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Abstract    

     Mathematical modeling based on time-delay differential equations is an important tool to 

understand the effects of delays in biological systems and to analyze how they influence the 

dynamics of the asymptotic behavior of these systems. The prey-predator model described in 

this paper includes diseases in the prey species, harvests in each population, and time lags in 

predation and gestation of the predator. The solutions of the model are positive and bounded 

for all times within a realistic region. The existence of all fixed points has been proven. When 

a time lag is present, the essential conditions for the local stability of the positive equilibrium 

and the occurrence of Hopf bifurcations can be determined by analyzing the associated 

characteristic equation. The characteristics of the Hopf bifurcation are determined by applying 

normal form theory and the central manifold theorem. Finally, we use numerical simulations 

to validate our analytical results. A Hopf bifurcation in the system occurs when the delay 

exceeds a certain threshold. 

Keywords: harvest, predator–prey, time delay, stability, Hopf bifurcation. 

 

1. Introduction 

     The dynamics of interacting populations are often studied using mathematical models. 

Mathematical models have become essential tools to understand how diseases spread and are 

controlled. These models, referred to as "epidemiological models," are employed to study 

disease transmission and management in human or animal populations. On the other hand, the 

term "ecological model" pertains to mathematical models depicting the dynamic interactions 

among species in ecological systems. In 1925 and 1926, (1, 2) independently developed 

mathematical models within ecology, elucidating interactions among biological species. Eco-

epidemiological models encompass mathematical representations of dynamic behaviors within 

ecological systems, including disease dynamics. Anderson and May (3) studied the dynamics of 

an eco-epidemiology model that included interactions between infected prey populations and 
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predators in 1986. The researchers had studied the dynamics of the Eco-epidemiological 

models independently for many years, for example (4-6). It is well known that prey-predator 

models, which may involve a variety of natural factors, can be used to describe the most 

significant relationships between the individuals of species in the environment; modeling 

predator-prey interactions is becoming the most crucial topic for ecologists and applied 

mathematics research. Predator-prey models may often be divided into three types based on the 

infectious diseases that affect the population. The first type is that models only include infected 

prey (7-9). In 2012, a prey-predator model of the Lotka-Volterra type without harvesting was 

considered by Johri et al.(10). They assumed that there is a disease only in prey and that the 

susceptible prey's conversion rate is the same as that of the infected prey.  The eco-

epidemiological model with two prey populations where one prey species has an infectious 

disease is suggested and studied (11). The second type only includes the diseased in the predator 

(12-14) the prey-predator model with disease in the predator and the functional response studied 

and proposed (14). The third type of prey-predator model is a disease in both populations (15 -

17). Kant and Kumar (16)  investigated a prey-predator system where the prey migrates, and 

both populations encounter disease infection. The prey-predator model and assumed there is a 

disease in both populations have been studied (17). Harvesting strongly influences a model's 

behavior. It refers to reducing a population through hunting or individual capture. It may have 

a detrimental impact on harvested population density. In general, there are two kinds: linear 

and nonlinear. However, from a biological and economic viewpoint, nonlinear harvesting 

functions are better suited for use in reality. Research studies have used linear harvesting 

functions, constant-yield prey, or predator harvesting. In 2001, a mathematical model that 

included immature and mature supposes was studied by Song and Chen (18). The prey-predator 

system considers harvesting for the prey and predator species studied (19).The modeling of 

prey-predator involving the harvested with incorporating a prey refuge suggested and 

formulated (20). However, it is essential to consider the effect of past life history when 

analyzing the system's stability. Additionally, because time delays occur in so many biological 

situations (maturation, gestation, capture, or other factors.) in prey-predator systems and 

ignoring them means ignoring reality, delay differential equations are widely used in the 

literature on ecological interactions between predator and prey. On the other hand, several 

studies have been proposed to show the effect of the time delay (21-27). The influence of a 

delayed incubation period on disease transmission using a nonlinear incidence rate in prey-

predator systems was examined (21). Al-Jubouri and Naji (23) proposed a mathematical model 

incorporating a time delay in the disease transmission process. The effect of time delay on the 

dynamics of the prey-predator model with prey harvesting was studied  (25). In 2011, Naji and 

Ibrahim (28) formulated the following mathematical model. 
𝑑𝑆

𝑑𝑡 
= 𝑟𝑆 (1 −

𝑆+𝐼

𝐾
) − 𝐶𝑆𝐼 − 𝐸1𝑆

𝑑𝐼

𝑑𝑡
= 𝐶𝑆𝐼 −

𝛼𝐼𝑍

𝛾+𝐼
− 𝜆𝐼 − 𝐸2𝐼       

𝑑𝑍

𝑑𝑡
= −𝜃𝑍 +

ℎ𝐼𝑍

𝛾+𝐼
− 𝐸3𝑧              

                                                                                              (1) 

 where 𝑆(𝑡)  , 𝐼(𝑡) 𝑎𝑛𝑑 𝑍(𝑡) represent the number of susceptible prey, infected prey and 

predator respectively;  𝑟 intrinsic growth rate; 𝐾  carrying capacity of the prey in absence the 

predator and harvesting; 𝐶 infection rate; 𝛼 maximum attack rate; 𝜆 death rate of   𝐼(𝑡) ; 𝛾 half 

saturation level coefficient; 𝜃 death rate of 𝑍(𝑡) ; ℎ growth rate of the 𝑍(𝑡) due to predation of 

the   𝐼(𝑡);  𝐸1 , 𝐸2 𝑎𝑛𝑑 𝐸3  are the harvesting efforts for 𝑆(𝑡)  , 𝐼(𝑡) 𝑎𝑛𝑑 𝑍(𝑡) respectively. The 

time delay impact is concentrated. The organization of this paper is as follows: First, The given 
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system (1) is modified. Second, it illustrates the positivity and bound of solutions of the system 

(2). Third, we essentially investigate the stability and existence of Hopf bifurcation. Fourth, 

investigates the properties of the Hopf bifurcation. Fifth, the major theoretical results and a 

discussion are shown by numerical simulation. Finally, the conclusion.   

Now, the improved system (1) can be expressed as follows. 
𝑑𝑆

𝑑𝑡 
= 𝑟𝑆 (1 −

𝑆+𝐼

𝐾
) − 𝐶𝑆𝐼 − 𝐸1𝑆                     

𝑑𝐼

𝑑𝑡
= 𝐶𝑆𝐼 −

𝛼𝐼(𝑡−𝜏)𝑍(𝑡−𝜏)

𝛾+𝐼(𝑡−𝜏)
− 𝜆𝐼 − 𝐸2𝐼             

𝑑𝑍

𝑑𝑡
= −𝜃𝑍 +

ℎ𝐼(𝑡−𝜏)𝑍(𝑡−𝜏)

𝛾+𝐼(𝑡−𝜏)
− 𝐸3𝑧                    

                                                                                   (2) 

Here, 𝜏 represents time delay. The system described above has the same biological interpretation 

for its parameters as those identified in the system (1). 

 

2. Materials and Methods 

2.1. Positive and Boundedness 

Before embarking on the study, it is essential to verify the biological integrity of the proposed 

model. Accordingly, within this section, we introduce the following theorem, which investigates 

the system's positivity and boundedness.  

Theorem 1. The solutions of system (2) are positive and bounded. 

Proof: First, it is proven that for 𝑡 ≥ 0   all solutions to system (2) are positive. 

𝑑𝑆

𝑑𝑡
≥ −𝑆 (

𝑟(𝑆 + 𝐼)

𝐾
+ 𝑐𝐼 + 𝐸1) 

Consequently, it is calculated to obtain it. 

𝑆(𝑡) ≥ 𝑆(0)𝑒𝑥𝑝 − {∫ (
𝑟(𝑆(ℴ)+𝐼(ℴ))

𝐾
+ 𝑐𝐼(ℴ) + 𝐸1) 𝑑(ℴ)

𝑡

0
}  

Because 𝑆(0) > 0. We get   𝑆(𝑡) > 0 for any 𝑆(0) > 0. 

The proof of  𝐼(𝑡) > 0 and 𝑍(𝑡) > 0 for all  𝑡 ≥ 0  can be done in the same way. 

Next, the following is the proof that the solutions of system (2) are bounded for all  𝑡 ≥ 0  . 

Define  𝒫(𝑡) = 𝑆(𝑡) + 𝐼(𝑡) + 𝑍(𝑡) 

As a result, the following is obtained: 
𝑑𝒫

𝑑𝑡
+𝓃𝒫 ≤ 𝑟𝑆, 

where 𝓃 = 𝑚𝑖𝑛 {𝐸1, 𝜆 + 𝐸2 , 𝜃 + 𝐸3}. 

Since 
𝑑𝑆

𝑑𝑡 
≤ 𝑟𝑆 (1 −

𝑆+𝐼

𝐾
) − 𝐸1𝑆  , we obtain according the comparison theorem (29)  

lim
𝑡→∞

𝑠𝑢𝑝 𝑆(𝑡) ≤
𝐾(𝑟 − 𝐸1)

𝑟
 

Thus, for 𝑡 ≥ 0 , we have 𝑆(𝑡) ≤
𝐾(𝑟−𝐸1)

𝑟
 . 

which implies that: 

 
𝑑𝒫

𝑑𝑡
+𝓃𝒫 ≤ 𝐾(𝑟 − 𝐸1), 

Then, after applying the Gronwall lemma to the above inequality, we have for 𝑡 → ∞ 

 𝒫(𝑡) ≤
𝐾(𝑟−𝐸1)

𝓃
 

This implies that   the solutions are bounded. 

2.2. Local  Stability and Hopf bifurcation  

 In this subsection, we will determine the local stability of each equilibrium point within system 

(2).  It is well-known that an equilibrium point's location and number unchanged with time 

delay.. As a result, system (2) has four equilibrium points. For further details, see (28) 
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 The first equilibrium point, namely the vanishing equilibrium point      

           denoted  𝐹0 = (0,0,0) always exists. 

 The second equilibrium point, namely the axial equilibrium point      

           denoted  𝐹1 = (  
𝐾(𝑟−𝐸1)

𝑟
, 0,0) always exists. 

 The third equilibrium point, namely the planer equilibrium point      

            denoted  𝐹2 = (𝑆̅  , 𝐼,̅ 0) , where        

    𝑆̅  = 𝐸2 + 𝜆 𝐶⁄                                                                                                                       (3) 

    𝐼 ̅  = 𝐶𝐾(𝑟 − 𝐸1) − 𝑟(𝜆 + 𝐸2) (𝑟 + 𝐶𝐾)𝐶⁄                                                                           (4) 

It is clear that 𝐹2 is exists if the following condition satisfied  

         𝑟(𝜆 + 𝐸2) < 𝑐𝐾(𝑟 − 𝐸1)                                                                                                     (5) 

 The fourth equilibrium point, namely the positive equilibrium    

            point denoted  𝐹3 = (𝑆∗ , 𝐼∗, 𝑍∗) ,  

where   

          𝑆∗ =
ℎ𝐾(𝑟−𝐸1)−(𝜃+𝐸3)[𝐾(𝑟−𝐸1)−𝛾(𝑟+𝑐𝐾)]

𝑟(ℎ−(𝜃+𝐸3)
                                                                                     (6)                                                                       

𝐼∗ =
𝛾(𝐸3+𝜃)

ℎ−(𝜃+𝐸3)
; ℎ − (𝜃 + 𝐸3) ≠ 0                                                                                             (7) 

 𝑍∗ =
(𝛾+𝐼∗)(𝐶𝑆∗−(𝜆+𝐸3))

𝛼
                                                                                                             (8)          

 It is clear that 𝐹3 is exists if the following conditions are hold   

𝛾 <
𝐾(𝑟−𝐸1)(ℎ−(𝜃+𝐸3))

(𝑟+𝐶𝐾)(𝜃+𝐸3)
                                                                                                                (9) 

𝜃 + 𝐸3 < ℎ                                                                                                                              (10) 

  
𝜆+𝐸2

𝐶
< 𝑆∗                                                                                                                                (11) 

Now ,the linearization method  is used to determine the stability of the above equilibrium 

points. 

The general Jacobian matrix (𝐽𝑚)  for system (2) at any equilibrium point   𝐹 = (𝑆, 𝐼, 𝑍) is  

𝐽𝐹 =  [  𝑎𝑖𝑗] , 𝑖𝑗 = 0,1,2,3                                                                                                       (12) 

where  

𝑎11 = 𝑟 − (
𝑟

𝐾
(2𝑆 + 𝐼) + 𝐶𝐼 + 𝐸1)  ; 𝑎12 = −(

𝑟

𝐾
+ 𝐶) 𝑆   ; 𝑎13 = 0 ; 

𝑎21 = 𝐶𝐼 ; 𝑎22 =  𝐶𝑆 − ( 
𝛼𝛾𝑍𝑒−𝜇𝜏

(𝛾+𝐼)2
− (𝜆 + 𝐸2) ; 𝑎23 =

−𝛼𝐼𝑒−𝜇𝜏

𝛾+𝐼
; 

𝑎31 = 0; 𝑎32 =
ℎ𝛾𝑍𝑒−𝜇𝜏

(𝛾+𝐼)2
; 𝑎33 =

ℎ𝐼𝑒−𝜇𝜏

𝛾+𝐼
− (𝜃 + 𝐸3). 

Then , the characteristic equation corresponding to the matrix above can be expressed as:  

𝑞1(𝜇) + 𝑞2(𝜇)𝑒
−𝜇𝜏 = 0                                                                                                                 (13) 

where  𝑞1(𝜇) 𝑎𝑛𝑑 𝑞2(𝜇) are the polynomial of 𝜇 

The (𝐽𝑚)   for system (2) at 𝐹0is as follows:   

𝐽𝐹0 = [

𝑟 − 𝐸1 0 0
0 −(𝜆 + 𝐸2) 0
0 0 −(𝜃 + 𝐸3)

]                                                                             (14) 

The eigenvalues of  𝐽𝐹0  are 

𝜇01 = 𝑟 − 𝐸1,  𝜇02 = −(𝜆 + 𝐸2) < 0 and 𝜇03 = −(𝜃 + 𝐸3) < 0. 

The necessary condition of the coexistence of all species is  𝑟 − 𝐸1 > 0 see in (24)  

Obtained that  𝜇01 > 0, Thus  𝐹0 is unstable saddle point for all 𝜏 ≥ 0  

The (𝐽𝑚)  for system (2) at 𝐹1  is as follows: 
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𝐽𝐹1 =

[
 
 
 −(𝑟 − 𝐸1) −

(𝑟−𝐸1)(𝑟+𝐶𝐾)

𝑟
0

0
𝐶𝐾(𝑟−𝐸1)

𝑟
− (𝜆 + 𝐸2) 0

0 0 −(𝜃 + 𝐸3)]
 
 
 

                                                         (15) 

 

The eigenvalues of  𝐽𝐹1  are  

𝜇11 = −(𝑟 − 𝐸1) < 0,  𝜇12 =
𝐶𝐾(𝑟−𝐸1)

𝑟
− (𝜆 + 𝐸2) and  𝜇13 = −(𝜃 + 𝐸3) < 0. 

It is clear that 𝐹1 is asymptotically stable for all 𝜏 ≥ 0  Provided that the following condition is 

met. 

𝐶𝐾(𝑟 − 𝐸1) < 𝑟(𝜆 + 𝐸2)                                                                                                       (16) 

The (𝐽𝑚)  for system (2) at  𝐹2is as follows: 

 𝐽𝐹2 =

[
 
 
 
 −

𝑟

𝐶𝐾
(𝜆 + 𝐸2)      −

(𝜆+𝐸2)(𝑟+𝐶𝐾)

𝐶𝐾
          0

𝜂

𝑟+𝐶𝐾
           0  − 

𝛼𝜂𝑒−𝜇𝜏

(𝛾+𝐼)̅(𝑟+𝐶𝐾)

0 0
ℎ 𝐼�̅�−𝜇𝜏

𝛾+ 𝐼̅
− (𝜃 + 𝐸3);

        

]
 
 
 
 

= 𝑏𝑖𝑗;  𝑖, 𝑗 =

1, . . ,3                                                                                                                                      (17) 

where 𝜂 = 𝐶𝐾(𝑟 − 𝐸1) − 𝑟(𝜆 + 𝐸2) 

Clearly, the roots of the following equation represent two eigenvalues of  𝐽𝐹2 

𝜇2 − (𝑏11 + 𝑏22)𝜇 + 𝑏11𝑏22 − 𝑏12𝑏21 = 0                                                                          (18) 

The above equation have negative real part for all 𝜏 ≥ 0  under the existence condition (5) of 

𝐹2 . 

While other eigenvalue  of  𝐽𝐹2 is given by the root of  

𝜇31 + (𝜃 + 𝐸3) −
ℎ 𝐼�̅�−𝜇𝜏

𝛾+ 𝐼̅
= 0                                                                                                                    (19) 

Thus, 

1- if  𝜏 = 0  equation  (19)   has eigenvalue  𝜇31 =
ℎ 𝐼̅

𝛾+ 𝐼̅
− (𝜃 + 𝐸3)   which is negative under 

the condition  
ℎ 𝐼̅

𝛾+ 𝐼̅
< (𝜃 + 𝐸3)                                                                                                                                           (20)     

  Hence the 𝐹2 is locally asymptotically stable under the conditions (5) and (20) when   𝜏 = 0   

2- for 𝜏 > 0,  if equation (19) has the roots which a pair of purely imaginary must 

intersect the imaginary axis, now let  𝜇 = 𝑖�̅�  (�̅� > 0)  be the root of equation (19) 

By substituting 𝜇 = 𝑖�̅�  in equation (19), we obtain  

𝜃 + 𝐸3 =
ℎ 𝐼 ̅

𝛾+ 𝐼 ̅
cos �̅� 𝜏

− �̅� =
ℎ 𝐼 ̅

𝛾+ 𝐼 ̅
sin �̅� 𝜏         

                                                                                          (21) 

Squaring and adding both sides of equation (21) ,we obtain the following result:   

�̅� = ±√(
ℎ 𝐼̅

𝛾+ 𝐼
)̅
2

− (𝜃 + 𝐸3)2                                                                                                (22) 

Note that, from the condition (20), we have �̅�(𝜏) when 𝜏 > 0  it cannot be real, which is in                  

opposition to the assumption. As a result, the root of the characteristic equation (19) cannot be 

purely imaginary, and is asymptotically stable for all. For all 𝜏 ≥ 0, the equilibrium point 𝐹2 

demonstrates asymptotic stability. 

The (𝐽𝑚)  for system (2) at  𝐹3 is as follows: 
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𝐽𝐹3  = [

𝑟− 𝑅1 −𝑅2𝑆∗ 0
𝐶𝐼∗ 𝑅5 −  𝛼𝑅3𝑒

−𝜇𝜏 − 𝛼𝑅4𝑒−𝜇𝜏

0  ℎ𝑅3𝑒
−𝜇𝜏  ℎ𝑅4𝑒

−𝜇𝜏 − 𝑅6

 ] = 𝑐𝑖𝑗;  𝑖, 𝑗 = 1, . .3                           (23)                                                                                           

where  

𝑅1 =
𝑟

𝐾
(2𝑆∗ + 𝐼∗) + 𝐶𝐼∗ + 𝐸1 > 0  ; 𝑅2 =

𝑟

𝐾
+ 𝐶 > 0   ; 𝑅3 =

𝛾𝑍∗

(𝛾+𝐼∗)2
> 0; 

 𝑅4 =
𝐼∗

𝛾+𝐼∗
   ; 𝑅5 = 𝐶𝑆∗ − (𝜆 + 𝐸3) > 0 ; 𝑅6 = (𝜃 + 𝐸3)> 0. 

The characteristic equation of  𝐽𝐹3  is   

𝜇3 +𝒜1𝜇
2 +𝒜2𝜇+𝒜3 + (𝒜4𝜇

2 +𝒜5𝜇+𝒜6)𝑒
−𝜇𝜏 = 0                            (24) 

Where  

𝒜1 = 𝑅1 + 𝑅6 − (𝑟 + 𝑅5)   

𝒜2 = (𝑟− 𝑅1)(𝑅5 − 𝑅6) + 𝑅2𝐶 𝑆
∗𝐼∗ − 𝑅5𝑅6 

𝒜3 = (𝑟− 𝑅1)𝑅5𝑅6+ 𝑅2𝑅6𝐶 𝑆
∗𝐼∗ 

𝒜4 =  𝛼𝑅3 − ℎ𝑅2 

𝒜5 = ℎ𝑅5𝑅6 +  𝛼 𝑅3𝑅6  + (𝑟− 𝑅1)( ℎ𝑅4− 𝛼𝑅3) 

𝒜6 = − ℎ𝑅4(𝑅2𝐶 𝑆
∗𝐼∗ + 𝑅5(𝑟− 𝑅1))− 𝛼𝑅3𝑅6𝑒

−𝜇𝜏(𝑟− 𝑅1) 

Thus,  

1. If 𝜏 = 0, then equation (24) becomes: 

𝜇3 +  𝜇2(𝒜1 +𝒜4) + 𝜇(𝒜2 +𝒜5) + (𝒜3 +𝒜6) = 0                                    

(25) 

According to the Hurwitz criterion, equation (25) have three negative roots if the following 

conditions are satisfied. 

 𝑟 <  𝑅1                                                                                                                                 (26) 

 𝑅5 < 𝛼 𝑅3                                                                                                                              (27)             

 ℎ𝑅4 < 𝑅6                                                                                                                               (28) 

 𝑅8 <  𝑅7                                                                                                                                 (29) 

Here  

 𝑅7 = ( 𝑐11 +  𝑐22 +  𝑐33)[− 𝑐11( 𝑐22 +  𝑐33)−  𝑐22 𝑐33 +  𝑐23 𝑐32 +  𝑐12 𝑐21] 
 𝑅8 = −[ 𝑐11( 𝑐22 𝑐33−  𝑐23 𝑐32) −  𝑐33 𝑐12 𝑐21] 
and  

𝑐𝑖𝑗;  𝑖, 𝑗 = 1, . .3 define in equation (23) 

Hence the 𝐹3 is locally asymptotically stable under the conditions (26-29) 

2- When 𝜏 > 0, Assume that the root of equation (24) is purely imaginary, namely 𝜇 = ±𝑖𝜔  

  (  𝜔 > 0) if in addition to condition (26, 27) and the following condition hold 

𝒜6 > 𝒜3                                                                                                              (30)  

Let  𝜇 = 𝑖𝜔  is the root of equation (24) and by separating equation (24) to the real and 

imaginary part, yields 

 
( 𝒜4𝜔

2 −𝒜6 ) 𝑠𝑖𝑛𝜔𝜏 +𝒜5 𝜔 𝑐𝑜𝑠 𝜔𝜏 = 𝜔
3 −𝒜2 𝜔   

𝒜5 𝜔 𝑠𝑖𝑛𝜔𝜏  +( 𝒜6 −𝒜4𝜔
2 ) 𝑐𝑜𝑠 𝜔𝜏 =  𝒜1 𝜔

2 −𝒜3 

                                                    (31) 

The result of squaring and summing the above equations yields:  

  𝜔6 + 𝒞1𝜔
4 + 𝒞2𝜔

2 + 𝒞3 = 0                                                                                 (32) 

Where 

𝒞1 = 𝒜1
2   − 𝒜4

2 − 2𝒜2; 

𝒞2 = 𝒜2
2   − 𝒜5

2 − 2𝒜1𝒜3 + 2 𝒜4 𝒜6 ; 
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𝒞3 = 𝒜3
2   − 𝒜6

2 

Put  ℋ = 𝜔2 , then equation (32) becomes 

ℋ3 + 𝒞1ℋ
2 + 𝒞2ℋ + 𝒞3 = 0                                                                                  (33)  

 Under the conditions (27,28) and condition (30) we have   𝒞3 < 0 . The equation (33) have a 

positive root which is unique say 𝜔0   by using Descartes' rule of sign. Hence 𝜔0 is also the 

positive root of equation (32). Hence, there exists at least a pair of imaginary roots, denoted as 

±𝑖𝜔0 , that satisfies equation (24). From equation (31) after substituting 𝜔0 , we obtain : 

 cos  𝜔0𝜏 =
𝒷1

𝒷2 
 

Here 

𝒷1 = (  𝒜5
−  𝒜1 𝒜4 )𝜔0

4 + ( 𝒜1 𝒜 6 +  𝒜3 𝒜 4 −  𝒜2 𝒜5 )𝜔0
2  −  𝒜3 𝒜6  

 𝒷2 =   𝒜 4
2𝜔0

4 + (  𝒜 5
2 −  2𝒜4 𝒜6 )𝜔0

2  +  𝒜 6
2
 

Then, 𝜏𝑚  corresponding to 𝜔0  as below 

𝜏𝑚 =
1

 𝜔0 
(cos−1(

ℓ1

ℓ2
) + 2𝜋𝑚) ;𝑚 = 0,1,2, …                                                                        (34) 

Define  𝜏0 = 𝑚𝑖𝑛
𝑚≥0

𝜏𝑚 

Then, we obtain the following theorem 

Theorem 2. The system (2)  asymptotic stability at  𝐹3within the τ ∈ [0, τ0) and a Hopf 

bifurcation occurs at 𝜏 = τ0    when specific conditions are met. 

3(𝜔0
2)2 + 2𝒞1𝜔0

2 + 𝒞2 ≠ 0                                                                                                        (35) 

Proof.  

for 𝜏 ∈  [0, τ0)    𝐹3  is asymptotically stable as shown in conditions (26) - (29). 

However, when 𝜏 = τ0, we can demonstrate the presence of a Hopf bifurcation by establishing 

that 𝐹3  is conditionally stable, specifically, by confirming that equation (24) exhibits purely 

imaginary roots ±𝑖 𝜔0    at 𝜏 = τ0, This condition can be expressed [
𝑑(𝑅𝑒𝜆(𝜏))

𝑑𝜏
]
𝜏=𝜏0

≠ 0  

If we assume that equation (24) has the eigenvalue that is 𝜇(𝜏) = ð(𝜏) + 𝑖𝜔(𝜏) such that 

 ð(τ0) = 0 and  𝜔(τ0) = 𝜔0 > 0. τ0 define in equation (34).  

When we differentiate equation (24) with respect to 𝜏, and  apply the chain rule. This results in 

the following expression: 

[3𝜇2 + 2 𝒜1𝜇 +  𝒜2 + (2 𝒜4𝜇 +  𝒜5)𝑒
−𝜇𝜏 − 𝜏( 𝒜4𝜇

2 +  𝒜5𝜇 +  𝒜6)𝑒
−𝜇𝜏]

𝑑𝜇

𝑑𝜏
 

= 𝜇( 𝒜4𝜇
2 +  𝒜5𝜇 +  𝒜6)𝑒

−𝜇𝜏                                                                               (36) 

From equation (24), we have  

[
𝑑𝜇

𝑑𝜏
]
−1

=
(3𝜇2+2 𝒜1𝜇+ 𝒜2)𝑒

𝜇𝜏

𝜇( 𝒜4𝜇2+ 𝒜5𝜇+ 𝒜6)
+

2 𝒜4𝜇 + 𝒜5

𝜇( 𝒜4𝜇2+ 𝒜5𝜇+ 𝒜6)
−

𝜏

𝜇
                                                            (37)     

Since for 𝜏 = 𝜏0,  and  𝜇 = 𝑖𝜔0  we get  

[
𝑑𝜇

𝑑𝜏
]
−1

=
(( 𝒜2 − 3𝜔0

2) + 2𝑖 𝒜1𝜔0) (cos𝜔0𝜏 + 𝑖 sin𝜔0𝜏) 

− 𝒜5𝜔0
2 + 𝑖𝜔0( 𝒜6 −  𝒜4𝜔0

2)
+

 𝒜5 + 2𝑖 𝒜4𝜔0

− 𝒜5𝜔0
2 + 𝑖𝜔0( 𝒜6 −  𝒜4𝜔0

2)

−
𝜏0
𝑖𝜔0 

 

Now since 

𝑠𝑖𝑔𝑛 [
𝑑(𝑅𝑒𝜇)

𝑑𝜏
]
𝜏=𝜏0

= 𝑠𝑖𝑔𝑛 [𝑅𝑒( 
𝑑𝜇

𝑑𝜏
 )−1]

 𝜇=𝑖𝜔0
  .                                                                      (38)                                                                 

It is clear that : 
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[
𝑑𝜇

𝑑𝜏
]
−1

=
(( 𝒜2 − 3𝜔0

2) + 2𝑖 𝒜1𝜔0) (cos𝜔0𝜏 + 𝑖 sin𝜔0𝜏) 

− 𝒜5𝜔0
2 + 𝑖𝜔0( 𝒜6 −  𝒜4𝜔0

2)
+

 𝒜5 + 2𝑖 𝒜4𝜔0

− 𝒜5𝜔0
2 + 𝑖𝜔0( 𝒜6 −  𝒜4𝜔0

2)
−

𝜏0
𝑖𝜔0 

 

Hence, we have 

𝑅𝑒 [
𝑑𝜇

𝑑𝜏
]
𝜏=𝜏0

−1

= 𝑅𝑒
(( 𝒜2−3𝜔0

2)+2𝑖 𝒜1𝜔0) (cos𝜔0𝜏+𝑖 sin𝜔0𝜏) 

− 𝒜5𝜔0
2+𝑖𝜔0( 𝒜6− 𝒜4𝜔0

2)
+ 𝑅𝑒

 𝒜5+2𝑖 𝒜4𝜔0

− 𝒜5𝜔0
2+𝑖𝜔0( 𝒜6− 𝒜4𝜔0

2)
  

𝑅𝑒 [
𝑑𝜇

𝑑𝜏
]
𝜏=𝜏0

−1

=
𝜔0
2[3𝜔0

4 + (2𝒜1
2 − 4𝒜2 − 2𝒜4

2)𝜔0
2 + (𝒜2

2 − 2𝒜1𝒜3 −𝒜5
2 + 2𝒜4𝒜6)]

(𝒜5𝜔0
2)2 + (𝒜6 −𝒜4𝜔0

2)2

=
𝑓′(𝜔0

2)

(𝒜5𝜔0
2)2 + (𝒜6 −𝒜4𝜔0

2)2
 

 

Here  𝑓′(𝜔0
2) = 3(𝜔0

2)2 + 2𝒞1𝜔0
2 + 𝒞2 ≠ 0 due to condition (35). So, we have  

𝑆𝑖𝑔𝑛 {
𝑑

𝑑𝜏
(𝑅𝑒𝜇)|𝜏=𝜏0} = 𝑆𝑖𝑔𝑛 {𝑅𝑒 (

𝑑𝜇

𝑑𝜏
)
𝜏=𝜏0

−1

} = 𝑆𝑖𝑔𝑛{𝑓′(𝜔0
2)}  

Assuming that 
𝑑

𝑑𝜏
(𝑅𝑒𝜇)|𝜏=𝜏0 < 0,  it is implies that the roots of the characteristic has   roots 

with positive real parts at 𝜏 = 𝜏0. This contradicts the local stability of the positive equilibrium 

point .Therefore  , we can deduce that [
𝑑(𝑅𝑒𝜇)

𝑑𝜏
]
𝜏=τ0

> 0 under condition (35).Consequently ,  

the transversality condition is satisfied , leading  to  a Hopf bifurcation happens at 𝜏 = 𝜏0,  

and  𝜇 = 𝑖𝜔0. 
2.3. The Direction and  Stability of  the Hopf  Bifurcation. 

In this section, we investigate the orientation of the Hopf bifurcation near 𝐹3  at 𝜏 = 𝜏0and 

establish the prerequisites for the stability of the resulting periodic solution in the system (2). 

We accomplish this by applying Hassard's center manifold theorem and normal form theory 

)30(. 

Theorem 3. 

     )i)  If   ℳ2 > 0 , then the Hopf bifurcation is supercritical and the bifurcating periodic 

solutions   

           exist for 𝜏 > 𝜏0  , and   If  ℳ2 < 0 ,then the Hopf bifurcation is subcritical  and the      

             bifurcating  periodic  solutions exist for  𝜏 < 𝜏0   .     

     (ii)   If  𝒰2 < 0, then the bifurcating periodic solution are stable, and if  𝒰2 > 0, then the  

              bifurcating  periodic solution are unstable 

     (iii)  If 𝒯2 > 0, the period of the bifurcating cyclic solutions increases, and if   𝒯2 < 0, the   

                period decreases.  

        where ℳ2, 𝒰2and 𝒯2 are given 

𝐶1(0) =
𝑖

2𝜔0𝜏0
(𝒢11  𝒢20 − 2|𝒢11|

2 −
|𝒢02|

2

3
) +

𝒢21

2
,

ℳ2 = −
𝑅𝑒{𝐶1(0)}

𝑅𝑒{
𝑑𝜇

𝑑𝜏
(𝜏0)}

,                                                          

𝒰2 = 2𝑅𝑒{𝐶1(0)},                                                       

𝒯2 =
−𝐼𝑚{𝐶1(0)}+ℳ2  𝐼𝑚{

𝑑𝜇

𝑑𝜏
(𝜏0)}

𝜔0𝜏0
.                                    }

  
 

  
 

                                                        (39)                                                          

and 𝒢11, 𝒢20, 𝒢02 and 𝒢21 are given in the proof 

Proof. Let 𝔘1(𝑡) = 𝑆(𝑡) − 𝑆
∗, 𝔘2(𝑡) = 𝐼(𝑡) − 𝐼∗, 𝔘3(𝑡) = 𝑍(𝑡) − 𝑍

∗, and 𝜏 = 𝜏0 + 𝒮, here  

𝜏0 is define by equation  (34 ) and 𝒮 ∈ 𝑅  . It is possible to convert system (2) into a 

functional differential equation in 𝐶 = 𝐶([−1,0],𝑅3)  then 

𝔘′(𝑡) = 𝐿𝒮(𝔘𝑡) + ℱ(𝒮, 𝔘𝑡),                                                                                                  (40) 
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 Where 

𝔘(𝑡) = (𝔘1(𝑡), 𝔘2(𝑡), 𝔘3(𝑡))
𝑇 ∈ 𝐶 = 𝐶([−1,0], 𝑅3) and 𝐿𝒮: 𝐶 → 𝑅3, ℱ:𝑅 × 𝐶 → 𝑅3   

are given by:  

𝐿𝒮(Γ) = (𝒮 + 𝜏0)[𝔇1Γ(0) + 𝔇2Γ(−1)]                                                                                (41) 

 The nonlinear is  

 ℱ(𝒮, Γ) = (𝒮 + 𝜏0) (
ℋ1

ℋ2

ℋ3

) 

where 

𝔇1 = [

ℱ10
(1)

ℱ01
(1)

 0

ℱ1000
(2)

ℱ0100
(2)

0

0 0 ℱ100
(3)

] = [  

  𝑟 − 𝑅1  −𝑅2𝑆∗                     0
  𝐶𝐼∗      𝑅5                    0     
    0        0                 −𝑅6

],             

         

𝔇2 = [

0 0 0

ℱ0010
(2)

0 ℱ0001
(2)

ℱ010
(3)

0 ℱ001
(3)

] = [

0 0 0
−𝛼𝑅3 0 − 𝛼𝑅4
 ℎ𝑅3 0 ℎ𝑅4  

], 

 

with 𝑅1, 𝑅2, 𝑅3  and 𝑅4 are define in the 𝐽𝐹3, while 

ℋ1 = ∑
1

𝑖!𝑗!𝑖+𝑗≥2 ℱ𝑖𝑗
(1)Γ1

𝑖(0)Γ2
𝑗(0), 

ℋ2 = ∑
1

𝑖! 𝑗!𝑚! 𝑛!
𝑖+𝑗+𝑚+𝑛≥2

ℱ𝑖𝑗𝑚𝑛
(2) Γ1

𝑖(0)Γ2
𝑗(0)Γ̃1

𝑚(−1)Γ̃2
𝑛(−1), 

ℋ3 = ∑
1

𝑘!𝑚! 𝑛!
𝑘+𝑚+𝑛≥2

ℱ𝑘𝑚𝑛
(3) Γ3

𝑘(0)Γ̃1
𝑚(−1)Γ̃2

𝑛(−1), 

where, Γ(𝜐0) = (Γ1(𝜐0), Γ2(𝜐0), Γ3(𝜐0)) ∈ 𝐶,−1 ≤ 𝜐0 ≤ 0,  and  

ℱ𝑖𝑗
(1)𝛤1

𝑖(0)𝛤2
𝑗(0), =

𝜕𝑖+𝑗ℱ(1)

𝜕𝛤1
𝑖𝛤2
𝑗 |

(𝛤1,𝛤2)=(0,0)

, 

ℱijmn
(2) Γ1

i(0)Γ2
j(0)Γ̃1

m(−1)Γ̃2
n(−1) =

∂i+j+m+nℱ(2)

∂Γ1
i Γ2

j
Γ̃1
mΓ̃2

n
|
(Γ1,Γ2,Γ̃1,Γ̃2)=(0,0,−1,−1)

,         

ℱ𝑘𝑚𝑛
(3) Γ3

𝑘(0)Γ̃1
𝑚(−1)Γ̃2

𝑛(−1) =
𝜕𝑘+𝑚+𝑛ℱ(3)

𝜕Γ3
𝑘Γ̃1

𝑚Γ̃2
𝑛 |

(Γ3,Γ̃1,Γ̃2)=(0,−1,−1)
. 

Based on the Riesz representation theorem, a 3×3 matrix function ℳ0 (𝜐0, 𝒮) exists for −1 ≤

𝜐0 ≤ 0  such that. 

              𝐿𝒮(Γ) = ∫   𝑑
0

−1
ℳ0(𝜐0,𝒮)Γ(𝜐0)  𝑓𝑜𝑟  Γ𝜖𝐶.                                                                             (42)                              

In actuality, it can be chosen. 

ℳ0(𝜐0,𝒮) = (𝜏0 + 𝒮) (𝔇1𝜎(𝜐0)−𝔇2𝜎(𝜐0+ 1)) ,                                                                (43) 

here, 𝜎 is  called the Dirac delta function and  

𝜎(𝜐0) = {
1 𝜐0 = 0
0 𝜐0 ≠ 0

    .     

For  Γ ∈ 𝐶([−1,0], 𝑅3), define        

 

𝒜(𝒮)Γ(𝜐0) = {

𝑑Γ(𝜐0)

𝑑𝜐0
 ,                                  −1 ≤ 𝜐0 < 0  ,

∫  𝑑
0

−1
𝜂
0
(ℌ0,𝜎0)𝜑0(ℌ0),        𝜐0 = 0   ,

                                                (44) 

and  
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ℛ(𝒮)Γ(𝜐0) = {
0,               −1 ≤ 𝜐0 < 0,      

ℱ(𝒮 , Γ), 𝜐0 = 0.
                                                                         (45) 

 Hence, the system (39) is equivalent  

𝔘′(𝑡) = 𝒜(𝒮)𝔘𝑡 + ℛ(𝒮)𝔘𝑡  .                                                                                                (46) 

Where, 𝔘𝑡 = 𝔘(t + 𝜐0),−1 ≤ 𝜐0 ≤ 0 .                             

For 𝛹0 ∈ 𝐶1([−1,0], 𝑅3), the adjoint operator 𝒜∗of 𝒜(0) is  

𝒜∗ 𝛹0(ℌ0) = {
−
𝑑𝛹0(ℌ0)

𝑑ℌ0
 ,                                 0 < ℌ0 ≤ 1 ,     

∫ 𝑑
0

−1
Γ𝑇(ℰ0, 0)𝛹0(−ℰ0), ℌ0 = 0 .

                                            (47) 

                                                            

For Γ ∈ 𝐶([−1,0], 𝑅3), and   𝛹0 ∈ (𝐶1[−1,0], (𝑅3)∗) . we define the bilinear inner product 

  〈𝛹0(ℌ0), Γ(𝜐0)〉 = 𝛹0(0)Γ(0) − ∫ ∫ 𝛹0
𝑇
(𝜍0 − 𝜐0) 𝑑ℳ0(𝜐0)Γ(𝜍0)𝑑𝜍0 ,

𝜐0

𝜍0=0

0

𝜐0=−1
                   (48)                                         

Given ℳ0(𝜐0) =  ℳ0(𝜐0, 0., it follows that 𝒜 = 𝒜 (0) and 𝒜∗ are adjoint operators. Referring 

to the previous theorem 2, we can deduce that ±𝑖 𝜔0     are eigenvalues of 𝒜 (0) and 𝒜∗, 

respectively. By performing a straightforward calculation, it becomes evident that. 

                         𝑝(𝜐0) = (1, 𝑝1, 𝑝2)
𝑇 𝑒𝑖𝑤0𝜏0𝜐0 

                         𝑝∗(ℌ0) = 𝐷0(1, 𝑝1
∗, 𝑝2

∗)𝑇  𝑒−𝑖𝑤0𝜏0ℌ0 

Here  

                  𝑝1 =
𝑖𝑤0−ℱ10

(1)

ℱ01
(1) ,     𝑝2 = −

ℱ1000
(2)

+ℱ0010
(2)

𝑒−𝑖𝑤0𝜏0+(ℱ0100
(2)

  −𝑖𝑤0)𝑝1

𝑓0001
(2)

  𝑒𝑖𝑤0𝜏0
, 

                  𝑝1
∗ = −

ℱ10
(1)

ℱ0100
(2)

++𝑖𝑤0
, 𝑝1

∗ = −
ℱ10
(2)
+𝑖𝑤0+(ℱ1000

(2) +ℱ0010
(2)

  𝑒−𝑖𝜏0𝑤0)𝑝1
∗

ℱ010
(2)

  𝑒−𝑖𝑤0𝜏0
. 

From equation (48), we can get  

 
⟨𝑝∗(ℌ0), 𝑝(𝜐0)⟩ = 𝐷0̅̅ ̅ [1 + �̅�1

∗𝑝1 + �̅�2
∗𝑝2 + �̅�1

∗𝜏0𝑒
−𝑖𝑤0𝜏0 (ℱ00010

(2)
+ℱ00001

(2)
𝑝2)

+�̅�2
∗𝜏0𝑒

−𝑖𝑤0𝜏0 (ℱ010
(3)

+ℱ001
(3)
𝑝2)] .

                  (49) 

Let, 𝐷0 = [1 + 𝑝1
∗ �̅�1 + 𝑝2

∗ �̅�2 + 𝜏0  𝑒
−𝑖𝑤0𝜏0 [𝑝1

∗ (ℱ00010
(2)

+ℱ00001
(2)

�̅�2)+ 𝑝2
∗ (ℱ010

(3)
+

ℱ001
(3)
�̅�2)]]

−1

, where, 𝐷0̅̅ ̅  represent the conjugate complex number of 𝐷0, such that ⟨𝑝∗, 𝑝⟩ = 1 

and 

 ⟨𝑝∗, �̅�⟩ = 0. 

Next, using Hassard et al.'s algorthems )26(, we can obtain the Hopf bifurcation's properties:  

𝒢
20
= 2𝜏0𝐷0̅̅ ̅(ℏ1 + ℏ5�̅�1

∗ + ℏ9�̅�2
∗)

𝒢
11
= 𝜏0𝐷0̅̅ ̅(ℏ2 + ℏ6�̅�1

∗ + ℏ10�̅�2
∗)

𝒢
02
= 2𝜏0𝐷0̅̅ ̅(ℏ3 + ℏ7�̅�1

∗ + ℏ11�̅�2
∗)

𝒢
21
= 2𝜏0𝐷0̅̅ ̅(ℏ4 + ℏ8�̅�1

∗ + ℏ12�̅�2
∗)}
 
 

 
 

                                                                            (50)                                                      

Where 

ℏ1 = ℱ11
(1)
  𝑃1 +ℱ20

(1)
  , 

ℏ2 = ℱ11
(1)
  (𝑃1 + �̅�1  ) + 2ℱ20

(1)
  , 

ℏ3 = ℱ11
(1)
  �̅�2 +ℱ20

(1)
  , 

ℏ4 = ℱ11
(1)
( 𝑃1 𝑤11

(1)
(0) +

1

2
  �̅�1  𝑤20

(1)
(0) +

1

2
  𝑤20

(2)
(0) + 𝑤11

(2)
(0))

+ℱ02
(1)
( 𝑤20

(1)
(0) + 2 𝑤11

(1)
(0))

, 

ℏ5 = ℱ1100
(2)

  𝑃1 +ℱ0020
(2)

  𝑃1
(2)
𝑒−2𝑖𝑤0𝜏0 +ℱ0011

(2)
  𝑃1𝑃2  𝑒

−2𝑖𝑤0𝜏0, 
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ℏ6 = ℱ1100
(2)

(𝑃1 + �̅�1 ) + 2ℱ0020
(2)

  𝑃1�̅�1 + 2 𝑃1𝑃2ℱ0011
(2)

    , 

ℏ7 = ℱ1100
(2)

  �̅�1 + 𝑓0020 
(2)

�̅�1
2𝑒2𝑖𝑤0𝜏0   +   �̅�1�̅�2𝑒

2𝑖𝑤0𝜏0, 

ℏ8 = ℱ1100
(2)

( 
1

2
�̅�1  𝑤20

(1)
(0) + 𝑃1𝑤11

(1)
(0) +

1

2
𝑤20
(2)
(0) + 𝑤11

(2)
(0))                                         

  +ℱ0020
(2)

(�̅�1  𝑤20
(2)
(−1)𝑒𝑖𝑤0𝜏0 + 2𝑃1  𝑤11

(2)
(−1)𝑒−𝑖𝑤0𝜏0)             

                            +ℱ0011
(2)

(
1

2
(𝑃̅̅ 1̅   + �̅�2)𝑤20

(2)
(−1)  𝑒𝑖𝑤0𝜏0 + (𝑃1 + 𝑃2)  𝑤11

(3)
(−1)  𝑒−𝑖𝑤0𝜏0)

 

ℏ9 = ℱ020
(3)
  𝑃1

2  𝑒−2𝑖𝑤0𝜏0 +ℱ011
(3)
  𝑃1𝑃2  𝑒

−2𝑖𝑤0𝜏0, 

ℏ10 = 2ℱ020
(3)
  𝑃1�̅�1 + 2ℱ011

(3)
  𝑃1𝑃2, 

ℏ11 = ℱ020
(3)
  �̅�1

2  𝑒2𝑖𝑤0𝜏0 +ℱ011
(3)
 �̅�1�̅�2  𝑒

2𝑖𝑤0𝜏0, 

ℏ12 = ℱ020
(3)
(  �̅�1  𝑤20

(1)
(−1)  𝑒𝑖𝑤0𝜏0 + 2𝑃1𝑤11

(1)
(−1)𝑒−𝑖𝑤0𝜏0)                                     

+ℱ011
(3)

(
1

2
(�̅�1   + �̅�2)𝑤20

(2)
(−1)  𝑒𝑖𝑤0𝜏0 + (𝑃1 + 𝑃2)  𝑤11

(3)
(−1)  𝑒−𝑖𝑤0𝜏0)

 

with 

 𝑤20(𝜐0) =
𝑖𝒢
20

𝑤0𝜏0
𝑃(0)𝑒𝑖𝑤0𝜏0𝜐0 +

𝑖�̅�
02

3𝑤0𝜏0
�̅�(0)𝑒−𝑖𝑤0𝜏0𝜐0 + ℒ1𝑒

2𝑖𝑤0𝜏𝜐0.                                     (51) 

𝑤11(𝜐0) = −
𝑖𝒢11
𝑤0𝜏0

  𝑃(0)  𝑒𝑖𝑤0𝜏0𝜐0 +
𝑖�̅�11
𝑤0𝜏0

�̅�(0)  𝑒−𝑖𝑤0𝜏0𝜐0 + ℒ2.                                            (52) 

             

Her ℒ1 = (ℒ1
(1)
, ℒ1

(2)
, ℒ1

(3)
)
𝑇

 and ℒ2 = (ℒ2
(1)
, ℒ2

(2)
, ℒ2

(3)
)
𝑇

 can be calculated by the following  

equations: 

𝒿1
∗ℒ1 = 2𝜏0𝒿1.                                                                                                        (53)                                                                                              

𝒿2
∗  ℒ2 = −𝜏0𝒿2 .                                                                                                                      (54) 

Where, 

𝒿1
∗ = (2𝑖𝑤0𝜏0𝐼 − ∫

0

−1

𝑑ℳ0(𝜐0)  𝑒
2𝑖𝑤0𝜏0𝜐0), 

𝒿2
∗ = (∫

0

−1

𝑑ℳ0(𝜐0)), 

𝒿1 = (ℏ1  ℏ5  ℏ9)
𝑇,  

𝒿2 = (ℏ2  ℏ6  ℏ10)
𝑇. 

Accordingly, it is determined that: 

 ℒ1 =

 2 𝒿1

(

 
 
 

2𝑖𝑤0 − ℱ10
(1)
    −ℱ01

(1)
  0

−ℱ10000
(2)

− ℱ0010
(2)

𝑒2𝑖𝑤0𝜏0𝜐0    2𝑖𝑤0 − ℱ0100
(2)

    ℱ0001
(2)

𝑒2𝑖𝑤0𝜏0𝜐0

−ℱ010
(3)
  𝑒2𝑖𝑤0𝜏0𝜐0     0    2𝑖𝑤0 − ℱ100

(3)
− ℱ001

(3)
𝑒2𝑖𝑤0𝜏0𝜐0)

 
 
 

−1

. 

  

ℒ1 = − 𝒿2

(

 
 
 

−ℱ10
(1)
    −ℱ01

(1)
     0

−ℱ1000
(2)

−ℱ0010
(2)

    −ℱ0100
(2)

     −ℱ0001
(2)

  

−ℱ010
(3)
    0    −ℱ100

(3)
−ℱ001

(3)
)

 
 
 

−1

      . 
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Thus, equations (51)– (54) can be used to calculate 𝑤20(𝜐0) and 𝑤11(𝜐0) . Following that, the 

proof can be completed by determining the expressions given in equation (39) based on those 

in equation (50).  

 

 3. Numerical Simulation  

     In this section, we present essential findings through numerical representation, utilizing a set 

of biologically reasonable hypothetical values as provided below. The goal is to validate the 

theoretically generated outcomes and gain insights into the parameters' impact on the system 

dynamics (2). 

   𝑟 = 0.009 , 𝑘 = 40 , 𝑐 = 0.0002 , 𝐸1 = 0.001, 𝛼 = 0.001, 𝛾 = 1.2 ,   𝜆 = 0.02               
     𝐸2 = 0.005; 𝜃 = 0.001, ℎ = 0.03, 𝐸3 = 0.02, 𝜏 = 15.0, 𝑛 = 5000                          

  (55) 

It is noted that for all  𝜏 ≥ 0  and the data provided the solution of system (2) has globally 

asymptotically stable   𝐹1  as shown in Figure 1. 

     

Figure 1. The system's (2) trajectory based on the data provided in equation (55). 

 

(A) The system's  (2) time series   gradually converge to 𝐹1. (B) 3D phase diagram representing 

the globally asymptotic stability of point 𝐹1. 

It is observed that the same data from equation (55), with 𝑐 = 0.02   and ℎ = 0.001  system (2) 

exhibits global asymptotic stability for𝐹2  as depicted in Figure 2. 

 
 

Figure 2. The system's (2) trajectory based on the data provided in equation (55 ) with 𝑐 = 0.02   and ℎ = 0.001  

.(A) The system's (2) time series   gradually converge to 𝐹2. (B) 3D phase diagram representing the globally 

asymptotic stability of point 𝐹2. 

Here, we discuss the impact of time delays on the behavior of the system (2) near the 𝐹3 point 

It is noticed that the conditions of theorem 2 are met for the parameters in the data of equation 

(55) with = 0.02 . it is observed that when  𝜏 = 15  the  𝐹3  point is asymptotic stable as shown 

in Fig. (3) while for  𝜏 = τ0 = 45  a Hopf bifurcation occurs at   𝐹3 as shown in Figure 4. On 

other  hand  for   τ =  60 > τ0 =  45 increasing period as 𝜏 increases as shown in Figure 5. 
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Figure 3.The system's (2) trajectory based on the data provided in equation (55 ) with 𝑐 = 0.02  and 𝜏 = 15   

(A)The system's (2) time series   gradually converge to 𝐹3. (B) 3D phase diagram representing the globally 

asymptotic stability of point. 

 
 

Figure 4.The system's (2) trajectory based on the data provided in equation(55 ) with 𝑐 = 0.02 𝑎𝑛𝑑 𝜏 = τ0 = 45  

.(A) a periodic solution's existence near 𝐹3    near 𝐹3 (B) 3D periodic solution. 

  

Figure 5. The system's (2) trajectory based on the data provided in equation(55) with 𝑐 = 0.02 and τ =  60 >

τ0 =  45 .(A) a periodic solution's existence near 𝐹3  (B) 3D periodic solution. 

 

4. Conclusions  

     In this study, a delayed predator-prey model with harvests is proposed. Our aim is to 

understand how the stability of the model is affected by the latent time of predation and the 

gestation period of the predators. All properties of the solution, such as positivity and 

boundedness, were investigated. It was found that the system (2) can have four equilibrium 

points. The stability analysis has shown that the discrete time delay has no effect on the stability 
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of the axial equilibrium point and the planer equilibrium point, so it is still locally asymptotically 

stable for all 𝜏≥0. It has been demonstrated that the coexistence equilibrium point is 

characterized by asymptotic stability when the delay does not approach a critical value of ,τ-0..  

However, a Hopf bifurcation occurs when  =,τ-0. , making it an unstable point, and the solution 

approaches asymptotically to periodic dynamics for τ>,τ-0.. Additionally, the center manifold 

theorem was applied to investigate the stability and direction of bifurcating periodic dynamics. 

Finally, the Matlab program is employed for a numerical investigation of the system's global 

dynamics. For the given data in equation (55), ,-1. is globally asymptotically stable. When the 

same data from equation (55) is used with  =0.02   and ℎ=0.001  , it is observed that ,𝐹-2 . is 

globally asymptotically stable. For the data in equation (55) with =0.02 ,  it is noted that ,𝐹-3. 

is asymptotically stable when 𝜏=15. However, when ,=τ-0.=45, a Hopf bifurcation occurs. 
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