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Abstract

We study one example of hyperbolic problems it's Initial-boundary string problem with
two ends. In fact we look for the solution in weak sense in some sobolev spaces. Also we use
energy technic with Galerkin's method to study some properties for our problem as existence
and uniqueness.
Keyword: Initial- Boundary String Problem, Weak Solution, Sobolev Spaces, Galerkin's

Method, Energy Estimate.
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1.Introduction

Throughout this paper we consider energy estimate for string equation with initial —-boundary
conditions. We gave a little introduction for weak derivatives, weak solution in some sobolev
space, for example Hg(u), H~!(u) and others. In fact energy estimate has many results for

example a speed of propagation [1], in our paper it leads us to straight forward existence,
uniqueness [2], results and other properties like regularity. It yields also to well-posed for
hyperbolic equations.

In 2007, Tarama [3], introduced wave equations with coefficients satisfying Besov type
conditions and obtained the energy estimate, also he gave an example of a wave equation with
continuous and differentiable coefficients for which the L? estimate holds.

Jaipong Kasemsuwan [4], concerned with the energy decay of the global solution for initial-
boundary value problem to a nonlinear damped equation of suspended string with uniform
density to which a nonlinear outer force works.

The string equation with initial-boundary conditions is
Tt =22t 4 f(5,)inQ (L[5, p.30]
Where Q = {(x,t); x € (0,0),t € (0,T)},
Initial conditions:

u(x,0) = (P(X)}

1, (% 0) = P(x) e (1.2)
Boundary conditions:

u(0,t) =0

u(l,t)=0} .. (1.3)

This problem describes the vibration of the string in a finite interval [0, [] and the constant a
denotes the speed of the string.
Rewrite the initial-boundary problem with the second order partial differential operator L as:

%zazLu+f(x,t) inU % (0,T] \I
u(x,t) =0on 90U x [0,T] E (1)
u(x,t) = p(x), %u(x, t) =yY(x)onUx{t =0} |

Let us denote for U = (0,1), Ur =U x (0,T], f:U %X (0,T] > Rand ¢,y:U - R and
these
functions are given.
The function u: Uy — R is the unknown function u=u(x, t). The symbol L denotes for each
time t a second—order partial differential operator, having the divergence form

L= — z (@ (6, 0) wy)a + z bi(x, uy + cC,)u ... (1.5) [6,p.309]

ij=1

For given coefficients a, bl,c € C*(U x [0,T]) (i,j=1,2,...,n), f€ L2(U x [0,T]),
¢ € H5(U),

Y € L2(U), And always assume that a” = a’t (i,j = 1,2, ..., n).
Definition 1[6, p.378]

2
The partial differential operator aa? + L is said to be (uniformly) hyperbolic if there exists a
constant 8 > 0 such that

Yo a(x,t)ee; = 6lel® forall (x,7)€ U x[0,T], ¢ € R™
Definition 2 [6, p. 285]

Letu € L1(0,T, X). we say v € L*(0, T, X) is weak derivative of u, written: u’ = v provided

221 | Mathematics



2014 ple 2 3axd]) 27 aloch|

Ibn AlL-Haitham Jour. for Pure & Appl. Sci. |

Yol. 27 (2) 2014

ffp’(t) u(t)dt = —fq;(t) v(t)dt

For all scalar test functions ¢ € C°(0,T).
Let us introduce the time-dependent bilinear form:
n

n
Blu,v;t] = f( z al uyvy; )dx + fZ(bi(x, t) ugv + c(x,t)uv)dx
U it i=
forallu,v € H3(U) and 0 <t <T.
First we suppose u is smooth solution and defined the mapping:
u: [0,T] » H}(U), [u(®)](x) = ulx,t),(x€eU,0<t<T),( = %)

£:00,7] - L* (U), [f(O](x) = f(x0)

Now we fix any function v € H} (U), multiply by v the PDE (uy + Lu = f)v
(u",v) + Blu,v, t] = (f,v)
The pairing ( , ) inner product in LZ(U ).
We see the form: u, = ¢° + X7 1(px1
For (pO =f _Zi=1bl Uy —CU, (P] f=2Xia%uy; (=1,...n)
This suggests that we should look for weak solution u with u" € H~1(U) for almost every
where 0 <t < T, (u",v) means u" € H~1(U),v € H}(U)
Definition 3 [6, p.379]
We say a function u € L2(0, T, Hi (U)), withu’ € L2(0,T, L2(U)), u" € L?(0,T, H~*(U))
is weak solution of the hyperbolic initial( boundary ) problem and
i (u",v) + Blu,v,t) = (f,v) foreach v € H}(U)

iL.u(0)=¢, u'(0) =1.
As known sobolev spaces are designed to contain less smooth functions that means the
functions have some but not great, smoothness properties.
So the idea is to make approximation for the function u(x, t) such that u(x, t)=0 in the
boundary of U by the

m(t)—zd (&) wi(®)  [6,p.353]

In the right side hand we have separated variables, we note that U is a domain of the variable
x only, and this is the reason to consider the variable t in respect to the sobolev space Hg (U)
as a parameter. where wy, = wy(x) (k = 1,2, ...) are smooth functions such that {wy, }p-, is
an orthogonal basis of H3( U), {wy }¥_ is an orthonormal basis of L2(U ).

We are going to consider u not as a function of x and ¢ together, but rather as a mapping u of't
into the space Hj ( U) of functions of x.

We will look for a function u,,:[0, T] = H}(U) of the form u,,(t) = X7, d¥ (t) wy

such that
(um, wi) + Bluy, wi; t] = (f,wy), (t€[0,T],k=12,..,m) ... (1.6)
dk (0) = (o,
k,( )= W")} (1.7
dm (O) = (l/)' Wk)
where
Blu,,, wy; t] f( a Um,xi Wik xj )dX + fZ(b U xiWk + CUp, Wy ) dx
U ij= i
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In other words, we construct solutions of certain finite-dimensional approximations to our
problem and then passing to limits, it's called Galerkins method [6, p.380].
Indeed we need some estimates to send m to infinity and to show subsequence of our
solutions u,, ofthe approximate problem .

2.Main Result

Theorem (Energy estimates)(2.1): There exists a constant C, depending only on U,T
and the coefficients on L such that:

mat (lum Ol 0y + e Ollizn) + (Ol z(g1-50)
< C(”f”LZ(O,T;LZ(U)) + ||‘P||H§(U) + ”l/)”LZ(U)) for m=1,2,...
proof We take equation (1. 6) and write it in details as:

f( W wk)dx+f Z(alummwkx,)dx+f2(b U xiWi + CllWy ) dx
U

U ij=1

=ffwkdx

Multiply by dX'(t) so:

n
f [ ka dk (t) dx+f Z mxiWk,xj d‘r’;l (t) +Zbium,xiwk d‘r’;l,(t)
j=1 i=1

U

+CU Wy d,';l’(t))dx = f fwe dl' () dx.

f( u, um)dx+f( a U xiUm Zb U xilUm + CUpy Up) dx—ffu dx
U U ij=
(um,um)+B[um,um,, tl= (f, um)-
And we have

(s tin) = 3 (3 i 12 ) )-

We write :
f Z(a]umxl mx1))dx+f2(b umxl m+cumu,m)dx: Bl+BZ
U i,j=1
where

Bl—f( al umxlumx] and Bz—f Zbl U xillm T+ ClUpy Upy) dx
U ij= 1

U
Now we define the symmetric bilinear form: A[u, v; t] = [y QLj=1 a7 uyivyy) dx,

u,v € HY(U)
Then
d /1
dt<2A[um,um, )——f (z a; umxl mx})dx
i,j=1
1 (d O 10~
= E(f E[ Z alum,xium,xj] dx —Ef Z at umxiumxj dx
u ij=1 U\{j=1
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v l] =1 l] =1 i,j=1
—_—— = l] / =
f z a umxlumx] dx = f z aup umxj dx = B,
i,j=1 ,j=1

(since aV = a’t)

Then
d (1
dt<2A[um,um, ——f z a; umxl m,j AX
i,j=1
So
d (1
E<§A[um,um;t]) f (zla Unn U, )AX
Lj

ai] € C*(U x [0,T]), so there exists Max(aij ) such that

n
1
B, + Ef z a’umxlumx] dx <Bl+Cf(z Um . Um,;) AX
U

,j=1 111

SBl+C fzumszdx
v

< By +C By + Cllunll:
Or we can write it as:
d
— (Alum, um; t) = 2By + Cllum I3 .. (2.1)
We had (ujp, upn) = = ||um||Lz(U))
So
d
== (unllz ) = 2Gum,um) = 2(f,um) — 2By + By)

< C(IFNZ + Cllup %2 — 2(By + By)
Now we obtain

d ’ /
E(”um”f}(U)) < IfIZ + Cllupll?2 — 2(B; + B,) - (2.2)
But
j(z B Uyl + Clty ) dx — |By| = j@b‘ U xi Uy + Clipy W) dx
i=1 i=1

U
bt € C*(U x [0,T]) then there exists a Max (b') such that

jZ(b Uil + Cll ) X <CJZ(Iumm | + it il
<Cj2(umm+u +2u'})dx
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< C (lumllfs + iz )
Or
1B2] < C (lumlla ) + Numllze)
From (2.1) and (2.2) we obtain :

d
= (ATt ts t] + Nt )

< 2B, + Clluls ) + ClIlf 122y + CllufallZe ) — 2By + By)
< CllmlZ gy + ClF Iy + ClliliZ2 gy + CIBy |

< Cliumlsy + Clltie 122y + ClIF 122y + CllZ2
< C”um”H 0U)) + C”um” L*(U) + C”f”LZ(U)
So we have

d
= (ALt i ]+ Tt lZ2) < Clinl1Zg ) + CllenlZ gy + U

But L is hyperbolic operator and by the definition of hyperbolic operator
we have

n
Hf Zumxl f z ”umxlumx] dx = Alu,,, Uy,; t].

i,j=1

f z U Aluy,, Uy t].
And

n
CIIumIIH L) S Cfu,zndx+ Cj Zufnxidx < Alu,, uy,;t]
U i
d

7 (Al i ] + llullf2g)) < CllgallZz gy + CIFIZ iy + C Alttn, s t]
We denote
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n(®) = llupm Oz + Alum(©), um(®);t]
E© = Ifllg,
So we have 1n'(t) < Cin(t) + CLE(t)

Now we use Gronwall Inequality

n(t) < et (n(0) + ¢, [, E(s) ds)  ..(23)
But

1(0) = l[ug (D172 () + Al (0),1,(0); 0]

< N Oy + [ @t ()t (00
U

i,j=1

< Il (O)122 ), + f z 0, (0) s (0),) dx =

i,j=1
= llum )12y + It (O

< Cp g, + lolZ )
SO
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from (2.3)we will get

t
g (1122 05 + Alttn (0, (0] < c<||¢|| 2 +10l12s ) + f IIfIIZLz(O,T;Lz(U))dt>

SO
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g (N2 ) + Alttn (0, (D8] < €2 + 101250 + I 20 ma2c0) )
But again L is hyperbolic (2.3)

50 g Oz + MmO llgwy < C(IZ gy + 11230y + 1f li20ma20))
but tis an arbitrary
so

I 2
ooier (Il N2y + Nlum Ol ) <

C(IPNZ2y + 0112 ) + 1 2020y ) - (249
Now Let v € H}(U) and vl g2y < 1.

We write v =v, +v, , where v, € span{wy }i=, and (v, wy) = 0.
We have

m
(i, v) = (g, v) = (Z wie iy’ (8,01 + v2>
k=1
m m
= (Z w d,';"(t),m) + (Z w d,';"(t),w)
k=1 k=1

(um,v1) = (f,v1) — Blup, v,; t]
but

2
(f,v) < Iflzomizwy lvallZz g,
< ||f||L2(0,T;L2(U))

So
B[um: v, t] < ”um(t)llyol(u)Ilvlllyé(u)
< it O30
1BI < Clltm O30y
and we have
|(f,v)] < ||f||L2(0,T;L2(U))
So

| <um,v>|<I|(f,v)l +|B]
< CIf oz + lem® s o)
By the definition of
lumu®llg-1y = maxyy<1 | < U, v > |.

”W’n ||H—1(U) = C(”f”LZ(O,T;LZ(U)) + ”um(t)”HOl(U))-
So

T
n 2
f s 1(U) t=¢ fo (”f” Lz(o,T;LZ(U))+””m(t)”H&(U)) dt

T
< O sz + | MmO
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T
< Cllfllzomzcuy + maxllum(t)lleol(U)f dt
0

From (2.4)

2 2 2
< C (o2 sy + I 2020y + 1P 0miz )
So

" 2 2 2
”um ”LZ(o,T,H—l) = C(”(p” miw T I1pl1*,- oy T £ L2(0,T;L? (U)))

(2.5)
(2.4) + (2.5) = (2.3)

Conclusion

In our main result, we gave a good estimate to measure the regularity by using some Soblev
spaces(integral spaces) which give the property of continuity to the function u which is the solution of
our problem and the continuity of first derivative, second derivative more regular of course in integral
sense. Also, u=0 on the boundary of the domain U is generalized sense, this means when we deal with
an integral space we say that the trace of u is equal to zero on the boundary of the domain U.
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