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Abstract 

      Nuclear energy levels in Sc46  with modest occupancy of the fp-LS shell have been studied 

within shell model calculations. The interactions used to determine the nuclear energy levels are 

FPD6, KB3G, and FPY using the fp shell and d3f7cospn for 1d3/21f7/2 model space. Results are 

compared with each other, and with the existing experimental data, there is clear agreement with 

some results. Aside from the excellent agreements in the replicated values of energy levels scheme, 

using model space interactions is the best-fitted two-body matrix element in the fp shell model 

space. Particularly below 3MeV, the overall estimation of the replicated data is excellent. The wave 

vectors and analysis are represented in the so-called diagrammatic notation, and all inscriptions are 

provided in this style. A single particle vector is generated by utilizing the oscillator's potential and 

considering 𝐶𝑎20
40

  as the core for the fp shell model space and 𝑆32  as the inactive core for the d3f7 

model space. Results are obtained for all examined nuclei using the OXFORD BEUNES AIRES 

SHELL MODEL CODE.  

Keywords: Energy levels - Sc46 - Fp shell - OXBASH Code -   Fpd6. 

1. Introduction 

     The features and internal structure of the nucleus have been the subject of much research. There 

is no all-encompassing theory that can adequately describe the operations, characteristics, and 

structures of nuclei[1]. The shell theory provides several benefits and features, including model 

independence, the applicability of the practical N-N potential, and a broad variety of nuclei, in 

addition to the conventional Hamiltonian related to various kinds of eigenvectors. Obtaining all 

observable nuclei follows naturally from the shell theory; hence, it is still applicable today[1]. Using 

the LS shell (1f7/2 1f5/2 2p3/2 2p1/2) as a reference, they determined the excitation energies, 

binding energies, and spectral factors necessary to generate the effective N-N matrix elements [2]. 

Using the nuclear shell model, the energy levels of different Cu and Ga nuclei were analyzed. An 

inert 𝑁𝑖56  nucleus was used as a model in the theoretical application, with pf single particle orbitals 
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serving as the model space. Using the f5pvh nucleon-nucleon interaction, the effective interactions 

between two nucleons were computed. Space-time dynamics have been modeled using orbits with 

radii of f5/2, p3/2, and p1/2 [3]. The goal of this study is to provide a method for efficiently and 

correctly disseminating computational results for shell models, with an emphasis on fp-shell. These 

estimations were based on the evaluation of Hamiltonian eigenvalues, which are compatible with 

positive parity of energy levels up to (10MeV) for most Ca isotopes, and the Hamiltonian 

eigenvectors transition strength probability, and inelastic electron-nucleus scattering. The 

Hamiltonian has proven to be helpful in the experimental settings we've used so far. The 

experimental data were used to propose a new nuclear level. To do the calculations the OXBASH, 

code [4] is utilized. 

Calculations using the interaction of GXFP1 in the fp model space by adopting the single-particle 

wave functions of the harmonic oscillator. All of the isotopes involved have valence nucleons 

moving in 1f7/2, 2p3/2, 1f5/2, and 2p1/2 orbitals, while the 𝐶𝑎40  nucleus is thought to have a stable 

nucleophile in the fp-form. The consequences of core polarization may be derived using 

microscopic theory in the case of first-order core polarization. To account for core polarization, the 

quadrupole and magnetic moments were calculated using the effective charge and effective g 

factors, respectively [5]. 

Three isotopes, 𝐶𝑎46−45 , 𝑇𝑖46−45    and 𝑆𝑐 46−45 , had their potential energies calculated. They 

conducted computations in the f7-shell region while accounting for the spin-parity of the valence 

nucleons using the shell model code OXBASH for Windows and the effective interactions, f748pn. 

It was shown that the energy level values tend to converge around the usable norm [6]. The nuclear 

energy levels of the even-even 𝐶𝑎 sotopes were calculated using the nuclear shell model and the 

KShell computer code. This software allows us to do nuclear shell-model calculations using the M-

scheme representation. The very potent 𝐶𝑎40  isotope was employed as the backbone of the 

calculations. It is possible for neutrons to simulate orbits at 0f7/2, 1p3/2, 0f5/2, and 1p1/2 in their 

model space. Nuclear spin, parity, and energy have all been determined for excited Ca isotopes [7]. 

Using the interacting boson model-1 (IBM-1), they collected data on the A50 mass region of even-

even Ti isotopes and examined their collective properties. In this study, the energy levels and rates 

of electromagnetic transitions for the isotopes 𝑇𝑖44−48  and 𝑇𝑖52−60  are determined. The IBM-1 

models did not include the isotope 𝑇𝑖 50 since its neutron count is 28 and 28 is considered the "magic 

number." The energy ratios were originally examined by comparing the normal values of the U(5), 

SU(3), and O(6) dynamical symmetries and the E(5), X(5) critical point symmetries. Based on the 

observable properties of the isotopes in the issue, a subsequent model Hamiltonian was constructed. 

Using the parameters of the fitted Hamiltonian, the lowest energy levels of all the Ti isotopes were 

calculated [8]. 

The shell model based on large-scale unconstrained fp-model space has been used to determine low-

lying energy levels and Gamow-Teller B(GT) transition strengths for the transitions ( 𝐶𝑎 42 𝑆𝑐42 , 

𝐶𝑎 42 𝑇𝑖42 , 𝑆𝑐45  𝐶𝑎45 , 𝑆𝑐45  𝑇𝑖45 , 𝑉45  𝑇𝑖45 ). The intensities of the Gamow-Teller B(GT) transition 

were computed and compared to experimental data on concentrations. The low-lying energy levels 

of the studied nuclei were accurately reproduced. For several of the nuclei examined, the spin and 

parity of previously unconfirmed energy levels had been verified [9]. Energy levels and the 
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probability of electric transition B(E2) in the fp shell of the 𝑁𝑖60  and 𝐹𝑒60  nucleus with the effective 

interactions f5pvh, gx1, and kb3 were calculated using OXBASH. OXBASH is a computer 

application for calculating nuclear installations using a shell mode [10]. They computed the energy 

levels and the reduced electric quadrupole transition probability B(E2) for the 50Fe isotope using 

the OXBASH algorithm and the F754 and F7mbz effective interactions. There are six protons and 

four neutrons in the shell around the 𝐶𝑎40  nucleus of the 𝐹𝑒50  isotope. All of these isotopes had 

identical total angular momentum and ground state parity, and although this produced new energy 

levels, none of them was currently useful [11]. Within shell model calculations had been interested 

in nuclear energy levels; total angular momenta and even-even parity for nucleons that are presented 

outside closed and no core for the elements 𝐶𝑎42 ,  𝐶𝑎44 , 𝐶𝑎46 , and 𝐶𝑎48 ) that filled fp-shells 

(1f7/2,1f5/2,2p3/2,2p1/2). The atomic energy distribution over the periodic table 𝐶𝑎42 ,  𝐶𝑎44 , 𝐶𝑎46 , 

and 𝐶𝑎48  were determined via a total of four interactions. We compare the findings from the FPD6, 

GXPF1, and KB3G interactions with the GOGNY-P2 (fp, fpg, and fpgd model space) interactions 

and find some agreement. 

The frozen orbitals and limited occupations method [12] were developed for use in full-space 

computations where the GOGNY-P2 interaction was used as the effective full-space two-body 

interaction. A nuclear shell model with ca as an inert core and FPD6, HW, and FPY as model space 

effective interactions was used to examine 𝑆𝑐44  [13] and 𝐶𝑎44  [14] nuclear energy levels, and the 

replicated results were compared to experimental data. In this investigation, they employed the 

OXBASH method to produce model space wave vectors and to receive the equivalent model space 

effective interaction. By considering the single-particle potential (harmonic oscillator) and the 

elastic magnetic electron scattering form factors, they established a model space factor for 𝐶𝑎41  

using F7MBZ, with 𝐶𝑎40  as the inert core. Then, the Ca quadrupole moments (41, 43, 45, and 47) 

are calculated using the shell model [16], and the nuclear shell theory is applied to the entire system 

[15]. The theoretical level schemes of the selected nuclear states provide the basis for our FP-space 

model computations of different effective interactions. Spins and association energies that are 

common in GX1A, KB3G, FPD6, and GX1A are present in several experimentally observed levels 

in 𝐶𝑎52 . Spin spectra 𝐶𝑎52−54  and 𝐶𝑎56−58  were produced for efficient interactions [17].  Some 

physical properties, like the electromagnetic properties' effects on the nuclear structure of certain, 

cobalt (Co) isotopes with mass numbers A = 56-60, have been analyzed. These properties include 

elastic longitudinal form factors, electric quadrupole moments, and magnetic dipole moments. All 

GXFP1 interaction calculations are performed in the fp model space, using the harmonic oscillator's 

single-particle wave functions [18]. The modified-surface one-boson exchange potential 

(MSOBEP) model developed for the sd-shell [19,20] was successfully applied to generate a six-

parameter density-dependent interaction for the bottom section of the fp shell FPD6 [21-25]. Even 

when used in the contemporary GXPF1 method, the FPD6 interaction remains extremely effective. 

While FPD6 already has monopole interactions, including them may improve the effective SPE 

attained for [26]. Recently, the GXPF1 has made it possible to apply the entire Effective two-body 

matrix elements + group interaction (ETBME+G) technique to the fp shell interaction, which has 
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been done for all fp shell nuclei in the mass range (47-65)[27,28]. Future theoretical and 

experimental studies will focus on neutron-rich fp shell nuclei.  

The aim of this research is to use the OXBASH code[29] to calculate the nuclear energy levels in 

𝑆𝑐46  isotopes, with 𝐶𝑎40  serving as the inert core, FPD6, KB3G, and FBY representing the fp shell, 

FZMBZ representing the 1f7/2 subshell orbit, and D3F7COSPN representing the 1d3/2 1f7/2 model 

space. 

2. Materails and Methods 

     A minimum of the total energy describes the ground state of the core and two additional nucleon 

systems. In general, the two extra nucleons are, therefore, in the lowest available single-particle 

orbit and are related to the total spin and isospin value for which 𝐸𝛤
(1)(𝜌2) assumes the smallest 

value. All other states indicate excited states, in which the two particles are connected to distinct 

values or one or both of the additional nucleons are excited into a separate single-particle orbit. As 

shown in eq. (1), the Hamiltonian of the core-plus-two-nucleon system may be divided into two 

parts [30]:  

𝐻 =  𝐻𝑐𝑜𝑟𝑒 +  𝐻12                                                                                                                           (1) 

With [30]  

𝐻𝑐𝑜𝑟𝑒 =  ∑ [𝑇(𝑘) + 𝑈(𝑘)]𝐴
𝑘=3 + [∑ 𝑊(𝑘, 𝑙)𝐴

3=𝑘<𝑙 −  ∑ 𝑈(𝑘)𝐴
𝑘=3 ],                                                 (2) 

𝐻12 =  ∑ [𝑇(𝑘) + 𝑈(𝑘)]𝐴
𝑘=1 + [ ∑ ∑ 𝑊(𝑘, 𝑙) + 𝑊(1, 2)𝐴

𝑙=3 − ∑ 𝑈(𝑘)2
𝑘=1

2
𝑘=1 ]                             (3) 

where 𝐻𝑐𝑜𝑟𝑒 denotes the interaction of the core particles (designated by k=3, ..., A). Assuming the 

closed-shell core is inert, the contribution of H to total energy is constant. H denotes the contribution 

of the two extra particles. It is more precisely expressed as [30].  

𝐻12 =  𝐻12
(0)

+  𝐻12
(1)

.                                                                                                                        (4) 

where 𝐻12
(0)

 Specifies the single-particle Hamiltonian given by [30]  

𝐻12
(0)

= [𝑇(1) + 𝑈(1)] + [𝑇(2) + 𝑈(2)] =  𝐻𝑠.𝑝.(1) + 𝐻𝑠.𝑝.(2)                                                   (5) 

A and 𝐻12
(1)

 denotes the residual interaction and it is given by [30] 

𝐻12
(1)

= [∑ 𝑊(1, 𝑙)𝐴
𝑙=3 − 𝑈(1)] + [∑ 𝑊(2,   𝑙)𝐴

𝑙=3 − 𝑈(2)] + 𝑊(1, 2)                                                        (6) 

If we now take   

𝑈(𝑘) =  ∑ 𝑊(𝑘, 𝑙)𝐴
𝑙=3          For k= 1, 2,                                                                                            (7) 

Only the two-particle term W (1,2) persists after the single-particle terms in the residual interaction 

𝐻12
(1)

 exactly vanish. In other words, it gives the residual interaction 𝐻12
(1)

= 𝑊(1, 2), where W (1,2) 

lacks any words with a single particle. 
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According to the definition in equation (7), which sums up all of the core's particles, the single-

particle states are defined by the core nucleus. The Hartree-Fock theory provides the general 

derivation of a self-consistent single-particle potential U. However, because the later approximation 

is so complicated, it won't be covered here. In the majority of shell-model computations, the 

assumption is made that the Saxon-Woods potential or the simple harmonic oscillator can be used 

to describe the single-particle potential. 𝐻12
(1)

  is no longer equivalent to W(1, 2) in that scenario. It 

is now assumed that the residual interaction, as provided in eq. (6) may still be represented by a 

two-body interaction for such a simplified single-particle potential U. The remaining two-body 

interaction will now be defined by ∑ 𝑉(𝑖, 𝑗)𝑖<𝑗 . Consequently, one has [30] in the scenario of two 

active particles outside of a core: 

𝐻12
(1)

=

𝑉(1, 2                                                                                                                                                                  (8) 

For the entire Hamiltonian, the following can be written from equations (3), (4), (5), and (6): 

𝐻 =  𝐻𝑐𝑜𝑟𝑒 +  𝐻𝑠.𝑝.(1) +  𝐻𝑠.𝑝.(2) + 𝑉(1, 2).                                                                                (9) 

The expected value [30] provides the binding energy of the nucleus when two particles outside the 

core are in orbit and related to spin and isospin :  

𝐸 Γ 
𝑏 (𝐴) =  ⟨𝛷𝛤

(0)
 (1, … , 𝐴)|𝐻|𝛷𝛤

(0)
 (1, … , 𝐴)⟩                                                                               (10) 

As the anti-symmetrized product of the core wave function, Φ00 (core), and the wave function 

𝛷𝛤
(0)

 (1, … , 𝐴) characterizing the additional two nucleons, the total Hamiltonian in the state 

𝛷𝛤
(0)

 (1, … , 𝐴)  of the whole nucleus can be stated as follows [30]: 

𝛷𝛤
(0)

 (1, … , 𝐴) = 𝒜{𝛷00 (core)𝛷𝛤
(0)

 (1, 2)}.                                                                                (11) 

        In the particles 3,..., A and 1, 2, respectively, it is thought that the functions Φ00 (core) and 

𝛷𝛤
(0)

 (1, 2) are antisymmetric. By permuting particle coordinates and selecting suitable linear 

combinations, the antisymmetrizer 𝒜  must finish antisymmetrizing all particles. The right 

outcomes are likewise achieved using the more straightforward product function 

𝛷00 (core)𝛷𝛤
(0)

 (1, 2) for the evaluation of the matrix element in equation (11). Since the whole 

Hamiltonian in equation (11) has been divided into terms that operate on particles 1, 2, or 3, A, one 

can derive the following from the orthonormality of the wave function: 𝛷00 (core) and   𝛷𝛤
(0)

 (1, 2)  

[30]: 

𝛷00 (core) and   𝛷𝛤
(0)

 (1, 2) [14] : 
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⟨𝛷00 (𝑐𝑜𝑟𝑒)𝛷𝛤
(0)

 (1, 2)|𝐻|𝛷00 (core)𝛷𝛤
(0)

 (1, 2)⟩ =  ⟨𝛷00 (𝑐𝑜𝑟𝑒)|𝐻𝑐𝑜𝑟𝑒|𝛷00 (𝑐𝑜𝑟𝑒)⟩ +

 ⟨𝛷𝛤
(0)

 (1, 2)|𝐻𝑠.𝑝.(1) +  𝐻𝑠.𝑝.(2)|𝛷𝛤
(0)

 (1, 2)⟩ +  ⟨𝛷𝛤
(0)

 (1, 2)|𝑉(1, 2)|𝛷𝛤
(0)

 (1, 2)⟩                     (12) 

The following Eqs. [20] provide a definition for the linked two-particle wave function 𝛷𝛤(1. 2) 

[14]: 

Φ𝐽𝑀(𝑗𝑎(1)𝑗𝑏(2)) =  ∑ ⟨𝑗𝑎𝑚𝑎𝑗𝑏𝑚𝑏|𝐽𝑀⟩ ∅𝑗𝑎𝑚𝑎(1)  ∅𝑗𝑏𝑚𝑏(2)𝑚𝑎𝑚𝑏
                                           (13) 

Φ𝐽𝑀
± =  √

1

2
(1 ± 𝑃12)Φ𝐽𝑀(𝑗𝑎(1)𝑗𝑏(2)) = √

1

2
{Φ𝐽𝑀(𝑗𝑎(1)𝑗𝑏(2)) ±

(−1)𝐽−𝑗𝑎−𝑗𝑏 Φ𝐽𝑀(𝑗𝑏(1)𝑗𝑎(2))}                                                                                                     (14) 

One may integrate out the coordinates of particle 2 for 𝐻𝑠.𝑝.(1)   matrix element evaluation in 

equation (12), and one can do the same for 𝐻𝑠.𝑝.(2)   matrix element evaluation in equation (12). 

The matrix elements for single-particle eigen states ρ, each reduce to expectation values of 𝐻𝑠.𝑝.  due 

to the orthonormality of the Clebsch-Gordan coefficients. It is discovered that Eq. (12) and Eq. (12) 

with the single-particle energies provided by [30] are identical. 

2𝑒𝜌 =  ⟨𝛷𝛤
(0)

 (1, 2)|𝐻𝑠.𝑝.(1) +  𝐻𝑠.𝑝.(2) |𝛷𝛤
(0)

 (1, 2)⟩ =  ⟨𝜌2|𝐻12
(0)

|𝜌2⟩
𝛤
                                         (15) 

In [14], the residual interaction is proveded : 

𝐸𝛤
(1)

(𝜌2) =  ⟨𝛷𝛤
(0)

 (1, 2)|𝑉(1, 2)|𝛷𝛤
(0)

 (1, 2)⟩ =  ⟨𝜌2|𝑉(1, 2)|𝜌2⟩𝛤                                                 (16)       

And the core's binding energy, as indicated by [14] 

3. Results  

        For 46 sc, as explained in Figure 1, the system is pure, the experimental data has 30 values, 

the repeated data for the interaction (FPD6, FPY, KB36, F7MBZ, and d3F7COSPN) are good, and 

others have some problems. The interaction (FPD6 and KB3G) has good reproductions and minor 

differences from that of experimental data, and the ground state for this interaction is (4+), the first 

excited 6+, and the second is 3+, and the order of series is accorded with the KB3G interaction and 

F7MBZ up to 1Mev, but the differences between interactions are apparent. The best results are fit 

to KB3G, FPY, and F7MBZ, but the result of FPY is shifted upward, which reveals that the 

interaction in the same model space has changed actions in the value of the study below. The energy 

levels below E = 3 meV are more interesting, while values above these ranges are difficult to 

duplicate because not all of the processes inside the nucleus are represented by the model used in 

our study. The d3F7cosPN interaction failed to 2 reproduce experimental data due to an apparent 

overlap in energy levels, which is less than 200 keV as shown in Figure 2, and it does not resemble 

previous interactions where it has a different model space from other interactions.  
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Figure 1. The energy levels system of 𝑆𝑐46  by using FPD6 , FPY , KB3G , F7MBZ and D3F7COSPN  interactions with close 

core 𝐶𝑎40
  and 𝑆32

, positive parity , ten order 

 

 

Figure 2. The density of states scheme of 𝑆𝑐46  per 1MeV 
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4. Discussion 

The terms of the two body matrix elements and the fitting parameter are anticipated by shell 

theory and residual interaction. Depending on the term constituting the interaction and the 

parameters under consideration, the intrusions either succeeded or failed to reproduce the 

experimental data. Some interactions are best fitted to the arrangement of (A), and their fitting 

parameters are normalized on (A-42) terms drawn from real (N-N) interactions and taking into 

consideration the channel of interaction (ST), where the meson particles represent the link between 

interacting nuclei. The density of energy levels, as shown in Figure 2, shows that the states are 

condensed in the range (2–3) MeV and reduced fast for all the interactions, and the value of the 

density of energy levels is different between the interactions. However, all of them indicate that the 

analyzers must be modified in order to obtain the energy level experimentally with a hyperfine 

structure. 

 

5. Conclusion  

     The quality and amount of recreated energy are both improved by Modern's effective interaction. 

In some model spaces and for some isotopes, the best choice of interaction is determined by the 

value of binding energies and separation energies for both neutrons and protons that can be 

reproduced by the chosen interaction, and then the interaction will succeed in model space in 

accordance with shell theory, which is still valid and confident in the reproduced theoretical results. 
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