,) converge to
point M;(0) N(NZ, fix(T7)).

Proof : Letr € M;"2(0) N(NZ, fix(TH))

llwy = 112 = [[(ag — B)F (@) + (1 — a9) T T (o) + boF (awrg) — ]|’

Where r = ((ao - bo) + (1 - ao) + bo)r

< (ag — b IF (w) — t]|?+(1 — ag) X 0”T (wo) — I-'” + b0”T(’W0) - ((00 bo) + (1 —
ap) + bo)r||

< (ap = b IF (@) — x|I* +(1 — c10)2 o”T (wo) — r” + bollF (w) — xlI?

But 7! is X - strictly pseudo-contractive

< (ag = B IF (@) = 2lI* + (1 = ag) Tollwo — lI* + (1 — ap)K T |wo — T (wp) — 1~
T O + o + b0 2o\, (@) — o]

Where K € [0,1)

<1 -b0) X llw —xll> +(1 — ap) K 1“0)0 Ti(wo)nz + B, + by X ollw, — l|?

< YEollw —tl|? + bop, + T ||wo — T (wo)ll
If n = X, we have

_ - 2
lwge — tll? < Tiollw — el + TEg b + T1 M| wi — THw))||
If n=X+1,wehave

lwsesrr — t||? = ”(076 by)F(w) + (1 - ax)Z =oT"! (wyc) + by F(wye) — r”

< (age = bs)IIF (@) — 12 + (1 — ag) i< ||F (o) — r|| + byl F (wye) — l|?

lwgerr —tlI? < (age — b llw — 2|2 +(1 — ax) ¥ie, [”wac — 112 + K ||wge — T (ws) — (x —
Ti(r)”z] + Bycac + by Do | Ty, (wae) — r||2

< (ag = bg)llw = xll* + (1 = a3e) T¥ollwge — xll? + (1 = ag) Tl wsc — T (wx)” +
byt + by Disollwge — xll?

< (agc = bg)llw = xll? + gy + T ||y — T (wgc)” + (1 = (ag = byo) T ollwge — x|
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< (ag — by llw — ll? + bychy + Nio||wr — T (wyc)” + (1 — (ax — by) Xicollwse — xll* +
(1 = (ac = bs) T bty + [Jaog — T w))||”
lasers —tl2 < Zollw — 1|2 + B3 by + ZE e — THw))||”
But ¥, (b;y; + ||wl Tt (a)i)” ) < oo,
(w,,)is bounded sequence .
Since (Jr, (w,,)) also bounded then there exist subsequence (Jr%i(wnx)) of (Jr.. (w,))

converge weakly to v.
(I_J/r'/n’i)(wn)

Tn
wn_gr%‘i (wn)

Now, since V. .(w,) =

lim [|V,.,, (@) = lim

ANd ;.. (@) € Mi(Jy, (@) SO,
(z — Jrﬂjj(wn,),z’— Ny i(@ni)) 2 0,2 € M;(2)
(z—v,2—0)=0, 2eMi(s) mn;->w

Since M; be M.M. operator,so

0 € M;(v) = v € M;(0) = v € fix(J,,,) . But[|w, — T (w,)|| » 0asn -
Therefore, v € (N2, fix(TH)

lwnsr = w17 = [|(@n = BIF(@) + (1 = 0,) T o Tiw,) + b, T (w0r) — o[

< (a5 = BIF(@) — 1> +(1 — 0,) S [T w,) — v || + B, 1F () — w17

< (a4 = b)llw = w2 +(1 = a,) Tollw, = w1 + (1 = a )X TE[lwn = T (@) = (v =
T + 0,1, + bl — vl

a,—b
Hence, llonss = w12 < (1 = a,) Zollon = w11 + an (22 0 = ¢ 12) + 1wy, — o]l

=0 as r, > x

we get, ||w, — 7|l = 0,n — c.And hence the Technique f-point converge strongly to v in
MH0) N(NE, fie(TH) - u

Theorem (2.2) : Let M; be M.M. operator, (7') be a sequence of X - strictly pseudo-contractive
map on C, (F,) be a sequence of nonexpansive mapping and (a,),(b,,) are sequence in (0, x]
such that a,, + b, = 1and a, = b, . Define the Technique f-point as:

Wy = Zi:o Jrnyi(w/n)

Wyt1 = (an - b/n)g:(w) + (1 - an) Z?ﬁo Ti(wn) + bng:(wn)
satisfies :

(i) Nwall? < W+ ZE N, @I° and 220 (0t + ZE [l = Ti(wa)]|*) < oo,where
(y,,) be a sequence in (0, o)

(i) M1 (0) NN, fie(TH) N(N2, fix(F)) #@ and a, = b, .

Then (P, (0)‘%) converge strongly to point « in M;~*(0) and

lim ||w, —v| = tnf{hm lw, —x|l ,x €M 1(0)} .

Proof : Letr € (N2, fix(TYH) NM;1(0)

lwner = tll? = [|(@n = B)F (@) + (1 = 49) T T (@,) + b, F (1) — 1|’
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< (@, = BT (@) = Tl +(1 = 0) T | T (w,) — 2| + BullF Catr) — 2l
lwpsr =2l < (0, =B )llw, — 2l +(1 = a) Zpllw,, — 1l + (1 — a,) IS K ||, —
T w, )—(r—f]"i(r)” + b, ||w;, —x]|? , wherever K = sup{X; €[0,1),i €N
< (1-0,) I llw, =l + (1 = 0,0) X K|y, = T @] + bthy, + by X011, (0n) -
t||

< (1-0,) T llw, — el + 0,3, + I l|lwn = TH@ )| + byt + b, T llw,, — 1ll2
lwpir — el < ZEollwn — 2l +Bathy + Yol — T (@)

Since X20(0, i + [|l0n — Tiw,)||*) < o
we get, R(r) = lim||w,, — ¢ || exist .This is (w,,) is bounded sequence .

M—>00

Put £ = inf{R(x),r € (N2, fix(TH) NM;1(0) Jand K = {W € (N2, fix(TH) NM;(0) :
RW) =L}

”w - P -1(0)(wn)|| < w, —v| ,VreX

hm ”wwL — ?Mi—1(0)(wn)” <L forall n eN.

To prove that 1{1_1)130 ”a),,L = P10 (a)n)” =L

Suppose that lim ”wn — ?M_-l(o)(wﬂ)” < L. This implies

n—00 i

2
lim ||a)41 = P10 (w,)|| < L% .Then there exist ¢ > 0, such that

Mn—00
2
lim ”wn =Py (@) || < L2—0 ¥Yn=m ,mEeN

n—0o

2
|@nsn1 = Pacrc0y @] < ZEol@nen = 112 + By sthin + Eoll s -
. 2

Tl(wn+h)” )

x 2 x j 2
< [Zi:o ||wn+ﬁ—1 - ?Mi‘l(o) (Wn) ” +bpip-1Vnin-1t (Zi:o”wn+h—1 - Tl(wn+h—1)” )] +
bn+hlpn+h - Ti(wn+h)

2 . 2
<% ||wn+ﬁ—2 ~ P10y (@) ” + 0 h-2Wnsh—2 + Cieol@nsn2z = T (@nra-2)||) +
bpip-1Wnin-1— Ti(wn+h—1)
2

< || @n = Prcr@a|| + ZEA @ + [|lor - T, 15
This implies , for each n > m , 4 € N the following satisfied

27 < lim ([lan = P @n) |+ Bt (ot + o = 7))
)Ll_r)n (||wn+h+1 — Py 1(0)(0)%)” /T-h( i + ”w — Ty ” ))
< lim (LZ -0+ ZnHL( Wi+ o — Tiooy| ))
n—co

But X2, (bﬂl’i + || w; —Tiwi”z) <o,Vn=m

2
And lim ”wn — P o100y (Wn) ” < L?—¢.S0, L? < L? — o < L? , which is a contradiction
n—oo i
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So, llrr(}o ”wn ?Mi—1(0)(a)%)” =L
Now,to prove that PMi-l(O) (w,) » v

If not then there exists € > 0 such that, V £ € N ,we have

”PMi-l(O)(wn)—«r” > €, forsome 4 > A. If b > 0 such that b < I£2+%2 —L ,£€N
2 2 2
b+ L < L2+; :>(b+L)2<L2+; =>(b+L)2—?<L2

o (bnl,bn + ||w,, — Tia)n||2) <<
”w,;—PMi-l(O)(w,'L)” <L+band||w; —v||<L+D

2
:PMi_l(o) (w/g:)-i'”

PMi‘l(o)(wfi)+”
wn+h+1 - 2

< .
< [|eos J

+ an (billii + [y — Ti(wi)”Z)

Zwﬁ—(SDMi_1(O)(wj&))+
2

+ 2R by + [ — T @)

wi—=P. ;
£ 1) (@4) + wg—v
2 2

w2l -
2

|+ 5o+ o= 7ol

2
@5~ Ppi10)(@4) @E=P 1) (@h)

=2
i = T

2
=2||ws = Pacr0y @0 || +3 Nl =" =3 || Pacr0y (i) - 4r|| + YR (oap; +
lw; = T

2

e R AT

PMi_l(O)(wh)+’U
Wpth1 — 2

2 2
SS(LAD2+2(L+D)? -6+ T = (L+D)?+T

As n — oo we get

2
P]V[i_l(o)(wil)-i_v

2
< (L+b)2— =< L2

2 < -
L < lim ||a),ﬂ+,,wr1

n—-oo 2

Which is a contraction .So, P M(0) (wy) = v.Thatis (P, ~1(0) (w,,)) converge strongly to
point in M;~1(0) n

Theorem(2.3): Let C, M;,{F,),(T!) and (w,,) asintheorem 2.2 ,(b,,) be a sequence in
(0,1] and (a,) be asequence in [a,b] suchthato <a<b<landa,+b,=1.1fa, >0,
and lim b, = 0 then the technique f-point (w,,) define

Wnp = Z?io J/iﬂn,i(wn)
Wyt1 = (an - bn)g:(wn) + (1 - an) Zi?iOTi(wn) + bng:(wn)
With two conditions :
(i) Mol < + Tl (0] and 22 (baty + Tl — Ti @) < o0 where
(,,) be a sequence in (0, ).
(i) M;H(0) NN, fie(TH) N(NZ, fix(F,)) # Gand a, =b,.
has converges weakly to a point «+ € M;(0) where lirr(1) (?M_—1(O)xn) = v
n- i

362



IHIPAS. 37 (2) 2024

Proof :Letr € M;1(0) NN, fix(TYH) N(NZ, fix(E,))
s = tll? = [|(an = B)F(@,) + (1 = 0,) T Ti(w,) + b () — 1
< (an = B)IF(@n) — 1l + (1 = ) T[T (@) — 1| + 0, IF (ar,) — ]2
lwpsr =2l < (0 = B)llw,, = 2ll* +(1 = ) T pllw,, — 2ll* + (1 = ap) T K||w, —
T w,) — (=T (r)|| + by llwr,, — x||? , where K= sup { X; € [0,1),i €N
< (1= b) Zllw, —1ll? + (1 = 0,) Zo K[| = TH@)||” + 0,p, +50 T, (@5) =
o

< (1-0,) Xollw, — tll2 + 0,3, + Sl — T @) + bt + b, Xllw, — xll?
s = tl2 < Zollw, — ¥ll? + by, + Zol|w, — Ti(@)|’
Since X20(ba, + 220w, — T (wn)” ) < ooweget, lim n [lw, — v || exist.
So that, the technique f-point {w,,) is bounded ,s0 3 (w,,,.) subsequence of (w,,) , such that ,

Wy = V.
Now, put 9,, = {llw,, — t||. ||w,, —tll,2 € N} and X € [0,1) s.t
(1_K)an”wn_ 4’1,”2 < (1_afn)”wfn,_w/n”2

< (1 -a)llw, —tlI> + (A = a)llwy —xll* + 2(1 — a,) 9y

< Bl = tl2 + 0, [ + X (@) = t]|°] + 20,0,

< bullw, —tll? + 5, [0, + X, llw, —lI?] + 20,9,

(1~ H)aullw, —w,ll? < {EE llw, — ol + v + 26,0,
So, llw,, — wyll > 0asn - « since w,, — v . Then w,,, - v

Now, since w,, = Y%, i (@3) 504z = Jp o (W), 32— Ny (045)) 2 0,2 € Mi(2)

w’VL_J/r',rL"l (wn)

lim [N, (0,)]| = lim =0 as 7, >

(z—1,2)20, Z€Mi(z).as X > oo.Then, Py g0, > ¥ € Mt

Hence (w s — P g1y (@nac) £ = Pag=1(0)(Wns)) < 0, € M 4())

So, (v — 0, t — v) <0,t €M, 1(O).But v € M;1(0) . Then
(v—v,t—0)<0=||lv—2|>?<0 .Thatisv = &

Therefore, the technique f-point (w,,) has convergence-w to the limit point of 7, ~1(0) (w,,).

4.Conclusion

1. A new technical methods of resolvent operators and metric projection of strictly pseudo
contraction mapping are introduced

2. The convergence weakly and convergence strongly of the proposed iterative method under some
suitable conditions are studied .

3. A common fixed points of different types of important mappings and the set of zeros of maximal
monotone operators are found
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