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Abstract

In this study, when the field characteristic is 13, we calculate decomposition matrices for
the spin characters S, and S,g which are broken down into blocks, where the decomposition
matrices are connected between irreducible spin characters and irreducible modular spin
characters. The technique used in this study is (r,r)-inducing, which produces projective
characters for symmetric group S, by projecting S,¢'s character, and symmetric group S,g by
projecting S,-'s character. We can find it by fixing all bar divisions, finding all irreducible spin
characters for S,, (S,g), p = 13, and all irreducible modular spin characters for S,, (Szg), p =
13. In order to explore irreducible modular spin characteristics, general correlations and
theorems will be discovered as a result of this research.
Keywords: Decomposition Matrix, Irreducible Modular Spin Character, projective character.

1. Introduction

Symmetric group S, has a representation group S,with a central Z = {—1,1} such that
S,/Z = S,. The representations which do not have Z in their kernel are called the spin
representations of S, for more information, see [1-3]. The spin characters of the spin
representations of S,, are labelled by the distinct parts of the partitions of n and denoted by (o).
In fact, if a = (ay,ay,...,a,) is partition of n and n — m is even, then there is one irreducible
spin character denoted by (a)* which is self-associate(double), and if n — m is odd, then there
are two associate spin characters denoted by (o) and (a)'see [4-6]. The number of rows and
columns of decomposition matrix corresponds to the number of projective characters and (p, o)-
regular classes, respectively [3]. In this study we found the decomposition matrices of spin
characters for S, and S,5 modulo p = 13. The distribution of the spin characters into p-blocks
is accomplished using the (r, ¥)-inducing (restricting) approach [7,8]. Numerous people conduct
research on this subject, have contributed to this field of study [9-22]. Before we declare any
results, let's define certain notations and terminologies. "p.s." is the principal spin character
("p.i.s." indecomposable), "m.s." is means modular spin character (i.m.s." irreducible), "d;" is
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1. Preliminaries
For the study, some important conclusions were needed.
Theorem 2.1. Degree of the spin character (aj, ..., a,) = 2[~™/2] H?__::!az! Misi<jem Ez;zﬁ [1].
Theorem 2.2. Given that b is the number of p-conjugate characters to the irreducible ordinary
character y of G and that B is an ablock of defect one, then:
a. 3N € Z* such that the irreducible ordinary characters lying in the block B can be
partitioned into two disjoint classes:B;={y € B |bdegx = Nmodp?}, B,={y €
B |bdegx = —Nmodp?}
b. The block B's decomposition matrix has coefficients that are either 1 or 0 [23].
Theorem 2.3. LetG be a group of order |G| = m,p%, where (p,m,) = 0. If ¢ is a principal
character of sub group H of G, then deg ¢ = 0 modp*® [24,25].
Theorem 2.4. Let p be odd then
1. Ifnbeeven, p { n,then(n) = @(n)and (n)’ = p(n)’ are distinct irreducible modular spin
characters.
2. Ifnisodd, ptnorpit(n—1),then (n—1,1) and (n — 1,1)" are distinct irreducible
modular spin characters of degree 2[("=3)/2] x (n — 2) which are denoted by ¢(n — 1,1)
and ¢(n — 1,1)'respectively [2].

2. Decomposition matrix for S,
The decomposition matrix for S,, of degree (288,253), and it is decomposed in to blocks of

character it consists of 69 blocks which B;of defect two, B, , Bs, ..., B;¢ are defect one, and the
remaining blocks are defect zero, decomposition matrix is equal to B;@®B,®... D Bgo.

Lemma 3.1. Decomposition matrix for the block B, of type double as shown in the Table 1.

Table 1. Block B;

Spin characters Decomposition matrix

(27)* 1

(26,1) 11
(24,2,1)" 11
(23,3,1)" 11
(22,4,1)" 11
(21,5,1)" 1
(20,6,1)*

(19,7,1)*

(18,8,1)* 1
(17,9,1) 11 11
(16,10,1)" 11 11
(15,11,1) 11 11
(14,13) 1
(14,12,1)* 2 1 1
(14,11,2)* 11121
(14,10,3)* 11 11
(14,9,4) 11 11
(14,8,5)" 11 11
(14,7,6)" 1 1
(13,11,2,1) 111
(13,10,3,1) 111
(13,9,4,1) 11
(13,8,5,1) 11
(13,7,6,1) 1
(11,10,3,2,1)" 1 1 1
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(11,9,4,2,1)" 11
(11;8;512;1>*
(11,7,6,2,1)
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(10,9,4,3,1)* 1 1 1
(10,8,5,3,1)* 1 111
(10,7,6,3,1)* 1
(9,8,5,4,1) 1
(9,7,6,4,1) 1
(8,7,6,5,1) 1
dy, dy d3 dy ds dg dy dg dg dygdy1d15d13d14d15d16d17d18d19d20d21d2,d23d24d25d56

R e

Proof: By using (0,1)-inducing of p.i.s. method on D, in S,, we have
D, 1OV S, =(26) + (26) + (25,1)* + 2(14,12)* + (13,1,2,1) + (13,12,1) 1OV s,

=2(27)" + 2(26,1) + 2(26,1)" + 2(14,13) + 2(14,13)" + 4(14,12,1)"
= Zdl

similarly, using (r, 7)-inducing of p.i.s. D,, D3, D4, Ds, D¢, Dyg, D4g, D34, D2g, Dso, Dy, D13,
Do, D35, Dyq, D47, D1g, Dio,..., Dy OF Sy 10 S,;, We get on d,, ds, ..., dyg respectively, and on
(13, @)-regular classes we have

1.

oNOORA~WDN

1

0.

(26,1) = (26,1

(14,13) = (14,13)’

(13,11,2,1) = (13,11,2,1)'

(13,10,3,1) = (13,10,3,1)’

(13,9,4,1) = (13,9,4,1)'

(13,8,5,1) = (13,8,5,1)’

(13,7,6,1) = (13,7,6,1Y’

(21,5,1)* = (20,6,1)* + (22,4,1)* — (23,3,1)* + (24,2,1)* — (26,1) + (27)*

(14,8,5)" = (14,7,6)" + (14,9,4)" — (14,10,3)" + (14,11,2)" — (14,12,1)* + (14,13) + (27)"
(13,8,5,1) = (13,7,6,1) + (13,9,4,1) — (13,10,3,1) + (13,11,2,1) — (14,13) + (26,1)

11.(11,8,5,2,1)" = (11,7,6,2,1)* + (11,9,4,2,1)* — (11,10,3,2,1)* — (13,11,2,1) +

(14,11,2)* — (15,11,1)" + (24,2,1)"

Table 2. Block B,, B,

Block  Spin characters Decomposition matrix

B,

(25,2) 1
(25,2)' 1
(15,12) 1 1
(15,12)' 1
(13,12,2)* 1
(12,10,3,2)
(12,10,3,2)' 1 1
(12,9,4,2) 1 1
(12,9,4,2)' 1 1
(12,8,5,2) 1 1
(12,8,5,2)' 1 1
(12,7,6,2) 1
(12,7,6,2)' 1

(24,3) 1
(24,3)' 1
(16,11) 1 1
(16,11) 1
(13,11,3)* 1
(12,11,3,1)
(12,11,3,1) 1 1
(11,9,4,3) 1 1
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(11,9,4,3)' 1 1
(11,8,5,3) 1 1
(11,8,5,3)' 1 1
(11,7,6,3) 1
(11,7,6,3)' 1

d27 d28 d29d30d31 d32 d33 d34 d35 d36 d37d38 d39d4-0 d41 d4—2 d43 d4—4— d45 d4—6 d47 d4—8 d4—9 dSO

12.(10,8,5,3,1)" =(10,7,6,3,1) +(10,9,4,3,1)* + (11,10,3,2,1)* — (13,10,3,1) +
(14,10,3)* — (16,10,1)* + (23,3,1)"
13.(9,8,5,4,1)* = (10,8,5,3,1)" — (8,7,6,5,1)* —(11,8,5,2,1)" + (13,8,5,1) — (14,8,5)" +
(18,8,1)" — (21,5,1)"
14.(10,9,4,3,1)" = (8,7,6,5,1)* + (11,9,4,2,1)* — (11,10,3,2,1)* — (13,9,4,1) +
(13,10,3,1) + (14,9,4)" — (14,10,3)* + (16,10,1)* — (17,9,1)" + (22,4,1)* — (23,3,1)"
15.(10,7,6,3,1)" = (9,7,6,4,1)* — (8,7,6,5,1)* + (11,7,6,2,1)* — (13,7,6,1) — (14,9,4)* +
(19,7,1)* — (20,6,1)*
then the matrix contains at most 41 columns since the number of the i.m.s. is equal or less than the
number of the spin characters, but Table 1 contains at most 26 columns since there are 15 equations
corresponding the spin characters of S, in By, and because d; — d; is not p.s. t0 S, V1 < i <

j < 26,and d,,d,, -, d, are linearly independent, then we get Table 1.

Lemma 3.2. The blocks B,, B3 of type associate as shown in the Table 2.

Proof:. By using (r, 7)-inducing of p.i.s. D3, D1g, D14, D15, D16, D17, D2, Do, D15, Digs, D169, D20,
Dy, of Sy t0 Syowe geton ky, ks, ..., ko, dys,dye, k10, kKq1reSpectively. Since (25,2) # (25,2)" are
distinct irreducible modular spin characters then k, must split to d,-, d,g, also since B, of defect
one then from (theorem 2.2) k,,k; must splits to ds,,d3; and ds,, ds3, respectively. Since
(12,9,4,2) #+ (12,9,4,2)' so k, or ks is split. If k, is split to dss, d36,but (12,8,5) # (12,8,5)" then
ks splitto, ds, dsg. If ks is splitand from (13, a)-regular classes,

(12,9,4,2) + (12,7,6,2) — (12,8,5,2) # (12,9,4,2)' + (12,7,6,2)' — (12,8,5,2)’ 1)
then k, must split, so in both cases we get k, and ks are splits. Since(12,7,6,2) # (12,7,6,2)' then
ke must split to d5-, dsg. For B3 since (24,3) # (24,3)' then k, must split to dsq, d,q, also since
B3 of defect one then kg,kq must splits to d,q, d4, and d,s, d44, respectively. Since (11,8,5,3) #
(11,8,5,3)" s0 kq Or k44 issplit. If kg is splitto d,,, dug, but(11,7,6,3) # (11,7,6,3)' then k,, split
t0, d4o, dsg. If kqq is split, from (13, a)-regular classes,

(11,8,5,3) — (11,7,6,3) # (11,8,5,3)' — (11,7,6,3)’ 2
then ko must split,so in both cases we get kq and k, are splits,then we get Table 2.

Lemma 3.3. The blocks By, B5 of type associate as shown in the Table 3.
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Table 3. BlocksB,, Bg
Block Spin characters Decomposition matrix
(23,4) 1
(23,4) 1
(17,10) 1 1
(17,10)’ 1
(13,10,4)* 1
(12,10,4,1)
B, (12,10,4,1)' 1 1
(11,10,4,2) 1 1
(11,10,4,2)' 1 1
(10,8,5,4,) 1 1
(10,8,5,4) 1 1
(10,7,6,4) 1
(10,7,6,4) 1
(22,5) 1
(22,5) 1
(18,9) 1 1
(18,9)’ 1 1
(13,9,5)* 11
(12,9,5,1)
Bs (12,9,5,1) 1 1
(11,9,5,2) 1 1
(11,9,5,2) 1 1
(10,9,5,3) 1 1
(10,9,5,3)' 1 1
(9,7,6,5) 1
(9,7,6,5) 1
ds1dsyds3dssdssdsedsy dsgdso deo A1 de2 Aoz dea des Ao A7 deg Ae9 A70 71 d72d73d74

Proof:. By using (r,7)-inducing of p.i.s.Ds, Dg, D170, D171, D13, D23, D24,D4, D7, D174, D173, D1,
D35, Dyg Of Sy6 10 SyowWe get on ky, ko, dss,dse, K3, kg, ks ke, k7, dg7,dgs, kg, ko, k1o respectively.
Since (23,4) # (23,4)' then k,; must split to ds;, ds,, also since B, of defect one then k, must
split to dgs3,dss. (11,10,4,2) # (11,10,4,2)' so ks or k, is split. If ks is split to ds,, dsg, but
(10,8,5,4) # (10,8,5,4)" then k, split to, dsq, dgq. If k, is split and from (13, a)-regular classes,
(11,10,4,2) + (10,7,6,4) — (10,8,5,4) # (11,10,4,2) + (10,7,6,4)" — (10,8,5,4)’ (3)
then k5 must split, so in both cases we get k5 , k, are splits. Since(10,7,6,4) # (10,7,6,4)' then k¢
splitto dgq, dg,. In Bs (22,5) # (22,5)" then kg must split to dg3, dgs, also Bg of defect one then
k-, must split to d4g, dge. Since (11,9,5,2) # (11,9,5,2)" so kg or kg is split. If kg is split to do,
do, but (10,9,5,3) # (10,9,5,3)' then ko split to, d;4, d,. If kg is split and

(11,9,5,2) + (9,7,6,5) — (10,9,5,3) # (11,9,5,2)' + (9,7,6,5)' — (10,9,5,3)’ 4)
then kg must split,so in both cases we get kg and ko are splits. Finally. Since(9,7,6,5) # (9,7,6,5)’
then k,, must split to d-5, d-,4, SO we get Table 3.

Lemma 3.4. Blocks B, Bg of type double andblock B~ of type associateas given in Table 4.
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Table 4. Blocks B, By, Bg
Block Spin characters Decomposition matrix
(22,3,2)" 1
(16,9,2)" 1
(15,9,3)"
Bg (13,9,3,2)
(12,9,3,2,1)*
(9,8,5,3,2) 1
(9,7,6,3,2)" 1
(21,6) 1
(21,6)' 1
(19,8) 1 1
(19,8)' 1
(13,8,6)" 1
(12,8,6,1)
B, (12,8,6,1)' 1 1
(11,8,6,2) 1 1
(11,8,6,2)’ 1 1
(10,8,6,3) 1 1
(10,8,6,3) 1 1
(9,8,6,4) 1
(9,8,6,4)' 1
(21,4,2)"
(17,8,2)"
(15,8,4)"
Bg (13,8,4,2)
(12,8,4,2,1) 1
(10,8,4,3,2)" 11
(8,7,6,4,2) 1
dy5d76d77d78d79dg0dg1 Ay A dgg dgs dge da7 dgg dgo dog do1 dop Aoz oy dos dog do7 dog

1
11
11
11
1

1
11
11
11
1

Proof: Since

degree {(16,9,2)*,(13,9,3,2) + (13,9,3,2)",(9,8,5,3,2)*} = 156 mod 132
degree {(22,3,2)*,(15,9,3)*,(12,9,3,2,1)*,(9,7,6,3,2)*} = —156 mod 132,
degree {(21,4,2)*,(15,8,5)*,(12,8,4,2,1)*,(8,7,6,4,2)*} = 91 mod 132
degree {(17,8,2)*,(13,8,4,2) + (13,8,4,2)",(10,8,4,3,2)*} = —91 mod 132,

and by(2,12)-inducing of p.i.S. D3q, D41, D43, D45, Da7, Dy9,Dsq, Ds3, Dss, Ds7, Dsg, Dgq OF S, tO
S,7, and on (13, @)-regular classes we have:

1. (13,9,3,2) =(13,9,3,2)

2. (129,3,2,1)* =(9,8,5,3,2)* — (9,7,6,3,2)" + (13,9,3,2) — (15,9,3)* + (16,9,2)" — (22,3,2)"

3. (13,8,4,2) =(13,8,4,2)'

4. (12,8,4,2,1)* =(10,8/4,3,2)" —(8,7,6,4,2)" +(13,8,4,2) — (15,8,4)* + (17,8,2)" — (21,4,2)*
then each blocks B¢, Bg contains at most 6 columns, so we get Bg, Bg. To find block B~ by using
(r,7)-inducing of p.i.s. Ds, Dg, D175, D176, D2g, D23, Doy Of S56 10 S,5 get on k4, k,, dgs,dge, k3,
k4, ks. Since (21,6) # (21,6)' then k; splitto dg,, dg,, also since B, of defect one then k, split to
dgs,dgs. Since (11,8,6,2) # (11,8,6,2)" so ks or k, is split. If ksis split to dg,, dgg, but
(10,8,6,3) # (10,8,6,3)" then k, splitto, dgo, dg,. If k, is splitand

(11,8,6,2) + (9,8,6,4) — (10,8,6,3) # (11,8,6,2)" + (9,8,6,4)' — (10,8,6,3)’ (5)

then k4 split, so in both cases we get k5 and k, are splits. Finally. Since(9,8,6,4) # (9,8,6,4)" then
ks must split to dgq, doy, then we get Table 4.

Lemma 3.5. Block Bg of type associate, and Bq, B11 Of type double as shown in the Table 5.
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Table 5. Blocks By, Byg, B11
Block Spin characters Decomposition matrix
(21,3,2,1) 1
(21,3,2,1) 1
(16,8,2,1) 1 1
(16,8,2,1)' 1 1
(15,8,3,1) 1 1
(15,8,3,1) 1 1
By (14,8,3,2) 1 1
(14,8,3,2) 1 1
(13,8,3,2,1) 111
(9,8,4,3,2,1) 1 1
(9,8,4,3,2,1) 1 1
(8,7,6,3,2,1) 1
(8,7,6,3,2,1)’ 1
(20,5,2)" 1
(18,7,2)" 1
(15,7,5)"
By, (13,7,5,2)
(12,7,5,2,1)*
(10,7,5,3,2)*
(9,7,54,2)
(20,4,3)" 1
(17,7,3)" 1
(16,7,4)"
Bi1 (13,7,4,3)
(12,7,4,3,1)
(11,7,4,3,2)*
(8,7,54,3)

=
[EENRN
[EENTRN
di21 =
d122,_\,_\

leO
lel
d102
d103
d104-
dios
d106
d107
d108
d109
d110
d111
d112
d113
d114—
d115
d116
d117
d118
d119
d120

o
=
=

Proof: To find Bg using (r,7)-inducing of p.i.s. Dg3, Dga, Dgs, Dee) D101, Dggr D71, D72, D73, D74
of S,¢ to S,owe get on dgg, d100, 101, 102 K1, K2, d107,d108:d109,.d110  FESPECtively. Since
(14,8,3,2) # (14,8,3,2)" then k; must split to d;3, d1¢4, als0 since Bg of defect one then k, must
split to d; 5, d106,then we get block Bg.To find B¢ and B4 Since

degree {(20,5,2)*,(15,7,5)*,(12,7,5,2,1)*,(9,7,5,4,2)*} = 143 mod 132

degree {(18,7,2)*,(13,7,5,2) + (13,7,5,2)",(10,7,5,3,2)*} = —143 mod 132,

degree {(17,7,3)*,(13,7,4,3) + (13,7,4,3)',(11,7,4,3,2)*} = 143 mod 132

degree {(20,4,3)*,(16,7,4)*,{(12,7,4,3,1)*,(8,7,5,4,3)*} = —143 mod 132,

by inducing of p.i.s. D5, D7, ..., Dg7 Of S,¢ t0 S5, and

1. (13,7,5,2) =(13,7,5,2)
2. (12,7,5,2,1)" =(10,7,5,3,2)" —(9,7,5,4,2)" + (13,7,5,2) — (15,7,5)" + (18,7,2)* — (20,5,2)"

3. (13,7,4,3) = (13,7,4,3)’
4. (12,7,43,1)" =(11,7,4,3,2)* — (8,7,5,4,3)" + (13,7,4,3) — (16,7,4)* + (17,7,3)* — (20,4,3)*
then ech blocks B4¢, B11 contains at most 6 columns, so we get Table 5.

Lemma 3.6. Block B, of type associateand and B43 of type double as given in the Table 6.
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Table 6. Blocks B, ,, B3
Block  Spin characters Decomposition matrix
(20,4,2,1) 1
(20,4,2,1) 1
(17,7,2,1) 1 1
(17,7,2,1) 1 1
(15,7,4,1) 1 1
(15,7,4,1) 1 1
B, (14,7,4,2) 1 1
(14,7,4,2) 1 1
(13,7,4,2,1) 1 1 1 1
(10,7,4,3,2,1) 1 1
(10,7,4,3,2,1Y 1 1
(8,7,5,4,2,1) 1
(8,7,5,4,2,1) 1
(19,5,3)" 1
(18,6,3) 1 1
(16,6,5)" 1 1
Bi; (13,6,5,3) 1 1
(12,6,5,3,1)* 1 1
(11,6,5,3,2) 1 1
(9,6,5,4,3) 1
dyp3 dyz4 digs A1 d127 d12s 129 dy30 d131 diap 133 i34 di3s di3e i3y dizg di3g drag

Proof:. By using inducing of p.i.s. Dg7, Dgg, Dgo, Dog, D191, Doz, Dos, Dgg, Dg7, Dgg Of Sy t0 S,,We
get on dizs3,di24, di2s, d126, k1, K2, di31,d132,d133,d134  rESPEcCtively. Since (14,7,4,2) #
(14,7,4,2)'k; must split to d,,;,d,,g, also since By, of defect one then k, must split to
d29, d130-T0 find block B3, Since

e degree {(18,6,3)*(13,6,5,3) + (13,6,5,3)",(11,6,5,3,2)*} = 156 mod 132

e degree {(19,5,3)%(16,6,5)*,(12,6,5,3,1)*,(9,6,5,4,3)*} = —156 mod 132,

by inducing of p.i.s.D;¢s, D197, D199, D111, D113, D115 Of S, t0 S5, and

1. (13,6,5,3) = (13,6,5,3)’
2. (12,6,5,3,1)" = (11,6,5,3,2)* — (9,6,5,4,3)* + (13,6,5,3) — (16,6,5)* + (18,6,3)* — (19,5,3)*
then the block B43 contains at most 6 columns , then we get Table 6.

Lemma 3.7. Blocks B4, By5 Of type associate as shown in the Table 7.

Table 7. Blocks By4, By
Block Spin Character Block
(19,5,2,1) 1
(19,5,2,1) 1
(18,6,2,1) 1 1
(18,6,2,1) 1 1
(15,6,5,1) 1 1
(15,6,5,1)' 1 1
By, (14,6,5,2) 1 1
(14,6,5,2) 1
(13,6,5,2,1)* 1 1
(10,6,5,3,2,1) 1 1
(10,6,5,3,2,1) 1 1
(9,6,5,4,2,1) 1
(9,6,54,2,1)’ 1
(19,4,3,1) 1
(19,4,3,1) 1
(17,6,3,1) 1 1
(17,6,3,1) 1 1
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(16,6,4,1) 1 1

(16,6,4,1)’ 1 1

(14,6,4,3) 1 1

(14,6,4,3) 1 1

(13,6,4,3,1)" 111 1

(11,6,4,3,2,1) 1 1

(11,6,4,3,2,1)’ 1 1

(8,6,5,4,3,1) 1

(8,6,5,4,3,1)’ 1
I I § IS SIS ERE R R 88 85 8 5 8 8§ 8 g
T T8 8 8 T 8T 8T 88T 8 88T 8 88T s " B 8B 8B T O T I IS

Proof: Using inducing of p.i.s. D1gs, D196, D107, D10s) D131, D111, D113, D114, D115, D116,D117,
D118, D119, D120, D131, D123, D125, D126, D127, D12g Of Sp6 10 So7We get on dyyq, diso, disz, diga,
ki, k2, d149,d150,d151,d152,d153, di54, d1ss, dise, Kz Kaydigr,  diez,  diez,  dies-  Since
(14,6,5,2) # (14,6,5,2)" then k; split to dy45, dq46, alsSo B4 OF defect one k, must split to
dy47, d14g. FOr the block Bys, (14,6,4,3) # (14,6,4,3)' then ks must split to d, 55, d; 56, also since
B of defect one then k, must split to d, <7, d,<g, then we get Table 7.

Lemma 3.8. The block B¢ of type associate as shown in the Table 8.

Table 8. Block B¢
spin characters decomposition matrix
(18,4,3,2) 1
(18,4,3,2) 1
(17,5,3,2) 1 1
(17,5,3,2) 1 1
(16,5,4,2) 1 1
(16,5,4,2) 1 1
(15,5,4,3) 1 1
(15,5,4,3)' 1 1
(13,5,4,3,2) 1 1 1 1
(12,5,4,3,2,1) 1 1
(12,5,4,3,2,1)' 1 1
(7,6,5,4,3,2) 1
(7,6,5,4,3,2) 1
d165 d166 d167 d168 d169 d170 d171 d172 d173 d174 d175 d176

Proof:We find the required matrix by using inducing of p.i.S. D135, D136, D137, D13g, D1go,» D1s1,
D130, D149 Q€t ON ky, ko, k3, ky, di73,d174, ks. Since (18,4,3,2) # (18,4,3,2)" then k; split to
dies, d16e. Since (16,5,4,2) # (16,5,4,2)" so k, or ks is split. If k,is split to dys7, digg, but
(15,5,4,3) # (15,5,4,3)" then k5 split to, d,49, d170. If k3 is split, and

(16,5,4) + (13,5,4,3,2)" — (15,5,4,3) # (16,5,4)' + (13,5,4,3,2)" — (15,5,4,3)’ (6)
then k, split, so in both cases we get k, and k5 are splits, also B¢ of defect one then k, split to
dy71,d17,. Finally. (7,6,5,4,3,2) + (7,6,5,4,3,2)" then kg split to d,;5, d17¢, We get Table 8.

3.Decomposition matrix for S,g
Decomposition matrix for S,g of degree (334,295), and it is decomposed in to blocks of

character it consists of 69 blocks which B, of defect two, B, , Bs,..., B,; are defect one, and the
remaining blocks are defects zero, decomposition matrix is equal to B;®B,®... DB,

Lemma 4.1.The blocks B,, B3, B, of type double as shown in Table 9.
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Block spin characters

decomposition matrix

(27,1)°
(14,13,1)
(14,11,2,1)*
B, (14,10,3,1)"
(14,9,4,1)*
(14,8,5,1)"
(14,7,6,1)*

1
1 1

(25,3)"
(16,12)*
(13,12,3)
B, (12,11,3,2)"
(12,9,4,3)"
(12,8,5,3)"
(12,7,6,3)"

(24,4)°
(17,11)*
(13,11,4)
B, (12,11,4,1)"
(11,10,4,3)"
(11,8,5,4)"
(11,7,6,4)

dSS d56 d57 d58 d59 d60 d61 d62 d63 d64 d65 d66 d67 d68 d69 d70 d71 d72

Proof: Since

degree {(14,13,1) + (14,13,1)",(14,10,3,1)*,(14,8,5,1)*} = 117 mod 13?2,

degree {(27,1)*(14,11,2,1)*,(14,9,4,1)*,(14,7,6,1)*} = —117 mod 132,

degree {(16,12)*,(12,11,3,2)*,(12,8,5,3)*} = 91 mod 132,

degree {(25,3)*(13,12,3) + (13,12,3)’,(12,9,4,3)*,(12,7,6,3)*} = —91 mod 132,
degree {(17,11)*,(12,11,4,1)*,(11,8,5,4)*} = 156 mod 132,

degree {(24,4)*,(13,11,4) + (13,11,4),(11,10,4,3)*,(11,7,6,4)*} = —156 mod 132,

used inducing of p.i.s.D,, D4, D19, Dy, Dg, D, D57, Dyg, D34, D33, D35, D37, D39, D4y, D43, Dys,
D47, Dyg OF S, 10 S,g, and

ok wnNE

(14,13,1) = (14,13,1)’

(14,11,2,1)* = (14,10,3,1)* — (14,9,4,1)" + (14,13,1) — (27,1)* + (14,8,5,1)* — (14,7,6,1)*
(13,12,3) = (13,12,3)’

(12,11,3,2)* = (12,9,4,3)* — (12,8,5,3)" + (13,12,3) — (16,12)* + (25,3)* + (12,7,6,3)*
(13,11,4) = (13,11,4)'

(12,11,41)* =(11,10,4,3)* —(11,8,5,4)" + (13,11,4) — (17,11)" + (24,4)" + (11,7,6,4)"

so each of these blocks contains 6 columns, so we get Table 9

Lemma 4.2. The block Bs of type associate and B of type doubleas shown in the Tables 10.

Table 10. Blocks Bs, Be

Block  Spin characters

Decomposition matrix

(24,3,1)
(24,3,1)’
(16,11,1)
B (16,11,1)’
(14,11,3)
(14,11,3)’
(13,11,3,1)*
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(11,9,4,3,1) 1 1
(11,9,4,3,1)' 1 1
(11,8,5,3,1) 1 1
(11,8,5,3,1)' 1 1
(11,7,6,3,1) 1
(11,7,6,3,1)' 1
(23,5)" 1
(18,10)" 11
(13,10,5) 11
B, (12,10,5,1)* 11
(11,10,5,2)* 1 1
(10,9,5,4)* 1 1
(10,7,6,5)* 1
dy3 dyy dys dge dyy dyg dyg dgy dgy dgp dgz dgy dgs dgg dg; dgg dgo dog

Proof: By using inducing ofp.i.S. Dsq, D4g, D11, D12, D4s, Dsg, ---» D51, Ds3, Dss, Ds7, Dsg, Dgq Of
S,7 10 S,gwe get on d;3, dog, ke, ko, d7g, dgg, - .., dog. Since (14,11,3) # (14,11,3)' then k, split
to ds, d¢, also since By of defect one then k, split to d,, d-g. To find block By, since

e degree {(23,5)*,(13,10,5) + (13,10,5)',(11,10,5,2)*,(10,7,6,5)*} = 117 mod 132

e degree {(18,10)*,(12,10,5,1)*,(10,9,5,4)*} = —117 mod 132,

and on (13, a)-regular classes we have:

1. (13,10,5) = (13,10,5)’
2. (12,10,5,1)* = (11,10,5,2)* + (13,10,5) — (18,10)* + (23,5)* — (10,9,5,4)* + (10,7,6,5)*
then the block contains at most 6 columns , so we get Table 10

Lemma 4.3. The block B of type associate and Bg of type double as shown in the Table 11.
Table 11. Blocks B,, Bg
Block Spin characters Decomposition matrix
(23,4,1) 1
(23,4,1) 1
(17,10,1) 1 1
(17,10,1)' 1 1
(14,10,4) 1 1
(14,10,4) 1 1
B,  (13,10,4,1)" 1 1 1 1
(11,10,4,2,1) 1 1
(11,10,4,2,1) 1 1
(10,8,5,4,1) 1 1
(10,8,5,4,1) 1 1
(10,7,6,4,1) 1
(10,7,6,4,1)’ 1
(22,6)* 1
(19,9)" 1 1
(13,9,6) 1 1
Bg (12,9,6,1)* 1 1
(11,9,6,2)* 1 1
(10,9,6,3)* 1 1
(9,8,6,5)* 1
do; doy dog doy dos dog do7 dog dog digg diog dioz di03 d104 G105 106 D107 digs

Proof: By inducing of p.i.S. Dsq, D5y, Dg, D14, Ds7, Dsg, ..., Dg2, Dg3, Des, Dg7, Deg, D71, D75 OF
S,7 t0 S,gwe get on doq, doy, k1, k2, dg7, dog, ..., dqgg. Since (14,10,4) + (14,10,4)' then k; split
to dogs3, dgs, also B of defect one then k, split to dgs, dge.To find the Bg since
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e degree {(22,6)*(13,9,6) + (13,9,6)',(11,9,6,2)*,(9,8,6,5)*} = 117 mod 132,
e degree {(19,9)*,(12,9,6,1)*,(10,9,6,3)*} = —117 mod 132,

and on (13, @)-regular classes we have:

1. (13,9,6) = (13,9,6)’
2. (12,9,6,1)" =(11,9,6,2)* + (13,9,6) — (19,9)* + (22,6)* — (10,9,6,3)* + (9,8,6,5)"
then the block Bg contains at most 6 columns, so we get Table 11

Lemma 4.4. Block By is associate and B1g, By, are double as shown in the Table 12.

Table 12. Blocks By, By, B11
Block Spin characters Decomposition matrix
(22,5,1) 1
(22,5,1) 1
(18,9,1) 1 1
(18,9,1) 1 1
(14,9,5) 1 1
(14,9,5)' 1 1
B (13,9,5,1)* 111
(11,9,5,2,1) 1 1
(11,9,5,2,1) 1 1
(10,9,5,3,1) 1 1
(10,9,5,3,1)' 1 1
(9,7,6,5,1) 1
(9,7,6,5,1) 1
(22,3,2,1) 1
(16,9,2,1) 1
(15,9,3,1)
By, (14,9,3,2)*
(13,9,3,2,1)
(9,8,5,3,2,1)*
(9,7,6,3,2,1)*
(21,7) 1
(20,8)* 1
(13,8,7) 1
B,  (12,8,7,1) 11
(11,8,7,2)* 1

(10,8,7,3)" 1
(918l7l4>* 1

d109
d110
dlll
d112
d113
d114-
dllS
d116
d117
d118
d119
dlZO
d121
d122
d123
d124—
d125
d126
d127
d128
d129
d130
d131
d132

Proof: Using inducing of p.i.s. Dgs3, Dg4, D7, D15, Deo, D7¢, .., D74, Dgg, D101, D103» D10s, D107,
D1o9, Dg1, Dg3, Dgs, Dg7, Dgg, Dg; Of S57 t0 Spgwe get on dygo, di10, k1, k2, d11s, 116 5 - di32.
Since (14,9,5) # (14,9,5)' then k, split to d;11, d112, also Bg of defect k, split to d;13,d 14- TO
find blocks B¢ , B11, Since

e degree {(16,9,2,1)",(14,9,3,2)%,(9,8,5,3,2,1)*} = 143 mod 132,

e degree{(22,3,2,1)*,(15,9,3,1)*,(13,9,3,2,1) + (13,9,3,2,1),(9,7,6,3,2,1)*} = —143 mod

132,
e degree {(20,8)%,(12,8,7,1)%,(10,8,7,3)*} = 143 mod 132,
e degree {(21,7)%,(13,8,7) + (13,8,7)',(11,8,7,2)*,(9,8,7,4)*} = —143 mod 132,

and on (13, @)-regular classes we have:
1. (13,9,3,2,1) = (13,9,3,2,1)
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2. (9,8,5,3,2,1) =(9,7,6,3,2,1)* +(13,9,3,2,1) — (14,9,3,2)* + (15,9,3,1)* — (16,9,2,1)* +
(22,3,2,1)*
3. (13,8,7) = (13,8,7)’
4. (12,8,7,1) = (11,8,7,2)* 4+ (13,8,7) — (20,8)* + (21,7)* — (10,8,7,3)* + (9,8,7,4)*
so each of these blocks contains 6 columns, thenwe get Table 12

Lemma 4.5. The blocks B4, B43 are associate as shown in the Table 13.

Table 13. Blocks B;,, B;3
Block Spin characters Decomposition matrix
(21,6,1) 1
(21,6,1) 1
(19,8,1) 1 1
(19,8,1)' 1 1
(14,8,6) 1 1
(14,8,6)' 1 1
B, (13,8,6,1)* 11 1
(11,8,6,2,1) 1 1
(11,8,6,2,1) 1 1
(10,8,6,3,1) 1 1
(10,8,6,3,1) 1 1
(9,8,6,4,1) 1
(9,8,6,4,1)' 1
(21,4,3) 1
(21,4,3)' 1
(17,8,3) 1 1
(17,8,3) 1 1
(16,8,4) 1 1
(16,8,4)' 1 1
B3 (13,8,4,3)* 111
(12,8,4,3,1) 1 1
(12,8,4,3,1) 1 1
(11,8,4,3,2) 1 1
(11,8,4,3,2) 1 1
(8,7,6,4,3)
(8,7,6,4,3)' 1

-

d133
d134
d135
d136
d137
d138
d139
d140
d141
d142
d143
d144
d145
d146
d147
d148
d14-9
d150
d151
d152
d153
d154-
d155
d156

PI’OOf By indUCIﬂg Of piS D81’ D82, Dg, D16’ D87, D88' ey Dgz, D117, D118' D119' D217, D218J D221,
Dy,, 0f S;7 t0 SpgWe get on dygs, disa, Ky, ko, diso, diso, - Aiaa, k3, Ky, ks, dis1, disa, ke, k7.
Since (14,8,6) + (14,8,6)" then k; split to d;3s5,d 36, also By, of defect one then k, split to
dq137,dy3g. To find block B45, (17,8,3) # (17,8,3)' s0 k5 or k, is split. If ks is split to dy45, dq46,
but (16,8,4) # (16,8,4)' then k, split to, dy47, d14g. If k4 is split and

(16,8,4) + (17,8,3) — (21,4,3) # (16,8,4)' + (17,8,3)" — (21,4,3)’ (7)
then k5 split, so, in both cases we get k5 and k, are splits, also B3 of defect one then ks split to
dq149,d;50. Since (11,8,4,3,2) #+ (11,8,4,3,2)' so kg or k; is split. If kg is split to dys3, dys4, bUt
(8,7,6,4,3) # (8 7 6 4 3)' then k-, split to, d;ss, d156. If k- is split, and

(11,8,4,3,2) — (8,7,6,4,3) # (11,8,4,3,2)' — (8,7,6,4,3)' (8)
then k¢ split, so in both cases we get k¢ and k- are splits, then we get Table 13.

Lemma 4.6. Blocks B4, B1¢ Of type double and B is associate as shown in Table 14.
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Table 14. Blocks By 4, B;s,B16
Block Spin characters Decomposition matrix
(21,42,1)" 1
(17,82,1)" 1
(15,8,4,1)
By, (14,8,4,2)"
(13,8,4,2,1)
(10,8,4,3,2,1)" 1
(8,7,6,4,2,1) 1
(20,5,3) 1
(20,5,3) 1
(18,7,3) 1 1
(18,7,3) 1 1
(16,7,5) 1 1
(16,7,5)' 1
Bis (13,7,5,3)" 1
(12,7,5,3,1)
(12,7,5,3,1)' 1 1
(11,7,5,3,2) 1 1
(11,7,5,3,2)' 1 1
(9,7,5,4,3) 1
(9,7,54,3)' 1
(20,5,2,1)
(18,7,2,1)
(15,7,5,1)"
Bis (14,7,5,2)*
(13,7,5,2,1) 1
(10,7,5,3,2,1)* 1
(9,7,54,2,1)

1
11
11
11
1

d157
disg
d159
d160
d161
d162
d163
d164-
dies
d166
d167
d168
d169
d170
d171
d172
d173
d174—
dizs
d176
d177
d178
d179
d180

Proof: By inducing of p.i.s.Dgq, D101, D103, D105, D107 D109s D111, D112, D113, D219, D220, D115,
D116, D123, D125, D127, D129, D131, D133 0f S57 10 Sgwe get on dys7,dyss,. . ..d162, K1, K2, k3,d160,
di70, K4, ks, d175, d1765---,d1g0- 10 find blocks B4 , By, Since

o degree {(21,4,2,1)*,(15,8/4,1)",(13,8,4,2,1) + (13,8,4,2,1)",(8,7,6,4,2,1)*} = 156 mod 132,

e degree {(17,8,2,1)*(14,8,4,2)*,(10,8,4,3,2,1)*} = —156 mod 132,

e degree {(20,5,2,1)*,(15,7,5,1)*,(13,7,5,2,1) + (13,7,5,2,1)",(9,7,5,4,2,1)*} = 104 mod 132,

o degree {(18,7,2,1)*,(14,7,5,2)",(10,7,5,3,2,1)"} = —104 mod 132,

and on (13, a)-regular classes:

1. (13,84,2,1) = (13,8,4,2,1)’
2. (14,8,4,2) = (15,8,4,1)" + (13,8,4,2,1) — (17,8,2,1)* + (21,4,2,1)* — (10,8,4,3,2,1)* +
(8,7,6,4,2,1)*
3. (13,7,5,2,1) =(13,7,5,2,1)
4. (14,7,5,2)* = (15,7,5,1)* + (13,7,5,2,1) — (10,7,5,3,2,1)* + (9,7,5,4,2,1)* — (18,7,2,1)* +
(20,5,2,1)*
so each blocks contains 6 columns. In Bys, (18,7,3) # (18,7,3)" so k; or k, is split. If k; is split

t0 dy43, dq64, DUt (16,7,5) # (16,7,5) then k, split to, d, 45, d146. If k; is split and
(16,7,5) — (18,7,3) + (20,5,3) # (16,7,5)' — (18,7,3)" + (20,5,3)’ 9

then k; split, so, in both cases we get k, and k, are splits, also B¢ of defect one then k5 split to
di67,d16g- Since (11,8,4,3,2) # (11,8,4,3,2)' so k, or ks is split. If k, is split to d,,,,d;7,, but
(9,7,5,4,3) # (9,7,5,4,3)' then ks split to, d,,3,d;74. If ks is split, and
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(11,7,5,3,2) — (9,7,5,4,3) # (11,7,5,3,2)' — (9,7,5,4,3)' (10)
then k, splitto d,,4, d;75, SO, in both cases we get k, , ks are splits, then we get Table 14.

Lemma 4.7 Blocks By7 , B9 are double and B4g of type associate as shown in Table 15.

Table 15. Blocks B; 5, B;g,B1o
Block Spin characters Decomposition matrix
(20,4,3,1)* 1
(17,731 1 1
(16,7,4,1)" 1
By,  (14,7,4,3)
(13,7,4,3,1)
(11,7,4,3,2,1)* 1
(8,7,5,4,3,1)* 1
(19,5,4) 1
(19,5,4) 1
(18,6,4) 1 1
(18,6,4)' 1 1
(17,6,5) 1 1
(17,6,5)' 1 1
Big  (13,6,54) 111
(12,6,5,4,1) 1 1
(12,6,5,4,1) 1 1
(11,6,5,4,2) 1 1
(11,6,5,4,2)" 1 1
(10,6,5,4,3) 1
(10,6,5,4,3)’ 1
(19,5,3,1)*
(18,6,3,1) 1
(16,6,5,1)* 1
By  (14,6,53)
(13,6,5,3,1)
(11,6,5,3,2,1)* 1
(9,6,5,4,3,1) 1

1
11
11
1

dig1
dig2
dig3
digs
digs
dyge
dqg7
dqgs
dqge
d190
digq
digy
d1e3
dios
dqos
di96
dq97
diog
d199
d200
dz01
dzo2
dzo3
d204

Proof: By inducing of p.i.s.Dis3, Diss, Dis7, Dise, D161, D163:D135: D1zer Di3zs D221, Daza,
D139, D140s D141, D143, D14s, D147, D14o, D151 OF S35 10 Spgwe get ondqgq, digz,....d1g6.k1, k2, k3
\d193, d194, ka,ks, dig9, dypp,-..,d204. TO find blocks By7, B9 Since

o degree {(20,4,3,1)*,(16,7,4,1)*,(13,7,4,3,1) + (13,7,4,3,1)",(8,7,5,4,3,1)*} = 130 mod 132,

e degree {(17,7,3,1)*,(14,7,4,3)*,(11,7,4,3,2,1)*} = —130 mod 132,

o degree {(19,5,3,1)*,(16,6,5,1)%,(13,6,5,3,1) + (13,6,5,3,1)",(9,6,5,4,3,1)*} = 143 mod 132,

e degree {(18,6,3,1)*,(14,6,5,3)*,(11,6,5,3,2,1)*} = —143 mod 13?2,

and on (13, a)-regular classes:

1. (13,7,4,3,1) =(13,7,4,3,1)’
2. (14,7,43)* = (16,7,4,1)* + (13,7,4,3,1) — (11,7,4,3,2,1)* + (8,7,5,4,3,1)* —
(17,7,3,1)* + (20,4,3,1)*
3. (13,6,5,3,1) =(13,6,5,3,1)
4. (14,6,5,3)" = (16,6,5,1)* +(13,6,5,3,1) — (11,6,5,3,2,1)* + (9,6,5,4,3,1)* —
(18,6,3,1)* + (19,5,3,1)*
so each blocks contains 6 columns.To find blocks B4g, (18,6,4) # (18,6,4)' s0 k, or k is split. If
k, is splitto dyg7, d1gg, bUt (17,6,5) # (1,6,5)" then k, split to, d,gq, d19¢. If k- is split, and
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(17,6,5) — (18,6,4) + (19,5,4) # (17,6,5)' — (18,6,4)" + (19,5,4)’ (11)

then k; split, so, in both cases we get k; and k, are splits, also B;g of defect one then k5 split to
d191, d192. Since (11,6,5,4,2) # (11,6,5,4,2)" so k, or ks is split. If k, is split t0 d;95,d;96, bUt
(10,6,5,4,3) # (10,6,5,4,3)" then k. split to, d,q97, d19g. If ks is split and

(11,6,5,4,2) — (10,6,5,4,3) # (11,6,5,4,2)' —(10,6,5,4,3)’ (12)

then k, split, so, in both cases we get k, and ks are splits, then we get Table 15.

Lemma 4.8. Block B,gis a double and B,4is associateas given in Table 16.

Table 16. Blocks B,g, By,
Block Spin characters Decomposition matrix
(19,4,3,2)" 1
(17,6,3,2)* 1 1
(16,6,4,2)* 1 1
By (15,6,4,3)* 1 1
(13,6,4,3,2) 1 1
(12,6,4,3,2,1)" 1 1
(8,6,5,4,3,2)" 1
(18,4,3,2,1) 1
(18,4,3,2,1)’ 1
(17,5,3,2,1) 1 1
(17,5,3,2,1)" 1 1
(16,5,4,2,1) 1 1
(16,5,4,2,1)" 1 1
B4 (15,5,4,3,1) 1 1
(15,5,4,3,1)' 1 1
(14,5,4,3,2) 1 1
(14,5,4,3,2)' 1 1
(13,5,4,3,2,1)* 1 1 1 1
(7,6,5,4,3,2,1) 1
(7,6,5,4,3,2,1) 1

d205 d206 d207 d208 d209 d210 d211 d212 d213 d214 d215 d216 d217 d218 d219 d220 d221 d222

Proof: By inducing of p.i.s. Dis3, Diss, Dis7,Diso, Die1,Diesr Diess Diees v Dizos Daiz)
D173, D175, D176 , We g€t on dy11, da12, dz13, dz140 da1s, da1er ki, ka2, dzz1, daao- Since

e degree {(19,4,3,2)%,(16,6,4,2)*,(13,6,4,3,2) + (13,6,4,3,2)",(8,6,5,4,3,2)*} = 117 mod 13?2

e degree {(17,6,3,2)*,(15,6,4,3)*,(12,6,4,3,2,1)*} = —117 mod 132,

and on (13, a)-regular classes we:

1. (13,6,4,3,2) = (13,6,4,3,2)'
2. (15,6,4,3)" = (16,6,4,2)" + (13,6,4,3,2) — (12,6,4,3,2,1)* + (8,6,5,4,3,2)* — (17,6,3,2)* +
(19,4,3,2)*
then the block B, contains at most 6 columns. To find the B,4, (14,5,4,3,2) # (14,5,4,3,2)’, so

k, divided to d,;, d,1g OF there are two columns:

¢, = a4(15,5,4,3,1) + a,(14,5,4,3,2) + a3(13,5,4,3,2,1)* + a,(7,6,5,4,3,2,1),

@, = a4(15,5,4,3,1) + a,(14,5,4,3,2) + a3(13,5,4,3,2,1)" + a,(7,6,5,4,3,2,1)’,

to describe columns, since B, of defect one then a4, a,, as, a, € {0,1}, but (7,6,5,4,3,2,1) | S,
has only one of i.m.s. and from table has only one of i.m.s. then a, = 0, so that degree ¢4, ¢, =
0 mod 73 (theorem 2.3) only when ¢; + @, = dyq7 + dy1g, then k; = dyq; + dyqg, also Byq of
defect one then k, split to d,44, d55, from abve we get Table 16.

Lemma 4.9. Decomposition matrix for the block B; of type double as shown in the Tables 17.
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Table 17. Block B,

spin
character spin characters
s

(28) 1

(28 1

(262)* 1111
(252,1) 1 1
(25,2,1)' 11
(23,3,2) 11
(23,3,2)' 11
(22,4,2) 1 1
(22,4,2)' 11
(21,5,2) 11
(21,5,2)' 11
(20,6,2) 11
(20,6,2)' 11
(19,7,2) 11 1
(19,7,2)' 11 1
(18,8,2) 11 11
(18,8,2)’ 1 1 11
(17,9,2) 11 11
(17,9,2)' 11 11
(16,10,2) 11 11
(16,10,2) 11 11
(1513)" 1111 11
(1512,1)1 1 1 11
(1512,1) 1 1 1 11
(15,11,2) 1 1 11
(15,11,2) 1 1 11
(15,10,3)
(15,10,3)
(15,9,4) 11 11
(15,9,4) 11 11
(15,8,5) 11 1
(15,8,5)' 11 1
(15,7,6) 1
(15,7,6)' 1
(1412,2)1 1 111 1
(14,12,2)1 1 11 1 1
(13,12,2, 11 11
(13,103, 1111
(13,9,4,2 1111

(13,8,5,2 1111

(13,7,6,2
(12,10,3,
(12,10,3,
(12,9,4,2
(12,9,4,2
(12,8,5,2
(12,8,5,2
(12,7,6,2
(12,7,6,2
(10,9,4,3
(10,9,4,3
(10,8,5,3
(10,8,5,3
(10,7,6,3
(10,7,6,3
(9,8,5,4,2
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(918l5l412 1 1
(9l7l6l412 1 1
(9,7,6,4,2 1 1
(8,7,6,5,2 1
(8,7,6,5,2 1

P T S S I S S R S
R R R R B T T T e e S S S S

S T T R T T T R ¢ ¢ - R S S D B
SIS e N e e R R N N N N N N R

Proof: By inducing of p.i.s. Dy, D,7, Dyg, D3,D4, Ds, Dg, Di79, D7,Dg, Do, D193, Dy, D3,
D11, Dq4, D15, D1, D17, D31, D35, D1g, D33, D34, ..., D3g, Doy, Do, ..., Dy OF S,- 10 S,g. All im.s.
are associated in block B, since (28) # (28)’, according to (theorem 2.4) (28),(28)" have the
same multiplicity, hence k; = d; + d,. Since(23,3,2) # (23,3,2)" s0 k, or k5 is split. If k, is split
to ds, dg, but (22,4,2) + (22,4,2)' then k5 split to, d,, dg. If k4 is split, and

(23,3,2) +(21,5,2) — (22,4,2) + (23,3,2)' +(21,5,2) — (22,4,2)’ (13)
then k, , so in both cases we get k, , k3 splits. Since(21,5,2) # (21,5,2)" so k, or kg is split. If
k, issplitto do, d,q, but (20,6,2) # (20,6,2)" then ks split to, d,4, d;,. If ks is split, and
21,5,2+19,7,2—(20,6,2) # (21,5,2)" + (19,7,2)" — (20,6,2)’ (14)
then k, is split, so we get k, , ks splits. Since(19,7,2) # (19,7,2)" so kg or k; is split. If k, is
splitto d;s, dqg, but (20,6,2) # (20,6,2)" then kg split to, dy3, dq4. If kg is split, and

(19,7,2) — (20,6,2) # (19,7,2)' —(20,6,2)' (15)
then k- is split, so we get kq and k-, are splits.Since(17,9,2) # (17,9,2)" so kg or kq is split. If kg
is splitto d,, dyg, but (16,10,2) # (16,10,2)" then ko split to, d,q, d5g. If kg is split, and
(17,9,2) — (16,10,2) # (17,9,2)' —(16,10,2)’ (16)
then kg is split, then kg , kg splits. Since (16,10,2) # (16,10,2)’. then k;, = d,; + d,, has been
divided or has two columns ¢,, ¢,, to explain these columns, since (16,10,2) 1 S,; =
(15,10,2)*" + (16,9,2)** + (16,10,1)** has 7 of i.m.s. we have a, € {0,1,2,3}. In the same way
We ays € {0,1},a;, as, ag, aq0,a10 € {0,1,2}, a14, a15, Gz1, G2z, ap3 €{0,1,2,3}, a4, ay,
a1, a5 €1{0,1,...,4} aq,, ai3, a4 a17, ayo € {0,1,...,6}, a, €{0,1,...,7},a5 € {0,1,...,8},
aq € {0,1,...,10}. Let a, € {1,2,3} (ifa; = 0 contradiction). Since (16,10,2) 1 S, N (15,13)* |
S,3 has no i.m.s so a, = 0, the same way we get a,, ag, a,o, a1, ..., Q24 are equal to zero, and
since inducing m.s. is m.s. then we get:

((17,8,2)* — (15,8,4)* + (13,8,4,2)) 1> o hence ag = 0 (17)

((13,12,2)* — (15,12) + (25,2)) 10D S, hence a; = 0 (18)

Therefore, we only obtain degree ¢;, @, = 0mod13? when @, + ¢, = m(d,; + dy,), m €

{1,2}, which is basically the partition of k;, into d,;, d,,. (15,10,3) # (15,10,3)' S0 k,, or k;3 IS

split. If k,, splitto d,5, d,g, but (15,9,4) # (15,9,4)' then k45 split to, d,q, ds. If kq5 split, and
(15,8,5) + (15,10,3) + (17,9,2) + (21,5,2) +(23,3,2) — (15,9,4) — (16,10,2) —

(18,8,2) — (22,4,2) * (15,8,5)" + (15,10,3)" +(17,9,2)" + (21,5,2)' + (23,3,2)' —
(15,9,4) — (16,10,2)' —(18,8,2)" — (22,4,2)’ (29)
so that k,, is split, then k4, , kq5 splits. Since(15,8,5) # (15,8,5)" S0 kq, or k5 is split. If kq, is

splitto ds, d3,, but (15,7,6) # (15,7,6)" then ks split to, ds3, ds,. If kqs is split, and
(15,8,5) — (18,8,2) — (20,6,2) — (15,7,6) + (19,7,2) + (21,5,2) #
(15,8,5)' — (18,8,2)" —(20,6,2)" — (15,7,6)' + (19,7,2)" + (21,5,2)’ (20)
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then k,, split, SO kq4,k15 splits. Since(10,9,4,3,2) # (10,9,4,3,2)' SO k;g Or ko is split. If kyg is
splitto d,;, dug, but (8,7,6,5,2) # (8,7,6,5,2)' then k,, split to, dsq, ds,. If ky is split, and

(10,9,4,3,2) — (8,7,6,5,2) # (10,9,4,3,2)' —(8,7,6,5,2)’ (21)

then kg is split, so kqg, k5o splits. Since(10,7,6,3,2) # (10,7,6,3,2)" SO kg OF kyq is split. If kg
is split d o, dsg, but (9,8,5,4,2) # (9,8,5,4,2)" then k,, split, dss, dsy. If kyq , is split and

(10,8,5,3,2) — (10,7,6,3,2) # (10,8,5,3,2)' — (8,7,6,5,2)’ (22)

then k4 is split, so kqq, ky; splits. Since(12,9,4,2,1) # (12,9,4,2,1)" s0 k;¢ Or ky, is split. If kq¢
split d5-, d3g, but (10,8,5,3) # (10,8,5,3)" then k;; split dys, dye. If k15 split, and
(10,9,4,3,2) +(10,7,6,3,2) — (9,7,6,4,2) — (10,8,5,3,2) + (9,8,5,4,2) + (8,7,6,5,2) #
(10,9,4,3,2)' +(10,7,6,3,2)' — (9,7,6,4,2)' — (10,8,5,3,2) — (9,8,5,4,2)" + (8,7,6,5,2)" (23)
then k44 is split, so k4, k54 Splits. Since (15,11,2) # (15,11,2)" on (13, a)-regular classes and we
have 294 columns in the decomposition matrix, then k;; must be split to d,s, d.

Conclusions

There is no prescribed method to find irreducible modular spin properties when the field
property is primary, especially when the investigation concerns the same field with a group change.
As a result, we had to conduct a series of studies to collect enough information to find new
properties and theorems, including decomposition matrices that establish a connection between
irreducible spin characteristics and irreducible modular spin characteristics. This opens the way for
a comprehensive investigation that first examines the properties of irreducible modular spins before
classifying entities.
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