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Abstract

Let R be a commutative ring with unity and M be a non zero unitary left R-module. M is

called a hollow module if every proper submodule N of M is small (N < M), i.e. N+ W = M
for every proper submodule W in M. A 6-hollow module is a generalization of hollow
module, where an R-module M is called 3-hollow module if every proper submodule N of M

is o-small (N[I6 M), i.e. N+ W = M for every proper submodule W in M with % is singular.

In this work we study this class of modules and give several fundamental properties related
with this concept.

Key Words: Small submodule, &-small submodule, hollow module, 5-hollow module,
singular module, nonsingular module.

* This paper is a part of the thesis submitted by the second author.
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Introduction
Throughout this article all rings are commutative rings with identity, and all modules are
unitary left R-module. A proper submodule L of a module M is called small (denoted by

L < M), if for every proper submodule K of M, L + K # M. A module M is called hollow if
every proper submodule of M is called small, [1]. As a generalization of the concept small
submodule, Zhou in [2] introduce the concept d-small submodule, where a submodule N of an
R-module M is called 5-small (denoted by ND6 M) if whenever N + K = M and M/K is

singular module, then K = M. In fact an R-module M is called singular (non singular) if
ZM)={m e M: ann (m) is an essential ideal of R} = M ((0)), [3], and a submodule N of an

R-module M is called essential in M (denoted by N<M or N ——> M) if N n W = (0) for

any non zero W < M, [4]. The concept of d-hollow module appeared in [5], where an R-
module M is called 6-hollow, if every proper submodule of M is a d-small in M. Hence
hollow module is 8-hollow, but the converse is not true.

The aim of this work is to give a comprehensive study of the class of 6-hollow modules.
It is of interest to know how far the old theories of hollow module extend to the new situation.

1- Preliminary
In this section, we give some definitions and propositions which are useful in our work.

Definition 1.1:
A non zero module M is called a hollow module if every proper submodule N of M is a

small submodule of M (N < M) that is N + W = M for every W < M, [1].
Definition 1.2:

Let M be an R-module. A submodule A of a module M is called a 5-small submodule of
M (denoted by AEI5 M) if M # A + B for any proper c-singular B of M, (where B is c-singular

if % is singular module), sce [2]..

An R-module M is called d-hollow if every proper submodule is 5-small in M, [5].
An R-module M is called semisimple if every submodule of M is a direct summand of M

[31, [4].

Proposition 1.3: [2]
Let M be an R-module and A be a submodule of M. Then the following are equivalent

1 A [Ib M.
(2) IfM=A+B,then M =Y @ B, for projective semisimple submodule Y of A.
(3) If M = A + B with % Goldie torsion, then M = B, where R-module M is called Goldie

Z,M) _
Z(M)  Z(M)

torsion if Z,[M] = M, and Z,(M) is defined by , (see [3]).

Proposition 1.4: [2]
(1) Let A and B be submodules of an R-module M such that A <B. If A [I6 B then A [I6 M.
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(2) Let A and B be submodules of an R-module M such that A < B. If B [I6 M then A [I6 M.
(3) Let A and B be submodules of an R-module M such that A < B, then B Db M if and only

ifAll Mand ED M
8 A A

(4) Let M and N be an R-modules and let f: M —— N be a homeomorphism. If A is a
submodule of M such that A [Ib M, then f (A) [Ib N.

(5) Let A and B be submodules of an R-module M. Then A + B [I5 M if and only if A [I5 M
and B [i M.

(6) Let M =M, @ M, be an R-module, let A; < M; and A, < M,. Then A; @ A, [I6 M; ® M,
ifand only if A, [Ib M; and A [Ib M.

Proposition 1.5: [6]
Let A and B be submodules of an R-module M such that A < B. If B is a direct summand
of Mand A [I5 M then A [I6 B.

Recall that an R-module M is called indecomposable if the only direct summand of M
are (0), M, [4].
An R-module M is called a prime module if annM = annN, for each non zero
R R

submodule of M, [7].
A non zero R-module is called uniform module if every non zero submodule of M is

essential in M (N < M), [4].

Proposition 1.6:
Let M be an R-module, then:

(1) Let A be a proper submodule of an indecomposable R-module M. Then A Ds M if and

only if A < M, [6, proposition 1.2.13].
(2) Let A be a submodule of singular R-module M. Then A [Ib M if and only if A < M,

[6, proposition 1.2.14].
(3) Let M be torsion module over an integral domain R and A be a submodule of M. Then

A [Ib M if and only if A < M, [6, corollary 1.2.16], where an R-module over integral

domain R is called torsion if
TM)={meM:3reR/{0},:Mm=0} =M, [4].
(4) Let M be a prime R-module with Z(M) # 0 and A be a proper submodule of M. Then
AD6 M if and only if A < M, [6, proposition 1.2.17].

(5) Let M be a uniform R-module and A be a submodule of M. Then AEI5 M if and only if

A < M, [6, proposition 1.2.18].
(6) Let M be an R-module. Then every non singular semisimple submodule A of M is
d-small in M, [6, proposition 1.2.3].
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2- Basic Properties of 5-Hollow Modules

In this section, we give the basic properties about 3-hollow modules. We see that under
certain conditions hollow modules and 6-hollow modules are equivalent. Also we noticed that
some properties of hollow modules can be generalized to d-hollow modules.

Remarks and Examples 2.1:

(1) It is clear that Z¢ is non singular semisimple, so every submodule of Zs is non singular
semisimple, hence every submodule is small by proposition (1.6 (6)). Thus Zs is a
d-hollow module. But Zg is not hollow. Also notice that Zs is decomposable.

(2) Itis clear that every hollow module is a 5-hollow module.

Hence each of the Z-module Z4, Zg and pr are d-hollow.

(3) Zi» as Z-module is not a §-hollow module since <3 >@® <4 > =Z;, and ZZ'Z [ Z, and
<4>

Z4 is a singular Z-module. However < 4 > # Zj,.

By using proposition (1.6) hollow modules and 3-hollow modules are coincident under
certain class of modules.

Theorem 2.2:
Let M be an R-module. Then:

(1) If M is an indecomposable module, then M is a hollow module if and only if M is a d-
hollow module.

(2) If M is a singular module, then M is a hollow module if and only if M is a &-hollow
module.

(3) If M is a prime module with Z(M) # 0, then M is a hollow module if and only if M is a o-
hollow module.

(4) If M is a uniform R-module then M is a hollow module if and only if M is a 3-hollow
module.

(5) If M is a torsion module over a commutative integral domain R then M is a hollow
module if and only if M is a 8-hollow module.

Proposition 2.3:
Epimorphic image of 5-hollow module is 8-hollow.
Proof:
Let M be a o-hollow module, let M' be a module and let f: M —— M' be an

'

epimorphism. Suppose N' is a proper submodule of M' with N' + K' = M' and % is singular.
This implies £~ '(N) £ M because if /~ '(N) =M then ff '(N') =/ (M) =M and N' = M'
which is a contradiction. Thus f = l(N')D8 M. Also N'+K'= M' implies that f ~ '(N')+ f ~
'(K')=M.
M )= M
fK)

To check is a singular R-module. We show that Z(

M
VAN(N) (K
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'

. We must prove ann (m + f~ '(K")<R. Since f(m) +K'e i
R e !

Let m+f '(K) e 11\/1
/(K)
(which is singular). Thus f(m) + K' € Z( %).

So algn(f(m) + K') ? R. Let J be any ideal of R, J # 0 so ann (f(m)+K') nJ=#0. Thus
there exists j € J,j# 0and j(f(m)+K')=0,,,thenjf(m)+K' =K' Thus j f(m) € K,

o
which implies £ (jm) € K', hence jm € f~'(K'). Thus jm+/ '(K))=f '(K)=0 ,, ,that
(S

is je algn(m + £ '(K") N J, and hence algn(m +7(K") < R.

M
Thus m+f '(K') e Z(%), that is ———— is singular. Since f = N 0 M and
VANUS) VANUS) .
% is singular, we get /= '(K') = M (since M is &-hollow). It follows that

F(f(K") =/(M) =M, hence K'=M". Thus M'is a 5-hollow module.

Corollary 2.4:
Let M be an R-module. If M is a d-hollow module then % 1s a 6-hollow module for

every proper submodule N of M.
Proof:

Let N be a proper submodule of a d-hollow M. Let m: M —— % be the natural

epimorphism, then % is a 0-hollow module by proposition (2.3).

Corollary 2.5:
A direct summand of a d-hollow module is a 3-hollow module.
Proof:
Let M be a 6-hollow R-module and N be a direct summand of M. Hence M = N @ K for

some submodule K of M. By second isomorphism theorem % ~ N. But % is 0-hollow by

corollary (2.4). Thus N is d-hollow.

Proposition 2.6:

Let M be an R-module and K [I5 M. If % is a 8-hollow module then M is a d-hollow

module.
Proof:

Let N <M with M =N + L, where L is a submodule of M and % is singular R-module

hep M_NFL_N+K L+K o M (L+K) M
K K K K K K L+K

by third fundamental theorem.

We shall prove M is singular.
L+K
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Let m

so m=m + (L + K). But algn(m + L) < ann(m + (L + K)), since if
R

= L implies that rm € L < L + K. Therefore

==

rm+ (L+K)=L+K= 0, ,which implies that r € ann(m + (L + K)). But % singular
v R

L+K
implies ann (m+ L) < R, hence ann (m+(L+K)) <R Thus m+ (L +K) € Z(%) , SO
€ € +

K :% since % 1s d-hollow. It follows that L + K = M. But

is singular. Hence

L+K
K [Ib M, implies L = M. Therefore M is 8-hollow.

3- 5-Hollow Modules and Other Related Modules

In this section, we give some relationships between d-hollow modules and other related
modules.

Let M be a module, then:
M is called amply supplemented module if for any two submodules U and V of M with
U + V =M, V contains a supplement of U in M, where a submodule A of M is called a

supplement of B(B<M) if M= A + B and A " B < A. Equivalently A is a supplement of B
if A+ B =M and B is a minimal element in the set of submodules L <M with B+ L =M, [§].
Recall that every hollow module is amply supplemented, see [11,proposition (1.3.5)].

We shall give analogus statement for 8-hollow, but first recall that an R-module is called
d-amply supplemented if for any two submodules U and V of M with U + V = M, V contains
a O-supplemented of U in M, where a submodule N of M is called d-supplement of a
submodule W of Mif N+ W=M, N W Db N, [9], [10].

Proposition 3.1:
Every 6-hollow module is a 3-amply supplemented.
Proof:

Let U proper submodule of M and U + M = M. Since U + M =M and % =(0) singular
andUM=U.ButU D6 M, since M is &-hollow.
Recall that a submodule N of a module M is called d-coclosed in M (briefly N < M) if

CC

%is singular and %D@ % implies N = K for any submodule K of M contained in N, [12].

Proposition 3.2:
Let M be a module and L be a non zero submodule of M which is d-hollow, then either L
1s 8-small submodule of M or a &-coclosed submodule of M, but not both.

Proof:

Suppose L is not d-coclosed submodule of M, so there exists K < L such that %Dﬁ %

and % is singular . But L is d-hollow and K < L, hence K EI5 L and %Dﬁ % Hence
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L M
L Ds M. If L &-coclosed submodule of M, and suppose that L [Ib M then —[ —=M,

(0) 2 (0)

and hence L = 0, which is a contradiction.

Proposition 3.3:
Every non zero d-coclosed submodule of a 3-hollow module is d-hollow.
Proof:
Let M be a d-hollow module and let N be a non zero submodule of M such that N < M.

dce

To show that N is 5-hollow.
Let L<N<MthenL <M andso L [I6 M. But L < N and N is 6-coclosed implies that

L [I5 N by [12, corollary (2.6)]. Thus N is a 6-hollow module.

Proposition 3.4:

Let M be a 6-hollow module and let N be a direct summand of M. Then N is d-hollow.
Proof:

Let A be a proper submodule of N. Since M is d&-hollow, A [Ib M and by

proposition (1.5) A Db N. Therefore N is d-hollow.
Proposition 3.5:

Let M be a singular R-module, let N [] M. If % is a finitely generated R-module, then
5

M is finitely generated.
Proof:

As % is finitely generated, % =R(x; + N) + ... + R(x, + N) for some xi, ..., X, € M.

We claim that M =Rx; + ... + RX,. Let m € M then m+ N =r;(x; + N) + ... + ry(x, + N), so

that m — r1x; — ... — 14Xy € N. This implies m =rx; + ... + X, + n for some n € N. Thus
M=<x;,...,x>+N.But M/<xy, ..., X, is singular (since M is singular) and N [Ib M by
hypothesis M = <x; , ..., X,>.

Corollary 3.6:
Let M be a singular R-module and N be a proper submodule of module M. If M is a 6-

hollow module and % is finitely generated then M is finitely generated.

Proof:
It is clear by proposition (3.5).
Corollary 3.7:
Let M be an R-module with every factor of M is singular and let N < M. If M is a -

M
hollow and E finitely generated, then M is finitely generated.

Proof:
It is clear by proposition (3.5).

Note:

Let M be an R-module. If every non zero factor of M is indecomposable, then by
[13,41.4(1)] M is hollow module, which implies that M is d-hollow. But the converse is not
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true, for example Z¢ as Z¢-module is d-hollow but does not imply that every non zero factor of

Ze is indecomposable, since (Z—OG)D Z, 1s not indecomposable.

Recall that, an R-module. M is called 6-lifting, if for every submodule N of M, there
exist submodules K, K' <M suchthat M=K @ K' with K<Nand NN K' [I5 M, [8].

It is clear that every lifting is d-lifting.
Proposition 3.8:

Every indecomposable and d-lifting module is 5-hollow.
Proof:

Let M be indecomposable and &-lifting module and N be a proper submodule of M.
Since M is o-lifting, then M= K @ K' where K < N and N n K' [I6 K. But M is

indecomposable, so K' = 0 and M = K. Then M < N < M which is a contradiction. Hence
K'=M andso NN K'=N"M=N. Thus N []6 M. It follows that M is 6-hollow.

Proposition 3.9:

Every 8-hollow module is 6-lifting.
Proof:

Let N be a proper submodule of 6-hollow module M, then M = (0) @ M and {0} < N
where NN M =N [I6 M. Thus M is d-lifting.

Proposition 3.10:
Let M be an R-module. Then the following statements are equivalent:
(1) M is indecomposable and o-lifting.
(2) M is d-hollow and indecomposable.
(3) M is hollow.
Proof:
(1) = (2) Let N <M. Since M is d-lifting then M =K @ K' with K< Nand N n K' []6 M. As

M is indecomposable, then K'=0 or K= 0.
IfK'= 0, then K =M, which implies that M < N. That is a contradiction. So K =0,
hence K'=M and N N K'=N N M=N [I6 M. Thus M is &-hollow.

(2) = (3) It is clear by proposition (2.2(1)).

(3) = (1) If M is hollow, then M is indecomposable by [11,proposition 1.3.9]. But M is
hollow, hence M is lifting by [11, proposition 1.3.16], which implies that M is
S-lifting.

The following is needed for the next result.
Definition 3.11: [2]

A pair (P, /) is a o-projective cover of an R-module M, if P is a projective module and
f:P——>M is an epimorphism and ker f [I5 P.

Proposition 3.12:

Let (P, /) be o-projective cover of M. Then M is d-hollow if and only if P is 6-hollow.
Proof:
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(=) Since M is 6-hollow module and since f :P——M is an epimorphism, then

OM b
kerf Y

is 0-hollow. But is d-hollow and

kerf kerf
ker f [I5 P. So by proposition (2.6), P is -hollow.

the first fundamental theorem and hence

(<) Let N be a proper submodule of M, then /'~ '(N) is a proper submodule of P. Since P is
8-hollow, then /= '(N) [Ib P, and hence f f 1(N)D6 M by proposition (1.3(4)). But

ff'N)=N,soN [ M. Thus M is 8-hollow.
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