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Abstract   

In this paper, we introduce a new one-step iteration process in Banach space and prove the 

existence of a common random fixed point of three non-expansive multivalued random operators 

through strong and weak convergences of an iterative process. The necessary and sufficient 

condition for the convergence of a sequence of measurable functions to a random fixed point of 

non-expansive multivalued random operators in uniformly convex Banach spaces is also 

established. Our random iteration scheme includes new random multivalued iterations as special 

cases. The results obtained in this paper are an extension and refinement of previously known 

results. A new random iterative scheme for approximating random common fixed points of three 

random non-expansive multivalued random operators is defined and we have proved weak and 

strong convergence theorems in a uniformly convex Banach space. 

Keywords: common fixed points, random operators, one-step iteration, Banach spaces.  
 

1. Introduction 

The random fixed point theories are a generalizations of the classical fixed point theories. In the 

1950s the Probability School in Prague presented a study on random fixed point theory [1].On 

other hand,[2] obtain common random fixed point of two multivalued random operator .Recently, 

S. H. Khan et al.[3]introduce a new one-step iterative process to find the common random fixed 

point of two multivalued Non-expansive random operator. ,the nonlinear random systems have 

appeared in the literature (see [4-17]) . Let 𝛷 be a separable banach space . Let𝛶 is subset of 𝛷is 

called proximinal if ∀𝑢 ∈ 𝛷, ∃𝑘 ∈ 𝛶 ∋ 𝑑(𝑢, 𝑘) = inf{‖𝑢 − 𝑣‖ ∶ 𝑣 ∈ 𝛶 } = 𝑑(𝑢, 𝛶). We  denote 

the set of all subsets bounded proximinal of𝛶 by 𝛱(𝛶) [18] .  

let 𝐶𝐵(𝛶) be be all closed boundedsubsets of 𝛶. And let His Hausdorff  induced by the metric 

space 𝑑 of 𝛷, implies H(𝜛   , β) = 𝑚𝑎𝑥{𝑠𝑢𝑝 𝑑(𝑢, β)𝑢∈𝜛   , 𝑠𝑢𝑝 𝑑(𝑣, 𝜛   )𝑣∈β } for every 𝜛   , β ∈

𝐶𝐵(𝛶).  

A multivalued random operator 𝐵: 𝛹 × 𝛶 → 𝛱(𝛶)is called contraction if there is𝑘(ϱ) ∈ [0,1) and 
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for each ϱ ∈ Ψ ∋ 

H( 𝐵(ϱ, 𝑢), 𝐵(ϱ, 𝑣) ) ≤ 𝑘(ϱ)‖𝑢 − 𝑣‖for all 𝑢, 𝑣 ∈ 𝛶 

and 𝐵 is said to be nonexpansive random operator if 

for each  ϱ ∈ Ψ 

H( 𝐵(ϱ, 𝑢), 𝐵(ϱ, 𝑣)) ≤ ‖𝑢 − 𝑣‖, a point ϑ(ϱ) is called random fixed point of 𝐵 if ϑ(ϱ) ∈ 𝐵(ϑ(ϱ)). 

Study the fixed point of results paper [22-30] under multivalued non-expansive random operator. 

We will give some definition … 

Definition 1.1.[19] : A separable Banach space  𝛷 is said to satisfy opials condition  if the sequence 

{𝑆𝑛} in  𝛷, 𝑆𝑛 → 𝑢 implies that lim
𝑛→∞

𝑠𝑢𝑝‖𝑆𝑛 − 𝑢‖ < lim
𝑛→∞

𝑠𝑢𝑝‖𝑆𝑛 − 𝑣‖ for all 𝑣 ∈ 𝛷 , 𝑣 ≠ 𝑢. 

Definition 1.2. Let Υ subset of 𝛷, and ℛ, Ζ , 𝐵 ∶ Ψ × Υ → 𝛱(Υ)Three multivalued nonexpansive 

random operator are satisfy  the condition (𝐴′) if ∃a non-decreasing function 𝜒: [0, ∞) → [0, ∞) 

with 𝜒(0) = 0, 𝜒(𝑟) > 0, ∀𝑟 ∈ (0, ∞)  ∋ either 𝑑(𝑢(𝜚), 𝐵 𝑢(𝜚)) ≥ 𝜒(𝑑(𝑢(𝜚), 𝐹))or 

𝑑(𝑢(𝜚), Ζ𝑢(𝜚)) ≥ 𝜒(𝑑(𝑢(𝜚), 𝐹))or 𝑑(𝑢(𝜚), R𝑢(𝜚)) ≥ 𝜒(𝑑(𝑢(𝜚), 𝐹)) 

For all 𝑢(𝜚) ∈ Υ 

Definition 1.3 let 𝛶 be a non empty subset of a separable banach space 𝛷satisfying opials condition  

and  𝐵 ∶ Ψ × 𝛶 → 𝛱(𝛶)   be amultivalued random operator is said to be demiclosed  at 𝜁(ϱ)) if 

{𝑆𝑛(𝜚)} and { ζ𝑛(𝜚)} are two sequences ∋  {𝑆𝑛(𝜚)} converges weak to 𝑆(𝜚)also {𝐵((ϱ), 𝑆𝑛(𝜚)} 

converges to 𝜁(𝜚) imply that 𝑆(𝜚) ∈ 𝛶 and  𝜁(𝜚) 𝜖 𝐵(𝑆(𝜚))  for each  ϱ ∈ 𝛹, then 𝐼 − 𝐵 is 

dimiclosed with respect to 0 . 

Lemma 1.4[20] Let {𝑆𝑛}, {𝜂𝑛)} , {𝜌𝑛} be a sequence in  uniformly convex banach space  𝛷. Let 

{𝛼𝑛}, {𝜅𝑛} , {𝜎𝑛} are sequence in [0,1] with 𝛼𝑛 + 𝜅𝑛 +  𝜎𝑛 = 1  , lim
𝑛→∞

𝑠𝑢𝑝‖𝑆𝑛‖ =

𝑞  , lim
𝑛→∞

𝑠𝑢𝑝‖𝜂𝑛‖ = 𝑞  , lim
𝑛→∞

𝑠𝑢𝑝‖𝜌𝑛‖ = 𝑞  and lim
𝑛→∞

‖𝛼𝑛𝑆𝑛 + 𝜅𝑛𝜂𝑛 +  𝜎𝑛𝜌𝑛‖ = 𝑞 if lim
𝑛→∞

inf 𝛼𝑛 >

0, lim
𝑛→∞

inf 𝜅𝑛 > 0, lim
𝑛→∞

inf 𝜎𝑛 > 0, 

Then lim
𝑛→∞

‖𝑆𝑛 − 𝜂𝑛‖ = lim
𝑛→∞

‖𝑆𝑛 − 𝜌𝑛‖ = lim
𝑛→∞

‖𝜌𝑛 − 𝜂𝑛‖ = 0. 

 

2.  Main Results  

     IDefinition2.1 Let 𝛷 be a separable Banach space and  Υ ≠ ∅ closed  subset and convex .we 

can be written  

𝐹 = 𝐹 (𝐵) ∩ 𝐹(ℛ) ∩ 𝐹( Ζ) the set of all common random fixed point of the ℛ, Ζ , 𝐵 ∶ Ψ × Υ →

𝛱(Υ) be three multivalued non-expansive random operator  

with common random fixed point ϑ(ϱ) . The iterations are as follows :- 

𝑆0(𝜚)𝜖𝛶 

𝑆𝑛+1(𝜚) = 𝛼𝑛𝜂𝑛(ϱ) + 𝜅𝑛𝜌𝑛(𝜚) + 𝜎𝑛𝜉𝑛(𝜚) , 𝑛 ∈ 𝑁                                                         (2.1) 

where 𝜂𝑛(𝜚) ∈ 𝐵(𝑆𝑛(ϱ)) and 𝜌𝑛(𝜚) ∈ Ζ(𝑆𝑛(ϱ))  such that ‖𝜂𝑛(𝜚) − 𝜂𝑛+1(𝜚)‖ ≤

Η (𝐵(𝑆𝑛(ϱ)), 𝐵(𝑆𝑛+1(ϱ))) + 𝜇𝑛and ‖𝜌𝑛(𝜚) − 𝜌𝑛+1(𝜚)‖ ≤ Η (Ζ(𝑆𝑛(ϱ)), Ζ(𝑆𝑛+1(ϱ))) + 𝜇𝑛 and 

𝜉𝑛(𝜚) ∈ 𝑅(𝑆𝑛(ϱ))‖𝜉𝑛(𝜚) − 𝜉𝑛+1(𝜚)‖ ≤ Η (ℛ(𝑆𝑛(ϱ)), ℛ(𝑆𝑛+1(ϱ))) + 𝜇𝑛 

and {𝛼𝑛}, {𝜅𝑛}, { 𝜎𝑛} are sequence in (0,1) satisfying 𝛼𝑛 + 𝜅𝑛 +  𝜎𝑛 = 1 .  

Lemma 2.2 Let 𝛷,Υ ≠ ∅ ,and ℛ, Ζ , 𝐵 ∶ Ψ × Υ → 𝛱(Υ), Let {𝑆𝑛(𝜚)}issequence defined in 2.1. If 

 𝐹(𝐵)  ≠  ∅ and 𝐵ϑ(ϱ) =  ℛϑ(ϱ) =  Ζϑ(ϱ)  =  {ϑ(ϱ)} for any ϑ(ϱ) ∈  𝐹 

then 𝑙𝑖𝑚
𝑛→∞

 ∥∥𝑥𝑛 − ϑ(ϱ)∥∥ exists ∀ϑ(ϱ) ∈  𝐹. 
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Proof. let𝐹 ≠  ∅. Let ϑ(ϱ)  ∈  𝐹 . Then 

∥∥𝑆𝑛+1(𝜚) − ϑ(ϱ)∥∥ = ∥∥𝛼𝑛𝜂𝑛(𝜚) + 𝜅𝑛𝜌𝑛(𝜚) + 𝜎𝑛𝜉𝑛(ϱ) − ϑ(ϱ)∥∥

= ∥∥𝛼𝑛(𝜂𝑛(𝜚) − ϑ(ϱ)) + 𝜅𝑛(𝜌𝑛(𝜚) − ϑ(ϱ)) + 𝜎𝑛(𝜉𝑛(ϱ) − ϑ(ϱ))∥∥

⩽ 𝛼𝑛∥∥𝜂𝑛(𝜚) − ϑ(ϱ)∥∥ + 𝜅𝑛∥∥𝜌𝑛(𝜚) − ϑ(ϱ)∥∥ + 𝜎𝑛∥∥𝜉𝑛(ϱ) − ϑ(ϱ)∥∥

⩽ 𝛼𝑛𝑑 (𝜂𝑛(𝜚), 𝐵(ϑ(ϱ))) + 𝜅𝑛𝑑 (𝜌𝑛(𝜚), Ζ(ϑ(ϱ))) + 𝜎𝑛𝑑 (𝜉𝑛(ϱ), 𝑅(ϑ(ϱ)))

⩽ 𝛼𝑛𝐻(𝐵𝑆𝑛(𝜚), 𝐵ϑ(ϱ)) + 𝜅𝑛𝐻 (Ζ (𝑆𝑛(𝜚)), Ζ(ϑ(ϱ)))

+𝜎𝑛𝐻 (𝑅(𝑆𝑛(𝜚)), 𝑅(ϑ(ϱ)))

⩽ 𝛼𝑛∥∥𝑆𝑛(𝜚) − ϑ(ϱ)∥∥ + 𝜅𝑛∥∥𝑆𝑛(𝜚) − ϑ(ϱ)∥∥ + 𝜎𝑛∥∥𝑆𝑛(𝜚) − ϑ(ϱ)∥∥

   = ∥∥𝑆𝑛(𝜚) − ϑ(ϱ)∥∥.                                                                              (2.2)

 

Thus 𝑙𝑖𝑚
𝑛→∞

 ∥∥𝑆𝑛(𝜚) − ϑ(ϱ)∥∥ exists for all ϑ(ϱ)  ∈  𝐹 . 

 

Definition 2.3 Letℛ, Ζ , 𝐵 ∶ Ψ × Υ → 𝛱(Υ) are said to satisfy condition ( 𝐶′) if 𝑑 ((𝜚, 𝑢), 𝑣(𝜚)) ≤

𝑑(𝑤(𝜚), 𝑣(𝜚)) for 𝑣(𝜚) ∈ Ζ(𝜚, 𝑢), 𝑤(𝜚) ∈ ℛ(𝜚, 𝑢).  

Lemma2.4.Let 𝛷and ΥandLet ℛ, Ζ , 𝐵 ∶ Ψ × Υ → 𝛱(Υ)satisfying conditionn(𝐶′ )and {𝑆𝑛(𝜚)} be  

sequence defined in (2.1). 

If 𝐹 ≠  ∅ and 𝐵ϑ(ϱ) =  ℛϑ(ϱ) =  Ζϑ(ϱ)  =  {ϑ(ϱ)}for any ϑ(ϱ) ∈  𝐹 then 

𝑙𝑖𝑚
𝚤→∞

 𝑑 (𝑆𝑛(𝜚), 𝐵(𝑆𝑛(𝜚))) = 𝑙𝑖𝑚
𝑛→∞

 𝑑 (𝑆𝑛(𝜚), Ζ(𝑆𝑛(𝜚))) = 0 = 𝑙𝑖𝑚
𝑛→∞

 𝑑 (𝑆𝑛(𝜚), ℛ(𝑆𝑛(𝜚))) 

Proof. By Lemma (2.2), 𝑙𝑖𝑚
𝑛→∞

 ∥∥𝑆𝑛(𝜚) − ϑ(ϱ)∥∥exists. We suppose that 𝑙𝑖𝑚
𝑛→∞

 ∥∥𝑆𝑛(𝜚) − ϑ(ϱ)∥∥ =

𝑐 for 𝑐 ≥  0. Also have𝐵, S, ℛ arenonexpansive random operator and 𝐹 ≠ ∅, we 

 

have∥∥𝜂𝑛(𝜚) − ϑ(ϱ)∥∥ = 𝑑 (𝜂𝑛(𝜚), Ζ(ϑ(ϱ))) ⩽ 𝐻 (𝐵(𝑆𝑛(𝜚)), 𝐵(ϑ(ϱ))) ⩽ ∥∥𝑆𝑛(𝜚) − ϑ(ϱ)∥∥. Take 

limsup 

for both side, get 

 

𝑙𝑖𝑚 𝑠𝑢𝑝
𝑛→∞

 ∥∥𝜂𝑛(𝜚) − ϑ(ϱ)∥∥ ⩽ 𝑐 

Similarly, 

𝑙𝑖𝑚 𝑠𝑢𝑝
𝑛→∞

 ∥∥𝜌𝑛(𝜚) − ϑ(ϱ)∥∥ ⩽ 𝑐 

and , 

𝑙𝑖𝑚 𝑠𝑢𝑝
𝑛→∞

 ∥∥𝜉𝑛(ϱ) − ϑ(ϱ)∥∥ ⩽ 𝑐 

as, 

𝑙𝑖𝑚
𝑛→∞

 ∥∥𝑆𝑛+1(𝜚) − ϑ(ϱ)∥∥ = 𝑐 

That mean 

𝑙𝑖𝑚
𝑛→∞

 ∥∥𝛼𝑛(𝜂𝑛(𝜚) − ϑ(ϱ)) + 𝜅𝑛(𝜌𝑛(𝜚) − ϑ(ϱ)) + 𝜎𝑛(𝜉𝑛(ϱ) − ϑ(ϱ))∥∥ = 𝑐 

Applying lemma (1.4), we get 

lim
𝑛→∞

‖𝜂𝑛(𝜚) − 𝜌𝑛(𝜚)‖ = 0 . 

But from the condition (𝐶′) we obtain that 𝑑(𝑆𝑛(𝜚), 𝜂𝑛(𝜚)) ≤  𝑑(𝜌𝑛(𝜚), 𝜂𝑛(𝜚)), 

lim sup
𝑛→∞

𝑑(𝑆𝑛(𝜚), 𝜂𝑛(𝜚)) ≤ 0 . 

That is, 
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lim
𝑛→∞

‖𝑆𝑛(𝜚) − 𝜂𝑛(𝜚)‖ = 0 .                                                                                  (2.3) 

Also from lemma (1.4) and (2.2) we obtain 

‖𝑆𝑛(𝜚) − 𝜌𝑛(𝜚)‖ ≤ ‖𝑆𝑛(𝜚) − 𝜂𝑛(𝜚)‖ + ‖𝜂𝑛(𝜚) − 𝜌𝑛(𝜚)‖ 

implies that 

lim
𝑛→∞

‖𝑆𝑛(𝜚) − 𝜌𝑛(𝜚)‖ = 0 .                                                                                   (2.4) 

Also from lemma (1.4) and (2.3) we have 

‖𝑆𝑛(𝜚) − 𝜉𝑛(ϱ)‖ ≤ ‖𝑆𝑛(𝜚) − 𝜌𝑛(𝜚)‖ + ‖𝜌𝑛(𝜚) − 𝜉𝑛(ϱ)‖ 

implies that 

lim
𝑛→∞

‖𝑆𝑛(𝜚) − 𝜉𝑛(ϱ)‖ = 0 .                                                                                    (2.5) 

Now, we get 

𝑑 (𝑆𝑛(𝜚), 𝐵(𝑆𝑛(𝜚))) ≤  𝑑(𝑆𝑛(𝜚), 𝜂𝑛(𝜚)), 

also,  

𝑑 (𝑆𝑛(𝜚), Ζ(𝑆𝑛(𝜚))) ≤  𝑑(𝑆𝑛(𝜚), 𝜌𝑛(𝜚)), 

and 

𝑑 (𝑆𝑛(𝜚), ℛ(𝑆𝑛(𝜚))) ≤  𝑑(𝑆𝑛(𝜚), 𝜉𝑛(ϱ)), 

 

we gives 𝑑 (𝑆𝑛(𝜚), 𝐵(𝑆𝑛(𝜚)))  →  0, 𝑑 (𝑆𝑛(𝜚), Ζ(𝑆𝑛(𝜚)))  →  0 𝑎𝑛𝑑 𝑑 (𝑆𝑛(𝜚), ℛ(𝑆𝑛(𝜚)))  →

 0 as n → ∞. 

Theorem 2.5. Let Υ and let𝛷 satisfying the Opial’scondition. and ℛ, Ζ , 𝐵 ∶ Ψ × Υ → 𝛱(Υ).If 

𝐹 ≠  ∅ and 𝐵ϑ(ϱ) =  ℛϑ(ϱ) =  Ζϑ(ϱ)  =  {ϑ(ϱ)}for any ϑ(ϱ) ∈  𝐹, 𝐼 − 𝐵 , 𝐼 −  Ζand 𝐼 −  ℛare 

demi-closed to 0, then {𝑆𝑛(𝜚)} converges to a commonrandom fixed point of 𝐵, S, R and weakly. 

Proof:-  Let ϑ(ϱ)  ∈  𝐹. by lemma (2.2), we have 

lim
𝑛→∞

‖𝑆𝑛(𝜚) − ϑ(ϱ)‖exists.  

we prove that {𝑆𝑛(𝜚)}subsequentialhave a weak unique limit in F . now, let 

𝜔1(ϱ), 𝜔2(ϱ)𝑎𝑛𝑑 𝜔3(ϱ) be weak limits of the subsequences 

{𝑆𝑛𝑖(𝜚)}, {𝑆𝑛𝑗(𝜚)} 𝑎𝑛𝑑 {𝑆𝑛𝑙(𝜚)} 𝑜𝑓 {𝑆𝑛(𝜚)}, 

respect. By  uselemma (2.4), there is𝜂𝑛(𝜚)  ∈  𝐵(𝑆𝑛(𝜚))such that lim
𝑛→∞

‖𝑆𝑛(𝜚) − ϑ(ϱ)‖   = 0 

and 𝐼 − 𝐵is demi-closedto 0 , therefore we get𝜔1(ϱ)  ∈  𝐵𝜔1(ϱ). Similarly, 

𝜔1(ϱ)  ∈  Ζ𝜔1(ϱ) 𝑎𝑛𝑑 𝜔1(ϱ)  ∈  ℛ𝜔1(ϱ).Again in a same way, we can prove that 

𝜔1(ϱ), 𝜔2(ϱ), 𝜔3(ϱ) ∈ 𝐹. 

now, we  need to prove unique. For this let𝜔1(ϱ)  ≠  𝜔2(ϱ)  ≠  𝜔3(ϱ). Then by the Opial’s 

condition, 

lim
𝑛→∞

‖𝑆𝑛(𝜚) − 𝜔1(ϱ)‖ = lim
𝑛𝑖→∞

‖𝑆𝑛𝑖(𝜚) − 𝜔1(ϱ)‖ 

< lim
𝑛𝑖→∞

‖𝑆𝑛𝑖(𝜚) − 𝜔2(ϱ)‖ 

= lim
𝑛→∞

‖𝑆𝑛(𝜚) − 𝜔2(ϱ)‖ 

= lim
𝑛𝑗→∞

‖𝑆𝑛𝑗(𝜚) − 𝜔2(ϱ)‖ 

< lim
𝑛𝑗→∞

‖𝑆𝑛𝑗(𝜚) − 𝜔3(ϱ)‖ 

= lim
𝑛→∞

‖𝑆𝑛(𝜚) − 𝜔3(ϱ)‖ 
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= lim
𝑛𝑙→∞

‖𝑆𝑛𝑙(𝜚) − 𝜔3(ϱ)‖ 

< lim
𝑛𝑙→∞

‖𝑆𝑛𝑙(𝜚) − 𝜔1(ϱ)‖ 

= lim
𝑛→∞

‖𝑆𝑛(𝜚) − 𝜔1(ϱ)‖ 

 

Hence , its a contradiction. Hence {𝑆𝑛(𝜚)}converges and weakly in 𝐹. 

Remark 2.6Let Υ and let𝛷 satisfying the Opial’scondition and ,ℛ, Ζ , 𝐵 ∶ Ψ × Υ → 𝛱(Υ) and 

{𝑆𝑛(𝜚)}be the sequence  in (2.1),. If 𝐹 ≠  ∅ and 𝐵ϑ(ϱ) =  ℛϑ(ϱ) =  Ζϑ(ϱ)  =  {ϑ(ϱ)}then 

{𝑆𝑛(𝜚)}converges to a common-random fixed point of 𝐵, Ζ,ℛ and weakly. 

Theorem 2.7. Let 𝛷,Υ, and {𝑆𝑛(𝜚)} and𝐵, Ζ,,ℛ defined in the Lema(2.4). and 𝐹 ≠  ∅and𝐵ϑ(ϱ) =

 ℛϑ(ϱ) =  Ζϑ(ϱ)  =  {ϑ(ϱ)} for any ϑ(ϱ)  ∈  𝐹, then 

{𝑆𝑛(𝜚)} converges to a commonrandom fixed point of 𝐵, ℛ, Ζandstronglyiff 

lim
𝑛→∞

𝑖𝑛𝑓 𝑑(𝑆𝑛(𝜚) , 𝐹) = 0 

Proof. The first direction of the proof is clear. Conversely, let 

lim
𝑛→∞

𝑖𝑛𝑓 𝑑(𝑆𝑛(𝜚) , 𝐹) = 0. by lemma(2.2), 

‖𝑆𝑛+1(𝜚) − ϑ(ϱ)‖ ≤ ‖𝑆𝑛(𝜚) − ϑ(ϱ)‖. 

This gives 

𝑑(𝑆𝑛+1(𝜚), 𝐹 ) ≤  𝑑(𝑆𝑛(𝜚), 𝐹 ), 

so that lim
𝑛→∞

𝑖𝑛𝑓 𝑑(𝑆𝑛(𝜚) , 𝐹)exists. But, by use hypothesis,  

lim
𝑛→∞

𝑖𝑛𝑓 𝑑(𝑆𝑛(𝜚) , 𝐹) = 0. Therefore we must have  

lim
𝑛→∞

𝑖𝑛𝑓 𝑑(𝑆𝑛(𝜚) , 𝐹) = 0. we need toprove that {𝑆𝑛(𝜚)}is a Cauchy sequence in Υ. 

suppose ε >0 . we have lim
𝑛→∞

𝑑(𝑆𝑛(𝜚) , 𝐹) = 0 , thereis a constant 𝑛0 such that ∀𝑛 ≥  𝑛0, we have 

lim
𝑛→∞

𝑖𝑛𝑓 𝑑(𝑆𝑛(𝜚) , 𝐹) <
𝜖

4
 

In particular, inf{‖𝑆𝑛0(𝜚) − ϑ(ϱ)‖ ∶  ϑ(ϱ) ∈  𝐹 }  <
𝜖

4
. There must exist a ϑ(ϱ)∗  ∈  𝐹such that 

‖𝑆𝑛0(𝜚) − ϑ(ϱ)∗‖ <
𝜖

2
 

Now for 𝑚, 𝑛 ≥  𝑛0, we have 

‖𝑆𝑛+𝑚(𝜚) − 𝑆𝑛(𝜚)‖ ≤ ‖𝑆𝑛+𝑚(𝜚) − ϑ(ϱ)∗‖ + ‖𝑆𝑛(𝜚) − ϑ(ϱ)∗‖ 

≤ 2‖𝑆𝑛0(𝜚) − ϑ(ϱ)∗‖ 

< 2 (
𝜖

2
) = 𝜖 

Hence {𝑆𝑛(𝜚)}is a Cauchy sequence inΥof 𝛷, and 

therefore it must converge in Υ. Let lim
𝑛→∞

𝑆𝑛(𝜚) = 𝑞(ϱ) Now 

𝑑(𝑞(ϱ), 𝐵𝑞(ϱ)) ≤  𝑑(𝑞(ϱ), 𝑆𝑛(𝜚))  +  𝑑(𝑆𝑛(𝜚), 𝐵𝑆𝑛(𝜚))  +  𝐻(𝐵𝑆𝑛(𝜚) , 𝐵𝑞(ϱ)) 

≤  𝑑(𝑞(ϱ), 𝑆𝑛(𝜚))  +  𝑑(𝑆𝑛(𝜚), 𝜂𝑛(𝜚))  +  𝑑(𝑆𝑛(𝜚), 𝑞(ϱ)) 

→  0 𝑎𝑠 𝑛 →  ∞, 

gives that 𝑑(𝑞(ϱ), 𝐵𝑞(ϱ))  =  0 which implies that 𝑞(ϱ)  ∈  𝐵𝑞(ϱ). Similarly, 

𝑑(𝑞(ϱ), 𝑆𝑞(ϱ)) ≤  𝑑(𝑞(ϱ), 𝑆𝑛(𝜚))  +  𝑑(𝑆𝑛(𝜚), Ζ𝑆𝑛(𝜚))  +  𝐻(Ζ𝑆𝑛(𝜚), Ζ𝑞(ϱ)) 

≤  𝑑(𝑞(ϱ), 𝑆𝑛(𝜚))  +  𝑑(𝑆𝑛(𝜚), 𝜌𝑛(𝜚))  +  𝑑(𝑆𝑛(𝜚), 𝑞(ϱ)) 

→  0 𝑎𝑠 𝑛 →  ∞, 
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gives that 𝑑(𝑞(ϱ), Ζ𝑞(ϱ))  =  0 which implies that 𝑞(ϱ)  ∈  Ζ𝑞(ϱ).Similarly, 

𝑑(𝑞(ϱ), 𝑅𝑞(ϱ)) ≤  𝑑(𝑞(ϱ), 𝑆𝑛(𝜚))  +  𝑑 (𝑆𝑛(𝜚), ℛ𝑆𝑛(𝜚) )  +  𝐻(ℛ𝑆𝑛(𝜚), ℛ𝑞(ϱ)) 

≤ 𝑑(𝑞(ϱ), 𝑆𝑛(𝜚))  +  𝑑(𝑆𝑛(𝜚), 𝜌𝑛(𝜚))  +  𝑑(𝑆𝑛(𝜚), 𝑞(ϱ)) 

→  0 𝑎𝑠 𝑛 →  ∞, 

implies that𝑞(ϱ)  ∈  ℛ𝑞(ϱ). Consequently, 𝑞(ϱ)  ∈  𝐹. 

Nowwe can use the conditional (𝐴`) to find the strong converge of {𝑆𝑛(𝜚)}define 

in(2.1)., we assume that ℛ, Ζ , 𝐵 ∶ Ψ × Υ → 𝛱(Υ)satisfycondition (𝐴`). 

Theorem 2.8. Let Υ, 𝛷 and,the sequence{𝑆𝑛(𝜚)} beas in Lemma (2.4). Let ℛ, Ζ , 𝐵 ∶ Ψ × Υ →

𝛱(Υ)satisfying condition (𝐴`). If 𝐹 ≠  ∅ and 𝐵ϑ(ϱ) =  ℛϑ(ϱ) =  Ζϑ(ϱ)  =  {ϑ(ϱ)} for any ϑ(ϱ)  ∈

 𝐹 then {𝑆𝑛(𝜚)} converges to a common- fixed point of 𝐵, Ζ,ℛ and strongly. 

Proof :since  By used lemma(2.4), have lim
𝑛→∞

‖𝑆𝑛(𝜚) − 𝐹‖exists ∀ϑ(ϱ) ∈  𝐹. let 𝑐 ≥  0. If 𝑐 =  0, 

clear that. let𝑐 >  0. Now ‖𝑆𝑛+1(𝜚) − ϑ(ϱ)‖ ≤ ‖𝑆𝑛(𝜚) − ϑ(ϱ)‖gives inf
ϑ(ϱ)∈𝐹

‖𝑆𝑛+1(𝜚) −

ϑ(ϱ)‖ ≤ inf
ϑ(ϱ)∈𝐹

‖𝑆𝑛(𝜚) − ϑ(ϱ)‖which implies that 𝑑(𝑆𝑛+1(𝜚), 𝐹 ) ≤  𝑑(𝑆𝑛(𝜚), 𝐹 ) 𝑎𝑛𝑑 

so lim
𝑛→∞

𝑑(𝑆𝑛(𝜚) , 𝐹) exists. By condition (𝐴`)either 

lim
𝑛→∞

𝜒(𝑑(𝑆𝑛(𝜚) , 𝐹)) ≤ lim
𝑛→∞

𝑑(𝑆𝑛(𝜚) , 𝐵𝑆𝑛(𝜚)) = 0 

or 

lim
𝑛→∞

𝜒(𝑑(𝑆𝑛(𝜚) , 𝐹)) ≤ lim
𝑛→∞

𝑑(𝑆𝑛(𝜚) , Ζ𝑆𝑛(𝜚)) = 0 

or 

lim
𝑛→∞

𝜒(𝑑(𝑆𝑛(𝜚) , 𝐹)) ≤ lim
𝑛→∞

𝑑(𝑆𝑛(𝜚) , 𝑅𝑆𝑛(𝜚)) = 0 

In both the cases, 

lim
𝑛→∞

𝜒(𝑑(𝑆𝑛(𝜚) , 𝐹)) = 0 

Since 𝜒 is a non-decreasing function where𝜒(0) = 0, lim
𝑛→∞

𝑑(𝑆𝑛(𝜚), 𝐹) = 0 . 

 

5. Conclusion 

The main idea of the this paper is that we have to found  a new iterations by one step to 

approximation for common random fixed point from three multi-valued non-expansive random 

operator and  obtain, as well as the theories of strong and weak convergence .  
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