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Abstract

In this paper, the oscillation property and the asymptotic behavior of solutions of neutral second-
order differential Equations of the Emden-Fowler type were studied under the influence of the
coefficients of forces. It has been shown through this research that the coefficients of forces in
addition to the Emden-Fowler type have a major role on the oscillation of solutions of neutral
Equations. As well as its effect on the convergence and divergence of nonoscillatory solutions. For
this purpose, some conditions are obtained to ensure that all solutions of the neutral Equations
Emden-Fowler type oscillating or nonoscillating go to oo, as t — . Some of these conditions are
the development of conditions similar to them in some of the well-known results included in the
references, for example, condition (8) in this research with condition (4) in (9). The obtained results
included some illustrative examples showing that the resulting conditions are easy to apply and
guarantee oscillation.
Keywords: Oscillation Criteria, Asymptotic Behavior, Emden-Fowler Type, Neutral Second Order
with Forcing Term.

1. Introduction
This paper aims to obtain sufficient conditions to ensure that every solution of the neutral force
Equation of the second-order type Emden Fowler oscillates. Consider the Equation:

(EO@®)) +) a@®w(5(0)sen)

k
=) 1. €}
j=1
w(®) = x(t) + p(Ox(z(®)). (2)
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The number y is a quotient of odd positive integers. t,6; € C([tg,)1,R),i =12,...,n,
tlim (t) = 00,tlim §;(t) =0, sgn(x) =1 if x=20, sgn(0) =0, p € (C([ty,»),R") and
q;, 75 € C([tg, ) ,R), i =1,2,..,n,j = 1,2,..., k.
During this research, the following assumptions will be used as needed:

1

M,) lintljoup ft : ({(_1s)>7 ds = oo;

M) 0<p(t)<a, §(t)>0
Q:i(®) = min{ q:(), a(v(0),Q(®) = min{Q:i(8),i =1.2,..,n}, and
Gi(t) = Itllatlx{ r(0),ri(z(@®), i=12,..,k},G6(t) = max{G;(¢), i = 1,2, ..., k}.

(Ms) f 1G(D)|dt < 0, T > t,.
T

maj|mmw=w12%.
T

The Emden-Fowler Equation has emerged in recent decades as a focus of interest for many
researchers, specifically research in oscillation and the asymptotic behavior of the solutions of these
Equations, Emden-Fowler Equation has been classified as unconventional Equations and its
importance has emerged for its use in many applications, and for this reason many researches have
appeared that produce a lot of conditions to ensure that each solution of these Equations oscillates,
or that their non-oscillating solutions are convergent. Ahmed et al. (1) studied the second-order
neutral dynamic linear Equation and established some conditions for the oscillation of every solution
of this Equation. Yingzhu et al. (2) obtained oscillation conditions of each solution of second-order
neutral nonlinear differential Equations. The obtained results in (3) are based on comparison
theorems which enable to address the problem of second order Equation oscillation to first order
Equation oscillation. Mehta et al. (4) investigated the Emden-Fowler Equation of the
form %(t“ C;—Vtv) = t°w% where w(t) = x(t) £ q(£)x(z(£)), and established some conditions for
all solutions to oscillate. Mohamad et al. (5, 6) discussed the oscillation property of third order neutral
half-linear Equations and established some conditions to insure the oscillation of every solution of
these Equations. Moaaz et al. (7) and Xu et al. (8) obtained oscillation conditions of each solution of
second order neutral Emden-Fowler type (a(t)[(x(t) —p(O)x(z(£)))']) + q(®)x" (a()) =0,
t = t,. Thandapani et al. (9) studied asymptotic properties of the third order quasi-linear neutral
functional differential Equation (a(£)[(x(t) — p(D)x(z(£)))"]")’ + q(©)x¥ (a(t)) = 0, by using the
Riccati transformation, and establishing some conditions which ensure that every solution of that
Equation is either oscillatory or converges to zero. Hassan et al. (10) he dealt with new standards for
the oscillation of half-linear differential Equations developed of the second order, where he concluded
that the results obtained work to expand and develop modern standards for the same Equations that
have been developed by many authors. Tripathy et al. (11) find the necessary and sufficient
conditions for volatility one of the impulsive neutral differential system solutions of the second order
under certain conditions that ensure the occurrence of oscillation . See Mehta et al. (12), and Vidhyaa
et al. (13) they studied the differential Equations and obtained the oscillation criteria for all the
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solutions of the neutral differential Equations of the second degree, half-linear
k(O (R®)Z ()5 + k(t)xE(t) = 0,t =ty where z(t) = x(t) + p(£)x(z(¢)). Dassios et
al. (14) he studied the delayed and neutral differential Equations, where he focused on the stability
of the important joins because these joins contain delays in each of the state variables and their time
derivatives, where the proposed approach consists of model transformation that builds an equivalent
set of algebraic differential Equations. Li et al. (15) and Marappan et al. (16) the oscillatory behavior
of solutions of mixed nonlinear neutral differential Equations of the Emden-Fowler type was studied
by applying the integral conditions and the integral average method. Baty (17) he studied second-
order Lane-Emden-Fowler differential Equations, third-order Emden-Fowler Equations, and fourth-
order Lane-Emden-Fowler Equations. He presented numerical methods using neural networks based
on physics with the aim of solving higher-order differential Equations. Naeif et al. (18) he studied
the oscillation and asymptotic behavior of a half-linear three-dimensional neutral system of second
order and gave sufficient conditions to ensure oscillation or not. See (19-22) they studied the optimal
decomposition method for solving third-order nonlinear Emden-Fowler differential Equations, to
avoid the singularity at x=0, by transforming the Emden-Fowler Equation into an integral Volterra
Equation.

Our paper was based on article (9), where a more general Equation with a forcing term is used
and condition (2) in (9) has been developed into a more general case. A solution x(t) is said to be
oscillatory if it has arbitrarily large zeros on (t,, ), otherwise it is said to be nonoscillatory that is
either eventually positive or eventually negative (6).

2. Main Results

In this section some results .established for oscillation for every solution of Equation (1). In the
beginning, it is shown that every non-oscillatory solution is achieves the following cases.
Lemma 2.1: Assume that g;(t) = 0, Z;‘zlrj(t) < 0,and (M,) holds. Let x(t) be anon- oscillatory

solution of Equation (1). Then w'(t) > 0, and either lim x(t) = oo, or lim f(t)(w’(t))y = 0.

Proof: Assume that x(t) be eventually positive solution of Equation (1). From (1) it follows that
E@)('(®)) <0, that is &(t)(w'(t))Y is non-increasing for t >t,. we claim that
() (' (t))Y is eventually positive, otherwise if &(t)(w'(t))Y is eventually negative then there is

u < 0and t; = tysuchthat £(t)(w'(t))Y < u<0,t=>ty,soitfollows
1

, K \y
w(t)s<f(_t))’ t=t. 3)
Integrating (3) from ¢, to t we get
1t/ %
w(t) — w(ty) < u¥ ft 1 (@) ds. )

Letting t — oo, then from inequality (4) yields ELI?O w(t) = —oo, a contradiction. Hence our claim
verified and  é(t)(w'(t))Y > 0,that is w'(t) > 0, t = t; = t,, then P_}n; E)(' (1) =120,
thus E(t)(w' ()Y =1, t =t Or
1
w'(t) = (L)7 t=>t;. (5
$(t)
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1

Integrating (5) from t, to t, it follows w(t) — w(t;) = l f (f@)? ds.
If 1> 0 then thm w(t) = oo, implies that tllm x(t) = co. If [ =0 then tlim £ (W' (D) = 0.

Lemma 2.2: Assume that q;(t) <0, Z;‘zlrj(t) >0, and (M;) holds. Let x(t) be a non-
oscillatory solution of Equation (1). Then the following statements hold:

@) w'(t) > 0, and tan; x(t) = oo,

(b) w'(t) < 0, and tli—>r?o @) (W' ()Y =0.

Proof: Assume that x(t) be eventually positive solution of Equation (1). From Equation (1) we get
E@)(@'())Y) = 0thatis é(t)(w'(t))Y is non-decreasing, we have two cases to consider:

1 @' @)Y > 0;

2. (' @)Y <0,t=t; =t

Case 1. é(t)(w'(t))Y >0 that is w'(t) >0, t >t; then there exist u >0 such that
ED) (' @) = Ii; t=2t, =2t

o' () = <E(t))? £>t,. 6)

1
By integrating (6) from t, to t we get w(t) — w(t,) = ,u f (s(s))y ds.
As t — oo it follows thm w(t) = oo, which implies that thm x(t) = oo,
Case 2: ¢é(t)(w'(t))Y < 0 thatis w'(t) < 0,t = t; and thm E()(w'(t))Y =1<0.weclaimthat

[ = 0 otherwise [ < 0 thus
1

w(t)_(l >t, >t . (7)

)y
$(®)
By integrating Equation (7) from ¢, to t we get w(t) — w(t,) < v f ( (S)); ds.

1
As t — oo it follows that thm w(t) = —oo, a contradiction. Then [ = 0.

Theorem 2.1. Assume that g;(t) = 0, Zlerj(t) <0, (My) — (M,) hold, and for any continuous
functions u(t), v(t), uv > 0, there exists A > 0, such that

u¥ (£) + v¥ (t) = A(u(t) + v(®)". (8)
Then every solution of Equation (1) oscillates.
Proof. Assume that Equation (1) has a non-oscillatory solution x(t). For lack of prolongation and
repetition, it can be assumed that x(t) > 0,x(z()) > 0,x(8;(¢)) > 0,i = 1,2, ...,n, for t > ¢,.
Letu(t) = x(t), v(t) = p(t) x(z(t)), n(t) = max {x(t),x(r(t))}, then
(x(©) + p(Ox(z(©)))Y < (x(t) + ax@(@®)))Y < (®) +an(@®)’ =11 + a)".
Since n(t) = max {x(t), x(z(t))} so there exists & > 0, such that

X7 (8) + pY (O (2()) = e (8) = T () = s (1) + @ (O = s (x(0) +
p(®)x(z(1)))Y,
Choose A = Tray
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XV () + p" (Ox7 (2(1)) = A(x(t) + p(©O)x(z(1)))”
= AwY (t). 9
From Equation (1) it follows that:

(HOICIG)IE: Zil a:(®)x(8:(®)" + a’[£(z(®)) (@' (z(&) )]’
n k
+ a¥ Zi:l q;(t(®)(x (Si (T(t)))y — z}.zl(rf'(t) +a'r;(1(t)) (10)
CE@(@'OM) +a¥ [{(T(t))(w’(r(t)))y]l + Q(t) Z-=1[xy(6i(t) + anV((gi(T(t))]

— Zi;l(rj(t) +a'r(z(t)) <0
E@@' )N + a’[¢(r(0) (@' (z)TT’
HO Y. [OO) +P GO G(x0)] - 6O Z;(l +a) <0
by using(9) the last inequality yields:
EO@O) + @ E(O)@ EONT+7Q0 Y. o' (G,0) - k@ +a) <0
Let6(t) = rtr;itrf{&(t),i =1,2..,n},bylemma 2.1, w(t) is positive and increasing so there exist a

constant b > 0,and t, > t; suchthat w(t) = b, t > t,. Hence the last inequality leads to:

D@ +a’[§(x(O) (@' (z®)'] + nAQM)w? (6(1) —kG(H)(A + a”) <
0

, (11)

nAQ(DbY < —(E(D)(@' (D)) - a’[€(x()) (o' O]

+kG()(1 + a?), (12)
Consequently, by integrating (12) from t, to t yields
nAbe Q(s)ds

%)
t t t

< —] EG)(W'(s))Y)'ds — a”j [f(r(s))(w'(s))y]’ ds + k(1+a") f G(s)ds
nAbY JtQ(s) ds

< E(t) (W' (t))Y + aVE(T(tz))[w’(T(tZ))]y + k(14 ay)f G(s)ds, (13)

Hence by (M;) it follows from (13) [ tzo Q(s) ds < oo, contradicts (M,).

Theorem 2.2. Assume that g;(t) <0,i=1,2,...,n, Zj?zlri(t) >0,8'(t) >0 on [ty, ™). Let
(M;) — (M,) hold, and for any continuous functionsu(t), v(t), uv > 0, there exists 1 > 0, such that
(8) holds, in addition to the condition

a(t)
lim sup f
t

t—oo

1

1 a(s) n -
%f Z-zll%(”)l[l - p(&)I” dvl ds

> 1. (14)
Then every solution of Equation (1) oscillates.
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Proof. Assume that Equation (1) has eventually positive solution x(t), thatis x(t) > 0, x(z(¢t)) >
0, x(8;(t)) >0, i = 1,2,..,n. From Equation (1) we get (£(t)(w'(t))Y)’ = 0, based on Lemma
2.2, there are two cases that need to be investigated:

(@) w'(t) >0, and tll_{g x(t) = oo.

(b) w'(t) < 0, and tli—>r?o @) (W' ()Y =0.
Case (a) proceeding as in the proof of theorem 2.1, we conclude that (11) holds.
Letting
z(t)
= (D) (' (D). (15)
Then z(t) is positive and non-decreasing, hence (11) becomes:
z' () +a" [2(z(t))] + n2Q(®)w? (6(t)) < kG(£)(1 + a¥), for ¢

>t, (16)
w(t) is positive and increasing so there exist a constant b > 0, and t; > t, such that w(t) > b,
t > t5. Therefor (16) reduce to
z'()+a" [2(z(t))] + nAQ()bY < kG(£)(1 + a¥),for ¢

>ty 17)
Integration (17) from t5 to t, where t is sufficiently large ¢, leads to

t t ‘ t
j Z'(s)ds +a”j (z(7(s)))'ds + nAb” | Q(s)ds < k(1+a¥) | G(s)ds

3 t3

Since z(t) is non-decreasing, then the last inequality becomes:
t

z(t) — z(t3) + aVZ(T(t)) —a¥z(t(t3)) + nibY ftQ (s)ds<k(1+a¥)| G(s)ds,
t3 t3

There fore
t

t
—z(t3)Y —a¥z(t3) + nAbe Q(s)ds<k(@1+a") | G(s)ds, (18)
As t — oo a contradiction will be got in (18).
Case (b) in this case

0(®) > 0,0'(1) < 0, lim E(O (@' (B = 0,EO)(@'(®)") 2 0
Since &'(t) > 0 and w(t) is positive decreasing, so it can be conclude that w' (t) = 0, for t > t,,

w(®) > x(6), x(t) = w(®) — p®)x(r(®)), x(5:(1)) = w(8:()) — p(8;(©))x(x(5;(1)))

So Equation (1) become

(EOWO)) +) GO(E®) - @GO
k

= 2 - r(D). (19)
j=1
By integrating (19) from ¢ to a(t), where a(t) > tand t ((Sj (a(a(t)))) <t

5(6) = min{8;(8), i = 12,..,n}, We get —&(0)(0'®) = [“O T, ¢:()[w(5:(0) -
p(8;())w(t(8:(O)] ds,
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a(t) «—n
OO 2= Y 4@ @O -pEO) ds

ey

1 (e® Y
w'(t) < w(r (6j(a(t)))) [% f Zzlqi(s)[l —p(al-(t))]yds] : (20)
Where 7(8;(t)) = min{z(8;(t)),i = 1,2, ...,n], integrating (20) from ¢ to a(t) we get

1

a(®) a(s) n Y
0(@®) - 00 < 0@ [ 5[ D awi e as] s
w(t)

a(t)[ 1 %) n %
) - [V 2 e - pee) ] s
@ (T € (a(a(t))))> ft $(s) f zl

The last inequality contradicts the condition (14), thus case not valid also, hence every solution of
Equation (1) oscillates. The proof is complete.

3. Examples

In this section, two examples are given to illustrate the fulfillment of all necessary and sufficient
conditions for the results presented in the previous section.

Example 3.1. Consider the following Emden-Fowler Equation:

1 ! 1 1

x(0) + 5 x(t - n)] = —Sx(t-2m -4, ¢

> 0. (21)
Where §(6) =1, p(t) =7, 7(t) =t —m,q:(t) = Q(®) =, m () = —5, and &(t) =t — 2m,
i=1,2,..,n,y = 1. Inreality M; — M; are hold for every t > t, = 0. And

Q(s)ds = j ds = oo.
to 0

Then (M,) is holds for every t > % Recall that (8) hold for A = 1. Hence all the conditions of
Theorem 2.1 satisfy that according to Theorem 2.1, each solution of Equation (1) oscillates for
example x(t) = sint — % such as this oscillation solution. See Figure (1)

Figure 1. x(t) = sint —%
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Example 3. 2. Consider the following Emden-Fowler Equation:

371 31
[x(t) + 2e "x(t —m)]"' —4e 2 x (t - 7) =et t

> 0. (22)
3T

Where é(t) =1, p(t) =2e™ " t(t) =t —m,r(t) = e 5 q,(t) = Q(t) = —4e 2z, and §(t) =
t— 37” y = 1. Inreality M; — M; are hold for everyt > t, = 0. And

le(s)lds=f se=Fds = oo.
t 0

0

Then (M,) is holds for every t > 0. Recall that (8) hold for A = 1. Hence all the conditions of
Theorem 2.2 satisfy that according to Theorem 2.2, each solution of Equation (1) oscillates, for
example x(t) = e“*(sint — 1) is such an oscillatory solution. See Figure (2)

Figure 2.¢(t) = e f(sint — 1)

4. Conclusion

In this paper, we have studied the oscillation property of the solutions of neutral second-order
differential Equations of the Emden-Fowler type. Some of the extracted conditions are the
development of conditions known in the references, which ensure that either each solution of this
Equation oscillates, or each nonoscillatory solution convergence to zero or tends to infinity as t —
co. Some examples are presented to clarify the results obtained.
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