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Abstract

Depending on the needs and requirements of keeping up with the scientific procession, researchers
tend to find new recurrence schemes or develop previous recurrence schemes that will help
researchers reach the fixed point and solution of variational inequality . The objective of this article
is to provide novel approaches to finding a common fixed point of different types of important
mappings and the set of zeros of maximal monotone operators .Also, we studied the convergence
weakly and convergence strongly of the proposed iterative method under some suitable conditions.
To achieve this goal, we will introduce a new technical method of resolvent operators and metric
projection using different types of function sequences, including sequence of maximal monotone
operators, sequence of F-strictly pseudo-contractive mappings, and sequence of nonexpansive
mappings defined on nonempty convex-closed subset of Hilbert space .

Keywords : Nonexpansive Mapping , Metric Projection , Strictly Pseudo Contraction

Mapping , Strongly Pseudo-Contractive , Fixed Point .

1. Introduction

Let 7 be the Hilbert space and let K be a convex closed subset of . The metric projection of
H onto A is denoted by 2. , while the set of fixed points of T is denoted as F (7). Keep in
mind, if a constant K € [0,1) exists, then there is a mapping 7': K — H that is K - strictly
pseudo-contractive .

17 = T ll? < llo — w2 + KNT =T — U =T |I? ,Vwr €KX 1)

When K = 0, T is nonexpansive, and when K =1, T is pseudo-contractive. A strong pseudo-
contractive T is one for which there exists a positive constant { between 0 and 1 such that 77 — (1
is pseudo-contractive. Without a doubt, the K - strictly pseudo-contractive class is a subset of the
larger class that contains both pseudo-contractions and nonexpansive mapping. Furthermore, we
highlight the fact that the class K - strictly pseudo-contractive mappings is unique from the other
classes of strictly pseudo-contractive mappings(see [1-3]).

In [4] suggested the now-common Mann's iterative approach. Since then, researchers have
looked at the K - strictly pseudo-contractive mapping strategy and the standard iterative process
for constructing fixed points for nonexpansive mapping .When used iteratively, Mann's method
yields the sequence w,,, as seen below:
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Vw,€EA, w1 =1-0,)w0, +0,Tw, ,n=>1 (2

Lots of studies have been rolled out on this subject, see[5-25] . In [3] established the first
convergence result for K - strictly pseudo-contractive mapping self mapping in concrete Hilbert
space. In subsequent work, [21] considered a varying control sequence denoted by the symbol
{0, } to provide a limited extension of the applicable result in[5]. Using the conditions ¢; = 1,0 <
o, <1, Y740, =0, and the 711_r)r010 supo, =0 <1—X , he proved a convergence theorem

using an algorithm (2). This operation was performed assuming that R's domain is compact and
convex. This means that the compact condition on the domain of mapping 7" is required to derive
the convergence results from Rhoades's convergence theorem.

Recently, a weak convergence theorem was shown [26] using an algorithm .

Wpt1 = 0,0, + (1 —0,) Zi\il (iTiw, (3)

Despite the examples in [27] and [28] , is nevertheless shown that this convergence is frequently
weak. In order to get high convergence, it is necessary to make adjustments to Mann's scheme (2).
We shall restate the modification proposed by Nakajo and Takahashi for a nonexpansive mapping
T.

Consider the algorithm

( Wo eC
| W, =0,0w,+1—-0,)Aw,
! E,= (s € C:lIW, - sl < llo, - I} @

L 0, ={8€C(w, —8w,—w,) =0}
Wny1 =P E,n0,w,

Where P stands for the metric projection from H onto C.The convergence of the sequence{w,, }
generated by algorithm (3) to a fixed point of 7" is shown by Nakajo and Takahashi, under the
condition that the control sequence {c,,};,—, is selected so thatsup,,¢0,, <1 (i.e., {a,} is limited
away above from 0 and 1), where T is a fixed point of the Similar large convergence findings were
published in the works [25-32].

2 . Preliminaries

If H is a real Hilbert space and that C is a nonempty closed convex subset of H.Then we give some
necessary lemmas:

Lemma 2.1 [ 28] The following identities hold

(i) llo F wl? = ol F 2(w, w) + [l0]I* ,Yo,w €H

(i) ltw + (1 - Owl? = tlwl* + 1 - Dllwl?* -1 - Dllw —w? V£ €[01],
Vo, w eH

Lemma2.2[28]:If 3 € H and w € C. Then

w = Pew iff there satisfies (w —w ,w—8)=>0,Vvs€C.

Lemma 2.3 [33] : Let {w,,} be a sequence of nonnegative real numbers that satisfies the condition
Apt1 = (1 - ’t"/n)an +b, + O(e/n,):’n' =1

where {e,, } satisfies the restrictions :
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(i) e, = 0(n = )
(i) Xy=1bp < 0
(iil) X5=q e = 0

3. Main Result
In this section, we introduce a new technique f-point, and prove its strong-weak convergence
Theorem 3.1 : Let M; be M.M. operator and (7°*) be a sequence of X - strictly pseudo-contractive
map on C. Define the Technique as:
wyg=w€C
Wy = Zi}io Jrn,i(w/n,)
Wn1 = (@ =B )F (@) + (1 = a,) T THw,) + b, F (w,)

Where F is nonexpansive,(7,) be asequence in (0, o), such that {a,), (b,,) are sequence in (0, =]
and a,, +b,, = 1. If the following condition are satisfies :

) 12 < W+ S|, @) and £20 (bathn + Syl = T*) < o0

. . b
(i) X2, =0, Y2 lw,|? <o ,and lim 2=

n—-oo Ay

=0.

(i) M7 (0) N(NZ, fix(TY)) # @ and a,, = b,, .Then the Technique f-point (w,,) converge to
point M;1(0) N(NZ, fix(T1)).

Proof : Letr € M;"2(0) N(N, fix(TH))

lw;, —2l|* = ”(ao —bo)F(w) + (1 —ap) Zi}io Ti(wo) + boF (wy) — r”2

where r = ((ag — bg) + (1 — ag) + by)r

< (a0 — Bo)IF (@) — tll*+(1 = ag) XX, [T (wo) — ]| * + bo||F (w0) = (6 —bo) +  (1-—
ao) + bo)'r”

< (ap = B) IF (@) — tll? +(1 — a9) T[T (wo) — v]|” + BoIF (arp) — v]I2

But 7'¢ is K - strictly pseudo-contractive

< (ap = B)IF (@) = tll* + (1 = ag) Tiollwp — tll* + (1 — ) K T¥o[|lwo — T (wp) — 1 —

T (Y)” + boYY, + by i=o”<7rm(wo) - r||
Where K € [0,1)

< (1= b9) Zollw —tll* +(1 — ag) X, [|wo — T (wo)|| + BoWn + b Tiollw, — Il

< Yollw —tl|? + by, + XK 1”0)0 T(wo)”
If n = X, we have

: 2
lwse — 2l < Dollw — 2ll? + X by + X1 M| wi — THw)) ||
If n=X+1,wehave

lwsers — 12 = || Cage = ba)F (@) + (1 — aze) T Ti(wye) + by F(arge) — 1
< (age = biOIIF (@) — 2l + (1 = a0) X ||F Cowrze) — x| + baclIF (awrge) — |2
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lwserr = tll* < (age = by llw — xll* +(1 = a5) XFS [”wx — 1|2 + K[| wge — T (wse) = (x =
TO|] + bscwosc + br Zollr,,, (@s0) = o’
< (age = bg)llw —xll? + (1 = age) T llwge — xll* + (1 — age) T [|wse — T ((1)7(‘)” +
bty + by Disollwge — xll?
< (ag — by llw — lI? + by + T || wp — T (wgc)” + (1 — (ag — b)) Di<ollws —xl|?
< (ag — by llw — xll? + byehy + T ||wp — T (wyc)” + (1 — (ag — bae) Do llwge — xll? +
(1 — (ag — by) Tl by + [|ow; — T (a)i)”
s = ol? < THollw — 2ll? + 25 bps + 25| — Ti @)
But X%, (0; + ||w; — Ti(wi)” ) < oo,

(w,,)is bounded sequence .
Since (Jy,,;(w,,)) also bounded then there exist subsequence (Jr%i(wnx)) of (T, (@)

converge weakly to .
(I_J/ryn,{)(wn)

Tn
wn_Jr,n i (wn)

Now, since IV, . (w,) =

=0 as r, > ©

i o, o = i[5

And IV, (w,) € Mi(J, (@) S0,
(z — Jrn;'i(w/nj);zl ¢nﬂ(wn,)) >0,z € M;(2)
(z—v,2—0)=20, 2€Mi(8) mn;—> o

Since M; be M.M. operator,so

0 € M;(v) = v € M;'(0) = v € fix(J,,,) - But [|w, — T (w,)|| > 0asn -
Therefore, v € (N2, fix(TY))

lwnss = w112 = [ (@ = BIF(@) + (1= a,) Theo Ti(w,) + 0T () — v’

< (a4, — BIIF (@) — w12 +(1 — 0,) 2| T @) — v||” + B, 1F (1) — w12

< (@, = b)llw — wll? +(1 — a,) Zollw, — vl + (1 = 0)K T o||w, — THw,) — (v —
Ti)||* + by + b, ey, — 0|2

Hence, llonss = w12 < (1 = a,) Zollon = w1l + an (22 [0 = v 12) + 1w, — ]I

we get, ||w,, — || = 0,n - o.And hence the Technique f-point converge strongly to v in
MH(0) N(NE, fize (D) - |

Theorem (2.2) : Let M; be M.M. operator, (T*) be a sequence of K - strictly pseudo-contractive
map on C, (F,) be a sequence of nonexpansive mapping and {a,),(b,) are sequence in (0, ]
such that a,, + b, = 1and a,, = b,, . Define the Technique f-point as:

Wy = Zijiodrn'i(wn)
Wpp1 = (an - b/n)g:(w) + (1 - an) Z?ﬁo Ti(wn) + bng:(wn)
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satisfies :
(i) Nwull? <, + 25190, II° and T2 (bt + ZXa]|w = Ti(@,)||) < o0 where
(y,) be a sequence in (0, )
(i) M1 (0) NN, fix (TH) N(NZ, fix(F)) #0 and a, = by, .
Then (P, (O)wn) converge strongly to point « in M;*(0) and
ﬂ/lbi_rgollwn —v| = mf{,lll_{?o”w” —1|| ,x € M 1(0)} .
Proof : Letr € (N2, fix(TH) NM;1(0)
s = tll? = [|(ar = B)F (@) + (1 — a9) T Ti(w,) + b, F () — 1
< (a5 = BIIT (@) = tll? +(1 = ) ZE|| T wy) = 1| + BullF (a0r) = 1
lwpsr —tl* < (0 = b)llw, = 2ll® +(1 = ap) Zpllw,, — 2ll* + (1 = a,) i K ||, —
T w,) — (=T (r)” + b, ||lw, —t||? , wherever X = sup{X; €[0,1),i €N
< (1= 0,) Sollw, — tll? + (1 = 0,) 3o K[|, = TH@)||” + 0tbn + b0 o1, (@) =
o
< (1= 0) X ollon = tll2 + 5,10 + Zo | = T @) + Bty + b, Tiolleo,, il
lner = tll2 < ZEollw, = tll? + B + Tl = TH(w,)|

Since 2i=0(bnlpn + ”w/n =T (w/n)” ) <
we get, R(r) = lim||w,, — || exist .This is {w,,) is bounded sequence .

Put £ = inf{R(x),r € (N2, fix(TH) NM;71(0) Jand K = {W € (N2, fix(TH)) NM;1(0) :
RW) =L}
”wn - ?Mi—1(0)(wn)|| <lw, —v| ,Vvr €K

lim ”wn - P -1(0)(a)n)|| <L forall n eN.

n—oo

To prove that hrrol0 ”w ?Mi—l(o)(w,n)” =L
Suppose that Allgo ”wn — Mi—l(o)(wn)” < L. This implies

2
lim ”wn - ?Mi—l(o)(w,n) < L2 .Then there exist ¢ > 0, such that

Mn—>00
2

lim ”wn —iPMi—1(0)(wn) <L’-o0oVmn=m ,meN

11— 00
2
|@nsne1 = Prer@|| < ZEollwnen = 12 + bt + Collwnn -
; 2

:Tl(wfn+ﬁ)” )

x 2 x ' 2
< [Zizo ||(Un+ﬁ—1 - :P]v[l.—l(o) (a)/n) || + bn+ﬁ,—1¢n+ﬁ,—1 + (Zi:o”wn+h—1 - Tl((‘)n+ﬁ—1)” )] +
b/n+/1,l/)n+/1, - Ti(wn+ﬁ,)

2 : 2
< Ztgio ||wn+ﬁ—2 - :P]v[i—l(o) (wn) || + bn+ﬁ—2¢n+%—2 + (Zggollwn+%—2 - Tl(wn+h—2)” ) +
bpip-1Wnin—1— Ti(wn+ﬁ—1)
2

< ||@n = Pacr oy (@) + SO + o = Tl
This implies , for each n > m , 4 € N the following satisfied
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£2.2 tim ([lon = Pagro @ |+ 28 i+ o= 707))
= lim <||w/n,+h+1 1(0)(‘%)“ + 2250 (o + o _Tiwillz»
< Jim (€2 =0+ 550 (oo + o= o))

But 2, (bﬂ/)ﬁ + || w; —Tiwi”Z) <ow,Vn=m

2
And lim ”wn = P10y (@) ” < L?— .80, L? < L? — o < L?, which is a contradiction

M —>00
So, llrr(}o ”wn P _—1(0)((»%)” =L
Now,to prove that P, ~1(0) (w,) » v
If not then there exists (E > 0 such that, v 4 € N ,we have

”?Mi—l(o)(wn)—v” > § , forsome £ > A. If b > 0 such that b < /L2+%2 —L , €N
€2 G2 &2
b+L< |[L24— = 0+L0° <L+, =0+L)——<L?

2 (0t + |l — Tl ||") < T
”w,;—PMiq(o)(a)/b)” <L+Db and ||a),;—4r|| <L+Db

2
?Mi_l(o)(w/i)-l—”

?Mi‘l(o) (w,;)+4f
wn+h+1 - 2

2

<l

an (billii + [|wi = Ti(‘*’i)nz)
2

Zwﬁ—(?mi_1(0)(a)/;))+v

2

+ 2R by + [ — T

“’/é_:PMi—l(o)(“’li) w4
2 2

2
|+ zom + o - 7@

wi;—P w g
£ Mi 1(0)( /L)

wﬁ:_?M«i—l(O)(w/}/)

2

=2 [ -

Ti )"

2 2 2
—%”w,;—PMi—l(o)(w,%)” +%||a),%—4r|| —%”PMi—l(O)((l)fl)—’v’” + Z:” (bl,bt+||w -
Ti ")

2

2|4 m o + [l

; 2
PMi_l(o) (wp)+v
Wpth+1 — 2

1 2, 1 2 _1e2, € _ 2, €&
<C(ULHDP+S(L+D)?2 -6+ — = (L+D)% +-

As n — oo we get

2
PMi_l(O)(wil)-i_v

2
< (L+D)?— @—<L2

2 < | -
L* < lim ”(J%HH1

n—-oo 2

Which is a contraction .So, P M1(0) (wp) = v.Thatis (P, ~1(0) (w,,)) converge strongly to point
in M;(0)

Theorem(2.3): Let C, M;,{F,),(T!) and (w,,) asintheorem 2.2 ,(b,,) be a sequence in

(0,1] and (a,,) be a sequence in [a,b] suchthato <a<b<landa,+b,=1.Ifa, >0,
and lim b, = 0 then the technique f-point (w,,) define

Nn—>00
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Wn = Zi]io Jrn,i(wn)
Wpt1 = (an - bn)T(wn) + (1 - an) ZingTi(wn) + bnT(wn)

With two conditions :

Q) Nl < v+ 10, )| and B2 (0,80 + ZE | = Ti@)]|%) < cowhere
(,,) be a sequence in (0, o).

(i) M1 (0) NN, fie(TH) N(NE2, fix(Fy)) # B and a, = b, .
has converges weakly to a point v+ € M;"1(0) where lliir(l) (PMi-l(O)xn) =1
Proof :Lett € M;1(0) N(N2, fixe(TH) N(NZ, fix(F,))
lwnss = tl2 = [[(an = B)F (@) + (1 = a,) T TH(@p) + b, F () — 1|
< (an = D) IIF (@) = tll* + (1 = a) || T (w,) — r|| + a, |1 F(w,) —xll?
lope —2ll> < (@ =b)llw, —2lI>  +(1 = ) T pllw,, — 2ll* + (1 = ap) T K||w, —
Ti(w,) — (= TI@||” + bacllewr, — tll? , where K= sup { % € [0,1) ,i € N
< (1= b)) Xollw,, —1ll? + (1 = 0) 2o K|, = T @) + 0t +05 5|, (@) —
J
< (1 =b) T llwn — 12 + B, + Tl — TE@)||” + B, + 5, T llw, — 112
lwer = tll? < ZEollwn, = tll? +b,1h, + I ||, — TH (@)
Since Y20(b,a, + 220w, — T (wn)” ) < ooweget, lim [lw, — ]| exist.
So that, the technique f-point (w,,) is bounded ,so 3 (‘%x) subsequence of (w,,) , such that ,

Wy =V

Now, put 9, = {||lw,, — t||. ||w,, — x|, € N} and KX € [0,1) s.t
(1=K, llw, —w, > < (1 = a)llw, —w,|?

< (1 -a)llw, —tll* + (1 — ) llwy — 2l + 2(1 - a,) 0,

< Bl = tl2 + b, [P + ZE I, (@a) = 1] + 26,0,
<bullw, =Tl + b, [, + T ollw, —Tl?] + 25,9,

(1 = 30allwn = wyll? < 2{EH llw, = ol + 1, + 26,0}
So, llw,, —wyll > 0asn - o« since w,, — v . Then w,,, - v

Now, since w;, = XKodr, (0n) 15048 = Jr e (@ns0), 5= Ny (0050)) 2 0,5 € Mi(2)

T'n¥,i
(‘-’n_Jmn‘i((‘-’n)

lim [N, .(w,)| = lim =0 as 7, > ©

7n—>00 4 n—>00

(z—v,4) 20, %€Mi(z) .as K - co.Then, P15, - € M1
Hence (W — Pag1(0) (@ns) £ = Pag=1(0)(@ns)) < 0, € M;(0)

So, (v — &, t — ) <0,t €M 1(0).But v € M;1(0) . Then
(v—tt—0)<0=||lv—0|>? <0 .Thatisv = ¢
Therefore, the technique f-point (w,,) has convergence-w to the limit point of P, 1(0)((%)

360



4.

IHIPAS. 37 (2) 2024

Conclusion

1. A new technical methods of resolvent operators and metric projection of strictly pseudo
contraction mapping are introduced

2. The convergence weakly and convergence strongly of the proposed iterative method under
some suitable conditions are studied.

3. A common fixed points of different types of important mappings and the set of zeros of
maximal monotone operators are found.
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