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Abstract

The aim of this paper is to find the inequivalent k-sets in the finite projective line of
order thirty-two, PG (1,32). The number of projectively distinct 4-set is five and all of them
are of type N(neither harmonic nor equianharmonic). The k-sets, k = 4, ...,11 have been
done, where the number of projectively distinct are 5,11,53,148,481,1240,2964,6049,
respectively. The k-sets k = 12,..,17 classified depending on the projectively distinct 11-
sets whose have non-trivial subgroups only, where the numbers of projectively distinct are
493,5077,2583,288,2412,697. The stabilizer group of each k-sets is computed. The kind of
groups that computed for the k-sets are I, Z,, Z3, V4, S3, Zy X Zy X Zy, Zy X Zy X Zy X Z,
and the large group is the dihedral group of order eleven appears when k is equal to eleven.
Also, the projective line PG(1,32) is partitioned into three distinct 11-sets such that two of
them are projectively equivalent, and into eight 4-sets of types N,, N,, N5,. N,, Ng, and into
eight 4-sets four of them of type N5, N,.
Keywords: Cross-ratio, Finite field, Partition of sets, Projective line.

1. Introduction

Let F;, = {0,0,1, w, w?, ... w?~?} be a finite field generated by w. In PG(1,q), a k-set
can be formed by adding one point from the other g — k + 2 points to any (k — 1)-set. From
the Fundamental Theorem of Projective Geometry, any three points on a line are projectively
equivalent. See [1. Ch. 6]. The points of PG (1, q) are P(xy, x1), xo and x; € F but not both
zero. Each point P(xg, x1), with x; # 0 is determined by the non-homogeneous coordinate
Xo/xy; the coordinate for point P(1,0) is co. Then, the point of PG (1, g) can be represented
by the set F; U {o}. A projectivity ¢ = M(A) of PG(1,q) isgivenby Y = XA, where X =

(x0,x1), Y = (vo,y1) and Az[g Z] Let s=y,/y; and t =x,/x;; then s=
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(at +c/bt +d). If Q; = P;A fori =2,3,4and P; , Q; have the respective coordinates t; and
s;, then ¢ is given by
(5—s3)(52—sa) _ (E—t3)(t2—ts)
(5—54)(s2—53)  (t—ta)(t2—t3)’
In (1), the classification of the projective lines over Galois field of order g = 2,3,4,5,7,8,9
are given. In (2)the author did in his thesis, a classification of PG(1,11), and in (3) the author
did in his thesis a classification of PG(1,13). In (4), the authors classified the k-sets in
projective line of order twenty-seven with partition of the space into five 4-sets, one of type
E (equianharmonic) and four of type N (neither harmonic nor equianharmonic), and the full
classification of PG (1, q), q = 19,23,25 with its application into error-correcting codes have
been done as mentioned in the sources of (4). In (5) the authors studied the geometry of line
in PG(1,17) rise up to error-correcting code. In (6) the author gave the full classification of
inequivalent k-sets in PG(1,16), and for some k in PG(1,29) and in PG(1,31) as in (7) and
sources therein. The study of finite dimensional finite projective space has been done by
many authors for specific field F;, as appears in the sources (8-28).
Definition 1. (1): The cross-ratio of four ordered distinct points P;, P,, P;, P, with coordinates
t1,to, ts, ty IS

_ (t1—t3)(t2—t4)
A=A{Py, Py; P3, P} = {t1,t5;t3,t4} = (ti—tj)(tj—t:) '

The cross-ratio has property that

A={ty, ta; ta, ta} = {ta, ty; g, t3} = {ta, ta; by, ta} = {t4, L35 L3, T}

So {P,, P,; P;, P,} is invariant under a projective group of order four (Klein Group) V,.
Thus, under all permutations of {P,, P,; P;, P, }, the cross-ratio take just the six values
A1/A 1—-4 1/(A—-2), A—1/A A/ (A-1).

Also, {t, ty; t3, t,} takes the values oo, 0 or 1 if and only if two of the t; are equal(1).
Definition 2. (1): The 4-set is called harmonic, denoted by H, if the cross-ratio are —1,2,1/2,
equianharmonic, denoted by E, if A = 1/(1 — A) or A = (A — 1) /A and neither harmonic nor
equianharmonic, denoted by N, if the cross-ratio another value.

Clear the characteristic of F; is 2, so there are no harmonic 4-set. When p = 3, then 4 =
—1 =2 = 1/2. The cross-ratio of type E exist if g = 1 or 0 (mod 3).

Definition 3. Let p; and p, be two projective spaces of n-dimension. A projectivity ¢: p; —
p2 1s a bijection given by a non-singular matrix A such that P(X") = P(X)¢ if and only if
tX' = XA, where t € F,\ {0}. Write ¢ = M(A), then ¢ = M(AA) forany A € F,\ {0}.

To determine a projectivity (non-singular 2 x 2 matrix) on the projective line it enough to
have three distinct points.

2. Materials and Methods

2.1.The Projective Line of Order 32

In PG (1,32), the projective line over Galois field of order 32, there are 33 points. The points
of PG(1,32) are F3, U {00} ={0,0,1,w,...,w3°}.

The polynomial function f(x) = x? + w®x + w is primitive over F;,, then 33 points of
PG(1,32)can be generated by non-singular matrix; A = C(f) =[[0 1], [0 w®]], such
that P(i) = (1,0)4%i = 0, ...,32 as in Table 1.
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Table 1. The points of PG (1,32).

P(0)=[1,0] P(1) =1[01] P(2) = [0?*® 1]
P(3) = [0 1] P(4) = [w® 1] P(5)=[1,1]
P(6) = [w® 1] P(7) =[0° 1] P(8) = [0** 1]
P(9) = [0¥,1] P(10) = [w'? 1] P(11) = [03°,1]
P(12) = [w!'! 1] P(13) = [w**,1] P(14) = [0?° 1]
P(15) = [w'® 1] P(16) = [w!®,1] P(17) = [w'® 1]
P(18) = [w??,1] P(19) = [0 1] P(20) = [0” 1]
P(21) = [w® 1] P(22) = [w?! 1] P(23) = [w? 1]
P(24) = [0?° 1] P(25) = [0 1] P(26) = [w* 1]
P(27) = [0?* 1] P(28) = [w?7 1] P(29) = [w,1]
P(30) = [0?° 1] P(31) = [0 1] P(32) = [w° 1]

3.Results and Discussion

This section includes the classification’s results of the projective line PG(1,32) into k-
sets, where k = 4, ...,17.
3.1. The 4-sets
Let & be all different 3-sets in PG (1,32). Then the order of £ is |§] = 33 -32-31 = 32736.
But as mentioned in Section 3, any three distinct points on a line are projectively equivalent,

so we can fixed the 3-set, O = {0, 0,1} to construct (3 + i)-set,i = 0,1, . ,q >5 ifq
oddandi =0,1,. q>4|fqeven

A 4-set is constructed by adding to O = {0, 0,1} one point from the complement of 0.

Let S be the set of all different 4-set in PG(1,32). Then S has order |S| = (37) = 40920.
A 4-set of type H and E when g = 2° does not exist but the 4-set of type N has been divided
into 5 classes.

N; 3 {,0,1,a},a = {w, w3, w'*, w7, w!? w3},

N, 3 {,0,1,b},b = {w?, w3, w®, a)26 w?®, w?%Y;

N3 3 {0,0,1,c}, ¢ = {w* 0’ 0! w?!, w?®, w?"};

N, 3 {,0,1,d},d = {0, 0° 0'® w'® w??, w?*};

Ng 3 {0,0,1,e}, e = {08 0!, w'? 0! w?°, w?3}.

Since any two 4-sets with same cross-ratio are projectively equivalent, so each class N;,i =

1, ... 5 is projectively unique. Then among the 40920 of 4-sets there are only five projectively
distinct 4-sets, which are given in Table 2 with its stabilizer group type denoted by SG.

Table 2. The Inequivalent 4-set

Symbol 4-set .
T {0,0,1, w} V,=<w/t,t+w/t+1>

T, {0,0,1, 0?} V, =< w?/t,t+w?/t+1>
T {0,0,1, 0*} V,=<ow*/t,t+wt/t+1>
T, {0,0,1, 0"} V,=<ow'/t,t+w’/t+1>
Ts {c0,0,1, 0%} V, =< ®/t,t+wd/t+1>
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Remark 4.
(i) To reduce the number of constructed (3 + i)-sets, we will use idea of group action to
partition PG(1,32) into distinct orbits and take the first point from each orbit to do the
extension of (3 + i)-sets.
(if) The GAP program (29) is used to find the action groups, to find the stabilizer group of
each (3 + i)-set, and to run the algorithm (see (2)) which is used find the non-equivalents
(3 + i)-sets.
(iii) To know the kind of stabilizer group of order between 4 and 32 from its structure the
reference (30) is used.
3.2. The 5-sets
The projective group G, acts on J; from the right and splitting it into 5 orbits, four of them
of order four and one of them singleton set. Then 5-set constructed by adding one point from
each different orbit as in Table 3.

Table 3. Partition of 7;¢ by the projectivities of 4-set

T; Partition of T'§
7"1 {wz' (1)30, (1)14, (1)18}, {0)3, (1)29, (UB, 0.)24}, {(1)4, (1)28, 0.)20, 0.)12}, {ws' (1)27, 0.)9, 0.)23},
{0)6, (1)26, (1)7, (1)25}, {0)10, (1)22, (1)13, (1)19}, {(1)11, (1)21, 0.)17, 0.)15}, {(1)16}

:TZ {(1)5}, {0)3, (USO, (1)22, (1)11}, {0.)4, 0.)29, (1)28, (1)5}, {0.)6, (1)27, (1)16, (1)17},

{w7, (4)26, (4)13, (1)20}, {(1)8, (4)25, (4)9, w24-}' {wm' (1)23, (U18, wlS}' {0)12, w21, (1)14, (1)19}
T3 {w’ (1)3, w12, (4)23}, {(4)2}, {(US, (1)30, (1)20, 0)15}, {0)6, (1)29, (U13, w22}'

{w7, (4)28, (4)11, (1)24}, {(1)8, (4)27, (4)25, 0)10}, {wQ' (1)26, le‘ w14-}' {0)16, (1)19, w18' (1)17}
g:} {(4), (4)6, (4)10, (1)28}, {(4)2, (4)5, (4)30, (US}, {0)3, (1)4, wlS‘ (U23}, {0)9, (U29, (1)27, (1)11},

{w12' (1)26, (1)17, le}’ {0)13, (1)25, (1)20, wls}’ {(1)14, (1)24, (1)16, 0.)22}, {(1)19}
7"5 {0), (1)7, (US, (US}, {(1)2, (UG, 0.)24, 0.)15}, {0.)4}, {(1)9, (1)30, 0.)10, 0.)29},
{(1.)11, (1)28, 0)18, le}' {(1)12, (1)27, (UZG, 0.)13}, {(1)14, 0.)25, 0.)22, 0.)17}, {(1)16, 0.)23, 0.)19, (1)20}

During the research, the sequence of iy, i,, ..., i,, refer to type of (n — 1)-sets in n-set.
Theorem 5: In PG (1,32), there are 11 projectively inequivalent 5-sets, summarized in Table

4.
Table 4. Inequivalent 5-set

Symbol 5-set Type of 5-set SG

fi {0,0,1, w, w?} 11112 V,=<w?/t,t+w?/t+1>
f2 {0,0,1, w, w} 12245 I

fz {0,0,1, w, w*} 12355 |

fa {0,0,1, w, >} 12345 I

fs {0,0,1, w, w®} 12334 |

fe {0,0,1, w, w1} 11345 I

f7 {0,0,1, w, 0%} 14444 V,=<w/t,t+w/t+1>
fe {0,0,1, w?, w*} 22223 V, =< o*/t,t + 0/t +1>
fo {0,0,1, w?, w®} 23445 I

fro {,0,1, 0*, w®} 33335 V, =< wl/t,t+ad/t+1>
fi1 {0,0,1, w”, 0"} 45555 V,=<w/t,t+w /t+1>

351



Table 5. Inequivalent 6-sets

IHIPAS. 2025,38(2)

Symbol 6-set Type of 5-set SG
hy fiv{w3} 112266 Z, =< w3/t >
h, fiv{w'} 123348 [
hs fiu{w} 145567 |
hy fiv{w’} 123556 |
hs fiu{wd} 122459 |
he fiv{w®} 114466 Z, =< tw' + w?° /to' + 0! >
h, fiv{w'®} 113366 Z,=<t+w?/t+1>
hg fru{w*} 22331111 Z, =< w*/t >
ho fLU{w®} 224488 Z, =< tw + 0 /tw® + o' >
hio fUu{w®} 225588 Z, =< tw® + w'?/tw? + w® >
hyy fbUu{w’} 225599 Z, =< tow®® + o™ /tw? + wb >
hyy fLUu{wd} 222222 S;=<t+w/t+1+wd, tw®+wb/t>
his fzu{wl"o} 224499 Z,=<t+w’/t+1>
h Ui{w 234569 |
hi: 2 ui»“% 234667 |
hie L U{w?} 223399 Z, =< tw?® + 0B /tw!® + 0v?° >
hyy f,U{w®} 234569 |
hyg fLbU{w'®>} 223366 Z,=< it +1)/t+wd>
Ryo f,U{w'®} 2247911 |
hzo fzu{wlg} 224466 ZZ=<t+(l)3/t+1>
Ry, f,U{w?} 2334910 |
hy, f,Uu{w*} 225679 |
hys f,u{w®} 2366911 |
hos fLUu{w?®} 223344 Z, =< to! + 0'?/tw® + 0! >
hys L U{w**} 224455 Z, =< w(t+1D/t+w>
Rye f,U{w®} 234569 |
Ry, £, U{w?®} 233589 |
Rag fU{w®} 228899 Z, =< w/t>
hzg f3U{UJS} 334411 11 ZZ =<< (J)S/t>
hso f;U{w’} 345568 |
hs, fU{w®} 34661011 |
hs, f;U{w'?} 333333 S;=<t+o/t+1,tw'? +w?*/t >
h33 f3 U{C()13} 3569910 I
hss f3U{w'®} 334466 Z, =< to™ + 0¥ /tw3’ + v >
hss f;U{w?*} 335566 Z, =< tw3® + 0w /tw?® + w3° >
hae fU{w?®} 334499 Z, =< *(t+ 1)/t +w*>
hs, f;U{w?®} 33551010 Z, =< tw3® + w?*/tw?® + 3° >
hsg f;U{w?®} 334455 Z,=<t+w?/t+1>
hso f;U{w?®} 33991111 Z, =< w/t>
hao fivu{w® 445599 Z, =< ®/t >
hat fau{w®} 44551010 Z,=<t+w/t+1>
R4y fU{w™} 4569911 |
has fiUu{w'® 447799 Z, =< tw?® + 0*°/tw** + w?® >
has fiu{w?} 446699 Z, =< to™ + o' /tw® + 0 >
Rys frU{w?} 4589910 |
hye fiu{w?} 445566 Z, =< w/t >
hy, fsU{w’} 555555 S; =< w’/t, tw® + 0B/t wb + w” >
hag fs U{w'®} 55661010 Z, =< tw' + 0¥ /tw'® + 07 >
hso fsU{w®} 557799 Z,=<t+w®/t+1>
hso fsU{w?} 556699 Z, =< w®t+ 1)/t +w® >
hsq foU{w''} 666666 S; =< o/t tw + 0/t +1>
hs, feU{w!®} 667799 Zy=<wt+1)/t+w>
heq foUuf{w**} 999999 S;=<t+wd/t+1,tw** + '/t >
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Proof: To say two 5-sets A = {,0,1,a,,as} and B = {by, by, b3, by, bs} projectively
equivalent we have to find a 2 x 2 matrix transform one of them to the other. So to find this
matrix (if exists), we will construct a 2 x 2 matrix, say T, transform the three points o, 0,1
in A to order three points
in B, say by, by, bs. Now if {a,, as}T = {b,, bs}, then we say that A and B are projectively
equivalent.
Since each 4-set in Table 2 gives 8 orbits as in Table 3, so we have eight 5-sets from each
4-set; that is, we have forty 5-sets.

7"ll = :T1U{(U2}, UZ = :7-'1U{(1)3}, U3 = :TiU{(‘)‘l-}’ U4_ = :TiU{a)s},
7"l5 = ﬂu{w6}1 uﬁ = :T'lU{wlo}’ U7 = :TiU{(‘)ll}v US = :TiU{a)16},
Uy = TU{w®}, Uy = HU{w?}, Uy = HU{w?}, Uy, = TU{w®},
Uz = HU{w’}, Uy = U{w®}, Uys = HU{0'%}, Uy = HU{w'?},
Uy7 = BU{w}, Uysg = T3U{w?}, Uy = T;U{w*}, Uz = T3U{w®},
Uy, = T3U{w’}, Upz = T3U{w®}, Ups = [3U{w’}, Uz = T3U{w'®},
Uys = TU{w}, Uze = TU{w?}, Upy = TU{w?}, Upg = TU{w?},
Uz = TU{w"?}, Uz = TU{w"}, Usy = TU{w™}, Us, = TU{w™},
Uszz = TsU{w}, Usy = TsU{w?}, Uss = TzU{w?}, Use = TsU{w?},

Usy = TU{w'}, Usg = TU{w'?}, Use = TzU{w™}, Uyo = TzU{w™}.
fi = U, projectively equivalents to Uo;
f> = U, projectively equivalents to U;o, U3, Uz, Uss;
fz = U5 projectively equivalents to U6, U7, U3y, Usg;
fa = U, projectively equivalents to U5, U9, Uzg, Use;
fs = Us projectively equivalents to U;,, Uy, Uzsz, Usys;
fo = Ug projectively equivalents to U,, Uy, Usg, Uso,;
f7 = Ug projectively equivalents to Us.;
fs = U4, projectively equivalents to U, g;
fo = U4, projectively equivalents to U1, Uy7, Uyzg, Usa;
fio = Uy, projectively equivalents to Uss;
To find the stabilizer group of each 5-set, the same technique explained above has been
used with replacement of the set B by A.
The same procedure will be used in Theorems (6), (7), (8) and (10).
3.3. The 6-set
The 6-sets are constructed by adding one point from each orbit to the corresponding 5-sets.
The projective group Gy, splits f©,i = 1,...,11 into a number of orbits.
Theorem (6): In PG (1,32), there are 53 projectively inequivalent 6-sets , summarized in the
Table 5.
3.4. The 7-sets until 17-sets
The 7-sets are constructed by adding one point from each orbit to the corresponding 6-sets.
The projective group Gy, splits hf,i = 1,...,53, into a number of orbits.
Theorem 7: In PG(1,32), there are 148 projectively inequivalent 7-sets , summarized in
Table 6.
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Symbol 7-set Type of 6-set SG
e hy U {w*} 112283131 Z, =< w*/t >
e, hy U {w°} 1229141415 |
es hy U {w®} 12310222735 |
ey hy U {w”} 13411192352 I
es hy U {w®} 14512151822 |
e hy U {w®} 15513141420 |
e, hy U {w!°} 1456142546 I
eg hy U {0} 1166151524 Z, =< 0?(t+ 1)/t + w? >
€q hy U {w'?} 1177162323 Z, =< tw?® + 0?3 /tw!® + 0?° >
€10 hy U {013} 1347142250 |
e11 hy U {0} 1457213348 |
ez hy U {w'} 16718203451 |
e13 hy U {w'%} 1356194244 |
€14 hy U {07} 133443030 Z, =< w3/t >
ers hy U {w®} 228892929 Z, =< 0?(t+ 1)/t + w? >
€16 hy U {w®} 23910152030 |
e17 hy, U{w”} 241014182728 |
e1g hy U {w?®} 251121243645 |
€19 h, U {w%} 2512141416 27 |
€30 hy U {w!%} 24613314245 |
€51 hy U {w'?} 2277151532 Z,=<t+wt/t+1>
€22 h, U {w'3} 241016333745 |
€3 h, U{w'} 24714242744 |
€24 hy U {w'%} 2569143034 I
€5 hy U {w'®} 231418303846 |
€26 h, U {w'"} 231923293040 |
€37 h, U {w'8} 2467303538 |
€28 h, U {w'%} 25714183036 |
€29 h, U {w?°} 24920242530 |
€3 h, U {w?1} 25714212733 |
€31 h, U {w?3} 2266232336 Z, =< o*(t+ 1)/t +o*>
€3 hy U {w?**} 251316242728 |
€33 h, U{w?5} 252125374145 |
€34 h, U {w?%} 241427323438 |
€35 hy U {w?"} 232122344345 |
e3¢ h, U {w?8} 221919283939 Z,=<t+w?/t+1>
€37 hy U {w?%} 221021212727 Z, =< w*/t >
esg hsy U {w”} 341422254047 |
€39 hs U {w®} 351122254349 |
€40 h; U {w%} 351319254250 |
es hs U {w!%} 33641414848 Z, =<t + w? /tw'” + v >
€42 h; U {w'?} 33731313737 Z,=<t+w?/t+1>
€43 hs U {w!?} 341422364649 |
€44 hs U {0} 34715343546 |
€45 h; U {0} 35614154043 |
€46 h; U {w'®} 334242474949 Z,=<t+w?/t+1>
€47 hs U {07} 333333384343 Z, =< 0*(t+ 1)/t + w? >
€4 hs U {08} 35620224446 |
€49 h; U {w'%} 3367141452 |
eso h; U {w?°} 341415273049 |
esq h; U {w?**} 351415384950 |
sz h; U {w?°} 351924313341 |
es3 h; U {w?%} 34414153551 |
sy h; U {w?"} 334545485252 Z, =< w*/t >
ess hy U {w?} 451011273047 |
ese hy U {w®} 451114163840 |
esy hy U {w'3} 441837374848 Z,=<t+w?/t+1>
esg hy U {0'°} 44614213350 |
es9 hy U {0%} 4578233942 |
€60 hy U {w?*} 45814192242 |
€61 hy U {0?°} 451423232935 |
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SG
- Type of 6-set
SR : Set26 442031314141 Z, =< w?*/t >
. ) =<t+w?/t+1>
o hs U{w®} 5599101040 Z, 4 ..
€63 hsu{wz‘*} 55 28 28 45 45 53 Z, =< @+ 1/t +o
esa hoU{w®) 551919222252 Z, =</t > N
ees hoU{w'®] 6677293131 IZZ=<t+a)/t+
o y 6 232728 30 42 ,
o Al {(U7} g éoll 27 27 39 39 Z, =< tw®® + o' /tw® ;— w!? >
o 283?0% 881219192121 Z; =< 0¥t + 1)/t + w® >
w
o ; o 8131419222338 |
e hg U {w”} |
. 10 8141429313137
e hg U {w""} |
. 1 8141516192542
e hg U {w""} |
- hg U {w'?} 81624 29 32 36 39
o h8 U {w®?} 8142231333539 |
o h8 U {w!®} 8182123243134 |
o h8 U {w?®} 81518192023 29 |
o h8 U{w”} 9101112132528 |
o ho U (0%} 9131421304145 |
o h 9U {w1%} 9101424273038 |
o h9 U {w!!} 9151927314546 |
280 h9 U {w'?} 91621 27 28 36 45 :
. ; 15 1418 23 27 27 42 e
o 29 8 %wl% g 91919282343 Z, =< tw*> + wfg/twj" + w’ >>
- = 14 tw’ + w
?3 hju{w“} 992222444545 Z, =< tow™ + 0’5 /tw
o 10 101414414545 48 |
o Y {w13} 1014 14 25 30 30 46 |
o ZIO%Z“% 10 10 19 19 45 45 49 Z, =< t-6|-w6/t+ 1> .s
o U{w?} 1010222228 2850 Z, =< 0t +1)/t+w
e hio U {w*} |
o hi1 U {w®} 111319224042 49
o N 10 11 14 20 23 42 46 50 |
e hi; U {w™"} |
. hqiy U {0} 11141522 333341
o - 13 111427 3337 4543 |
e hi; U{w™} |
. hy Ufw'®} 11141416183550
o h11 U {w?%} 1114 21 28 30 44 45 |
o h11 U {w?!} 1114141922 4253 |
o hiy U (0}  12141920222324 |
o has U {0} 131414243440 46 |
o hys U {0}  13141520224352 |
o hes U {0'?}  13141618213344 :
) - 16 13151923364344
o 213 3 gz% 1321212929 39 39 Z,=<t+w’/t+1>
o hs U {w?}  13142733364553 |
o h13 U {w!?} 1414 3033454750 |
o hys U {05}  14141821233132 |
ot h14 U {w?%} 14 213336374041 |
o hH U {w?} 14152122233148 |
o hH U {w??} 142329343942 44 |
o hH U {w??} 141518222425 35 |
o . 24 1414 20 25 36 38 44 |
e his U {w**} |
o hys U {w?"} 14141919394349
o hos U {w?®} 14273034 3536 50 |
o h14 U {w?°} 14 232830334245 |
o has U {0'?}  15161920213134 |
o h15 U {3} 14 141515 34 44 52 |
o o 16 1519213136 4352 |
o Y {w“} 152122 33 37 48 49 | . ”
25
o le 8 g”% 1515232331 31 39 Z, =< to™ + 0¥ /to? + o' >
o h15 U {w?3} 141519242942 43 |
o h15 U {w?®} 1522 23 42 50 51 52 |
o h15 U {w?%} 1522 27 28 30 49 52 |
o hee U (w29}  16212333394253 |
o h16 U {w?} 14161922 23 49 52 |
o h16 U {w?5} 1416 2222 27 30 43 :
€123 16 > 46
€124 h, Uf{w?} 14212931414
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Symbol 7-set Type of 6-set SG
€125 hy7 U {w?3} 14 14212124 37 38 I
€126 hy7 U {w?*} 14 232531333448 |
€127 hy; U {w?>} 14 14 36 39 40 42 42 |
€128 hy; U{w?%} 14 20 27 28 33 40 45 |
€129 hig U {0} 1819 22 31 33 39 52 |
€130 hio U {w?*} 1919 2527 27 29 29 Z=<owlt+/t+w>
€131 hyo U {w?°} 142021313542 48 |
€132 hy1 U {w?*} 212527 38404145 |
€133 hy1 U {w?8} 21273032333537 |
€134 hys U {w?5} 14 23 31 33 44 46 51 |
€135 hys U {w?8} 23273137394550 |
€136 hye U {w1°} 29303138394245 |
€137 hyo U {3} 29313334363842 |
€138 hso U {0} 30303131484851 Z, =< tw'®/tw'® + w'® >
€139 hso U {w?3} 30334045 46 48 50 |
€140 hyo U{w??} 303135404244 45 |
€141 hyo U{w?®}  30303437374141 Z, =< tw?’/tw?®® + w?° >
€142 hsy U {w'3} 3133414244 4850 |
€143 his U{w??}  33333549495252 Z, =< tw?® + w?' /tw?® + w3° >
€144 hy3 U {w?5}  33333742424545 Z, =< tw®® + 0**/tw? + w3° >
€145 hys U {w?5} 353738414647 48 |
€146 hao U {w®} 40 43 44 49 50 52 53 |
€147 hy U{w'®} 414343454549 49 Zy=<t+w/t+1>
€148 hy, U {w'®} 42424343 46 52 52 Z, =<tw’ + 0**/tw** + w° >

By using the same technique, the inequivalent k-sets, k = 8,9,10,11 have been found with their

stabilizer groups.
Theorem 8: In PG(1,32)
(i) There are 481 inequivalent 8-sets and their stabilizer given in Table 7.

(i) There are 1240 inequivalent 9-sets and their stabilizer given in Table 8.
(iii) There are 2964 inequivalent 10-sets and their stabilizer given in Table 9.
(iv) There are 6049 inequivalent 11-sets and their stabilizer given in Table 10.

Table 7. Inequivalent 8-set

NO. SG.
371 |
105 Z,
5 Zy X ZyXZy
Table 8. Inequivalent 9-set
NO. SG.
1125 I
100 Z,
5 Zs
5 S;
Zy X Zy X Zy
Table 9. Inequivalent 10-set
No. SG.
2691 |
273 Z,
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Table 10. Inequivalent 11-set

No. SG.

5776 i

272 Zy
1 Dy,

Example 9: The 8-set, 9-set and 11-set with large stabilizer group are
(i) There are five 8-sets with stabilizer group of type Z, x Z, X Z,

3 3,16 17
2 3 15 19 _ w’ ttw® wttw
{00,0,1,(1),(1),(4),(1) , W },ZZXZZXZZ —<T, 11 ittt

(i) There are five 9-sets with stabilizer group of type Z, X Z, X Z,

)

w? t+w? olt+wl?
{0,0,1, w, w?, w3, w* w'? w?3}, Z, X Z, X Z, =< —,

t+1 ' wdt+wll
(iii) There is a unique 11-set with stabilizer group of type D;,
10
2 3 4 7 13 22 28 — 7
{0,0,1, w, w*, w°, w*, W', 0>, W, w*°}, Dj; =<t+w T

Since the numbers of k-sets, k = 12, ...,17 are very large, so we consider only sets that have
non-trivial different stabilizers.

Theorem 10: In PG (1,32), there are more than

(i) 493 inequivalent 12-sets.

(if) 5077 inequivalent 13-sets.

(iii) 2583 inequivalent 14-sets.

(iv) 288 inequivalent 15-sets.

(v) 2412 inequivalent 16-sets.

(vi) 697 inequivalent 17-sets.

The stabilizer groups of k-sets, k = 12, ...,17 given in Table 11.

Table 11. The stabilizer group

k-sets SG
12-set 438:Z, 10:Z; 35V, 10:5;

13-set 4240:1 448:Z, 35V,

14-set 2583:1

15-set 282:7Z, 2:Z3; 4:S;

16-set 2397:1 15:Z,

17-set 667.Z, 29:V, 1.Z,X7Z,XZ,XZ,

Example 11: The 12-set,13-set, 15-set and 17-set with large stabilizer groups as follows
(i) There are ten 12-sets with stabilizer group of type S5

wOt+wl? w??

wSt+wb ' wl0t+wl6

(i) There are 35 13-sets with stabilizer group of type V,

{0,0,1, w, w?, w3, w* w® wé w?, wt,w®},S; =<

{0,0,1, w, w?, w3, w* 0% W% w'? w*, w?®, w'd},V, S @ e

) ) ) ) ) ) ) ) ) ) ) ) ) 4- t ) t+1 .

(iii) There are four 15-sets with stabilizer group of type S

wt+w?? wlt+w!?
wbt+wl4’ t
(iv) There is a unique 17-set with stabilizer group of type Z, X Z, X Z, X Z,

5

5

{0,0,1, w, w?, w3, w* w® wb wd w’, w?, wll,w?* wl®},S; =<

2 3 4 6 7 14 24 8 15 17 22 25
{0,0,1, w, w?, w?, w* w°, W°, W, W, W, W?, W, w7, w2, W},

8 8 , 11 18 9 15
w8 t+wd® wlt+wl® wittw
Lo X Lo XLy XLy =< —
2 2 2 2 t ) t+1 w0+’ w7t+w?
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3.5. Partition of PG(1,32)
(i) The projective line PG(1,32), can be partitioned depending on each projectively distinct
11-set into three 11-sets for example:
The complement of 11-set K;; = e; U{w®, w® w’, w®}, which has stabilizer group Z,, is
KL = {w®, 0, ..., w3°}. £ can be partitioned into two 11-sets as follows:
Let Ml — {0)9, wlO} wll’ wlZ’ (1)14, (1)17, wZO’ le’ wZZ’ w25’ w26}, and M1 — {0)13, w15’
w'®, w8 0w w3, w? w?, w8, w?, w3’} Kf is projectively equivalent to M; by the
matrix [[w?3, w3],[ w8 w'*]]. Then the triple {#;;,M;M,} formed a partition of
PG(1,32) by 11-sets.
(if) The projective line PG(1,32), can be partitioned depending on the five projectively
distinct 4-sets into eight 4-sets plus say {co} point for example:
(a) Partition by eight 4-sets of type N;:
There are 8184 of 4-sets of type N;.
{0,1,w,w?} 1 = 07 ; { w3, wh w® w3} 1= w3; {wb w’,wd w'®},1=
w30 ; {(1)9, wlO' wll' w19},/1 — w30 : {(1)12, (1)14, (1)15, (1)20},/1 —
w18 ; {(1)17, (1)18, (1)21, (1)23},/1 — (1)18 ; {wZZ, wZS' (1)27, (1)28},/1 — (1)30 :
{(1)24, (1)26, (1)29, (1)30},3. — (1)18 ]
(b) Partition by eight 4-sets of type N,:
There are 8184 of 4-sets of type N,.
{0,1,w,0’} A = 0w?; { W% w3, w03} 1= w?; {w®w o w'?}
1= 0?; {0 0% w0l w1 = 0?; {w!® w® w!, w?} 1 =
w26 ; {(1)18, (1)19, (1)21, (1)25},/1 — (1)29 ; {wZZ, w26' (1)27, (1)30},/1 — (1)5 : {(1)23, (1)24, w28’
w?°}L 1 = w?.
(c) Partition by eight 4-sets of type Nj:
There are 8184 of 4-sets of type N;.
{0,1,w,w°} 1 = w?*; {w? w3, w*w},1=0?; {0, wd w’,w’,1=
(UZS : {(1)11, (1.)12, (1.)13, (1)14},/1 — (1)25 ; {a)lS’ w16' w17' (1)18},1 —
(UZS : {(1)19, (1.)20, 0)21, (1)22},). — (1)25 ; {w23’ w24’ wZS’ (1)27},/1 —
0)6; {0)26, (,()28, (1)29, (1)30},/1 — 0)25.
(d) Partition by eight 4-sets of type N,:
There are 8184 of 4-sets of type N,.
{0,1,w,w3} 1 = 0?; {w? wh o’ o’}1=0"; {w wd o w'},1=
w’ : {wlo’ w12’ w13’ 0{)15},)L =w’ : {w14’ w16’ w17’ (1)19},/1 —
6()7 ; {(1)18, (1)20, le’ (1)23},/1 — 0)7 ; {0)22, 0)24, 0)26, (1)29},/1 —
(,()16; {(1)25,(1)27,(1)28,(1)30},2. — (1)7.
(e) Partition by eight 4-sets of type N;:
There are 8184 of 4-sets of type N-s.
{0,1,w,w*}, 1 = w?°; { w? w3 w® w1 =w?; {w,wd w’,w?,1=
0?3 {01 0w, w2 w71 = w3 ; {03 W% w!s w1 =
w8 ; {w18’ w19’ wZO’ wZS}’A — w23 ; {w21’ w22’ w23’ w28}'l —
0?3 {02, 0?7, 0?2, w3} 1 = w2,
(F) Partition by four 4-sets of type Nz and:
There are 8184 of 4-sets of type N-.
Type N;:{ 0,1, w, w?},1 = w'7;
Type N,: { w3, w*, w®, w8}, 1 = 0w?°;
Type N3: { w®, w7, 0%, w?°}, 1 = w?®;
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Type N,: {w'®, 0!, w'?, w!%}, 1 = w?*;
Type Ns: {w'3, 0, 0% w?'},1 = 0?°;
Type Ns: {w'?, 08, 0%, w**}, 1 = w?3;
Type Ns: {w??, w?%, 0?8, w3°}, 1 = wl?;
Type Ns: {w?3, w?5, w?”, w?°}, 1 = w?®.

4. Conclusions

In this paper, we introduce and proved there are 5, 11, 53, 148, 481, 1240, 2963, 6049,
493, 5077, 2583, 288, 2412, 697, projectively inequivalent k-sets, k =4,...,17,
respectively. The Kind of stabilizer groups which appeared were I, Z,, Z5, V,, S5, Z, X
Z, X Z,, D1;. Order of the projective line PG(1,32), which is 33, divisible by 3 and 11
only. So we are able to partition the line into three distinct 11-sets. Also, if we exclude the
point co from PG(1,32) we are able to partition the line into eight 4-sets of type
Ny, Ny, N3, N, Ns.
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